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Abstract

In this thesis, we study theoretical aspects of integer linear programming. This thesis consists of two
main parts: the first part is on the theory of cutting planes for integer linear programming, while the
second part is on the theory of ideal clutters in combinatorial optimization.

Cutting planes for an integer linear program are linear inequalities that are valid for all integer feasible
solutions but possibly violated by some solutions to the linear programming relaxation. The Chvétal-
Gomory cuts, introduced by Gomory in 1958 and further studied by Chvatal in 1973 in relation to their
applications in combinatorial optimization, are one of the simplest types of cutting planes. The split
cuts are another class of cutting planes that are important in modern integer linear programming. The
first part of this thesis discusses our recent developments in the theory of Chvatal-Gomory cuts and
split cuts. We study rational polyhedra with Chvétal rank 1, rational polyhedra with split rank 1, some
sufficient conditions under which a rational polytope in the 0,1 hypercube has small Chvatal rank, and a
generalization of the Chvatal closure.

Let E be a finite set of elements, and let C be a family of subsets of E called members. We say that
C is a clutter over ground set E if no member contains another. We say that the clutter C is ideal if the
system (Y (ze : e € C) > 1VC € C, z. > 0 Ve € E) defines an integral polyhedron. One can find
rich classes of ideal clutters that arise in combinatorial optimization: the clutter of st-paths, the clutter of
T-joins, the clutter of dijoins, the clutter of the odd circuits of a weakly bipartite graph, etc. As these wide
range of examples suggest, characterizing when a clutter is ideal is still a major open question in integer
programming and combinatorial optimization. One of the conjectures that were made to understand the
question is the 7 = 2 Conjecture by Cornuéjols, Guenin, and Margot in 2000. In the second part of
this thesis, we study and develop tools to solve the 7 = 2 Conjecture. We introduce intersecting clutters
and multipartite clutters and study two equivalent versions of the 7 = 2 Conjecture stated in terms of
intersecting clutters and multipartite clutters.
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Chapter 1

Introduction

Integer Linear Programming is the problem of optimizing a linear function over the set of integer points
satisfying a system of linear inequalities. To be precise, integer linear programming is an optimization
problem of the following form:

minimize w'z

subject to Ax >b
reZ”

where A is an m by n rational matrix for some positive integers m,n and w,b are rational vectors of
appropriate dimension. Due to its flexibility in modeling, integer linear programming is used to formulate a
wide range of practical problems in operations research. Many combinatorial optimization problems on the
theoretical side of operations research can also be formulated as integer linear programs. A seminal paper
by Dantzig, Fulkerson, and Johnson [19] shows how the traveling salesman problem can be formulated
as an integer linear program. The matching problem and the stable set problem are classic examples
admitting simple integer linear programming formulations (see § 1.2).

Another important example is the so-called Set Covering Problem. As the formulation of the set
covering problem is one of the two main topics in this thesis, let us introduce the problem and provide its
most standard formulation. Let E be a finite set of elements, and let C be a family of subsets of E called
members. A cover of C is a subset of E that intersects every member of C. The set covering problem for
C is to find a minimum weight cover of C with respect to weights on elements w € Qf . We say that C is
a clutter over ground set E if no member contains another [60]. As it is sufficient to consider the minimal
members of C, we may assume that C is a clutter. The following integer linear program formulates the set
covering problem:

minimize w'x
subject to M (C)z > 1

xEZf

where M(C) denotes the member - element incidence matrix of C, whose columns are labeled by the



elements and whose rows are the characteristic vectors of the members, and 1 denotes the vector of all
ones of appropriate dimension. This version of the set covering problem is also called the Hitting Set
Problem.

Despite its success in practical applications, inter linear programming is NP-hard in general [36, (9],

as the stable set problem and the set covering problem are NP-hard [86, 69]. It is in contrast to
Linear Programming that admits efficient polynomial time algorithms such as the ellipsoid algorithm
by Khachiyan [87] and the interior-point method by Karmarkar [35]. On the other hand, integer lin-

ear programming is still closely related to linear programming, and the complexity of an integer lin-
ear programming instance depends on its linear programming relaxation. Given an integer linear pro-
gram min {wa Az > b, x € Z"}, its linear programming relaxation or LP relaxation is defined as
min {le’ cAx > b, x € R”}, obtained after relaxing the integrality constraints on variables. Let P =
{x € R" : Az > b} denote the set of solutions to the linear relaxation. Then P is a rational polyhedron,
which means that P is the intersection of the half-spaces defined by finitely many linear inequalities with
rational coefficients. Let P; denote the integer hull of P, namely P; := conv (P NZ"), the convex hull of
the integer points in P. Then P; is also a rational polyhedron contained in P [100] and the integer linear
program is equivalent to min {wTo: rx € PI} as linear functions are convex. This implies that integer lin-
ear programming is equivalent to linear programming. However, a difficulty in directly applying efficient
algorithms for linear programming is that computing a system of linear inequalities describing P; is hard
in general.

Cutting plane methods in combination with enumeration are commonly used to solve integer linear
programming problems in practice. A basic idea of cutting plane methods is that although P is not
identical to its integer hull P; in general, we can approximate P; better by adding linear inequalities that
are valid for the points in Py but violated by some point in P to the description of P. Such linear inequalities
are called cutting planes or cuts. The Chvdtal-Gomory cuts proposed by Gomory [72] and further studied
by Chvétal [29] provide a simple way of generating cutting planes for any given polyhedron. Other simple
cutting planes are the split cuts [12, 13, 33]. Intuitively, the difficulty of solving an integer linear program
by cutting plane methods depends on its initial linear programming relaxation. The tighter P is, or the
closer P is to Py, the easier the integer program is to solve. An extreme case is when P equals Pr; then we
can find an optimal integer solution in P in polynomial time. Thus one might wonder about the following
question:

Question 1. When is a rational polyhedron identical to its integer hull?

We say that a rational polyhedron is integral if it is identical to its integer hull. It is not always the case
that a rational polyhedron is integral, but we are still interested in the case when a rational polyhedron is
close to its integer hull.

Question 2. When is it that the integer hull of a rational polyhedron can be obtained after
applying some simple types of cutting planes?

These two theoretical questions are fundamental in integer linear programming, and they are the main
topics of this thesis. In the first half of this thesis (Chapters 2, 3, 4, 5), we study Question 2 in terms
of the Chvatal-Gomory cuts and the split cuts, with more emphasis on the former. In the second half
(Chapters 6, 7, 8, 9), we study Question 1 in the context of the set covering problem. The first part focuses



on the geometry of integer feasible solutions, while the second part uses more combinatorial ideas to study
structures in a formulation. The rest of this chapter serves as an extended abstract of the thesis. Let us
refine the questions and explain them in greater detail and rigor in the remainder of this chapter.

1.1 Preliminaries: the Chvatal closure and the split clousre

In the first part of this thesis, the main focus in on the Chvatal-Gomory cuts and the split cuts in integer
linear programming. In this section, we give an introduction to the Chvétal-Gomory cuts & the split cuts,
the Chvétal closure & split closure of a polyhedron, and the Chvatal rank & split rank of a polyhedron.

Chvatal closure and rank

Let P C R™ be a rational polyhedron, and let P; denote its integer hull. If an inequality cx < d with
¢ € Z" is valid for P, then cx < |d| is valid for all the integer solutions contained in P, and thus for Pj.
We call cx < |d]| the Chvdtal-Gomory cut or Chvdtal-Gomory inequality of P obtained from cx < d. This
approach for generating cutting planes was first introduced by Gomory [72]. Chvétal [29] later introduced
the following beautiful notion of closure, which is obtained by applying all possible Chvéatal-Gomory
inequalities.
P = m {r eR": cx < |max{cz: z € P}|}
ceZ™

It follows from the definition that P; C P’ C P, and we call P’ the Chuvdtal closure of P. Question 2 for
the Chvatal-Gomory cuts is asking when the Chvétal closure of a rational polyhedron is indentical to its
integer hull.

Theorem 1.1 (Chvétal [29], Schrijver [108]). The Chwdtal closure of a rational polyhedron is, again, a
rational polyhedron.

As the Chvatal closure of a rational polyhedron is a rational polyhedron, we can recursively apply the
operation of taking the Chvatal closure. Let P®*) denote (P(k_l))/ for k > 2, where P() = P’. We say
that a Chvétal-Gomory inequality of the (k — 1)*® Chvétal closure of P is a rank-k Chvatal inequality
of P. In fact, there exists a finite integer k such that P*) = P; [29, 108], and the Chuvdtal rank of P is
defined as the smallest such k.

Split closure and rank

Let P C R™ be a rational polyhedron, and let P; denote its integer hull. Given (m, 7y) € Z™ X Z, any point
z € Z" satisfies either mz < mg or mz > mg + 1. We call an inequality cx < d a split cut if it is valid for
both

M =Pn{zeR": e <mp} and [h=PN{zxeR": 7z >m+ 1}

for some (m,mp) € Z"™ x Z. We call the set S(m,m) := {(z,y) € R" x R : wx < mp or mx > 7y + 1} the
split disjunction derived from (m,mg) € Z™ x Z. Clearly, Pr C conv(P N S(w,m)) C P and an inequality is
a split cut if and only if it is valid for conv(P N S(m, mp)) for some (m,my) € Z™ x Z. Split cuts are a special

3



case of Balas’ disjunctive cuts [12] that can be obtained from a split disjunction. It is straightforward that
{(z,y) e R" x RP : 7y < mx < mo + 1}, the split set associated with (7, my), does not contain any integer
point, so split cuts are also a type of intersection cuts introduced by Balas [13]. Note also that split cuts
are a generalization of Chvatal-Gomory cuts, as a Chvatal-Gomory cut is a split cut obtained from a split
disjunction where one side of the disjunction is empty.

Cook, Kannan, and Schrijver [33] introduced a notion of closure as follows.

P = ﬂ conv (PN S(m, m))
(m,mo) EL™ XL

is called the split closure of P. By its definition, Py C P* C P. Moreover, the split closure of P is contained
in the Chvatal closure of P, as a Chvétal-Gomory cut is a split cut. The MIR closure of P, obtained after

applying all mized integer rounding cuts [101] of P, and the MI closure of P, obtained after applying all
Gomory’s mized integer cuts [73] of P, are both identical to the split closure of P [101, 39].
Theorem 1.2 (Cook, Kannan, Schrijver [33]). The split closure of a rational polyhedron is, again, a

rational polyhedron.

This result is the analogue of Theorem 1.1 for the split closure of a rational polyhedron. Later, Andersen,
Cornuéjols, and Li [9], Dash, Giiniik, and Lodi [52], and Vielma [116] found different proofs. We can take
the split closure recursively. Since the split closure of P is a subset of the Chvatal closure of P, there exists
a finite integer k such that the k' split closure of P, obtained after taking the split closure recursively k
times, is identical to Py, and the split rank of P is defined as the smallest such k.

1.2 Rational polytopes with rank 1

Let P C R™ be a rational polyhedron, and let P; denote its integer hull. If the Chvétal rank (resp. split
rank) of P is 1, then P; can be obtained after applying the Chvdtal-Gomory cuts (resp. split cuts) for P.
For instance, the fractional matching polytope of a graph G = (V, E)

{xGRE: Z(xe:eeé(v))§1Vv€V, O§me§1Ve€E}

has Chvatal rank 1, because the matching polytope of a graph, the convex hull of the characteristic vectors
of matchings in G, is obtained after adding the odd set inequalities [58] and the odd set inequalities have
Chvétal rank 1 [29]. Then the split rank of the fractional matching polytope is also 1, because the split
rank is less than or equal to the Chvétal rank. Another example comes from the stable set problem. The
fractional stable set polytope of G = (V, E) is defined as

{zeRY: zy+2, <1VweE, 0<z,<1WeEV}.
It is known that the Chvatal rank of the fractional stable set polytope is 1 if, and only if, its split rank
is 1 if, and only if, G is t-perfect [70, 25].

In general, when is it that a rational polyhedron has Chvéatal / split rank 17 Chapters 2 and 3 consider
the problem of testing whether a rational polyhedron has Chvétal / split rank 1. The following theorem
is for the Chvatal rank:



Theorem 1.3 ([37], proved in Chapter 2). Given a rational polyhedron P = {x € R™ : Ax > b} containing
no integer point, it is NP-complete to test whether the Chudtal closure of P is empty, even when P C [0,1]™
or P is a rational simplex.

This result extends an earlier result by Cornuéjols and Li |
the split rank also holds:

, 40]. Analogously, the same statement for

Theorem 1.4 ([91], proved in Chapter 3). Given a rational polyhedron P = {x € R™ : Az > b} containing
no integer point, it is NP-complete to test whether the split closure of P is empty, even when P C [0,1]™.

As direct consequences, we obtain the following corollaries:

Corollary 1.5 ([37]). Given a rational polyhedron P = {x € R™ : Ax > b}, it is NP-hard to decide whether
the Chvdtal rank of P is 1 and it is NP-hard to optimize over the Chvdtal closure of P, even when P C [0, 1]™
or P is a rational simplex.

Corollary 1.6 ([91]). Given a rational polyhedron P = {x € R™ : Az > b}, it is NP-hard to decide whether
the split rank of P is 1 and it is NP-hard to optimize over the split closure of P, even when P C [0,1]".

Corollary 1.5 improves an earlier result by Eisenbrand [63] on the membership problem for the Chvétal
closure of a polyhedron, while Corollary 1.6 extends a result of Caprara and Letchford [27] on the separation
problem of split cuts.

We have just observed that given a rational polyhedron, optimizing over its integer hull and Chvatal
closure are both NP-hard. Unlike this observation, if the integer hull and Chvéatal closure of a rational

polyhedron coincide, the following, which may seem at first counterintuitive, turns out to be true. Boyd
and Pulleyblank [21] observed that:

Proposition 1.7 ([21]). Let P = {x € R" : Az > b} be a rational polyhedron whose Chvdtal rank is 1.
Then

(1) the problem of deciding whether PNZ™ =),
(2) given c € Q™, the problem of deciding whether max {cx : © € PNZ"} is unbounded,

(3) given c € Q™ and x* € Z™, the problem of deciding whether cx* = max{cx: x € PNZ"}
belong to complexity class NP N co-NP.

The same complexity statement holds for the split rank.

Proposition 1.8 ([91], proved in Chapter 3). Let P = {z € R" : Az > b} be a rational polyhedron whose
split rank is 1. Then

(1) the problem of deciding whether PNZ" = (),
(2) given ¢ € Q™, the problem of deciding whether max {cx : © € PNZ"} is unbounded,

(3) given ¢ € Q™ and x* € Z", the problem of deciding whether cx* = max {cx : x € PNZ"}

5



belong to complexity class NP N co-NP.

As it is believed that the problems in NP N co-NP are easier than the NP-hard problems, one might
wonder if there is an efficient algorithm for integer linear programming over rational polytopes with
Chvatal / split rank 1. For example, Edmonds’ blossom algorithm [58] finds a maximum weight matching
in a graph in polynomial time, and there is a polynomial time algorithm for finding a maximum weight
stable set in a t-perfect graph [70]. In Chapters 2 and 3, we study algorithms for integer linear programming
over rational polytopes with Chvéatal / split rank 1. In particular, we consider Lenstra-type algorithms and
their time complexity.

Lenstra [94] found the first algorithm for integer linear programming that runs in polynomial time
when there are a constant number of integer variables. An important concept in Lenstra’s algorithm is
the notion of integer width. Let K C R™ be a convex set and d € Z". The integer width of K along d is

w(K,d) = |sup{dz : z € K}| — [inf{dx: € K}|+ 1.
The integer width of K, denoted as w(K,Z"), is the minimum of the values w(K,d) over all d € Z™\ {0}.
w(K,Z") := min{w(K,d): d€Z"\{0}}.

It is known that if a compact convex set contains no integer point, then its integer width is bounded
by a function that only depends on the ambient dimension. Banaszczyk, Litvak, Pajor, and Szarek [10]
and Rudelson [106] proved that w(K,Z") = O(n*/3polylog(n)) for every lattice-free compact convex set
K CR". It is conjectured that the upper bound can be improved to O(n). We show that the conjecture
holds for the following two special cases.

Theorem 1.9 ([37], proved in Chapter 2). The integer width of any rational polyhedron in R™ whose
Chudtal closure is empty is at most n.

Theorem 1.10 (Proved in Chapter 3). The integer width of any rational polytope in R™ whose split closure
1s empty s at most 2n.

Based on these results on the integer width, we provide and analyze Lenstra-type algorithms for integer
linear programming over rational polytopes with Chvétal / split rank 1.

1.3 Polytopes in the 0,1 hypercube that have small Chvatal rank

In Chapter 2, we have shown that it is NP-hard to test whether a rational polytope in the 0,1 hypercube
has Chvétal rank 1. Although it is probably difficult to exactly characterize when a rational polytope has
small Chvatal rank, understanding some sufficient conditions under which a rational polytope has small
Chvatal rank is still an interesting question. In Chapter 4, we consider polytopes contained in the 0,1
hypercube and their Chvétal rank. Eisenbrand and Schulz [64] showed that the Chvéatal rank of a rational
polytope in the 0,1 hypercube is O(n?logn), while Rothvofl and Sanita [105] showed the existence of a
polytope contained in the hypercube with Chvatal rank ©(n?). In an orthogonal direction, we study the
following question:

When does a polytope in the 0,1 hypercube have small Chvatal rank?



Equivalently, we study when the integer hull of a polytope in the 0,1 hypercube is described by Chvatal
inequalities of small rank.

Take a positive integer n, and let P C [0, 1]" be a polytope. Let S := PN{0,1}", and let S := {0,1}"\S.
Then P; = conv(S). We denote by G,, the skeleton graph of the hypercube [0, 1]™ whose vertices correspond
to the 2™ vertices of the hypercube and whose edges correspond to its 1-dimensional faces, namely the
n2"~! line segments joining 2 points that differ in exactly 1 coordinate. Let G(S) denote the subgraph of
G, induced by the vertices in S.

Theorem 1.11 ([30], proved in Chapter 4). Let P C [0,1]" be a rational polytope contained in the unit
cube. Let S :={0,1}"\ P. Then the following statements hold:

(1) if S is a stable set in G,,, then the Chuvdtal rank of P is at most 1,

(2) if G(S) is a disjoint union of cycles of length greater than 4 and paths, then the Chuvdtal rank of P is
at most 2,

(3) if G(S) is a forest, then the Chvdtal rank of P is at most 3.
(4) if G(S) has tree-width 2, then the Chvdtal rank of P is at most 4.

To prove this theorem, we work with a canonical polytope Qg that has exactly the same set S of
feasible 0,1 points. The description of Qg is as follows:

n

Qs =4z el0,1": Y (F;(1—zj)+ (1 —7))z;) >
j=1

—_

ifor:ieg

Remark 1.12 ([36]). Let P C [0,1]™ be a rational polytope, and let S := PN {0,1}". Then the following
statements hold:

(1) P and Qg have the same set S of feasible 0,1 solutions,
(2) the Chvdtal rank of P is less than or equal to that of Qs.

Proof. (1): The inequalities defining Qg cut off the 0,1 vectors in S and no other. Therefore S = Qg N
{0,1}™. (2): Note that if two polytopes P and R have the same set of integer solutions and P C R, then the
Chvétal rank of P is always less than or equal to the Chvétal rank of R. We will construct such a polytope
R from P. For each € S, the linear program minp 23‘1:1 (Z;(1 —z;) + (1 — Z;)x;) has a positive objective
value. Therefore there exists 0 < €; < 3 such that the inequality Z?Zl (z;1—z;)+(1 - Zj)r;) > €z
is valid for P. Let R := {z € [0,1]" : 37, (7;(1 —z;) + (1 - Zj)x;) > €z for & € S}. Now the
lemma follows by observing that R and Qg have the same first Chvatal closure. Indeed Qg C R implies
Q(Sl) C R™M and, applying the Chvétal procedure to the inequalities defining R, we get that R™") C {x €
[0,1)7: 30 (&1 — ) + (1 — 3;)z;) > 1 for 7 € §} = QY. O

As Qg is structured, we have a good handle on analyzing ng) for k > 1. To prove Theorem 1.11, we

characterize ng) for K = 1,2,3,4 and we use these results on Qg to provide sufficient conditions for a
polytope in the 0,1 hypercube to have Chvatal rank at most 4.
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Motivated by Theorem 1.11, Benchetrit, Fiorini, Huynh, and Weltge [17] recently proved that

Theorem 1.13 ([17]). Let P C [0,1]" be a rational polytope contained in the unit cube. Let S := {0,1}™\P.
If G,,[S] has tree-width t, then the Chvdtal rank of P is at most t + 2t/2.

We consider another interesting algorithmic property of Qg in Chapter 4. Recall Proposition 1.7
that the problem of optimizing a linear function over the set of integer solutions contained in a rational
polyhedron with Chvatal rank 1 is in NP N co-NP, and it is open whether there is a polynomial algorithm
for the problem. We prove that with the assumption that the Chvatal rank of Qg is a constant, stronger
than the assumption that the Chvatal rank of P is a constant, one can optimize a linear function over S
in polynomial time.

Theorem 1.14 ([36], proved in Chapter 4). Let P C [0,1]™ be a rational polytope, and let S := PN{0,1}".
If the Chvdtal rank of Qs is at most k, then one can optimize a linear function over S in O(n*) time.

1.4 Generalized Chvatal closure

In Chapter 5, we study a generalization of Chvétal closures. Many combinatorial optimization problems
involve binary decision variables or other discrete decisions, and integer programming models in practice
often impose nonnegativity constraints on variables. In these cases, the set of integer feasible solutions
is contained in some proper subset S of Z™. Using this preliminary information about the set of integer
feasible solutions, one can generate stronger inequalities than the Chvatal-Gomory inequalities, valid for
the integer feasible solutions. We introduce a natural generalization of the Chvatal-Gomory inequalities
as follows.

Let S CZ". Given c € Z" and d € R, let |d]g . be defined as follows:

max{cz: z€ S, cz<d} f{z€8: cz2<d}#0

LdJSJIZ .
—oo otherwise

Let P C R™ be a rational polyhedron. Given an inequality cx < d with ¢ € Z™ and d € R valid for

P, we call cx < |d|s, the S-Chudtal-Gomory inequality for P obtained from cx < d. As |d]s. = |d]

when S = Z", the S-Chvatal-Gomory inequalities indeed generalize the Chvatal-Gomory inequalities. The

S-Chuvdtal closure of P is defined as

Pg := ﬂ {zr eR": cx < [max{cz: x € P}|s.}
ceEZ™

In words, the S-Chvatal closure of P is what is obtained after applying all possible S-Chvatal-Gomory
inequalities. We assume for convention that {z € R" : cx < —oo} = ) for any ¢ € Z".

Recall that the Chvétal closure of a rational polyhedron is also a rational polyhedron (Theorem 1.1).
A natural question is whether the S-Chvatal closure of a rational polyhedron is also a rational polyhedron.
Dunkel and Schulz’s unpublished manuscript [56] was the first to consider this question. Dunkel and
Schulz [56] proved that

Theorem 1.15 ([56]). Let S = {0,1}", and let P C [0,1]"™ be a rational polytope. Then the S-Chuvdtal
closure of P is a rational polytope.



{0,1}™ is the set of integer points satisfying the bounds 0 < x < 1. In [53], we extend this result to the
case when S is the set of integer points satisfying arbitrary set of bound constraints on variables.

Theorem 1.16 ([53]). Let
S = {(zl,z%,z2u723) € L™ X LM X LM x I3 < 2t <t 22> 02, 22 < u2}

where (1, ut € R™ such that £* < u', (2 € R*, and u? € R?*. Let P C conv(S) be a rational polyhedron.
Then the S-Chuvdtal closure of P is a rational polyhedron.

As S = 7™ when ni = ngy = ng,, = 0, this result is an extension of Theorem 1.1.

The proof of Theorem 1.16 is constructive and similar in spirit to the proof of Theorem 1.15 in that
we write a linear system generating non-redundant S-Chvéatal-Gomory inequalities. One might wonder if
it is possible to generalize the techniques developed for proving the polyhedrality of the Chvatal closure
of a rational polyhedron [29, ] or a compact convex set [23, 43, 57] and the polyhedrality of the split
closure of a rational polyhedron [9, 52, 11]. However, it is difficult to directly apply those techniques, due
to a difference between the Chvatal-Gomory inequalities and the S-Chvatal-Gomory inequalities. Given
S CZ" ceZ", and d € R, it is not always the case that d — |d] s, is bounded by a fixed constant,
whereas d — |d] is always less than 1. For example, consider the case when ¢ = (k + 1,k,...,k) and
d = k—1 for an arbitrary large integer k and S = Z7 . In this case, |d] 5. = 0, so we get d— [d]s,. = k—1,
and therefore, we can make d — |d|s . arbitrary large in this case. This difference between the Chvétal-
Gomory inequalities and the S-Chvatal-Gomory inequalities indeed makes the Chvatal closure and S-
Chvatal closure structurally different.

Proposition 1.17 ([53], proved in Chapter 5). Let S = {0,1}*. There exists a polytope P C [0,1]* whose
S-Chuvdtal closure has a facet that cannot be induced by an S-Chvdtal-Gomory inequality.

On the contrary, the facets of the Chvatal closure of a rational polyhedron are all defined by Chvatal-
Gomory inequalities (see [32]). We will discuss this in Chapter 5 with further details.

1.5 Preliminaries: ideal clutters

The second part of this thesis focuses on the question of when the set covering polyhedron of a clutter is
integral. In this section, we introduce some basics of clutter theory.

1. We define ideal clutters and the max-flow min-cut property.
2. We introduce the notion of minor and that of blocker in clutter theory.

3. The 7 = 2 Conjecture and the Replication Conjecture will be discussed briefly.

Ideal clutters and the max-flow min-cut property

Let C be a clutter over ground set E. Recall that we can formulate the set covering problem for C as the
following integer linear program:

7(C,w) =min{w'z: M(C)z >1, z € Z¥}
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where w € ZE are the weights of the elements. The following integer program
v(C,w) = max{lTy M)y <w, ye Zi}

formulates the capacitated packing problem, that is the problem of finding the maximum size of a packing
of members of C satisfying the capacity restriction for each element. The linear programming relaxations
of these two integer programs are the following primal-dual pair:

T

minimize w'x maximize 1Ty
7*(C,w) = subject to Cx>1 v*(C,w) = subject to MO Ty <w
z>0 y=>0

By linear programming duality, we have
T(C,w) 2 77(C,w) = v (C,w) 2 v(C, w).

However, it is not always the case that 7(C,w) = 7*(C, w) nor v(C,w) = v*(C,w), as the linear program-
ming relaxation of an integer program does not always have an integer optimal solution.

We say that C is ideal if 7(C,w) = 7*(C,w) for every w € Z¥ [11], and we say that C has the maz-flow
min-cut property if v(C,w) = v*(C,w) for every w € Z¥ [111]. Observe that C is ideal if and only if
Q) = {x € Rf :M(C)x > 1}7 the set covering polyhedron associated with C, is integral. Observe also
that C has the max-flow min-cut property if and only if the linear system M(C)x > 1, & > 0 is total dual
integral. This implies that if a clutter has the max-flow min-cut property, then it is ideal [31, 61].

When M (C) is totally unimodular [78] or balanced [18], C has the max-flow min-cut property and thus
is ideal. There are other rich classes of ideal clutters that can be found in the combinatorial optimization
literature, and let us mention a few examples here:

e (Menger [99]) The clutter of st-paths of a graph.

e (Edmonds and Johnson [62]) The clutter of minimal T-cuts of a graft.

e (Lucchesi and Younger [97]) The clutter of minimal dicuts of a directed graph.

e (Guenin [76]) The clutter of odd circuits of a signed graph that has no odd-K5 minor.
The first and third classes of clutters have the max-flow min-cut property [68, 97], while the second and
fourth do not [112, ]. Given that there is a variety of examples, one might expect that testing idealness
is difficult.

Theorem 1.18 (Ding, Feng, Zang [51]). Let C be a clutter over ground set E whose members are explicitly
given. The problems of deciding whether

(1) C is ideal and

(2) C has the max-flow min-cut property
are both co-NP-complete.
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In fact, Ding, Feng, Zang [54] proved that even when every element is contained in exactly two members,
the problems remain co-NP-complete. In spite of this hardness result, it is still important to expand our
understanding of ideal clutters and clutters with the max-flow min-cut property.

Minors and blockers

The notion of minor is an important concept for understanding when a clutter is ideal and when a clutter
has the max-flow min-cut property. Given a clutter C over ground set E and disjoint subsets I, J C F, the
minor of C obtained after deleting I and contracting J is the clutter over E — (I U J) whose members are

the minimal sets of {C —J: CeC, CNI=0}.

We say that the minor is proper if I U J is nonempty. Contracting an element e € E corresponds to setting
we, the weight of e, to oo, while deleting e corresponds to setting w. = 0. In terms of Q(C), deleting an
element e € F is equivalent to taking the projection of Q(C) by projecting out variable x, and contracting
e is equivalent to taking the restriction of Q(C) by setting x, = 0.

Remark 1.19 ([111]). The following statements hold:

(1) if a clutter is ideal, then so is every minor of it,

(2) if a clutter has the maz-flow min-cut property, then so does every minor of it.

We call a clutter minimally non-ideal if it is not ideal but every proper minor of it is. Lehman [93] (see
also Seymour [111]) proved a theorem on the structure of minimally non-ideal clutters, and the structure
explains why such clutters are non-ideal. One of the most fundamental classes of minimally non-ideal
clutters is the deltas. For n > 3, the delta of dimension n, denoted A,, is the clutter over ground set
[n] :={1,...,n} whose members are

(1,2}, {1,3}, ..., {1,n},{2,3,...,n}

Observe that the elements and members of A,, correspond to the points and lines of a degenerate projective

n=2 _1 L) is a fractional extreme point of Q(A,,), and it can be

n—1’n—1°"""7’n-1

readily checked that every proper minor of A, is ideal. We say that a clutter has A,, as a minor if it has
a minor that is isomorphic to A,,. Similarly, we say that a clutter C has another clutter C' as a minor if a
minor of C is isomorphic! to C’.

plane. A, is non-ideal [92], as (

Another important idea in clutter theory is the notion of blocker. Given a clutter C over ground set F,
the blocker of C, denoted b(C), is defined as the clutter over the same ground set E whose members are the
minimal covers of C. For instance, the blocker of the clutter of st-paths of a graph is the clutter of minimal
st-cuts, the blocker of the clutter of minimal T-cuts of a graft is the clutter of minimal 7T-joins, and the
blocker of the clutter of minimal dicuts of a directed graph is the clutter of minimal dijoins. Notice also
that b(A,) = A,. The following theorem proved by Lehman is important, and it is often referred to as
Lehman’s width-length inequality:

LGiven two clutters C,C’, we say that C is isomorphic to C’' and write C 2 C’ if C’ can be obtained from C after relabeling
the elements of C.
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Theorem 1.20 (Lehman [92]). Let C be a clutter over ground set E. Then the following statements are
equivalent:

(i) C is ideal,
(ii) (The width-length inequality) min {w(C) : C € C} x min {{(B) : B € b(C)} < w'{ for all w,l € R,
(#ii) b(C) is ideal,

where w(C) :=> (we: e € C) and {(B) :=>_ (l. : e € B).

As mentioned before, the clutter of st-paths of a graph, the clutter of minimal T-cuts of a graft, and the
clutter of minimal dicuts of a directed graph are ideal. So, by Theorem 1.20, the clutter of minimal st-cuts
of a graph, the clutter of minimal T-joins of a graft, and the clutter of minimal dijoins of a directed graph
are all ideal as well. One can easily observe that b(b(C)) = C [82, 60] and that b(C \ I/J) = b(C)/I \ J for
disjoint I, J C E [113]. This, together with Theorem 1.20, implies that

Remark 1.21. A clutter is minimally non-ideal if, and only if, its blocker is minimally non-ideal.

The 7 = 2 Conjecture and the Replication Conjecture

Let C be a clutter over ground set E. We call 7(C) := 7(C, 1) the covering number of C, that is the minimum
cardinality of a cover of C. We call v(C) := v(C, 1) the packing number of C, that is the maximum number
of disjoint members in C. We say that a clutter C packs if 7(C) = v(C) and say that C has the packing
property if every minor of C packs. A direct consequence of Lehman’s theorem on minimally non-ideal
clutters [93] is that minimally non-ideal clutters do not pack, which implies the following:

Theorem 1.22 ([35]). If a clutter has the packing property, then it is ideal.

Notice that the packing property is a relaxed notion of the max-flow min-cut (MFMC) property. It is

Ideal clutters

Packing property

MEFMC property

Figure 1.1: Classes of clutters

conjectured by Conforti and Cornuéjols that

The Replication Conjecture ([31]). The packing property implies the maz-flow min-cut property.
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Hence, the Replication Conjecture states that the packing property and the max-flow min-cut property
are equivalent. The Replication Conjecture, if true, would be a set-covering analogue of the replication
lemma by Lovész [96] for perfect graphs.

In an effort to prove the Replication Conjecture, Cornuéjols, Guenin, and Margot [35] came up with a
stronger conjecture. We call a clutter minimally non-packing if it does not have the packing property but
every proper minor of it does. It follows from Theorem 1.22 that a minimally non-packing clutter is either
ideal or minimally non-ideal. While minimally non-ideal clutters are relatively well-understood, thanks to
Lehman’s theorem [93], understanding ideal minimally non-packing clutters is still a major open question.
Q¢ is the clutter over ground set {1,...,6} whose members are

QG = {{17 3, 5}’ {174’ 6}’ {2’ 3, 6}’ {2v4a 5}} )

and it is an ideal minimally non-packing clutter, studied by Seymour [114]. Schrijver [107] found an ideal
minimally non-packing clutter over 9 elements. Cornuéjols, Guenin, and Margot [35] added a dozen more
sporadic examples as well as an infinite class {Q,, : 7,t > 1}. Cornuéjols, Guenin, and Margot [35] realized
that all their examples have covering number two, so they conjectured the following:

The 7 = 2 Conjecture ([35]). If a clutter is ideal and minimally non-packing, then its covering number
18 two.

Then they showed that

Proposition 1.23 ([35]). If the T = 2 Conjecture is true, then so is the Replication Conjecture.

1.6 Intersecting restrictions in clutters

In Chapter 6, we consider a class of clutters, called intersecting clutters. A clutter C is intersecting if
7(C) > 2 and v(C) = 1. In words, a clutter C is intersecting if C # {}, {0} and every two members of C
intersect yet the members do not have a single common element. We call clutters {}, {#} trivial and other
clutters nontrivial. What are examples of intersecting clutters? We introduced A,, for n > 3 in § 1.5.

Remark 1.24. The deltas, A,, for n > 3, are intersecting.

Proof. Take an integer n > 3. Clearly, 7(A,) > 2. As every two members of A, intersect, v(A,) = 1, and
therefore, A, is intersecting. O

Another important class of intersecting clutters that will be considered in Chapter 6 are the blockers of
extended odd holes. Take an odd integer n > 5. An extended odd hole of dimension n is a clutter over
ground set [n] whose minimum cardinality members are {1,2}, {2,3},...,{n—1,n}, {n,1}. An extended
odd hole may have a member of cardinality at least 3.

Remark 1.25. The blockers of extended odd holes are intersecting.

Proof. Take an odd integer n > 5, and let C be an extended odd hole of dimension n. Since every member
of C has cardinality at least two and b(b(C)) = C, the minimal covers of C do not have a common element,
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which means that 7(b(C)) > 2. Moreover, as n is odd and a cover of C intersects all of {1,2},{2,3},...,{n—
1,n},{n, 1}, a cover of C has cardinality at least ”T'H In particular, every minimal cover of C has cardinality
at least 241, implying in turn that every two minimal covers of C intersect. So v(b(C)) = 1, and therefore,

the blocker of an extended odd hole is intersecting. O

We mention two other small intersecting clutters, namely, Qs and L.
e (g is the clutter over ground set {1,...,6} whose members are {1, 3,5}, {1,4,6}, {2,3,6}, {2,4,5},
and Qg is isomorphic to the clutter of triangles of Kj.

e L7 is the clutter over ground set {1,...,7} whose members are {1,2,3}, {1,4,5}, {1,6,7}, {2,4,7},
{2,5,6}, {3,4,6}, {3,5, 7}, and Ly is isomorphic to the clutter of lines of the Fano plane (Figure 1.2).

Figure 1.2: The Fano plane

Notice that Qg is intersecting as 7 (Qg) = 2 and v (Qg) = 1 and that L, is intersecting as 7 (L7) = 3
and v (L7) = 1. It should also be mentioned that L is minimally non-ideal [92].

Clearly, intersecting clutters do not have the max-flow min-cut property nor the packing property, as
they do not pack. So, by Remark 1.19, a clutter with the max-flow min-cut property does not contain an
intersecting minor.

Conjecture 1.26. If a clutter C has no intersecting minor, then the following statements are equivalent:
(i) C is ideal,
(ii) C has the packing property,

(iii) C has the maz-flow min-cut property.

In fact, we will see that Conjecture 1.26 is a simple restatement of the 7 = 2 Conjecture.

Proposition 1.27 ([4], proved in Chapter 6). The 7 = 2 Conjecture and Conjecture 1.26 are equivalent.

Hence, the 7 = 2 Conjecture, if true, would imply that an ideal clutter has the max-flow min-cut property
if and only if it has no intersecting minor, which would provide a characterization of when an ideal clutter
has the max-flow min-cut property. What does it mean for a clutter not to have an intersecting minor? As
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a first step towards answering this question, we consider the problem of recognizing an intersecting minor
in a clutter.

A restriction of a clutter is any minor obtained after deleting elements followed by contracting all the
elements that appear in every member. Let I be a subset of the ground set E, and let J; be defined as

Jri={e€e E—1: {e}isacoverof C\I}.

We call C\ I/J; the restriction of C obtained after restricting I. Restrictions are a type of minors of a
clutter. We say that the restriction C \ I/Jy is properif I # 0 or I =0 & Jr # 0. Note that a restriction
other than {}, {0} has covering number at least 2.

Remark 1.28 ([4], proved in Chapter 6). A clutter C has an intersecting minor if, and only if, C has an
intersecting restriction.

This implies that to find an intersecting minor in a clutter, it is sufficient to consider its restrictions. What
properties do clutters with an intersecting restriction have? We prove the following characterization:

Theorem 1.29 ([4], proved in Chapter 6). Let C be a clutter over ground set E. Then the following
statements are equivalent:

(i) C contains an intersecting restriction,
(ii) there exist three distinct members C1, Ca, Cs such that the restriction of C obtained after restricting

E — (Ch UCy U Cs) is intersecting.

In fact, this characterization of clutters containing an intersecting restriction leads to the following algo-
rithm for recognizing them:

Input: A clutter C
Output: Find an intersecting restriction in C, or certify the none exists

Algorithm

1. For all distinct Cy,Cs,C3 € C,

(a) take the restriction C’ obtained after restricting E — (Cy; U C2 U C5), and

(b) if C’ is intersecting, output C’ as an intersecting minor in C.

2. If (b) fails for every triple of distinct members, then conclude that there is no intersecting minor.

End of Algorithm

In fact, this algorithm runs in polynomial time, as proved in the following theorem:

Theorem 1.30 ([4], proved in Chapter 6). Given a clutter C with m members over n elements where
m,n > 1, one can find an intersecting minor in C or certify that none ezists in O(m®n) time.
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Proof. The correctness of the above algorithm follows from Remark 1.28 and Theorem 1.29. There are
O(m?) triples of three distinct members of C. For every three distinct C1,Co,C3 € C, it takes O(mn)
time to compute the restriction obtained after restricting F — (C; U C2 U C3) and O(m?n) time to check
if the restriction contains two disjoint members. Therefore, the algorithm terminates in O(m®°n) time, as
required. O

This answers Conjecture 2.14 in [1] in the affirmative.

Recall that the deltas and the blockers of extended odd holes are two classes of intersecting clutters.
In Chapter 6, we prove that testing whether a clutter contains one of them as a minor can also be done in
polynomial time.

Theorem 1.31 ([4], proved in Chapter 6). Given a clutter C with m members over n elements where
m,n > 1, one can find a delta or the blocker of an extended odd hole minor in C or certify that none exists
in O (n*m?3(n + m)>5log(n + m)loglog(n +m)) time.

This shows that Conjecture 2.13 in [1] is true.

1.7 Multipartite clutters and the 7 = 2 Conjecture

A counter-example to the 7 = 2 Conjecture, if it exists, is an ideal minimally non-packing clutter whose
covering number is at least 3. In an effort to challenge the 7 = 2 Conjecture, we provide a systematic way
of generating a certain class of clutters whose covering number can be arbitrarily large. Let C be a clutter
whose ground set FE is partitioned into nonempty parts E1,..., E,. We say that C is multipartite if, for
every member C,

Notice that each part FE; is a cover of C, so this construction of multipartite clutters provides a natural
way of generating clutters with covering number greater than 2, as we can make |E1|,...,|E,| > 3. A
multipartite clutter can be interpreted as an n-uniform n-partite hypergraph.

In Chapter 7, we study multipartite clutters in the hope of finding a counter-example to the 7 = 2
Conjecture.

Multipartite clutters are a generalization of cuboids, multipartite clutters each of whose parts has size
two, introduced by Abdi, Cornuéjols and Pashkovich [7]. Flores, Gitler and Reyes [67] also introduced
cuboids and multipartite clutters whose parts have the same size, and they called them k-partitionable
clutters where k is the size of each part.

Notice that if a cuboid is minimally non-packing, then its covering number is always 2. In fact, there
exist cuboids that are ideal and minimally non-packing. @, for r,¢ > 1, the ideal minimally non-packing
clutters mentioned in § 1.5, are cuboids [7, 2], and Q¢ = Q1,1. In [2], we reported that there are over 700
ideal minimally non-packing cuboids with at most 14 elements.

Theorem 1.32 ([6], proved in Chapter 7). The 7 = 2 Conjecture, if true, implies that
every minimally non-packing multipartite clutter is a cuboid.
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So, finding a minimally non-packing multipartite clutter that is not a cuboid would disprove the 7 = 2
Conjecture.

In fact, the 7 = 2 Conjecture is equivalent to the following conjecture stated in terms of multipartite
clutters. In § 1.6, we defined intersecting restrictions in a clutter. We say that a clutter is strictly polar if
it has no intersecting restriction.

Conjecture 1.33. If a multipartite clutter is ideal and strictly polar, then it packs.

Theorem 1.34 ([6], proved in Chapter 7). The 7 = 2 Conjecture and Conjecture 1.33 are equivalent.
So, one way to refute the 7 = 2 Conjecture is to look for a multipartite clutter C such that

1. C strictly polar,
2. C is ideal, but

3. C does not pack.

In Chapter 7, we will provide a systematic way of searching for multipartite clutters satisfying the above
three conditions. In § 1.6, we gave an efficient algorithm for determining whether a clutter is strictly
polar (Theorem 1.30). Moreover, testing whether a clutter does not pack is easier than testing whether it
is minimally non-packing, because in the second case one may also have to check the minors. Although
it is in general difficult to test whether a clutter is ideal, we can take advantage of special structures in
multipartite clutters. An induced clutter is any minor obtained from C after contracting precisely one
element from each part of the ground set.

Theorem 1.35 ([(], proved in Chapter 7). A multipartite clutter is ideal if, and only if, all of its induced
clutters are ideal.

Therefore, to determine whether a multipartite clutter is ideal, we can just check its induced clutters. In
fact, there is a geometric representation of multipartite clutters and we will see in Chapter 7 that the
induced clutters can be interpreted in terms of the geometric representation (Proposition 7.15).

Given two graphs G and H, the Cartesian product of G and H, denoted GOH (we follow the notation
used in [74]), is the graph over vertices V(G) x V(H), where (u1,v1), (ug,v2) are adjacent if either u; = g
and vy, vy are adjacent, or v; = ve and wuy, us are adjacent (see Figure 1.3 for an example). Notice
that a hypercube of dimension n > 1 is simply the Cartesian product (K5)". For integers n > 1 and
Wi,...,wp > 1, an wy X -+ X wy-rook is the graph H,,, .. .. = K, O---OK, . Whenw; =+ = w, =w,
H,, .. . ., is called a Hamming graph H(n,w). In particular, H(n,2) is a hypercube of dimension n.

n

Remark 1.36 ([0]). Take integers n > 1 and wy,...,w, > 1. Then the following statements hold:

(1) Hyy ..., haswy X -+ X wy, vertices,

(2) Every vertex has Y., (w; — 1) neighbors.
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G H GOH

Figure 1.3: Cartesian product example

Write the vertex set of H,,, ., as [w1] X -+ X [wy]. For v = (v1,...,v,) € [wi1] X -+ X [wy], let C,, be
the set defined as follows:

Take a set S C V(Hy, ...

mult(S) := {C, : ve S}

As the members of mult(S) have the same size n, mult(S) is a clutter over ground set [>_._; w;]. For
instance, consider Ry 1 :={(1,1,1),(1,2,2),(2,1,2),(2,2,1)} C V(Hz22,2). Then

mult(Ry 1) = {{1,3,5},{1,4,6},{2,3,6},{2,4,5}},
which means that Q¢ = mult(R;,1) is a multipartite clutter and, in particular, a cuboid.

122 222
11 21

121 21
111 211

Figure 1.4: Ry ;

Remark 1.37 ([6]). Take integersn > 1, wy > -+ > wy, > 1. Let S C V(Hy, ... w,). Then mult(S) is a
multipartite clutter whose ground set is partitioned into n parts E1, ..., E, such that

Jj=

o F;, = {Ui—FZi_lle‘: v; € [wz]} fori=1,...,n.

o |[CNE=---=|CNE,| =1 for every member C' € mult(S).

Hence, the ground set of mult(.S) consists of n parts that correspond to the n coordinates of the points in
S. We call mult(S) the multipartite clutter of S. Conversely,
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Remark 1.38 ([6]). Let C be a multipartite clutter whose ground set is partitioned into parts Eq, ..., E,
with |E;| = w; > 1 fori € [n]. Then C is equal to mult(S) for some S CV(H,, .. w,)-

Here, we say that S is the Hamming representation of C and C is the multipartite clutter associated with
S. Therefore, by Remarks 1.37 and 1.38, we can work over V(Hy,, .. w,)-

1.8 Multipartite clutters of bounded degree

Take integers n > 1 and wy,...,w, > 1 and a set S C V(H,, . w,). We refer to the vertices in S as
feasible, and to the vertices in S := V(Hy, ..w,) — S as infeasible. Take an integer k > 0. We say that
S has degree at most k if every infeasible vertex has at most k infeasible neighbors and that S has degree
k if S has degree at most k and at least one infeasible vertex has k infeasible neighbors. The following
theorem shows that if mult(S) is non-ideal, then it has a minimally non-ideal minor whose size is bounded
by the degree of S.

Theorem 1.39 ([6], proved in Chapter 7). Take integers n > 1, wy > -++ > w, > 1 and k > 0. Let
S CV(Hy,....w,) be of degree at most k. Then every minimally non-ideal minor of mult(S), if any, has
at most k elements.

So, if the degree of S is small, we can determine whether mult(.S) is ideal by checking minimally non-ideal
clutters of small size.
Can we also find a necessary condition for a multipartite clutter to not pack? First,
Proposition 1.40 ([6], proved in Chapter 7). Take integers n > 1, wy > -+ > wy, > 1. Let S C
V(Huy,... ). Then the following statements hold:
(1) if n <2, then mult(S) has the max-flow min-cut property, and
(2) if mult(S) does not pack, then n > 3 and w, > 2.
When n > 3 and w,, > 2, we can find bounds on the degree of a set whose multipartite clutter does not

pack. By Remark 1.36, the degree of a vertex is always at most >, ;(w; — 1). The following theorem
gives a lower bound:

Theorem 1.41 ([6], proved in Chapter 7). Take integers n > 3, w1 > -+ > w, > 2 and k > 0. Let
S CV(Hy, ... w,) beof degree at most k. Then the following statements hold:

(1) if mult(S) contains no As as a minor and does not pack but all of its proper restrictions pack, then
k>3 Nwi—2), and

(2) if mult(S) contains no As as a minor and does not pack, every proper restriction of mult(S) packs,
and k = S"7"Nw; — 2), then mult(S) = Q.

i=1

The following theorem is analogous to Theorem 1.39.

19



Theorem 1.42 ([6], proved in Chapter 7). Take integers n > 3, w1 > -+ > w, > 2 and k > 0. Let
S CV(Hy,,..w,) be of degree at most k. If mult(S) has a restriction that does not pack, then it has one
with at most max {1—211@‘ + %, 6} elements.

We saw in § 1.7 that one way to refute the 7 = 2 Conjecture is to find an ideal strictly polar multipartite
clutter that does not pack. Based on Theorem 1.41, we wrote a computer code to generate strictly polar
multipartite clutters that do not pack. We will describe our algorithm in Chapter 7 with further details.
Once we generate strictly polar multipartite clutters that do not pack, we check whether they are ideal.
As long as their degrees are small, Theorem 1.39 implies that there is a minimally non-ideal minor of small
size, and therefore, we can efficiently test idealness in that case. From our computational experiments, we
came to the following conclusion:

Theorem 1.43 ([0], explained in Chapter 7). Let C be a multipartite clutter over at most 9 elements. If
C is ideal and strictly polar, then C packs.

1.9 The reflective product

In Chapter 8, we study two basic binary operations on pairs of multipartite clutters. Take integers
ni,ng > 1 and sets S1 C V(G1) and Sz C V(Gs), where G1 = H,, .. and Gy = Hs, ., for some
Wiy.-eyWnyy 01,...,0n, > 1. We define the product

Wny

S1 xSy :={(x,y) € V(G1) x V(Gs) : x € Sy and y € S5} .

In words, the product S; x Sy is obtained from S; after replacing each feasible point by a copy of Sy and
each infeasible point by an infeasible copy of V(G2). We will observe that if the multipartite clutters of
two sets are ideal (resp. have the max-flow min-cut property), then so is (resp. does) the multipartite
clutter of their product.

Define the reflective product -
S1 % Sy = (Sl X Sg) U (Sl X Sg) s

where S; := V(G;) \ S; for i = 1,2. In words, the reflective product S; * Sy is obtained from S; after
replacing each feasible point by a copy of Sy and each infeasible point by a copy of S3. For example,
Figure 1.5 shows the reflective product of two sets S; C V(Hs3) and So C V(Haz2) (the black round
vertices).

Observe that S; * Sy = S; * Sy and that Sy  So = S % Sy = 51 * S5.

Theorem 1.44 ([6], proved in Chapter 8). Take integers ny,ng > 1 and sets S; C V(G1) and Se C V(Cﬁ),
where G1 = Hy, .. w,, and G2 = Hs,, 5, for some wi,... wn,,01,...,0n, > 1. If mult(S7), mult(S7),

mult(Ss), mult(Sy) are ideal, then so are mult(S; * So), mult (51 * 52).

Therefore, we can construct more complicated ideal multipartite clutters by the operations of taking
products and reflective products. In contrast, the analogue of this theorem for the max-flow min-cut
property does not hold. For example, let S; := {(1,1),(2,2)} and Sy := {1}. Then mult(S;), mult(S;),
mult(Sy), mult(Sz) all have the max-flow min-cut property. However, Sy * Sy = Ri1.1, and we have seen
that mult(R;,1) = Q¢ does not have the max-flow min-cut property.
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Figure 1.5: An example of taking the reflective product of two sets

In an attempt to find a counter-example to the 7 = 2 Conjecture, is it possible to obtain an ideal
minimally non-packing multipartite clutters with large covering number by taking the reflective product
of two multipartite clutters? The following theorem answers this question in the negative:

Theorem 1.45 ([6], proved in Chapter 8). Tuake integers n > 3, w1 > -+ > wy, > 2 and a set S C
V(Huy,.. ). Assume that mult(S) contains no Asg as minor and does not pack but all of its proper
restrictions pack. If S is obtained by a reflective product, then w; = - -+ = w, = 2, and therefore, mult(S)
is a cuboid.

Theorem 1.45 implies that an ideal minimally non-packing multipartite clutter obtained by a reflective
product always has covering number two. In fact, there exist ideal minimally non-packing cuboids obtained
by taking a reflective product. Recall that a cuboid is the multipartite of a vertex subset of the hypercube
H(n,2) for some n > 1. For an integer k > 1, let

Rk,l .— {1k+1’2k+1} ” {1} C {1,2}k+2

where 1™, 2™ denote the m-dimensional vectors all of whose entries are 1,2, respectively. We have already
seen Ry in § 1.7. See Figure 1.6 for an illustration of Ry 1. We observed that mult(R; 1) = @11. In

112}/ 112

211 211
1111 2111 1112 1111 2111 1112

Ry Cy

Figure 1.6: Ry ; and Cy

fact, it can be readily checked that mult(Ry 1) = Q1 for & > 1, so mult(Ry, 1) is ideal and minimally
non-packing.
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In Chapter 8, we will prove Theorem 1.46 on the reflective product of cuboids. Take an integer n > 1.
For v € {1,2}", the antipodal of v is the vector in {1,2}" that differs from v in every coordinate. We say
that a set S C {1,2}" is antipodally symmetric if a vector in {1,2}" is in S if and only if its antipodal is
in S. We say that a set S C {1,2}" is connected if the subgraph of H(n,2) induced by S is connected. We
say that a set S C {1,2}" is strictly connected if R is connected for every set-restriction (will be defined
in Chapter 7) R of S.

Theorem 1.46 ([2], proved in Chapter 8). Take integers ni,ny > 1 and sets S1 C {1,2}™ and Sy C
{1,2}"2, where mult(S; *.S2) does not pack but all of its proper restrictions pack. Then one of the following
statements holds:

(i) S1%S2 = Ry 1 for some k > 1,
(ii) n1 =1 and So, So are antipodally symmetric and strictly connected, or

(iii) no =1 and Sy, S are antipodally symmetric and strictly connected.
Moreover, S1 x So = 57 % Ss.

There is an antipodally symmetric and strictly connected set S C {1,2}* such that mult(S = {1}) is
ideal and minimally non-packing. Consider Cy and Rj5 defined as follows:

Cy:= {1111,2111, 2211, 2221,2222, 1222, 1122, 1112}
R5 = C4 * {1}

Notice that Cy is antipodally symmetric and strictly connected (see Figure 1.6 for an illustration). In fact,
mult(Rs) is the ideal minimally non-packing clutter Q1o found in [7].

1.10 Ideal vector spaces

What are some examples of multipartite clutters that are ideal? In Chapter 9, we consider a class of

examples that arise as a natural generalization of the cuboids of binary spaces [2]. Let ¢ be a prime power

p¥ where p is a prime number and k is a positive integer, and consider GF(q), the finite field of order q.

The smallest integer ¢ such that a 4+ ---+a =0 for all a € GF(q) is p, and we call p the characteristic of
—_——

‘
GF(q). Throughout this section, we denote by 0 and 1 the additive and multiplicative identities of GF(q),
and for each v € GF(q) — {0}, we denote by —v and v~! the additive and multiplicative inverses of v.
Take an integer n > 1, and let S C GF(q)™ be a vector space over GF(q). Then there exists a matrix A
whose entries are in GF'(q) such that

S={zxeGF(q": Az =0}
where 0 denotes the vector of all zeros of appropriate dimension and all equalities in the system Az = 0

are over GF(q). We denote by (v!,...,v") the vector space generated by taking linear combinations of

v, ..., v" over the given field.

22



As the element set of GF(q) can be relabeled as [g], GF(¢)" = V(H(n, q)), and therefore, we can define
the multipartite clutter of any subset of GF(q)™. For example, the element set of GF'(4) can be represented
as {0,1,a,b} where a and b are the numbers satisfying the following addition and multiplication tables:

—i—‘Olab X‘Olab
0/0 1 a b 0/0 0 O O
111 0 b a 10 1 a b
ala b 0 1 al0 a b 1
b|b a 1 0 bl10 b 1 a

Example 1 ([5]). Consider S = ((1,1,0),(1,0,1)) € GF(4)3. Then

5:{ Eo,o:o), (

1,1,0), (a,a,0),
a,0,a), (b1 (

(
,a), (0,a,a), (

Then f: GF(4) — [4] defined by f(0) =1, f(1) =2, f(a) =3, f(b) =4 is a bijection. Then mult(S) can
be defined as mult(S’), where

Can we characterize vector spaces over GF(q) whose multipartite clutters have the max-flow min-cut
property or are ideal? Proposition 1.40 (1) implies that if n < 2, mult(.S) for any vector space S C GF(q)"
has the max-flow min-cut property. Thus, we may assume that n > 3.

Question 1.47. Let n > 3, and let S C GF(q)"™ be a vector space over GF(q). When does mult(S) have
the maz-flow min-cut property?

Question 1.48. Let n > 3, and let S C GF(q)™ be a vector space over GF(q). When is mult(S) ideal?

Let us first look at vector spaces over GF(2). In this case, we will refer to S as a binary space,
and the points in S correspond to the cycles of M, the binary matroid represented by A. Notice that the
multipartite clutter of a binary space is the cuboid of a binary space. We define the support of v € GF(q)™,
denoted support(v), as {i € [n] : v; # 0}. Recall that Az and L7 are minimally non-ideal and that Qg is
ideal and minimally non-packing. Let us also define two small clutters, namely, Q5, b(Qs).

e Oy is the clutter over ground set F(Kj5), the edge set of K5, whose members are the odd circuits of
Ks.
e b(05) is the blocker of O3, and it is the clutter over ground set E(K5) whose members are the cut
complements of K.
Seymour [114] noted that Q5, b(Q5) are minimally non-ideal. The following theorem considers the ¢ = 2

case.

Theorem 1.49 ([2]). Let n > 3, and let S C GF(2)" be a binary space, and let M be the associated
binary matroid.
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(1) mult(S) has the maz-flow min-cut property (&) S = (vl,... ,v") where v',... ,v" € GF(q)" have
pairwise disjoint supports (<) mult(S) has no Q¢ as a minor.

(2) mult(S) is ideal (<) M has the sums of circuits property (<) mult(S) has none of L7, Q5,b(05) as a
minor.

Theorem 1.49 answers Questions 1.47 and 1.48 when ¢ = 2. In Chapter 9, we will prove Theorems 1.50—
1.52, thereby providing complete answers to Questions 1.47 and 1.48. C? is the clutter over ground set
{1,...,5} whose members are {1,2},{2,3},{3,4},{4,5}, {5,1}. C2 is non-ideal, because (%, %, %, %, %) is
a fractional extreme point of the set covering polyhedron associated with C2.

Theorem 1.50 ([5], proved in Chapter 9). Let q be a prime power other than 2,4. Let n > 3, and let
S C GF(q)"™ be a vector space over GF(q). Then the following statements are equivalent:

(i) mult(S) contains no Az, Qs, C2 as a minor,

(
(ii) S = (vl,...,v") where vl ... v" € GF(q)" have pairwise disjoint supports,
(#i) mult(S) has the max-flow min-cut property,

(

(iv) mult(S) is ideal.
By Theorems 1.49 and 1.50, the remaining case is when ¢ = 4. The following theorem gives a charac-
terization of vector spaces over GF(4) whose multipartite clutters have the max-flow min-cut property.

Theorem 1.51 ([5], proved in Chapter 9). Let n > 3, and let S C GF(4)™ be a vector space over GF(4).
Then the following statements are equivalent:

(i) mult(S) contains no As, Qe as a minor,
(ii) S = (vl,...,v") where v!,... ,v" € GF(4)" have pairwise disjoint supports,
(#5) mult(S) has the max-flow min-cut property.
Unlike the case when ¢ ¢ {2, 4}, there is a vector space over GF'(4) whose multipartite clutter is ideal
but does not have the max-flow min-cut property.

Example 2 ([5]). In fact, S = ((1,1,0),(1,0,1)) € GF(4)® in Example 1 provides an example. One can
check by using PORTA [25] that {z € RY : M(mult(S))z > 1} is an integral polyhedron, so mult(S) is
ideal. Notice further that mult(S) does not have the max-flow min-cut property, since S contains

{(07070)7 (1’ 1’0)7 (1a 0» 1)7 (Oa 17 1)} = Rl,l

as a set-restriction and so mult(S) has Qs as a minor.

Thus, the max-flow min-cut property and idealness are no longer equivalent. The following theorem
provides a characterization of vector spaces over GF(4) whose multipartite clutters are ideal:
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Theorem 1.52 ([5], proved in Chapter 9). Let n > 3, and let S C GF(4)™ be a vector space over GF(4).
Then the following statements are equivalent:

(i) mult(S) contains no Az as a minor,

(1)) S =51 % --- x Sy, where for each i € [k],

e 5;={0},
e S, =GF(4), or
o S; = (v, ...,v") where r > 1 and v',...,v" are vectors of the following form, after permuting
the coordinates:
vP[ul [ut] 0 0
2| w0 | 0 | u? 0
v Wl 0|0 |- | u”
for some vectors u®,ut ..., u" of nonzero entries,

(#3) mult(S) is ideal.

As a direct consequence of the above theorems, we obtain the following:

Corollary 1.53 ([5]). Let S be a multipartite vector space over GF(q) for some prime power q. If mult(S)
is ideal and has no intersecting restriction, then it packs.

That is, Conjecture 1.33 holds in this case. So, the multipartite clutters obtained from vector spaces serve
as evidence in support of the 7 = 2 Conjecture.
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Chapter 2

Polytopes with Chvatal rank 1

In this chapter, we introduce the problem of deciding whether a rational polyhedron P contains an integer
point under the promise that P has Chvatal rank 1, which is the main motivation of this paper. This
promise on the input P very likely modifies the computational complexity of the integer feasibility problem.
A result of Boyd and Pulleyblank ([21], Theorem 5.4) implies Proposition 1.7.

Proposition 1.7 ([21]). Let P = {x € R": Az > b} be a rational polyhedron whose
Chuvdtal rank is 1. Then
(1) the problem of deciding whether P NZ™ = (),
(2) given c € Q", the problem of deciding whether max {cx : © € PNZ"} is unbounded,
(8) given ¢ € Q" and x* € Z™, the problem of deciding whether cx* =
max {cx: x € PNZ"}

belong to complexity class NP N co-NP.

The problems in NP N co-NP are probably not NP-complete (since otherwise NP = co-NP), so we have
the following question:

Open question 1. Let P = {x € R" : Az < b} be a rational polyhedron with Chvdtal rank 1. Can we
decide whether P contains an integer point in time polynomial in the encoding size of P?

However, it does not seem straightforward to use the Chvatal rank 1 condition. In fact, it is NP-hard
to certify that the Chvatal rank of a rational polytope given by its linear description is 1, even under
some assumptions on the input polytope. We show this in § 2.2. We also note that the Chvatal rank of a
polyhedron is not directly related to its geometry. In particular, the Chvétal rank is not invariant under
translation. The following example illustrates that the Chvétal rank of a polyhedron may vary significantly
under translation.

26



Example 1 ([37]). Let Q1 := {z € [0,1]" : 37, v;(1 — ;) + (1 — vj)z; > 1 Vv € {0,1}"}. Notice that
@1 contains no integer point. Chvétal, Cook, and Hartmann ([30], Lemma7.2) proved that the Chvétal
rank of @) is exactly n. Now, let us translate (01 so that its center point is at the origin, and we denote
by Q2 the resulting polytope. Since @2 C [—3,3]", the only integer point contained in Qs is the origin.
We can obtain both x; > 0 and z; < 0 as Chvatal-Gomory inequalities for Q5 for all i € [n]. Hence, the

Chvatal rank of @5 is exactly 1.

The difficulty in understanding the Chvatal rank 1 condition is an indication that Open question 1 might
not be easy to answer in general.

In § 2.1, we consider some easy cases of Open Question 1. In § 2.2, we prove Theorem 1.3 on the NP-
hardness of testing whether the Chvatal closure of a polytope is empty and we explain its implications. In
§ 2.3, we prove Theorem 1.9 on the flatness theorem for rational polyhedra with empty Chvatal closure.
The material in this chapter will be published in Mathematical Programming A [37].

2.1 Easy cases

In this section, we motivate Open Question 1 by presenting three special cases, which seem easier to tackle
and still remain interesting.

Satisfiability problem with Chvatal rank 1

The satisfiability problem is NP-complete (see [69]), and it can be formulated as a binary integer program.
Given a formula in conjunctive normal form with m clauses that consist of literals z1,--- ,z, and their
negations, the problem of finding a satisfying assignment = € {0,1}"™ can be equivalently formulated as
the 0,1 feasibility problem over a polytope. Given a clause \/,.; z; V VjeJ —x; for some disjoint subsets
I, J of [n], we make a linear inequality >, ; z;+ 3, ;(1 —z;) > 1. Notice that an assignment z € {0,1}"
satisfies all the clauses if and only if it satisfies all the corresponding inequalities. Inequalities of the form

i+ (l—a;)>1  LJC[n], InJ =0

iel jeJ

are called generalized set covering inequalities. Then, the satisfiability problem of a given formula is
equivalent to the integer feasibility problem of a polytope defined by generalized set covering inequalities
and the bounds 0 < x < 1. We call such a polytope a SAT polytope.

Open question 2. Given a SAT polytope P whose Chuvdtal rank is 1, can we decide in polynomial time
whether P contains an integer point?

The k-satisfiability problem is a variant of the satisfiability problem where each clause in a given
formula has at most k literals. It remains NP-complete for k£ > 3 (see [69]). On the other hand, there
is a simple polynomial algorithm for the case of K = 2. We consider a formula whose SAT polytope has
Chvatal rank 1 and each of whose clauses contains at least 3 literals. We remark that such a formula
always has a satisfying assignment.
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Remark 2.1 ([37]). Let P be a SAT polytope such that each generalized set covering inequality in its
description has at least 3 variables. If P has Chvdtal rank 1, then P always contains an integer point.

Proof. Observe that setting any variable to 0 or 1, and all other n — 1 variables to 1/2 satisfies all the
constraints of P (because every generalized set covering inequality involves at least three variables). In
other words, the middle point of each facet of the hypercube [0, 1]™ is contained in P. A result of Chvdtal,
Cook and Hartmann ([30], Lemma 7.2) implies that the Chvétal closure of P contains the middle point
(%, ceey %) of the hypercube, so the Chvatal closure of P is always nonempty. Because the Chvatal rank
of P is 1, P contains an integer point. O

A natural question is whether one can actually find an integer point in polynomial time, under the
assumptions of Remark 2.1. This is open. The following example provides a positive answer when each
generalized set covering inequality contains n variables.

Example 2 ([37]). Take an integer n > 3. Given S C {0,1}", we construct a SAT polytope as follows:

P = {x € [0,1])": i((l —v)x; +vi(l—x;)) > 1, Yo € S}

i=1

Notice that PN {0,1}" = {0,1}"\ S. Theorem 1.11 in [36] implies that P has Chvétal rank 1 if and only
if G(S), the induced subgraph of G by S where G denotes the skeleton graph of the hypercube [0,1]",
has max degree 2 and has no cycle of length 4. It is easy to find a 0,1 point contained in P. First, check
whether 0 € P. If not, then 0 € S and at least n — 2 points among e',...,e" (the unit vectors) are

contained in P since the degree of 0 in G[S] is at most 2.

The gap between Open question 2 and Remark 2.1 is on the SAT formulas involving both clauses with
2 literals and clauses with at least 3 literals. SAT polytopes whose generalized set covering inequalities
have at most 2 variables are well understood by Gerards and Schrijver [70]. They gave a characterization
of the Chvétal closure in such a case, and they provided a polynomial algorithm to separate over it.
Furthermore, we remark that the Chvatal rank of a SAT polytope in that case is always 1 whenever it
contains no integer point. However, the Chvéatal closure of a SAT polytope that includes both generalized
set covering inequalities with 2 variables and 3 variables has not been studied.

When a few Chvatal-Gomory cuts are sufficient

In this section, we consider another special case of Open question 1, where we assume that the integer
hull of a given polyhedron can be obtained by adding a constant number of (rank-1) Chvétal-Gomory
inequalities.

Open question 3. Let P = {z € R" : Az < b} be a rational polyhedron, and assume that the integer hull
of P can be obtained by adding at most k (rank-1) Chuvdtal-Gomory inequalities of P to the description of
P, for some constant k. Can we solve the integer feasibility problem of P in polynomial time?

In fact, Open question 3 is open even when k = 1. We will show in § 2.2.4 that verifying the promise that

the integer hull of a given rational polytope is obtained after adding one Chvatal-Gomory inequality is
NP-hard. Thus, Open question 3 might be difficult to answer as well.
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Figure 2.1: When one Chvétal-Gomory inequality is sufficient in R?

Remark 2.2 ([37]). Let P = {z € R" : Az < b} be a rational polytope such that adding one Chvdtal-
Gomory inequality to the description of P gives its integer hull. Then there exists an algorithm for the
integer feasibility problem over P which runs in time bounded by m"n®poly(L) where m and L denote the
number of constraints in P and the encoding size of P, respectively.

Proof. This is easy to show because a fractional vertex of P should be removed by the Chvatal-Gomory
inequality. Therefore P contains an integer point if and only if an extreme point of P is integral. In this
case, a trivial algorithm solves the integer feasibility problem: check all the vertices of P and conclude
that Py # ) if there exists an integral vertex or P; = () otherwise. Since there are O(m™) extreme points
of P and the time complexity of the Gaussian elimination method is bounded by n3poly(L), the algorithm
runs in time bounded by m™n3poly(L). O

In fact, Proposition 2.23 will show the existence of a 2™ poly(L) time algorithm for the case of k = 1.

In the following, we consider a special case of Open question 3, where the input is a rational simplex.
A polytope P C R"™ is called a simplex of dimension ¢ for some ¢ < n if it is the convex hull of ¢ 4+ 1
affinely independent points. One can show that the integer feasibility problem over a rational simplex
is NP-complete by the following polynomial reduction of the knapsack problem to it [110]: consider
positive integers ai,--- ,an,b. Let v* := e’ where e denotes the ith unit vector for i € [n]. Let

a;
ot = %(a—ll, e ,i) Let conv{v!, .- v"*1} denote the convex hull of vl --- v"*1. Note that
av"tt = b— % and av’ = b for i € [n]. Then, conv{v!,--- W" T} NZ" = {x € Z" : ax = b, = > 0}.
However, if we further assume that the integer hull of a rational simplex can be obtained by adding a
constant number of (rank-1) Chvétal-Gomory inequalities, then we can solve the integer feasibility problem

over the simplex in polynomial time.

Proposition 2.3 ([37]). Let k be a positive integer. Given a rational simplexr P C R™ such that its integer
hull can be obtained from P by adding at most k (rank-1) Chvdtal-Gomory inequalities, and a vector
w € Qm, there is an algorithm to optimize wx over Pr in time no(k)poly(k,L), where L is the encoding
size of P and w.

Proof. Suppose that the dimension of P is ¢ for some ¢ < n. Let P = {x € R" : Az = b, Cx < d} be
a minimal linear system defining P such that C'x < d define the facets of P. We denote by Ex < f the
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set of k& Chvétal-Gomory inequalities of P such that P = {z € R" : Az = b, Cz < d, Ex < f}. So the
inequalities in Ex < f + €l are valid for P, where € € (0,1) and 1 denotes the vector of all ones, and
P C S, where S:={zeR": Az =0b, Ex < f 4 €l}.

We first argue that we may assume that P is full-dimensional. If not, we can find in polynomial time
an unimodular matrix U such that AU = (D, 0) is a Hermite normal form of A. If D~!b is not integral, we
can just conclude that P does not contain an integer point. Thus, we may assume that D~!b is integral.
Let U; and Us denote the two submatrices of U which consist of the first n — ¢ columns of U and the last
¢ columns of U, respectively. Let u : R™ — R™ be an unimodular transformation defined by u(z) = U~ 1z.
Consider the images of P, Py, and S under u:

w(P) = {(y1,92) e RO gy = Db, CUpys < d — CULD™ b},
U(P[) = {(yl,yg) S R(—=O+¢ . Y1 = D_lb, CUsys < d— OU1D_1b, FEUsys < f — EUlD_lb},
u(S) = {(ylaQQ) e RO+ ) = Db, EUsyy < f + €l — EUlDflb}.

Note that «(P) is an {-dimensional simplex in R", so @ := {yg ER: CUsyp < d— C’UlDflb} is an /-
dimensional simplex in Rf. Furthermore, u(P;) is integral. Since D™'b is integral, {yo € R’ : CUsy, <
d— CU; D7, EUsy, < f — EU;D~'b} is integral and thus Q N {yz € R : EUsys < f — EU,D~'b}
is integral. We claim that the inequalities in the system EUsy, < f — EU;D~'b are Chvatal-Gomory
inequalities of Q. In fact, we know that u(P) C u(S), so Q C {y2 € R*: EUsys < f + €1 — EU; D~ 'b}.
That means the inequalities in EUsys < f + €l — EU;D7'b are all valid for @, so those in the system
EUyy; < f — EU; D™'b are Chvétal-Gomory inequalities of Q. Now, we have obtained a full-dimensional
rational simplex @ in R? such that its integer hull Q; can be described by adding at most k Chvétal-Gomory
inequalities.

Q@ has ¢+ 1 inequalities in its description, so Q7 can be described by £+ k 41 linear inequalities. When
{ < k, the dimension of @) is fixed and we can optimize a linear function over (); in polynomial time by
Lenstra’s algorithm [94]. Thus, we may assume that £ > k. Suppose that Q7 is not empty. Then let z € Z*
be an extreme point of (J;. So there are £ linearly independent inequalities in the description of (J; that
are active at z. This means that at least ¢ — k inequalities among the ¢ + 1 inequalities in the original
description of @) are active at z. Thus, z belongs to a k-dimensional face of Q). Hence, if no k-dimensional
face of ) contains an integer point, ()7 is empty. Since k is fixed, we can optimize a linear function over
the integer hull of each k-dimensional face of ). Notice that there are exactly (iii) k-dimensional faces
of Q. Therefore, we can optimize a linear function over Q; in £9®)poly(L) time. Since we can compute
the Hermite normal form of A in time polynomial in the encoding size of P and £ < n, the result follows,
as required. O

The only property of a simplex in R™ used in the proof of Proposition 2.3 is that the number of its facets
is at most n + 1. The result should generalize to the case where a rational polytope P C R™ has n + ¢
facets, where ¢ is a constant, and the integer hull of P is obtained by adding k (rank-1) Chvétal-Gomory
inequalities.

Rounded polytopes

A full-dimensional polytope P C R™ is rounded with factor £ > 1 if By (a,r) C P C B%(a,{r), where
BZ(p,q) denotes an Euclidean ball {z € R™ : ||z — p||2 < g} centered at p with radius q. We first remark

30



the following:

Remark 2.4 ([37]). Let £ > 1 be a constant, and let P = {x € R"™ : Az < b} be a rounded polytope with
factor £. We can decide whether P contains an integer point and find one if there exists any in KO(")poly(L)
time, where L is the encoding size of P.

Proof. One can find an Euclidean ball B¥(c, R) C P of the largest radius by solving a linear program

whose encoding size is bounded above by poly(L) (see Section 4.3 in [22]). If R is at least @, an integer
point that is nearest to ¢ is contained in the ball, so we can obtain an integer point in P by rounding
c. If that is not the case, we consider two Euclidean balls BY(a,r) and BY(a,¢r) for some a € P and
0<r< @ such that BY(a,r) C P C By (a,{r). As c € P, the distance between a and c is at most ¢r, and
therefore, BY(c,2¢r) contains B¥(a, fr) by the triangle inequality. So, P is also contained in B (c, 2¢r).
As 20r < {/n, we can enumerate all the £°(") integer points in BY(c,2¢r) and check whether at least one
of them belongs to P. O

Now, we further assume that the integer hull of P can be obtained by adding one Chvatal-Gomory
inequality, which is another special case of Open question 3.

Proposition 2.5 ([37]). Let { > 1 be a constant, and let P = {x € R™ : Az < b} be a rounded polytope
with factor €. If the integer hull of P can be obtained by adding one Chvdtal-Gomory inequality to the
description of P, then we can decide whether P contains an integer point in no(e)poly(L) time, where L
1s the encoding size of P.

To prove this, we use the notion of integer width defined in § 1.2. Take an integer n > 1 and a convex set
K C R™. Recall that the integer width of K, denoted w(K,Z") is defined as

K, 7Z"):= inf K, d).
w(K, 2% deZlE}\{O}w( )

Lemma 2.6 ([37]). Let P C R"™ be a rounded polytope with factor ¢ > 1. If there exists a direction d € Z"
such that w(P,d) < k for some nonnegative integer k, then either ||d||s < (k+ 1)¢ or w(P,e*) <1 for all
i€ [n].

Proof. Since P is rounded with factor ¢, P satisfies B (a,r) C P C B%(a,{r) for some r > 0 and a € R™.
Assume that ||d||z > (k + 1)¢. Since w(P,d) < k, there exists dy € Z such that dg < dz < dy + k + 1 for
all x € P. Notice that Bf(a,7) C P C {z € R" : dy < dx < dy + k + 1} and the distance between two
hyperplanes {z € R" : dz = dp} and {x € R" : dx = do+k+1} is exactly (k4 1)/|/d|l2. This implies that
2r is at most (k4 1)/||d||2. Hence, we get r < ﬁﬁ < g7, i.e., 20r < 1. Suppose that there is some i such
that w(P,e’) > 2. Then there are two points u,v € P such that u; < b and v; > b+ 1 for some b € Z. So
|l —vl|l2 > |u; —v;| > 1. Since BF(a, £r) contains P, the distance between any two points in P is at most
20r and thus we get 2¢r > 1. However, this contradicts the previous observation that 2¢r < 1. Therefore,
w(P,e’) <1 for all i € [n]. O

Proof of Proposition 2.5. Consider the following algorithm:

(1) For each d € Z™ with ||d||2 < ¢, compute w(P,d). If w(P,d) = 0 for some d with ||d||2 < ¢, then
P; = (. Otherwise, go to step (2).
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(2) Compute w(P,e?) for i € [n]. If there exists i € [n] such that w(P,e’) > 2, then P # . If there
exists i € [n] such that w(P,e’) =0, then P; = ). Otherwise, go to step (3).

(3) Let z; := |max{x; : € P}| for j € [n]. If (21, ,2,) € P, then P; # (). Otherwise, P; = (.
Step (1) can be done in polynomial time, because there are at most (;)2¢(*, ") integral vectors d with
ld]]2 < ¢. By assumption, there exists a Chvatal-Gomory inequality dz < dy such that { € P : dz <
do} = Pr. Note that P; is empty if and only if w(P,d) = 0. Going into Step (2), we have w(P,d) > 1
for all d € Z™ with ||d||y < ¢ and ||d||s > £. If w(P,e') > 2 for some i € [n], then w(P,d) > 1 by Lemma
2.6 (when k = 0) and thus Py # 0. If w(P,e') = 0 for some i € [n], then Py is empty. Therefore, going
into Step (3), we have w(P,e’) =1 for all i € [n], and P can have at most one integer point. z is the only
possibility and we can compute z by solving n linear programs, therefore, in polynomial time. O

2.2 Recognizing rational polytopes with an empty Chvatal clo-
sure is NP-hard

Recently, Cornuéjols and Li [38, 37] proved that it is NP-complete to decide whether the Chvétal closure
of a rational polytope is empty. In this section, we prove Theorem 1.3 that states that the problem
remains NP-complete, even when the input polytope is contained in the unit hypercube or is a simplex.
We prove this in § 2.2.1 and 2.2.2. This hardness result has some nice consequences. In particular, the
result implies that both optimizing and separating over the Chvatal closure of a rational polytope given
by its linear description are NP-hard, even when the polytope is contained in the unit cube or is a simplex
(Corollary 1.5). This extends an earlier result of Eisenbrand [63], and we explain this in § 2.2.3. Another
consequence is that for any positive integer k, it is NP-hard to decide whether adding at most k (rank-1)
Chvatal-Gomory cuts is sufficient to describe the integer hull of a rational polytope given by its linear
description, and we derive this in § 2.2.4.

2.2.1 The case of polytopes contained in the unit hypercube

The next theorem is the main result of this section, and it is a half of Theorem 1.3.

Theorem 2.7 ([37]). Let P = {x € [0,1]™ : Az < b} be a nonempty rational polytope contained in the unit
hypercube. It is NP-complete to decide whether the Chudtal closure of P is empty, even when P contains
no integer point.

We reduce the equality knapsack problem, which is formally stated below, to the problem of deciding
emptiness of the Chvatal closure of a rational polytope given by its linear description.

Equality Knapsack Problem (see [69]). Given positive integers aq,...,an,b, is there a set of nonneg-
ative integers {x;}?_, satisfying Y [ | a;x; = b?

Without loss of generality, we assume that ai,...,a, are relatively prime. We follow the idea behind
Cornuéjols and Li’s construction ([38, 37], Lemma 1), where they first construct some points using the
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input data for an instance of the equality knapsack problem and then take their convex hull to construct a
rational polytope. Although the polytopes generated from their construction are not necessarily contained
in the unit hypercube, we are able to refine their idea and choose our points in the unit hypercube as
described in the next lemma. Theorem 2.7 immediately follows from it.

Lemma 2.8 ([37]). Given an equality knapsack instance of n positive weights a1, ...,a, and a positive
capacity b, one can in polynomial time generate the linear description of a rational polytope P C [0,1]"+4
contained in the unit hypercube satisfying the following:

(a) P can be chosen to be the convez hull of n+ 10 points in [0,1]"+4.
(b) (%, ceey %) € P but P contains no integer point.
(¢) P is full-dimensional.

(d) There exists a solution to the equality knapsack instance if and only if there exists a Chvdtal-Gomory
inequality of P that separates (%, ey %)

(e) There exists a solution to the equality knapsack instance if and only if the Chudtal closure of P is
empty and the number of Chvdtal-Gomory inequalities to certify this is exactly 2.

Proof. Let a rational polytope P C [0,1]"™* be defined as the convex hull of the following n + 10 points
Ul, .. 7,Un+10 c [0’ 1]n+4:

b= (&, 0, S, 0, 0, 0, 2 0, 0 )
— 1 1
v = (0, & S0, 0, 0, &, 0, 0 )
n .1 1
v = (0, 0, s, 0, 7 0, 55 0, 0 )
Un+1 = ( 07 07 Ty 07 07 07 1/27 1/2’ 1/2 )
vt = (1, 1, cee, 1, 1, 1, 1/2, 1/2, 1/2 )
o3 = (0 1/2, 1/2, sy 12, 1/2, 1/2, 1, 1, 1 )
ot = (174, 14, e 14 /4, 1/4, 1/4, 14 1/4 )
ot = (O 1/2, 1/2, e, 12 /2, 1/2, 1, 1, /2 )
ote = ()2, 1/2, -, 12, 1/2, 1/2, 0, 0, 1/2 )
ot = (1), 1/2, 12, 1/2, 1/2, 1/2, 1, 1)
o = (12, 1/2, e 1)2, 1/2, 1/2, 1/2, 0, 0o )
n+9 — an— n 1 1
a—:;o _ ( %, . %’ . cee 2b1a7 ) %b7a 0, 9) 1 2 4b 0 )
v G T L T QT R P N i S} 0o )
Let u := (,...,3). Notice that u = 2o"*! + 1y"*2 50 u is contained in P. In addition, none of
vl ..., "M s contained in {0,1}"%*, so P contains no integer point. This shows that P satisfies (b).

Claim 1. P is full-dimensional.

Proof of Claim. It is easy to show that the n+4 vectors in {v! —o"*1 :i=1,... . n,n+2,n+3,n+5n+
7} are linearly independent. Then the n + 5 points v, ... o™ oL gnF2 ynF3 ynt5 ynt7 are affinely
independent, thereby proving that the dimension of P is n + 4, as required. <&
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By Claim 1, we know that P satisfies (¢). Claim 1 also implies that we can compute the linear description
of P in polynomial time, as stated in the following claim.

Claim 2. The linear description of P can be obtained in polynomial time.

Proof of Claim. Since P is full-dimensional, the number of facets of P is at most (21140) < nb. Given
n + 4 affinely independent points among v!,--- ,v"*1% we can compute the hyperplane containing these
n + 4 points using the Gaussian elimination method. Since the encoding size of each v is polynomial in
logay,- - ,logan,logb, and n, the complexity of the hyperplane is also polynomially bounded by the input

encoding size. Therefore, we can find each facet of P in polynomial time. <&

To prove that P satisfies (d) and (e), we need the following two claims:

Claim 3. If there exists a solution to the equality knapsack instance, then the Chudtal closure of P is
empty and the number of Chvdtal-Gomory inequalities to certify this is exactly 2.

Proof of Claim. Let (wy,--- ,w,) be a solution to the knapsack instance. Then Z?Zl a;w; = band w; >0
for i € [n]. Let d := (w1, ,wn, — > w;, 1,—1,1) € Z". Notice that wy, < apwy < >_1 | a;w; = b,
so we get gE < % Since b > 1, we know that 0 < % < i. Thus,0<dvk:%+% < 1 for k € [n].
It is easy to show that dv"™ = dv"*? = dv"™ = dv""0 = du"t7 = dv"™® = 1 dv"™ = 1, and
dv™™3 = 1. In addition, dv™ ™ = dv" ™' = & That means 0 < dv’ < 1 for i # n + 3 and dv™"3 = 1.
Then, dx > 0 is valid for P, and we obtain its corresponding Chvatal-Gomory inequality dz > 1. In fact,
Pn{z e R* : dr > 1} = {v""3}, because v" "2 is the only vertex of P that is not cut off by dzr > 1.
Notice that 11+ Znto+Tptr3+Tnis < % is also valid for P. Then x,, 41+ Tn42+Tnis+Tnya < 3 is valid
for P', and v™*3 violates this inequality. Therefore, PN{x € R" : dz > 1, p13+Tni2+Tniz+Tnra < 3}
is empty. Hence, the Chvatal closure of P is empty and the number of Chvatal-Gomory inequalities to
certify this is 2. <&

|

Claim 4. If there exists a Chvdtal-Gomory inequality separating u = (%,...,%), then there exists a
solution to the equality knapsack instance.

Proof of Claim. There is a valid inequality dr < do + € for P such that (d,dy) € Z""®, 0 < € < 1, and
du > dy. We claim that d and dj satisfy the following five properties:

1 n+1l = Z?:l d;.

9) dy = —1.

4) S aid; = —b.

) d
)
3) n+2 = n+4:_]— and dn+3:1.
)
5) d; <0 for i€ [n].

Then, (—di,- - ,—d,) is a solution to the equality knapsack instance.
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Since dy < du < dp +€ < do + 1, we get dy < 3 Zn+4d < dp + 1. In addition, we know that
dv* < do +e<dy+1for k € [n+10]. The integrality of 31", d implies that % Z"+4 d; should be equal
to do + %, and thus we get Zn+4 d; = 2do + 1 and du = dy + %. Consider alv"+1 and dv™t2:

1 n+1 n+1
n+1 __
do+1> dv —du—igd d0+ Zdz, (2.1)
n+1 n+1
do+1>dv"*? = du+ = Z d; = do + +Z Z d;. (2.2)

By (2.1) and (2.2), we get —1 < Z"Hd < 1. Since Z d is an integer, Z?:ll d; = 0 and the first
property is satisfied. Then we know that d,, 12 + dy 13 + dn+4 = 2dy + 1. Now, consider dv™ 13 and dv™*:

. 1
do+1>dv"" = du + 5(dn+2 +dpis+dpis) =2do + 1, (2.3)
1 1 1
do+1>dv"™ = —du= =dy+ —. 2.4
0o+ 1>dv 5du=g5do+ 7 (2.4)
By (2.3) and (2.4), we obtain —3 < dy < 0 and thus dy = —1. So the second property holds and
dpyo +dyys+ dpig = —1. Consider dv™+® and do™*6:
n+5 1 L1
do+1>dv =du + i(dnJrz + dn+3) =dy+ 5 + §(dn+2 + dn+3), (25)
n+6 1 L1
do +1> dv =du — §(dn+2 + dn+3) == do + 5 - §(dn+2 + dn+3). (26)
y (2.5) and (2.6), we know that —1 < dpy2 + dpts < 1. So, dpi2 + dpys = 0. Similarly, we get
dn3+dniq = 0 by considering dv™*7 and dv™*®. Together with the observation d,, 4o +dp 3 +dpq = —1,
we get dpy3 = 1 and dpi2 = dpygs = —1. Hence, the third property is satisfied. To prove the fourth
property, we consider dv™t? and dv™10:
dv”+9:iia-d-+(1 1)<d0+1 0, (2.7)
2b U2 b

i=1
which implies that " | a;d; < —b+ %, so >, a;d; < —b since the sum is an integer;

n+1

dv" 10 = Zd szad Za” 41b)<d0+1—0 (2.8)

which implies that 1" ; a;d; > —b— 3, so Y1 a;d; > —b since the sum is an integer. Therefore,
>, a;d; = —b. Lastly, consider dv* for k € [n]:

1
— <dy+1=0. (2.9)
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By (2.9), dr < 1 and thus dj <0. <&

Claim 3 proves one direction of (d) and that of (e), and Claim 4 proves the other directions of (d) and (e).
Therefore, (d) and (e) are also satisfied, as required. This finishes the proof. O

2.2.2 The case of simplices

We proved Theorem 2.7 in § 2.2.1 for the polytopes in the unit hypercube. The next theorem is for the
case of Theorem 1.3 when P is a simplex.

Theorem 2.9 ([37]). Let P = {z € R" : Az < b} be a rational simplex. It is NP-complete to decide
whether the Chvdtal closure of P is empty, even when P contains no integer point.

To prove Theorem 2.7, we constructed a polytope that is the convex hull of n + 10 points in [0, 1]"*4, but
a simplex in R™** has less vertices. By allowing to choose some points sitting outside the hypercube, we
are able to reduce the number of points so that we can construct rational simplices as described in the
following lemma. Lemma 2.10 is very similar to Lemma 2.8, but its proof is more technical and involves
a longer argument.

Lemma 2.10 ([37]). Given an equality knapsack instance of n positive weights a1, . ..,a, and a positive
capacity b, one can in polynomial time generate the linear description of a rational polytope P C R™*! and
a point u € P satisfying the following:

(a) P is a full-dimensional simplex.

(b) P contains no integer point.

(c¢) There exists a solution to the equality knapsack instance if and only if there exists a Chvdtal-Gomory
inequality of P that separates u.

(d) There exists a solution to the equality knapsack instance if and only if the Chvdtal closure of P is
empty and the number of Chvdtal-Gomory inequalities to certify this is exactly 2.

Proof. Let P € R™t! be a rational polytope defined as the convex hull of the following n + 2 points
vl ..., o2 e RPHL:

1 1 1 b
Uz ( 55 071 0, 2 T 2pA )
v = (0, =B 0, %~ 5EA )
no.__ 1 1 b
Ul'_ (0, 0, "y 3xBY 2 3 BA
v thi=( ray,  rag, -, rap,  —rb+3 )
v 2= ( —ray, -rag, -+, —ra, rb+1 )

where A and B denote Y - ; a; and the smallest integer greater than %7 respectively and r := 2019b 4 %.

Claim 1. P is a full-dimensional simplez.
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Proof of Claim. It is easy to show that v',...,v"*? are affinely independent, thereby proving that P is
full-dimensional a rational simplex. <&
By Claim 1, P satisfies (a).

Claim 2. The linear description of P can be obtained in polynomial time.

Proof of Claim. Since P is a full-dimensional rational simplex in R™*!, it contains exactly n+2 facets. One
can obtain each facet-defining inequality of P by the Gaussian elimination method, and the complexity of

each facet-defining inequality is polynomially bounded by logaq, - - ,logas, and logb, as required. &
Let u:= (%5, 61 0 + 3 — 6TBA) We will show that P satisfies (¢) and (d) for this choice fo

u. We need the following two claims:

Claim 3. If there exists a solution to the equality knapsack instance, then the Chvdtal closure of P is
empty and the number of Chvdtal-Gomory inequalities to certify this is exactly 2.

Proof of Claim. Let (wy,--- ,w,) be a solution to the knapsack inbtance Then " | a;w; = b and w; >0

for i € [n]. Let d := (w1, - ,w,,1) € Z". So dv* = 2 4 L — b forkfl -,n. Since B is the

smallest integer greater than %, we have 0 < B— % < 1, so we get that 0 < ? — ﬁ <5 B This implies

0 < dvk < “’2’;—?. As wy, < apwy < b, we have wy + 1 < 2b. Hence, 0 < dv* < 1 for k € [n]. Moreover,
we have dv" ™! = 3 and dv"*? = 1. Since dv',--- ,dv"? are all positive, it follows that dz > 1 is valid
for P’. In addition, @,41 < rb+ 1 = 20190 + 2 is Vahd for P, s0 2p41 < rb+ 1 =20190% + 1 is Vahd for
P’. Since PN {z € R™™: dx > 1} = {v"*?} and the last component of v”” is greater than rb+ 1, it

follows that PN {z € R"™ : dz > 1, 2,11 <rb+ 3} = (. Therefore P’ = (), as required. <&

Claim 4. If there exists a Chvdtal-Gomory cut separating u, then there exists a solution to the equality
knapsack instance.

];monOf Claim. Letgu1 = % ;:%1 (11-21)".2 Then u! = (QT‘%A, e ; szA, 21T X erA) € P. Let u? 2v"+1 +
50" =(0,---,0,3). Then zu' + 2u” = (%4, -, GTBA, GT + 5 — &5a) = u. So, both u? and u are
in P. If P’ = (), at least one Chvatal-Gomory inequality is violated by u. In other words, there exists an
inequality dx < do + o valid for P such that (d, dp) € Z"*2, 0 < a < 1, and dy < du. We claim that d and
dy satisfy the following four properties:

1) S apd; = by

)
2) dpy1 = -1,
3) do=—
4) d; <0fori=1,-
Then, (—di, - ,—dn+1) is a solution to the equality knapsack instance.

Let A := 3" a;d; — bdn11. Then A is an integer. Note that rA + %dnﬂ —1 < [dv™] < dg, so
rA + %dn+1 —1<dy<du= ﬁA + (% + é)dn+17 implying in turn that

6r (r— gga) A—6r < dpy1. (2.10)
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Observe that —1rA+d, 11 —1 < [dv"] < dy. Since —rA+d,y1 —1 < dy < du = 6TBAA+ (% —)dnH,
we get

(3—&)duy1 < 1+ (r+555) A (2.11)
Suppose for a contradiction that A # 0. There are four cases to consider; A > 0 and d,4+1 > 0; A > 0
and d, 11 < 0; A <0and d,q1 > 0; and A <0 and d,41 < 0.

(Case 1: A >0 and d,11 > 0): We know (4 — &) > . By (2.11), we get dyq1 < (3r + 557)A + 3.
Together with (2.10), we have

6AT2 — (3A +6)r — Z A — A < 3.

2TBA

As A > 1, it follows that —6Ar < —6r and —2A < fﬁA — A. Hence, we obtain the following;:

QTBA
A(6r2 —9r —2) < 3,
which cannot be true, because r > 2019 and A > 1. Therefore, Case 1 is not possible.

(Case 2: A >0 and d,41 < 0): By (2.10), 6Ar? — 35A — 6r < d,41. Notice tht Ar? > 2 A| so
5Ar? —6r < dpr1. As A > 1 and r > 2019, it follows that d,,; > 0, contradicting the assumption that
dn41 < 0.

(Case 3: A <0 and dn+1 > O) Since A < —1 and 5% > 0, the right hand side (2.11) is less than 1 —r,
a negative number. As % > (2.11) implies that d,, 1 < 0, contradicting the assumption d,,+1 > 0.

67“7
(Case 4: A <0 and dn+1 < 0): Notice that ﬁA—&—z—lrdnH —1< |du] < do, SO 2rBAA+ —dpp1—1<
dy < du = GTBAA +( + L 5-)dny1. Tt follows that ﬁA -1< (% - )dn+1 < dn+1, and thus

A =3 <dpi1. Obberve that (2.11) and the assumption d,,+1 < 0 imply that dpy1 < 1 + (r+ s57)A.

So7 we obtain
—4 < (r—gpa) A

Since A < —1, we have (r A< —r+ 67,% < 1—r. Then we get —4 < 1 — r, a contradiction as

r > 2019.

Therefore, each of the four cases is not possible, implying in turn that A = 0. So, (d,dp) satisfies the
first property. Moreover A = 0 implies that du! = %d,ﬁh du = (% + 617)61ln+17 dv™t! = %dn+1, and
dv™*? = d, 1. Suppose for a contradiction that d,,.; > 0. If d,,1 = 0, then dj satisfies dy < du = 0 <
do + 1, which is not possible as dy is an integer. This implies that d,,11 > 1. Then the following holds.

6T‘BA)

ldu|] = [(G+5)dnt1] < dusr = ldpa] = [d"?] < ldot+a) = do

However we assumed that dy < du, and this implies dy < |du], a contradiction. Thus, d,,+1 < —1. Note
that 3-dpi1 — 1 < [du'| < do. Since dog < du = (3 + g )dnt1, it follows that —1 < (3 — 3 )dp41 and thus
-2< dn+1 If dyy1 = —2, |[dv"] = —1 and |du| = —2. Then |du| < |dv™ ] < dy, but this contradicts
the observation dy < |du]. Therefore, d,+1 = —1, so (d,dy) satisfies the second property.

Since d,,+1 = —1, it follows that du = —% — é, implying that —1 < du < 0 and thus dy = —1 which is

the third property. To prove the fourth property, let us consider dv* for k € [n]. dv = 27" (- ﬁ) <
do+1=0. Then, d, < B — %. Since B is the smallest integer greater than 2 4 B < 3 L Therefore,
di, < 1 and thus dj, <0 for k € [n]. &
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By Claims 3 and 4, P satisfies (¢) and (d).

To complete the proof, we need to show that P has no integer point. Notice that if P contains an
integer point, then there exists an integer d € [—rb + %,rb + 1] such that P(d) := {z € P : x4 = d}
contains an integer point.

Claim 5. P(d) = {x € P : 41 = d} has no integer point if d > 0.

Proof of Claim. Suppose for a contradiction that P(d) has an integer point z9. For i € [n + 1], let p},
denote the intersection point of {x € R"*1 : z,,; = d} and the line segment between v"*2 and v® for
i € [n+1]. Notice that P(d) = conv (p},...,p§""). Let a and p’ for i € [n+1] denote the vectors obtained

from (a1, ,a,,0) and pj after projecting out the last coordinate, respectively. Then it can be checked
that a = (ay, -+ ,a,) € Z™ and
i _rdtdeahr o (1 d-ditohy e fori € [n]
= ro+1—L 4+t 2rB 2rB(rb+1— -+ 5-%) )
ntl _  —rdt+ir
p = T+l

As the (n + 1) coordinate of p} is d for each i, conv (pl, e ,p"‘H) is precisely the projection of P(d)
onto the space defined by the first n coordinates. As 2o is an integer point in P(d), it follows that
z € Z™, the vector obtained from zg € Z"T! after projecting out its last coordinate, is an integer point in

conv (p',--- ,p"tt).
Notice that p"™ = Cia and p := § 1" ; a;p’ = Cza. where

b

. —rdt+dr [ _—rdti—sia 1 d—5 +5px
Cy = ot L and Cy:= P + 554 S BAGII—a i) )

Thus, p”*! and p are on the line through 0 and a. Moreover, it can be readily shown that the intersection
of conv (pl7 e ,p”“) and the line through 0 and a is the line segment between p"*! and p. We will first
show that the line segment between p"*! and p.

We will show that conv (p"*!,p) contains no integer point, thereby showing that z ¢ conv (p"*,p).
Since ay, - ,a, are relatively prime, there is no integer point strictly between fa and (¢ + 1)a for any
(€ 7Z. As p"t! = Cya and p = Caa, it is sufficient to argue that Cy,Cy € (¢,£+ 1) for some ¢ € Z. Notice
that d can be expressed as kb + h for some 0 < k < 20196 and 0 < h < b. Then we can rewrite both p"“‘1
and p as follows:

—rh+ip43 b—h)+Lt4Llpy 3
ot — (fk+%;ﬂ)a: (fk,lJrT()jf%)a,
_ —rht(r—k) (55 — gra ) +k 1 d—gtobg
b= (71C t e m e TmEa T 2rBA(rbilf22%Bfﬁ)) a
_ (_k B O ) el Gl 3 [ €7 D s RS W d—5; 3 pa ) a
rbtl— gttt 2rBA  2rBA(rb+l—2-+525) )
In the following, we consider three possible cases: (1) h =0, (2) h =1 & k = 2019b = r — &, and (3)
h>1& k<2019 —1=r—1— .
1,08
(Case 1: h = 0): In this case, the integer part of Cy is —k, while its fractional part is 4:214; since it
4
b
is certainly positive and less than 1. Notice that 2—1T — 2T%A = 32”; < ﬁ, because B is the smallest
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integer greater than 3. Then (r — k)(5; — 5757) + k¥ < 55 + 7. In addition, 0 < 1 e e < 1,
—rht(r—k) (5 — 5 a)tk 1 d— 5+ 5 px ; i3

because 0 < d < rb+ 1. Therefore, T e 3 BA  2rBA(rb+l—g 45 0) positive and

at most ﬁ + ﬁ which is less than 1. That means the integer part of Cy is —k and its fractional part
is positive. In this case, Cy,Cs € (—k,—k + 1).

(Case 2: h=1and k=2019b =71 — 5:): Since k <7,0<r(b—1)+ + + Tk + 3r <rb+ ;. Thus, we

r(b—1)+1tlpt 3,
get 0 < (bl)jb“%’m < 1. Then C; € (—k — 1, —k). Note that
4

Ho— )+ (= k= )G = )+ b+ 1) = (0= 1)+ (5~ 1) = ) + 20190 +1
= rb+1—- g+ 55z + -1+ 3 — 553)

In addition,

1 _ d*%+2rlt)3A — 1
2rBA ~ 2rBA(rb+1—+5 ) 4rBA(rb+1— 5+ orga)
In this case,
r(b—h)+(r—k—1) (55 — 5rpg ) +(k+1) + 1 d— g t+orpa = 14+ 25 (Ut gr — o)t e
T i 2rBA ~ 2rBA(rbt1—L 45 ) rotl-gotgr

1

is less than 1, because o= — -2+ + = < 712 + 4= < 3. Therefore, we get that Cy € (—k — 1, k).

(Case 3: h>1land k<2019 —-1=7r—1-— %): As in the previous case, we can show that C; €
(—k —1,—k). Notice that

r(b—h)+(r—k—1)(g — 5pz) + (k+1) < Tb_%bﬂ%b(?%b_?’%f‘) ! L b
= Tb+1—?+m_(l+%)(1_ﬂ+2TBA)'

We also have the following:

1T d—grtorpa < 1 < 5 < —F
2rBA T 2rBA(rbt1l- L +555) — 20BA = b = rpyl- L B

Since 1 — (14 %)(1 — & + 525) < 0, we get

rlb=h)+(r—k—1)(gz —grpra)+(h41) | 1 d—g-torta < 1
rb+l—2 + 50— 2rBA  2rBA(rb+1— 4 +5-0) :

It is obvious that r(b—h) + (r —k — 1)(5 — 5-35) + (k+1) > 0,50 Cy € (—k — 1, —k).

Therefore, the line segment between p"*! = Cya and p = Cya cannot contain an integer point, implying
in turn that z ¢ conv (p"**, p).

Using our observation that z ¢ conv (p”“,p)7 we will show that z ¢ conv (pl, e ,p"“), thereby
leading to a contradiction. Although z is not on the line through 0 and a, we can argue that z is close to
the line. By our supposition, z € conv (pl, e ,p”“), so we can check that § € R such that

—5ae < ——.
2 dalloe < —
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Moreover, as z is not on the line through 0 and a in R™, there exists an index j € {1,--- ,n — 1} such
that (zj,zy,) is not on the line through 0 and (a;,a,) in R% The following can be proved with a simple
geometric analysis in R?:

(x) Let p := (p1,p2) # (0,0) and ¢ := (q1,¢2) be two points in Z2. Then, for any § € R,
Hq_5p|| > [P1g2—p24g1|
© = Ip1l+lpz|

By (), it follows that ||(2;,2,) — d(aj,an)|lec > lajznzanzil g any 6 € R. Since (zj,2n) is not on the

= lajl+lan]
line through 0 and (a;,a,), we have |a;z, — anz;| > 1. Since 0 < a;,a, < b, it follows that ||(z;, z,) —

0(aj,an)|oo > 2%). As ||z — dalloc > ||(2},2n) — (aj, an)|loc, We obtain

1
Iz = dallc =

=2
for all § € R. However, this contradicts our earlier observation that ||z — dall < -L for some § € R.
Therefore, conv (pl, . ,p"“) contains no integer point, implying in turn that P(d) contains no integer
point, as required. &

We now consider the case d < 0.

Claim 6. P(d) ={x € P: x,41 =d} for d <0 contains no integer point.

Proof of Claim. For i = 1,...,n,n + 2, let w denote the intersection point of the line segment between
v™*1 and v* and the hyperplane {z € R"*! : 2,41 = d}. Then P(d) is the convex hull of w§, ..., w§, wy ™.
Let w* for ¢ =1,--- ,n,n + 2 denote the vector obtained from wy after projecting out the last coordinate.
Then L ) .
i rd—3+t9px 1 d—3:t5rpa i ;
wh= wbﬁfgf%a + (2TB e e )e for i & [n],
wn+2 . —rd+3yr
T ’I"b—i-i
Then conv (wl, . ,w",w"“) is precisely the projection of P(d) onto the space of the first n coordi-

nates. Therefore, it is sufficient to show that conv (wl, co,w™, w”+2) has no integer point. Let w denote
4 Y a;w’. Then w can be written as

_ rd—3+s5ha 1 d—g-+5pa
vo= (P b mme )
In fact, the line though 0 and @ in R™ intersects with conv (wl, s, wn, w"+2) in the line segment between
w™ 2 and w. As the case when d > 0, we can argue that conv (w"+2, w) contains no integer point. Using
this, we can also prove that conv (wl, s wn w"+2) contains no integer point. &
Claims 5 and 6 imply that P contains no integer point. This finishes the proof. O

Theorem 2.9 follows Lemma 2.10. Putting Theorem 2.7 and 2.9 together, we obtain Theorem 1.3.
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Theorem 1.3 ([37]). Given a rational polyhedron P = {x € R™ : Ax > b} containing no
integer point, it is NP-complete to test whether the Chvdtal closure of P is empty, even
when P C [0,1]" or P is a rational simplex.

2.2.3 Optimization and separation over Chvatal closure

Eisenbrand [63] showed that the separation problem over the Chvétal closure of a rational polyhedron
given by its linear description is NP-hard, answering an early question of Schrijver [109]. He derived this
result as an extension of a result by Caprara and Fischetti [20].

Separation problem over the Chvatal closure. Let P = {z € R"” : Az < b} be a rational polyhedron,
and let € Q™ be a rational point. Then either show that Z € P’ or find a valid Chvatal-Gomory inequality
dx < dy for P’ such that dz > d.

According to a general result given by Grotschel, Lovdsz and Schrijver [75], this problem is equivalent to
its optimization version up to a polynomial time overhead.

Optimization problem over the Chvatal closure. Let P = {z € R" : Az < b} be a rational
polyhedron, and let ¢ € Q™ be a rational objective coefficient vector. Then find a point z* € P’ satisfying
cx* = max{cz : x € P'}, or show P’ = (), or find a ray z of the recession cone of P’ for which cz is positive.

As an immediate corollary of Theorem 2.7 and Theorem 2.9, we obtain the following, which answers an
open question raised by Letchford, Pokutta, and Schulz [95].

Theorem 2.11 ([37]). The optimization and separation problems over the Chvdtal closure of a rational
polytope given by its linear description are NP-hard, even when the input polytope is contained in the unit
hypercube or is a rational simplex.

2.2.4 Deciding whether adding a certain number of Chvatal-Gomory cuts can
yield the integer hull

Theorem 2.11 indicates that the number of Chvatal-Gomory cuts of a rational polytope to obtain its
Chvatal closure can be, in general, super-polynomial in the encoding size of the polytope. It seems rare
that the Chvétal closure of a rational polytope is obtained by adding a constant number of (rank-1)
Chvatal-Gomory cuts. Besides, we know that the Chvatal rank of a rational polytope can be larger than
1, so it seems rarer that we can obtain the integer hull of a rational polytope by adding a constant number
of Chvatal-Gomory cuts. Given a rational polytope, can we easily decide whether its integer hull ‘cannot’
be obtained by adding a fixed number of (rank-1) Chvatal-Gomory cuts? The answer to this question is
probably ‘no’. We remark the following, which can be derived from Lemma 2.8 and a result of Mahajan
and Ralphs ([98], Proposition 3.4).
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Remark 2.12 ([37]). Let P = {z € [0,1]™ : Az < b} be a rational polytope contained in the unit hypercube,
and let k be a positive integer. Deciding whether we can obtain the integer hull of P by adding at most k
(rank-1) Chuvdtal-Gomory inequalities to the linear description of P is NP-hard.

Proof. If k > 2, we know from Lemma 2.8 that the decision problem is NP-hard. To prove that the
problem is still NP-hard even when k = 1, we borrow the construction of Mahajan and Ralphs [98]. They
constructed a polytope using the data for an instance of the partition problem, which is NP-hard and
stated below.

Partition Problem (see [69]). Given positive integers ai,--- ,ay, is there a subset K of the set of
indices [n] such that > ;e ai =3,k @7

Let a1, -+ ,a, be the input for an instance of the partition problem. Let ay := an ~ay, for k € [n]. Let
J
P be the convex hull of the following n + 4 points in [0, 1]"*2:

1._ 1 1 1 1
vii= (g 2(rtD)’  2(ntl)’ U 3(ngI) 0, 0 )
’U2 — ( 1 1 + 1 e _1 0 0 )
T 2(n+1)? 2 2(n+1)? o 2(n+1)? ’
. 1 1 1 1
G ( smry 2(n+1)° v 3ty O 0 )
ntl = ( (:[17 @7 Ty a\’r/La ]-7 1 )
2= ( ag, az, oty Qp, % -3 ;}:1 a;’ 0 )
+3 . -~ -~ - 1 1
n = ( ai, as, cee, Qp, 0, 3 = m )
Un+4 - ( 07 Oa R} 07 %7 O )

We show that the Chvatal closure of P is empty, meaning that the integer hull of P is empty Let
d:=(1,---,1,1,—1). Then dv’ =1~ 2( +1) for i € [n]. Besides, we get dv" ™! =1, dv" ™2 = 22 —,
j=1%j

do" 3 = 5 + m, and dv™t4 = 2. Then 0 < dr < 2 is valid for all x € P, and thus dx = 1 is valid

for P’. Since 0 < a; < Z?Zl aj, 0 < a; < 1. This implies that the first component of each v* be less than
1, so z; < 0 is valid for P’. Notice that PN {z € [0,1]""? : 21 < 0} = {v"}. Besides, dv"™ = 1 # 1.
Since P’ C PN {x € [0,1]"*? : dx =1, 21 < 0} = ), we have that P’ = (), as required.

The integer hull of P, which is empty, is obtained by adding a Chvatal-Gomory inequality 7z < 7y if
and only if 7z < 7y + 1 is valid for P and every point in P violates ma < m (or equivalently, P C {z €
R"*2: 1y < mx < mo+1}). Mahajan and Ralphs ([95], Proposition 3.4) proved that there is (7, m) € Z"*3
such that P C {z € R"*? : my < mx < mo + 1} if and only if there exists a subset K of [n] such that
Yk Gi = Eje[n]\K a;. Therefore, the problem of deciding if we can obtain the integer hull of a rational
polytope by adding at most k Chvatal-Gomory inequalities to the linear description of P is NP-hard, even
when k = 1. O

Note from the proof of Remark 2.12 that k is not necessarily a constant. Observe that the construction of
Mahajan and Ralphs used to prove Remark 2.12 is in the spirit of our constructions in Lemmas 2.8 and
2.10, but one difference is that the Chvétal closure of a polytope from their construction is always empty.
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The decision problem remains NP-hard, even when the input polytope is a rational simplex, as stated
in the following remark. It follows from Lemma 2.10 and Proposition 3.2 in [93].

Remark 2.13 ([37]). Let P = {x € R" : Az < b} be a rational simplezx, and let k be a positive integer.
Deciding if we can obtain the integer hull of P by adding at most k Chvdtal-Gomory inequalities to the
linear description of P is NP-hard.

2.3 Flatness theorem for closed convex sets with empty Chvatal
closure

Recall the definition of integer width of a convex set K given in § 2.1. When K is unbounded or has
a large volume, there exists a direction d € Z" \ {0} where w(K,d) is large. On the other hand, it is
possible that there is a direction d € Z™ \ {0} such that w(kK,d) is relatively small if K does not contain
any integer point. In fact, the famous flatness theorem by Khinchine [38] states that w(K,Z™) for any
compact convex set K containing no integer point is bounded by f(n), a function that depends only on the
ambient dimension n. Khinchine’s flatness theorem [38] shows that f(n) < (n+ 1)!. A crucial component
of Lenstra’s algorithm [94] is to find a flat direction d € Z™ \ {0} of a polyhedron P C R"™ containing
no integer point. Lenstra [94] gave a polynomial algorithm to find a direction d € Z™ \ {0} such that
w(K,d) < 20(n*) for a given lattice-free compact convex set K. Then, it generates 20(n?) subproblems
in R*~! by intersecting K with 20(n?) parallel hyperplanes orthogonal to d. Hence, the algorithm works
recursively, and the number of total steps required is 20(n?)

Over the last few decades there have been huge improvements on the upper bound f(n) (see [15,

, 83, 84, 88, ]). The current best known asymptotic upper bound is f(n) = O(n*>polylog(n))

given by Banaszczyk, Litvak, Pajor, and Szarek [16] and Rudelson [106]. It has been even conjectured

that f(n) = O(n). However, the existence of a polynomial algorithm to find a direction d € Z™ such that

w(K,d) = O(n*?polylog(n)) for a convex set K containing no integer point is not known. Dadush, Peikert

and Vempala [16] and Dadush and Vempala [17] developed an algorithm to find all vectors d € Z™ \ {0}
such that w(K,d) = w(K,Z") in 2°™poly(L) time and space.

In this section, we first prove that f(n) < n if K is a compact convex set whose Chvdtal closure is
empty. The Chvdtal closure of a closed convex set is defined similarly to that of a polyhedron [44, 43, 48].
For a closed convex set K, ox(d) := sup{dzx : = € K} for d € R™ is its support function. It is known
that any closed convex set K can be expressed as K = [\;cpn {2 € R™ : do < 0 (d)}, which is the set of
solutions satisfying the system of linear inequalities given by its support function (see Theorem C.2.2.2
in [30]). Dadush, Dey, and Vielma later showed that the inequalities with integer coefficients are sufficient
to describe K (Proposition 2.1 in [44]). In other words, K = (;cz. {# € R" : dv < 0 (d)}. The Chviétal
closure of K is defined as what is obtained after rounding down their right hand side values. More precisely,
given a closed convex set K, the Chvatal closure of K is defined as

K= () {z €R": do < |ok(d)]}.
dezm

By its definition, K’ is contained in K and it is also clear that K N Z" C K'.

Let K C R™ be a convex set and a € R™ be a point. We denote by K —a := {x —a : 2 € K} the
translation of K by —a. Let /K for some real number ¢ be defined as (K := {lx : z € K}.
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Proposition 2.14 ([37]). Let K C R™ be a compact convex set whose Chuvdtal closure is empty. If
K —aC —{(K —a) for some a € K and £ > 0, then the integer width of K is at most [{].

Proof. Since the Chvatal closure of K is empty, a € K should be cut off by a Chvatal-Gomory inequality
of K. In other words, there exists (d,dy) € Z" ™! such that max{dz : * € K} < dy and da > dg — 1. Then,
we get max{dz : x € K —a} = max{dzr : * € K} —da < 1, and this implies min{dz : v € —¢(K —a)} =
—max{dz: z € {(K —a)} > —{. We assumed that K —a C —¢(K —a), so min{dz : ¢ € K —a} > min{dz :
x € —0(K —a)} > —L. Hence, we have max{dz : x € K} < dp and min{dz : x € K} >da—{ > dy—{— 1.
Therefore, the integer width of K (along d) is at most [£]. O

If K C R" is a centrally symmetric compact convex set, then K —a = —(K —a) for some a € K. Although

an asymmetric convex set K does not contain such a point @ € K, Siiss [115] and Hammer [77] proved the
following:
Theorem 2.15 ([77], Theorem 2, see also [115]). Let K C R™ be a full-dimensional compact conver set,

then there exists a € K such that K —a C —n(K — a).

Combining Proposition 2.14 and Theorem 2.15, we can prove the following theorem:

Theorem 2.16 ([37]). Let K C R™ be a compact convex set whose Chudtal closure is empty. Then the
integer width of K is at most n.

Proof. If K is full-dimensional, then Proposition 2.14 and Theorem 2.15 imply that the integer width of
K is at most n. Thus we may assume that K is not full-dimensional. Then K C {z € R": cx = ¢y} for
some ¢ € R™\ {0} and d € R. If ¢ is rational, then the integer width of K is either 0 or 1, depending on
¢o. Thus we may assume that ¢ is irrational. Since ¢ = (¢y,...,¢,) is nonzero, we may further assume
that ¢, # 0 without loss of generality. Then we can approximate ¢ with a rational vector, based on the
Simultaneous Diophantine Approximation Theorem due to Dirichlet [55]:

Given any real numbers ry,...,7hn—1 and 0 < € < 1, there exist integers dy,...,d, such that
<z fori=1,....n—1andl1<d, < (%)nfl,

d;
Ti_Tn

As K is compact, there exists a sufficiently large integer M > 0 such that K C [-M, M]". Let ¢ = -1~

3Mn*
Then by the Simultaneous Diophantine Approximation Theorem, there exist integers dy, ..., d, such that
s—i — j—i < i fori=1,...,n—1. Let 2 € K. Then Y., ¢;2; = co, and this implies that
n
dnc dnc
Zdizie [—sMn—i— nO,EMn n™0
i=1 Cn Cn
As 2e Mn < 1, the integer width of K is at most 1. O

The upper bound given by Theorem 2.16 turns out to be very tight as shown in the following proposition.

Proposition 2.17 ([37]). There exists a polytope in R™ such that its Chvdtal closure is empty and its
integer width isn — 1.
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1. Figure 2.2 depicts P, when n = 2. Then

Proof. LetPn::{xeR":x>n+11 Srixi<n-— i

P, is the convex hull of (n — 1)e’ + n—Hl for i € [n] and n+1
St x; > nis valid for P,. Together with > 1" jz; <n—1+

1. Since z; > 1 is valid for P! for each i,
this shows the emptiness of P),.

n+17
o o o
o o o
o o o

Figure 2.2: P, in R?

Now we show that the integer width of P, is n — 1. Let d € Z™ \ {0}. Since the integer width of P,
along d is the same as that along —d, we may assume » . ; d; > 0. Notice that max{dx : © € P,} =
(n—1)max{dy, - ,dp}+ %_H >ord; and min{dz : x € P,} = (n— 1) min{0,dy,--- ,d,} + ﬁ S di
Then the integer width of P, along d is either (n — 1)(max{dy,--- ,d,} — min{0,dy,--- ,d,}) or (n —
1)(max{dy,--- ,dp} —min{0,dy,--- ,dn})+1. Clearly, max{dy,--- ,dp} —min{0,dy,--- ,d,} is at least 1.
Hence, the integer width of P, along d is at least n — 1. It is easy to show that the integer width of P,
along 1 is exactly n — 1. O

2.3.1 Flatness result

Can we bound the integer width of a closed convex set whose Chvétal closure is empty, even when it is
unbounded? The answer is no; let us elaborate with the following example.

Example 3 ([37]). Let P := {(v1,22) € R? : V221 — 29 = 0, 71 > 1}. P can be rewritten as P =
{a(1,v/2) : @ > 1}. Tt is clear that P does not contain an integer point. For every d = (dy,ds) € Z?\ {0},
dy 4 dav/2 # 0 and thus either max{dx : x € P} or min{dz : = € P} is unbounded. Therefore, the integer
width of P is unbounded.

In fact, we can prove that the Chvétal closure of P is empty. It is sufficient to show that for any z > 1,
there is a Chvétal-Gomory inequality that cuts off the line segment between (1,+/2) and z(1,v/2). By the
Dirichlet approximation theorem, we can find (dy, ds) € Z? such that

1
22d2

‘\f

Then, we get |d; — dav/2| < i Since d; — dav/2 # 0, we may assume without loss of generality that
—i < dy — dev/2 < 0. In this case, diz; — doxs < di — doy/2 is a valid inequality for P. We then
obtain a Chvatal-Gomory inequality dix; — doxo < —1 from it, because —1 < d; — d2v/2 < 0. Notice that

diz — dyzv/2 = 2(dy — dov/2) and z(d; — dov/2) > , so both (1,+/2) and z(1,+/2) are cut off by the
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Figure 2.3: P in R?

Chvatal-Gomory inequality. In this case, we need infinitely many Chvatal-Gomory inequalities to certify
that the Chvéatal closure of P is empty.

As explained in this example, there is no global bound on the integer width of an unbounded closed
convex set whose Chvatal closure is empty. What made the integer width unbounded in the previous
example was an irrational ray (1,1/2) that is not contained in a proper rational linear subspace. We say
that an irrational vector r is fully irrational if there is no proper rational linear subspace containing r. In
general, we can show that

Remark 2.18 ([37]). Let K C R™ be a closed convex set. If K contains a fully irrational ray r € R™,
then the integer width of K is unbounded.

Proof. Let d € Z™ \ {0}. Notice that dr is nonzero. Otherwise, r is contained in a proper rational linear
subspace {x € R™ : dr = 0}, a contradiction to the assumption. Then either sup{dz : = € K} or
inf{dx : x € K} is unbounded, so we have that w(K,d) is unbounded. Therefore, w(K,d) is unbounded
for each d € Z™ \ {0}, and the integer width of K is unbounded. O

Hence, a closed convex set with bounded integer width does not contain a fully irrational ray. Let K be a
closed convex set that does not contain a fully irrational ray, and consider its recession cone C, that is, the
collection of all the rays contained in K. Let lin(C) denote the linear hull of C, that is, the smallest linear
subspace containing C. Then lin(C) is a rational linear subspace. In fact, we can generalize Theorem 2.16
as the following;:

Theorem 2.19 ([37]). Let K C R" be a closed convez set that can be expressed as K = Q + C where Q is
a compact convex set and C is a cone such that lin(C) is rational. If the Chvdtal closure of K is empty,
then the integer width of K is at most n.

It turns out that Theorem 2.19 cannot be generalized to a closed convex set K that can be expressed
as K = @Q + C where @ is not necessarily bounded, as shown by the following example.

Example 4 ([37]). Let K := {(xl,xg,mg) ER?: V221 —20=0, 21 > 1, 23 > x%} The recession cone
C of K is simply {a(0,0,1) : @ > 0}, so lin(C) is rational and K = K + C. Notice that K is contained in
{(xl, To,23) €ER3 122y — 29 =0, 27 > 1}, and we saw in in Example 3 that its Chvatal closure is empty.
That means the Chvatal closure of K is empty as well. However, the integer width of K is unbounded.
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Let d = (dy,da, d3) € Z*\ {0}. Notice that (z,v/2z, 2%) € K for any positive integer z. As dyz+dav/22 # 0
for any integer z, diz + dov/2z + ds2? = d3z? + (d1 +do \/i)z becomes unbounded as z goes to infinity. So,
either sup{dx : ¢ € K} or inf{dz : x € K} is unbounded. Therefore, the integer width of K is unbounded.

As a direct consequence of Theorem 2.19, we obtain Theorem 1.9.

Theorem 1.9 ([37]). The integer width of any rational polyhedron in R™ whose Chvdtal
closure is empty is at most n.

Theorem 1.9 will be useful in developing an algorithm for solving the integer feasibility problem over the
rational polyhedra with Chvatal rank 1 in the later part of this section.

2.3.2 Proof of Theorem 2.19

To prove Theorem 2.19, we show Lemma 2.21 and Lemma 2.22 in this section. For Lemma 2.21, we need
the following result due to Dadush, Dey, and Vielma [13].

Theorem 2.20 ([43], Theorem 1). If K C R™ is a compact convex set, then the Chvdtal closure of K is
a rational polytope.

Lemma 2.21 ([37]). Let K CR"™ be a closed conver set that can be expressed as K = Q+ C where Q is a
compact convez set and C is a cone such that lin(C) is rational. If the Chudtal closure of K is empty, then
there exists a finite list of Chvdtal-Gomory inequalities such that the intersection of their corresponding
half-spaces is empty.

Proof. By Theorem 2.20, we may assume that K is unbounded, so C' has a nontrivial ray. If lin(C) is a
rational linear subspace, there exists a rational matrix A with full row rank such that lin(C') = {z € R™:
Az = 0}. We remark that we may assume A = (I,0) where [ is the identity matrix with the same number
of rows as A, which means lin(C) = {z = (z!,2%) € Rm*"2 : [z! + 022 = 2! = 0} where n; + na = n.
When A # (I,0), we can find an unimodular matrix U such that AU = (H,0) is a Hermite normal form
of A. Let u: R® — R™ be an unimodular transformation defined as u(x) = U ~'x for z € R™. Notice that

w(K')= (] {yeR": dUy < [sup{dUy:y € u(K)}|}.
auezm

Hence, u(K’) = (u(K))". Then it is sufficient to show that there is a finite list of Chvatal-Gomory
inequalities of u(K) whose corresponding half-spaces have empty intersection. Moreover, the recession
cone of u(K) is u(C), and notice that lin(u(C)) = {y = (y*,y*) € R™™2 : Hy! =0} and it is equal to
{y=(y',y?*) e R™*"2 : 4y = 0}. Thus, we may indeed assume that A = (I,0).

We will first show that if the Chvétal closure of K is empty, then it suffices to look at the Chvétal-
Gomory inequalities obtained from the directions orthogonal to lin(C). Since lin(C) is a rational linear
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subspace, the relative interior of C' contains a ray 7 whose components are integers. Let us consider
K + 7, the translation of K by 7. Notice that K + 7 C K. Since the Chvatal closure of K is empty,
there are some Chvatal-Gomory inequalities of K that remove all points in K + 7. Let’s pick a direction
d € Z" \ {0} that is not orthogonal to lin(C'). We may assume that sup{dz : € K} has some finite
value f. Otherwise, we can ignore the Chvatal-Gomory inequality obtained from d. Then, dr < 0 for
all r € C. If dF = 0, then dr = 0 for all » € C, a contradiction to the assumption that d is not
orthogonal to lin(C). Hence, dF < 0. In fact, we know that dF < —1, because both d and r have integer
components. Notice that sup{dz : z € K + 7} = f + dF. Since dF < —1, the Chvétal-Gomory inequality
dx < |sup{dz:z € K}| = | f] obtained from d does not cut off any point in K + 7. This implies that the
points in K + 7 are cut off by only the Chvatal-Gomory inequalities obtained from directions orthogonal
to lin(C). So, we have

(K+m)n (]  {zeR": do<[sup{de: z€ K}|} =0,
delin(C)+ Nz

where lin(C)* denotes the orthogonal complement of lin(C). Let z € K +1in(C). Then z +r € K + 7 for
some 7 € lin(C), so there exists a direction d € lin(C)* N Z" such that d(z + r) > |[sup{dz:x € K}|. As
r € lin(C), we know that dr = 0. Then we get dz > |sup{dz : x € K}|, so T is also cut off by the same
Chvatal-Gomory inequality. Therefore, we have that

(K+1in(C)n () {2 €R": do < |[sup{do: z € K}|} =0 (%)
delin(C)+ Nz~

To complete the proof, we look at IN(, that is the projection of K onto lin(C)t. Since K = Q +
C, K is the same as the projection of @ onto lin(C)*. Then K is a compact convex set and K +
lin(C) is the same as K + lin(C). Recall that lin(C) = {z = (2!, 2?) e R : ! = 0}, so lin(C)+ =
{z = (2',2?) e Rm™2 : 32 = 0}. Thenlin(C)*NZ" = {d = (d',d*) € Z™* "2 : d*> = 0}, s0 dx < [sup{dx :
z € K}| for d € lin(C)+ NZ" is equivalent to d*z! < [sup{dz! : z* € K|. Then, () is equivalent to

Kn ﬂ {ml eR™ : d'z' < |sup{d'z': 2' € I?}J} =0.
dlezm

Since K is a compact convex set, its Chvatal closure is a rational polytope due to Theorem 2.20. Therefore,
the Chvatal closure of K is described by a finite number of Chvétal-Gomory inequalities. In turn, there is

a finite subset D C Z™ such that (), {:1:1 e R™ : dla! < |sup{daz!: 2t € I?}J} = (). This implies

n {zr eR": dx < |sup{dz: z € K}|} =0,
deDx{0}

so the Chvdtal-Gomory inequalities obtained from directions in a finite list D x {0} are sufficient to show
that the Chvatal closure of K is empty, as required. O

To prove Theorem 2.19, we introduce the concept of a simplicial cylinder. Let P C R™ be a full-
dimensional rational polyhedron. We denote by L and L' the lineality space of P and its orthogonal
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complement, respectively. We say that P is a simplicial cylinder if P N L' is a simplex. Observe that a
simplicial cylinder P C R™ whose lineality space L has dimension n — ¢ can be described by ¢ + 1 linear
inequalities.

Let P be a rational polyhedron given by its linear description P = {& € R™ : Az < b}, where each row
of A has relatively prime integers and b has integer components. We call P a thin simplicial cylinder if it is
a simplicial cylinder and Az < b — 1, where 1 denotes the vector of all ones, is an infeasible system. Note
that a thin simplicial cylinder is a lattice-free set, which does not contain an integer point in its interior
but might include one on its boundary (see Figure 2.4).

o o o o o
o o o o
o o o
o o
o o o o o

Figure 2.4: Thin simplicial cylinders in R?

Lemma 2.22 ([37]). Let K be a closed convex set. If there exists a finite list of Chvdtal-Gomory inequalities
of K such that the intersection of their corresponding half-spaces is empty, K is contained in the interior
of a thin simplicial cylinder.

Proof. Helly’s theorem implies that there are ¢ + 1 Chvatal-Gomory inequalities of K for some ¢ < n
such that the intersection of the corresponding linear half-spaces is empty. Then, there exists a system
Az < b — €l of £+ 1 linear inequalities valid for K, where (A,b) has integer entries and 0 < € < 1, such
that Az < b — 1 is an infeasible system. We may assume that each row of A has relatively prime integer
entries. We may also assume that the system is minimal in a sense that {x € R" : a’x < b;—1 for i € I} is
not empty for any proper subset I of [¢ 4+ 1]. Now, consider the polyhedron P := {z € R" : Az < b}. We
claim that its recession cone C := {x : Ax < 0} has empty interior. Otherwise, the polyhedron P contains
points in the form of x + kr for some z € P and some ray vector » € R™ in the interior of C', where k € R .
For k large enough, the points of the form are also in the polyhedron S := {z € R" : Az < b — 1}, which
is empty, a contradiction. Therefore, the linear space C' — C' has dimension strictly less than n. By the
Minkowski-Weyl theorem, we can write the polyhedron P as P = @ + C where @ is a polytope. Consider
the cylinder R := Q + C — C. Consider all the inequalities a’z < b;, i = 1,--- ,t, in the description of
P that are valid for R. Then for i = ¢t +1,...,¢ + 1, there exists r* € C such that a’r’ < 0. Consider
r= ZZH rt. Then a'r < a’r® <0fori=t+1,...,£+ 1. We claim that the linear system a’z < b; — 1,

i=t41
i =1,---,t, is infeasible. If a’x < b; — 1, i = 1,---,t, were feasible, then, by the same argument as
given above, S would be nonempty, a contradiction. Thus a'z < b; — 1,4 =1,---,t, is infeasible. By the
minimality of the system, this implies ¢t = £ 4+ 1, and therefore @) is a simplex of dimension . That means
R = P and P is a simplicial cylinder containing K in its interior. O
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Proof of Theorem 2.19. Lemma 2.21 implies that there exists a finite list of Chvatal-Gomory inequalities
of K such that the intersection of their corresponding half-spaces is empty. Then, we know by Lemma 2.22
that there exists a thin simplicial cylinder P := {z € R" : Az < b} containing K in its interior. Let {41 be
the number of rows in A for some £ < n. We denote by a',--- ,a’T! the rows of A. Notice that PN L* is
an (-dimensional simplex, where L and L* denote the lineality space of P and its orthogonal complement,
respectively.

We will show that the integer width of P along some a’ is at most ¢ + 1. Then the integer width
of K is at most ¢, because the hyperplane defined by a’zx = b; does not go through K. Suppose that
the integer width of P along each a is at least £ + 2 for the sake of contradiction. Then, the width
of P along each a’ is at least £ + 1. Using an affine transformation, we can transform P to {x € R" :

X1, 20 >0, Zle x; < 1}. Under the same affine transformation, we know that {z € R" : Az <b—1}
is transformed to {x € R" : z; > ¢; V i € [{], Elexi < 1—¢} for some 0 < ¢ < 4-%1 for i € [¢] and
0<e< “%1. Notice that (15-%17 e H%) € R™ is contained in {x € R : z; > ¢; Vi € [{], Zle x; <1—¢€}.

However, {x € R" : Az < b — 1} is empty by the assumption that P is a thin simplicial cylinder, and it
cannot be transformed to a nonempty set under any affine transformation. With this contradiction, we
have proved that the integer width of K is at most ¢ < n. O

2.3.3 A Lenstra-type algorithm

Recently Hildebrand and Koéppe [79], Dadush, Peikert, and Vempala (see [12, 46, 47]) improved Lenstra-
type algorithms for integer programming. Their algorithms are similar to Lenstra’s algorithm in spirit
in that a main step consists in finding a flat direction of a lattice-free convex body. In particular,
Dadush, Peikert, and Vempala (see [12, 46, 47]) used a 22 poly(L) time algorithm to find a flattest
direction for a convex body containing no integer point, and they proved that the time complexity of
their Lenstra-type algorithm is bounded by 290" (f(n))" poly(L), where f(n) is the upper bound on
the integer width of a compact convex set with no integer point. Together with the current tightest
upper bound f(n) = O(n*?polylog(n)) [16, ], the time complexity of the algorithm is bounded by
20(n) (n4/3poly10g(n))npoly(L). Theorem 1.9 implies that there exists a 2°(™n"poly(L) time Lenstra-
type algorithm for the integer feasibility problem over Chvatal rank 1 rational polyhedra. On the other
hand, Proposition 2.17 indicates that we cannot improve this time complexity if we use a Lenstra-type pro-
cedure. Note that this does not improve the current best algorithm for integer programming. Dadush [12]
provided a 29 n"poly(L) time Kannan-type algorithm for integer programming over general convex
compact sets in his doctoral dissertation, and we remark that it is the fastest algorithm for integer pro-
gramming. Instead of finding one flat direction at a time, his algorithm finds many flat directions at each
step, thereby reducing the number of recursive steps from (n4/ 3p01y10g(n))n to (3n)".

Based on Theorem 2.19 and Proposition 2.22, we can state the following proposition.

Proposition 2.23. Let P = {x € R" : Az < b} be rational polyhedron with Chvdtal rank 1. Assume that
if P contains no integer point, then P is contained in the interior of a thin simplicial cylinder defined by
{4+ 1 inequalities for some £ < n. Then, there exists a 20(”)Z"poly(L) time Lenstra-type algorithm that
decides whether P contains an integer point, where L is the encoding size of P.

Since any rational polyhedron with empty Chvatal closure in R™ is always contained in the interior of a
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thin simplicial cylinder which is defined by at most n+ 1 inequalities, Proposition 2.23 directly implies the
following:

Remark 2.24. There is a Lenstra-type algorithm that can decide in 20(")n”poly(L) time, where L is the
encoding size of P, whether a given rational polyhedron P C R™ with Chuvdtal rank 1 contains an integer
point.

Although our algorithm correctly decides whether a given rational polyhedron with Chvatal rank 1 contains
an integer point, it does not find an integer point when one exists. In order to provide an algorithm that
actually finds an integer point when exists, we believe that it is necessary to analyze some properties of
integer feasible rational polyhedra with Chvéatal rank 1, which is widely open.
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Chapter 3

Polytopes with split rank 1

Split cuts are the most commonly used general-purpose cutting planes, and it is known that Gomory’s
mixed integer (GMI) cuts, the mixed integer rounding (MIR) cuts, and the Chvatal-Gomory cuts are all
split cuts. Recall that S(m, m9) = {(z,y) € R® x RP : 7x < mp or mx > my + 1} the split or the split
disjunction derived from (7, 7p) € Z" xZ. We call an inequality a split cut if it is valid for conv(PNS(m, 1))
for some (7, mg) € Z"™ x Z. Recall that

P = m conv (PN S(m, m))
(m,m0)EL™ XL

is the split closure of a rational polyhedron P.

There are many computational results [65, 11] showing that split cuts are effective in practice, Caprara
and Letchford [27] showed that optimizing over the split closure of a rational polyhedron is NP-hard.
In addition, Mahajan and Ralphs [98] showed that it is NP-complete to decide whether there exists a
split S(m,mg) for some (m,my) € Z™ x Z such that P N .S(w, mp) is empty, which implies that selecting an
optimal split in terms of the gap closed is NP-hard. In § 3.1, we prove Theorem 1.4, and we will argue
that our reduction for proving this NP-hardness result extends the result of Caprara and Letchford [27].
The reduction also generalizes the result of Mahajan and Ralphs [98] to an arbitrary number of split
disjunctions. § 3.1.2 contains more precise statements. In § 3.2, we prove Theorem 1.10, stating that if a
rational polyherdon has split rank 1 and contains no integer point, then its integer width is at most 2n.
In fact, we prove Theorem 3.8 that is more general than Theorem 1.10. The material in Section 3.1 will
be published in Discrete Optimization [91].

3.1 Deciding whether the split closure of a rational polytope is
empty is NP-hard

In this section, we give a proof of Theorem 1.4.
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3.1.1 Reduction from Equality Knapsack

As we mentioned earlier, Mahajan and Ralphs [98] considered the problem of deciding whether there exists
a single split disjunction that can certify that the split closure of a rational polytope is empty, and they
proved that the problem is NP-complete. We prove Theorem 1.4 by providing a polynomial reduction
from the Equality Knapsack Problem (see [69]):

Partition Problem. Given n positive integer weights aq,--- ,a,, either find a set of binary integers
{z;}1, satisfying >°i" | a;z; = 3 Y1 | a; or show that none exists.

Equality Knapsack Problem. Given n positive integer weights ag,...,a, and a capacity b, either find
a set of nonnegative integers {z;}!" ; satisfying 2?21 a;x; = b or show that none exists.

Our reduction is similar to Lemma 2.8.

Lemma 3.1 ([91]). The problem of deciding whether the split closure of a rational polyhedron P = {x €
R™ : Ax < b} given by its linear description is empty is in complezity class NP.

Proof. Theorem 13 in [52] by Dash, Giinliik, and Lodi implies that the split closure of P can be described
by finitely many split inequalities whose encoding sizes are polynomially bounded by the encoding size
of P. When the split closure is empty, then the intersection of the half-spaces defined by finitely many
split inequalities is empty. Then by Helly’s theorem, for some k < n + 1, there are k split inequalities of
polynomially bounded encoding size that certify that the split closure of P is empty. Therefore, we have
a polynomial size NP certificate for the problem. O

Now that we know the problem is in NP, what remains is to show that the problem is NP-hard, even
when the input polytope is contained in the unit hypercube.

Lemma 3.2 ([91]). Given an equality knapsack instance of n positive weights aq,...,a, and a positive
capacity b, one can in polynomial time generate the linear description of a rational polytope P C [0,1]"+4
contained in the unit hypercube that satisfies the following:

(a) (%, e %) 1s contained in P, but P contains no integer point.

(b) There exists a solution to the equality knapsack instance if and only if there exists a split cut for P
that separates (%, e %)

(c) There exists a solution to the equality knapsack instance if and only if the split closure of P is empty
and there is a single split disjunction to certify this.

Proof. We may assume that b is sufficiently large so that b > n + 2, while the knapsack problem still
remains NP-hard. We may also assume that 0 < ay,...,a, < b. Consider the following n + 6 points
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vl o6 in [0, 1]

vl = ( %7 07 R 07 07 07 %7 07 é )
2 . 1 1
VT = ( 07 %a T Oa 07 07 ‘b 07 ’b )
vnil = ( Oa 07 3 azgla 07 Oa 8%()7 07 $ )
V"= ( 07 Oa ) Oa 4Za 07 8bh? 07 ’b )
L= ai az Gn—1 an 0. 0 1_ 1 0
o E ab b U A SO 7 ;
v 3: 1_%u 1_ﬁ7 T 1- 20 — 2p 17 %—’_@7 07 Z—’_%
v = ( 0, 0, e, 0 0, 0, 3t & 0, 0 )
ot = (0, 0, .0, 0, 0, 0, 1 0 )
v = (0, 0, , 0, 0, 0, 0, 0, % + 3
Un+6 = 0) 07 ) 07 07 0’ %_%7 i—’—é’ Z_nsi-:z
Let P be a rational polytope defined as follows:
4b +6 4b
*= 1 S Xim ¥ S nd6- gy
Pi=qx= Z VWit Ytz T Ynts —1 < Unta < Ynts + YUnts
; 0 < 'y <1, Viel

Claim 1. The linear description of P that involves only x variables can be obtained in polynomial time.

Proof of Claim. We can rewrite P as P = {x € R"™ : 2 = Vy, Ay < b} where V is the matrix whose
columns are v!,...,v"6 and Ay < b is the system of the other constraints in P. Notice that v',...,v",
v 2 "3y t4 and o™t are linearly independent, and let B denote the column submatrix of V that
consists of these vectors. Let IV denote the column submatrix of the remaining columns. Then x = Vy is
equivalent to yp = B~'x — B~'Nyy, where yp and yx consist of the components of y that correspond
to B and N, respectively. Let A be decomposed into its two column submatrices C' and D so that
Ay = Cyp + Dyy. Then, P can be written as P = {x € R"** : OB~z + (D — CB™'N)yny < b}. yn
consists of only two variables y,4+1 and y,4¢, SO projecting away yy from P can be done in polynomial
time by the Fourier-Motzkin elimination method. Therefore, we can find a linear system describing P that

involves x variables only in polynomial time. &

N
~—

To complete the proof, we show that P satisfies properties (a), (b), and (c). Let u denote (3, ...,
To show that (a) is satisfied, we need the following two claims.

Claim 2. u € P and P is centrally symmetric with respect to u.

Proof of Claim. Notice that Z:L+16 v'=(1,...,1). Then u = Z:L+16 1v' € P, because y; = % for i € [n+ 6]
satisfy the constraints. In addition, given z = S77C vy, observe that 2u — z = Z:L+16 v (1 — y;) as
2u = E:H'lﬁ v*. Therefore, z € P if and only if 2u — xz € P, so P is centrally symmetric with respect to wu,

as required. O
Claim 3. P C [0,1]"** and PN {0,1}"** = ()

Proof of Claim. For & = Y\""0viy; € P, we know that 0 < 32" viy, < 22:16 vt = (1,...,1), because
vl .. ,v"6 > 0. That means P is contained in [0,1]"™*. Let 2 = Z?Jrfv y; € P. We would like to

55



show that z ¢ {0,1}". Suppose otherwise. If z; = 1 for some 1 < j < n, then it must be the case
that y; = Ynt1 = Yny2 = 1 because z; = Z—gyj + 4byn+1 + 2 2b L yn+o < 1 and the equality holds only
if ¥; = Yn+1 = Yns2 = 1. In fact, yn41 = ynt2 = 1 implies that z; > 0 for each j € [ + 4] and thus
z=(1,...,1) and y; = 1 for each i € [n + 6]. However, this violates constraint ZZ 1Y <n+6,a
contradiction. Thus, z; = 0 for all 1 < j < n. This impliesy; =0for 1 <i<n+2,s0 z = (0,...,0) is the
only possibility. However, we observed that (1,...,1) & P, so (0,...,0) ¢ P by Claim 2. This contradicts
the assumption that z € P. Therefore, we get that P N {0,1}"** = (), as required. &

By Claim 2 and Claim 3, we know that P satisfies (a). To prove that P also satisfies (b) and (c), we
show the following two claims:

Claim 4. If there exists a solution to the equality knapsack instance, then the split closure of P is empty
and there is a single split disjunction to certify this.

Proof of Claim. Let (dy,...,d,) be a solution to the equality knapsack instance, so >\, a;d; = b and

d; > 0for i€ [n]. Let m:= (dy,...,dp,— > i d;i,1,—1,1) € Z""*. Observe that
- id; 1 . 1 1
' = a4b +47) i=1,...,n, ﬂ'v””q:%, 7rv”+2:4—b,
- 1 1 1 1 1 1 n 5
n+3 _ i n+d .~ n+5 _ = - nt6 _ - 0 Y
™Syt ™ 3 ™ 2 s T ITm ®

Let # € P. Then o = .77 vy, for some y satisfying the constraints for P. Notice that S 7" g YTV =
35 Unt3 + Unts) + %(yn+3 Yn+a + Yn+s5). Then we have

n+5 1

0< Z Yo’ <—+§ (3.1)
1=n+3

where the first equality holds only if yni3 = ynia = ynis = 0 and the second equality holds only if
Un+3 = Yn+da = Yn+s = 1. Now, consider yn+67rv"+6 + Z?Jrf y;mvt. Clearly, mv* > 0 for 1 < i <n+2 and

7" t6 > 0 as we assumed that b > n + 3. This implies

n+2 ) n+2 ) 1
0 < Ypiemv™ 0 4 ; ymot < o0 4 ; ' = R (3.2)
where the first equality holds only when y; = -+ = Yy, 412 = Ynte = 0 and the second equality holds only
when y1 = -+ = Yny2 = Yn+e¢ = 1. From (3.1) and (3.2), we get that 0 < 7z < 1 where 7z = 0 only if

yi =0 foralli € [n+6] and 7z = 1 only if y; = 1 for all i € [n+6]. As 0 < X170y < n+6, we know

that 7z can be neither 0 nor 1. That means P C {z : 0 < mz < 1}. Therefore, P N S(w,0) = () and thus
the split closure of P is empty, as required. &

Claim 4 proves one direction of each of (b) and (c¢). The other direction of each can be shown by the
following claim.

Claim 5. If there exists a split cut separating u = (l

Sreees %), then there exists a solution to the equality
knapsack instance.
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Proof of Claim. Since there is a split cut that separates u, there exist 7 € Z"t* and 7y € Z such that
u & conv (PN S(m m)), Then my < mu < mg+1. As S(—m, —mo—1) is identical to S(m, mp), we may assume
that my > 0 without loss of generality. We will show that 7w and mq satisfy the following five properties.

n
1 Tn4+1 = _ZiZI Ure

2) Tpqo = Tpya = 1 and w3 = —1.

(1)
(2)
(3) mo =

(4) i a;m =b.
(5)

1=

5) mp >0fori=1,...,n
(1) — (5) imply that (m1,...,7,) is a solution to the equality knapsack instance. Since 31 7, is an 1nteger

and mu = % Z?:Jrf‘ m; is strictly between two consecutive integers my and my + 1, we get mu = mg + 5. Let
x € P. Then 2u—z € P by Claim 2. If z,2u—x € S(m,m), then u = Jz+1(2u—=x) € conv (PN S(m,m)),
a contradiction. Hence, for every x € P, either my < mx < mg+ 1 or mg < 7(2u — ) < mo + 1 holds.

(1): Consider w' := (0,...,0,0,3,3,3) = 4lﬁlvn+3 + ot 4 &Uﬂ% € P. Then mw! = 7mu —
z Z?jll mand 7 (2u — w!) = 7ru—|—§ Z?:Jrll ;. We know that 7u = mo+5 and that either my < 7Tw1 < mo+1

or mp < T (2u — wl) < 7o + 1 holds, and we get —1 < Z?:ll m; < 1 in each case. Since Zl 1 T is an

integer strictly between —1 and 1, it is equal to 0. Hence, (1) is satisfied.
(2) & (3): By (1), we obtain 72:”7;2 7; = mu. Consider w? 1= (0 ,0,0,3,0,0) = oot e

P. By symmetry, 2u — w? = (1 , 1,1, %,1 1) € P. Notice that mw? = 7u — %(ﬂ'n_i_g + Tpya) and

T (2u - w2) =qu+i 5 (T3 + Tpya). As we argued before, we get 7,13 + T, 14 = 0. By considering w? :=

(0,...,0,0,0,0,%) = 4ﬁ11}”+5 € P, we can similarly argue that 7,42 + 7,43 = 0. Next, consider w* :=
(0,...,0,0,%4,1, %) = Lw! € P. Then, mw! = mu — 72?%:27@ and 7 (2u — w') = wu + iZ?;i:_Qm

Smce we know that 7u = my + % and that either my < 7w* < my+1 or mo < 7 (2u — w4) < m + 1 holds,

we obtain —1 < Zﬁjél m; < 1. We observed that 7u = %Z”JA m; = T + % and assumed earlier that

i=n+2 i=n+2
4 4 .
o > 0, so we get Z?;n—ﬂ m; > 1. Then Z?:_n+2 7; = 1 and this means 7,40 = T4 = 1 and m,43 = —1,

because we already have w9 + Tpy3 = Tpys + Tpya = 0. As a result, mp = Tu — % = 0. Therefore, (2)
and (3) are satisfied.

(4) By (3 ) and Tu = m + 3, we have 7u = 1. We first consider v"*! € P. We have that mv" ! =
(3 - %)+ 5o aim. As mp = 0, either 0 < 7"t < 1 or 0 < 7 (2u—v""!) < 1 should hold.
Since 7 (2u — ") = 1 7"t we in fact have 0 < mv"t! < 1. In particular, 7o™t! > 0 implies
that Z?:l a;m; > b — 5 and thus we obtain Z?Zl a;m; > b. Next, consider v"*2 € P. Notice that
ot = (14 41b) — > 1 G and 7 (2u —v""?) = 1 — 7" 2. Similarly, we get 7v"™? > 0, and
this implies Zz am; < b+ f. Since Z?:l a;m; is an integer, it is indeed at most b. Consequently,

Yo, a;m; = b, as required.

(5): Let i € [n]. To show that m; > 0, we consider v* € P. Notice that mv' = ﬁami + ﬁ and
0 (2u — vz) =1 —mv*. As we know that either 0 < mv* < lor 0 < (2u — vz) <1, we get 0 < mv* < 1.
Then, mv* > 0 implies that a;m; > —1. Since a;7; is an integer, a;m; > 0 and thus m; > 0, as required. <
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Claim 4 and Claim 5 finally prove that P satisfies (b) and (c), as required. O

As a direct consequence of Lemmas 3.1 and 3.2, we obtain Theorem 1.4.

Theorem 1.4 ([91]). Given a rational polyhedron P = {x € R™ : Ax > b} containing no

integer point, it is NP-complete to test whether the split closure of P is empty, even when
P Cio, 1)

3.1.2 Implications

In this section, we note some consequences of Theorem 1.4 and Lemma 3.2. The separation problem over
the split closure of a rational polyhedron is defined as follows.

Separation Problem. Given a rational polyhedron P = {x € R"™ : Az < b} and a rational vector T € Q",
either show that Z is contained in the split closure of P or a split cut that is violated by Z.

Theorem 3.3 (Separation [91]). The separation problem over the split closure of a rational polyhedron
18 NP-hard, even when P is contained in the unit hypercube.

Proof. Lemma 3.2 implies that, given an equality knapsack instance of n—4 positive weights a1, ..., a, and
a positive capacity b, one can in polynomial time construct a rational polytope P C [0,1]™ such that there
exists a split cut separating (3, ..., 3) from P if and only if the equality knapsack instance has a solution.
Therefore, the separation problem over the split closure of a rational polytope in the unit hypercube is
NP-hard. O

We remark that Theorem 1.4 also trivially implies Theorem 3.3, as the separation problem over the split
closure considers a rational polytope whose split closure is empty as a special case. Furthermore, due to
Grotschel, Lovdsz, and Schrijver [75]’s theorem on the equivalence between optimization and separation,
we also get the hardness result for the optimization problem over the split closure.

Corollary 3.4 (Optimization [91]). Let P = {x € R" : Az < b} be a rational polyhedron and ¢ € Q"
be a rational vector. Optimizing linear function cx over the split closure of P is NP-hard, even when P is
contained in the unit hypercube [0,1]™.

Mahajan and Ralphs [98] proved that selecting a split disjunction certifying that a rational polytope
has empty split closure is NP-hard. Lemma 3.2, in particular, part (c¢) generalizes this result.

Theorem 3.5 ([91]). Let P = {x € R™ : Az < b} be a rational polytope and k be an any arbitrary
integer. It is NP-hard to decide whether there exist k split disjunctions S(n*,75) where (7', 78) € Z™ x 7Z
fori=1,....k such that N\_, conv (PN S(x",7})) = 0.
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When P contains no integer point, deciding emptiness of the split closure of P is the same as checking
whether the split closure of P coincides with its integer hull and is the same as checking whether the split
rank of P is 1. As a result, we obtain another direct corollary of Theorem 1.4.

Theorem 3.6 ([91]). Let P = {x € R" : Az < b} be a rational polyhedron. It is NP-hard to decide whether
the split rank of P is exactly 1, even when P is contained in the unit hypercube [0,1]™ and P contains no
integer point.

3.2 Flatness theorem for rational polytopes of split rank 1

Corollary 3.4 indicates that it is difficult to optimize over the split closure of a rational polyhedron. On
the other hand, when we assume that the split closure of a rational polyhedron is identical to its integer
hull, optimizing over the split closure seems to become easier. In fact, we can show that

Proposition 1.8 ([91]). Let P = {x € R™ : Ax > b} be a rational polyhedron whose split
rank is 1. Then
(1) the problem of deciding whether P NZ™ = (),
(2) given c € Q", the problem of deciding whether max {cx : © € PNZ"} is unbounded,
(8) given ¢ € Q" and x* € Z™, the problem of deciding whether cx* =
max {cx: x € PNZ"}

belong to complexity class NP N co-NP.

Proof. (1): Lemma 3.1 implies that the problem is in NP. The problem is also in co-NP, because we
can exhibit a point in P N Z™ whose encoding size is polynomially bounded if P NZ™ # (. (2): Notice
that max {cz : © € PNZ"} is unbounded if, and only if, PNZ" # () and max {cz : = € P} is unbounded.
Therefore, it follows from part (1) that the problem is in NPNco-NP. (3): If cz* # max{cx: © € PNZ"},
then either PNZ™ = (), max {cz : € PNZ"} is unbounded, or there exists z € PNZ" such that cz > cz*.
If cz > cx* for some z € PNZ", we can pick one whose encoding size is polynomially bounded. So, it
follows from parts (1)&(2) that the problem is in co-NP. If cz* = max{cx: = € PNZ"}, then z* € P
and cx < cx* is valid for conv (P NZ"), and as the split rank of P is 1, cx < cx* can be written as a
consequence of at most n + 1 (rank-1) split inequalities. Therefore, the problem is in NP, as required. [

One might wonder whether there is a polynomial time algorithm to solve integer programming over a
rational polytope that has split rank 1. We studied the same question for the Chvatal rank in Chapter 2.
We saw in § 1.2 that the matching problem [58] is an example where there exists a polynomial time
algorithm. However, as Theorem 3.6 suggests, it seems hard to use the split rank 1 condition when trying
to find an efficient algorithm.
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We have seen that the notion of integer width is important in Lenstra’s algorithm for integer linear
programming. Recall that it is conjectured that the integer width of a lattice-free compact convex set is
O(n). In this section, we prove Theorem 3.8, and we obtain Theorem 1.10 as a corollary.

As the split closure of a rational polyhedron, one can define the split closure of a closed convex set

(see [15]). Given a closed convex set K C R™, the split closure of K is defined as follows:
K*:= ﬂ conv (K N .S(m, 7)) .
(m,m0)EZ™ XL

Take an integer n > 1. Given a positive definite matrix C' and a vector a € R™, let E(C,a) denote the
ellipsoid {x € R" : ||C(xz —a)|, < 1}.

Proposition 3.7. Let K C R"™ be a full-dimensional compact convex set whose split closure is empty. If
E(C,a) C K C E(3C,a), then the integer width of K is at most [2(].

Proof. Since the split closure of K is empty, a € K should be cut off by a split cut of K. In other words,
there exists (m,m) € Z™ X Z such that a & conv (K N S(w,m)), which implies that 7o < ma < 7o + 1. Let
Tmin = argmin{rx : x € E(C,a)} and Zmax := argmax{nz : x € E(C,a)}. By the geometry of E(C,a),
we have that a = %xmin + %xmax. Notice that either mzyin > T Or TTmax < 7o + 1 is satisfied, since if
not, T&min < mo and Trmax > 7o + 1 implying that a € S(w, o), a contradiction. Thus we may assume
that 7wzmi, > mo without loss of generality. Moreover, the geometry of E(C,a) and E(%C7 a) implies that
the minimum and maximum of 7z over E(}C,a) are obtained at a + {(zmin — a) and @ — {(Zmin — a),

respectively. As K C E(3C,a), it follows that
(a4 (Xmin —a)) <min{rzr: v € K} <max{mz: z € K} <7 (a —£(Tmin — @)),

implying in turn that the integer width of K is at most [2¢7(a — Zmin)]. As we observed that 7z min > mo
and ma < my + 1, we have that 20m(a — Tpmin) < 2¢. Therefore, the integer width of K is at most [2¢]. O

Using Proposition 3.7, we can prove the following theorem:

Theorem 3.8. Let K C R" be a compact convex set whose split closure is empty. Then the integer width
of K is at most 2n.

Proof. First, consider the case when K is full-dimensional. It was proved by Loner (reported by Danzer,
Griinbaum, and Klee [50]) and John [90] that

For every full-dimensional compact convex set K, there exists an ellipsoid E(C,a) such that
E(Cia) CKCE (%C’?a),

So, this theorem and Proposition 3.7 imply that the integer width of K is at most 2n. Thus we may
assume that K is not full-dimensional. Then K C {x € R" : cx = ¢p} for some ¢ € R\ {0} and d € R. If
c is rational, then the integer width of K is either 0 or 1, depending on ¢y. Thus we may assume that c is
irrational. Since ¢ = (¢q,. .., ¢,) is nonzero, we may further assume that ¢,, # 0 without loss of generality.
Then we can approximate ¢ with a rational vector, based on the Simultaneous Diophantine Approximation
Theorem due to Dirichlet [55]:
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Given any real numbers r1,...,7,—1 and 0 < € < 1, there exist integers dy,...,d, such that
< £ fori=1,...,n—1land1<d, < (1"

d.
Ti_i

As K is compact, there exists a sufficiently large integer M > 0 such that K C [~M, M]". Let ¢ = --—

3Mn*
Then by the Simultaneous Diophantine Approximation Theorem, there exist integers dy, ..., d, such that
% — (%L < g fori=1,...,n—1. Let z € K. Then Yoi, ¢z = co, and this implies that
n
dnc dnc
Zdizi S [—EMn—i— n 0, eMn+ = I

=1 Cn Cn

As 2eMn < 1, the integer width of K is at most 1. O

Theorem 1.10 is a direct corollary of Theorem 3.8

Theorem 1.10. The integer width of any rational polytope in R™ whose split closure is
empty is at most 2n.

3.3 Further notes

An interesting question is whether we can prove a theorem similar to Theorem 1.4 for ¢-branch split cuts
introduced by Dash and Giinliik [51]. It is also an open question whether the separation of the t-branch
split cuts of a rational polyhedron is NP-hard. Unfortunately, the same argument as the reduction shown
in Lemma 3.2 might not work, because it is possible that there exist two split disjunctions such that the
union of the corresponding split sets contain P, even when there is no solution to the equality knapsack
instance.
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Chapter 4

Polytopes in the 0,1 hypercube that
have small Chvatal rank

Let S C {0,1}", and let S := {0,1}" \ S. Recall that Qg is defined as

n

Qs = el0,1]": > (71 —a;) + (1 - 7))zy) > % for 7 €

=1

95

By Remark 1.12, we know that the Chvétal rank of any polytope P C [0,1]"™ such that P n{0,1}" = S
is bounded above by that of Qg. Indeed, the proof of Remark 1.12 shows that P®*) C Q(Sk) for k>1. In

fact, we have a good handle on ng), thanks to the following lemma. The middle point of a k-dimensional
0,1 hypercube [0, 1}’“ is defined as the vector in R¥ all of whose entries are equal to %

Lemma 4.1 (Chvétal, Cook, Hartmann [30]). Let S C {0,1}". The middle points of all (k+1)-dimensional
faces of [0,1]™ belong to ng) for0<k<n-—1.

Chvétal, Cook and Hartmann [30] proved this result when S = (). The result clearly follows for general
S C {0,1}" since Qy C Qs implies Q3 € QY.

Recall that G, denotes the skeleton graph of [0, 1] and that G(S) denotes the subgraph of G, induced
by S. The goal of this chapter is to provide conditions on G(S) under which the Chvatal rank of any
polytope P C [0,1]™ with PN {0,1}" = S is small.

In §4.1, we provide some tools that are frequently used to the results of this chapter. We characterize
the descriptions of Qg), Qg2)7 QS’), le) in §4.2. In §4.3, we give polyhedral decomposition theorems for
conv(S) when G(S) contains a vertex cutset of cardinality 1 or 2. We will see that these decomposition
theorems are useful to prove Theorem 1.11. In §4.4, we give a proof of Theorem 1.11. Finally, in §4.5,
we give a proof of Theorem 1.14. The material in this chapter is published in Mathematical Programming
B [306].
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4.1 Basic tools

In this section, we present some basic tools and some notation that will be used later in this chapter.

Lemma 4.2 ([30]). Consider a half-space D := {x € R" : dx > do}. Let T := DN {0,1}" and
T :={0,1}" \T. For every face F of [0,1]", the graph G(F NT) is connected. In particular G(T) is a
connected graph.

Proof. Suppose that G(F NT) is disconnected. Let  and 7 be vertices in distinct connected components
of G(F NT) with the property that the number of distinct coordinate values in the vectors  and 7 is as
small as possible. Let j be a coordinate in which Z and y differ and assume that z; = 0 and y; = 1. If
d; <0,thenz+e; € T and is contained in the same component as Z. Besides, it has one more component
in common with 7 than Z. Similarly, if d; > 0, then § — e; € T and has one more component in common
with Z than . In either case, we get a contradiction. O

We defined the skeleton graph of the 0,1 hypercube, but the skeleton graph of any general polytope
can be defined similarly. Formally, the skeleton graph of a polytope is a graph whose vertices correspond
to the extreme points of the polytope and whose edges correspond to the 1-dimensional faces containing
two extreme points of the polytope.

Theorem 4.3 (Angulo, Ahmad, Dey, Kaibel [10]). Let P be a polytope and let G = (V, E) be its skeleton
graph. Let S C V, S =1V \'S, and Si,...,S; be a partition of S such that there are no edges of G
connecting S;, S; for all1 <i < j <t. Then conv(S) = ﬂ§:1 conv(V'\ S;).

Theorem 4.3 shows that we can consider each connected component of G(S) separately when studying

conv(S). In Sections 4.3.1 and 4.3.2, we give similar theorems in the case where P C [0,1]" and G(S)
contains a vertex cutset of cardinality 1 or 2.

A matrix A is totally unimodular if every square submatrix has determinant —1, 0, or 1. It is known
that both duplicating a row and multiplying a row by —1 preserve totally unimodularity. If A is totally
unimodular, it is easy to observe that P := {x € R™ : Ax > b} for any vector b with integer entries is
always integral. In fact, replacing an inequality a’z > b; of the system Az > b by either a‘z < b; or
a'x = b; preserves the integrality of P. We can easily observe the following, using a characterization of
totally unimodular matrices due to Ghouila-Houri [71].

Remark 4.4. Let A be a 0,1 matriz.

- If A has at most 2 rows, then A is totally unimodular.

1 0/1 0/1 0---0 1---1
-IfA=10 1 0 0---0 1---1], then A is totally unimodular.
0 0 1 0---0 1---1
110 0---0 1---1
-IfA=10 1 0 1---1 1---1], then A is totally unimodular.
o 01 1---1 1---1
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A
- If A is totally unimodular, then so is | I
—I

In particular, if a system of linear inequalities consists of 0 < z < 1 plus two additional constraints which
have only 0,1 coefficients, then its constraint matrix is totally unimodular by Remark 4.4 and thus the
linear system defines an integral polyhedron.

Throughout the paper, we will use the following notation. Let N := {1,...,n}. For a 0,1 vector T, we
denote by Z¢ the 0,1 vector that differs from Z only in coordinate i € N, and more generally, for J C N,
we denote by z7 the 0,1 vector that differs from Z exactly in the coordinates J. Besides, let e denote the
ith unit vector for 7 € N.

4.2 The Chvatal rank of Qg

4.2.1 Chvatal rank 1

For each z € S, we call

> @1 =) + (1 —z5)z;) > 1 (4.1)

J=1

the vertex inequality corresponding to . For example, when = 0, the corresponding vertex inequality is
x1+x2+ -+ x, > 1. Note that each vertex inequality cuts off exactly the vertex  and it goes through
all the neighbors of Z on [0, 1]™.

Theorem 4.5 ([30]). Qg) is the intersection of [0, 1]™ with the half-spaces defined by the vertex inequalities
(4.1) forz € S.

Proof. Let e be an 1-dimensional face of G,,. Because the middle point of e belongs to Qs by Lemma 4.1,
any valid inequality dz > dy for Qg cuts off at most one of the two vertices of e. Let T' denote the set
of 0,1 vectors that satisfy dx < dy. Since G(T) is a connected graph by Lemma 4.2, it follows that every
valid inequality dx > dy for Qg cuts off at most one vertex Z of [0,1]". The Chvatal-Gomory inequality
obtained from dx > dy cannot cut off a vertex of [0, 1]™ other than Z. In particular, it cannot cut off the
neighbors of Z on [0,1]™. The inequalities that cut off Z but none of its neighbors on [0,1]™ are implied
by 375 (2;(1 —2;) + (1 = Z;)x;) > 1 and 0 < o < 1. Furthermore, this inequality is a rank 1 Chvatal-

Gomory cut for Qg since it is obtained from rounding 2?21 (Z;j(1 — ;) + (1 — Z;)z;) > 1. This shows

that Q%) = {z € [0,1]" + 30, (7;(1 —a) + (1 — 7;)z;) > 1 for 7 € S} O

Theorem 4.6 ([36]). The polytope Qs has Chudtal rank 1 if, and only if, S is a nonempty stable set in
G,.

Proof. (<): Assume all connected components of G(S) have cardinality 1. By Theorem 4.3, conv(S) =
Nics {:C e0,1]™ : 2?:1 Zi(l—z;)+ (1 —z5)x; > 1}, which is equal to le) by Theorem 4.5. (=):

Assume some connected component of G(S) has at least 2 vertices, i.e. G(S) contains at least 1 edge.
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Without loss of generality, we may assume that {0,e'} C S where e! denotes the first unit vector. Then

the point (%, %, o,..., 0) belongs to Q(Sl) by Lemma 4.1 but not to conv(S) since 2?22 x; > 1 is valid for

conv(S). This shows Qg) # conv(S). O

In particular, Theorem 4.6 implies that if S contains all the 0,1 vertices of [0,1]" with an even (odd
resp.) number of 1s, then P C [0,1]™ with PN {0,1}" = S has Chvatal rank at most 1.

4.2.2 Chvatal rank 2

First we provide an explicit characterization of Qg?). Let 7,7 € S be two adjacent vertices of G(S). Using
the notation introduced in Section 4.1, we write ¥ = &', where i indexes the coordinate where Z and 3
differ. The inequality

> @i —z)+ (1 -3)x) > 1 (4.2)

JEN\{i}

is called the edge inequality corresponding to edge Z7 in G(S). For example, when Z = 0 and 3 = e, the
corresponding edge inequality is o +x3+ -+, > 1. The inequality (4.2) is the strongest inequality that
cuts off T and g but no other vertex of [0, 1]™. Indeed, its boundary contains all 2(n — 1) neighbors of Z or
g on [0,1]™ (other than Z and § themselves). The next theorem states that vertex and edge inequalities
are sufficient to describe the second Chvatal closure of Qg.

Theorem 4.7 ([36]). 592) is the intersection of Q(Sl) with the half-spaces defined by the edge inequalities

(4.2) for T,y € S such that Ty is an edge of G,.

Proof. The 2-dimensional faces of [0,1]™ correspond to the 4-cycles of G,,, namely, squares. Because the
center of each 2-dimensional face belongs to Q(Sl) by Lemma 4.1, any valid inequality for Q(Sl) cuts off at
most two vertices of it from [0, 1]™, and these two vertices are adjacent. Indeed, by Lemma 4.2, the graph
induced by the vertices that are cut off is connected and this graph cannot contain a subpath of length 2
since any such path belongs to a square of GG,,. This proves the claim. The tightest such valid inequalities
are the edge inequalities.

Next we show that they are valid for Q(SZ). The edge inequalities can be obtained from vertex in-
equalities valid for le) as follows. Let Zy be an edge in G(S). Say #; = 0 and ; = 1. Then
$Z+Z]eN\{z} (f](l — lZJj) + (1 — .’fj)l‘j) Z 1 and 7Ii+2jeN\{i} (1_73(1 — .Tj) + (1 — ij)Ij) Z 0 are valid for
Qg). Adding them and multiplying by 3, it follows that the inequality Yjenmyy (@1 =) + (1 —25)z;) >
£ is valid for Qg). After rounding it, we obtain 3 ¢ v 14y (Z;(1 — ;) + (1 — Zj)x;) = 1, valid for Qfgz). O

Note that the edge inequality (4.2) dominates the vertex inequalities for € S and for § € S. Thus

vertex inequalities are only needed for the isolated vertices of G(S). A characterization for Qg to have
Chvatal rank 2 will be proved in Theorem 4.10.
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4.2.3 Chvatal rank 3

Squares of G(S) correspond to 2-dimensional faces of [0,1]". If Z,z% %

(z,7, 2%, 2%) is a square (see Figure 4.1). Note that

> @ —z)+ (-2 > 1 (4.3)

JEN\{i,¢}

t 7 € S, then we say that

is the strongest inequality cutting off exactly the four points of the square (z,z’,z¢ z%). Indeed, the
4(n —2) neighbors of Z, 7%, ¢, 7% in [0,1]" (other than Z,z*, 7, ! themselves) all satisfy (4.3) at equality.
We call (4.3) a square inequality. As an example, if (0,e!,e? el + €?) is a square contained in G(S), the
corresponding square inequality is x3 + x4 + -+ z, > 1.

If # and t > 3 of its neighbors %1, ...,z all belong to S, then we say that (z,z,...,2%) is a star
(see Figure 4.1). The following star inequality is valid for conv(S).

t

@)+ —z)z,)+2 > (@1 —z) + (1 —z5)z;) > 2. (4.4)

r=1 JFU1,50¢

Indeed, it cuts off exactly the vertices of the star, and goes through the other n —¢ neighbors of z in [0, 1]™
and the t(t — 1)/2 neighbors of two vertices among Z*,...,Z%. For example, if (0,e!,... e?) is a star,
then (4.4)is x1 + -+ a + 2(xpqp1 + - + x0) > 2.

el el +e? 1

0

Figure 4.1: Square and star with £ =0

The description of Qgg) is given in Theorem 4.9. To prove Theorem 4.9, we need the following lemma
that consider the case when S is the vertex set of a star.

Lemma 4.8 ([30]). Assume Z,7%,...,7% € S fort > 1. Ift > 3, i.e., (z,7,...,T") is a star, then
conv(S) is completely defined by the corresponding star inequality together with the edge inequalities and
the bounds 0 <z < 1. Ift =1 or 2, then conv(S) is defined by edge inequalities and the bounds 0 < x < 1.

Proof. We may assume that # =0, S = {0,e!,...,e!} and I := {1,...,t}. If t = n, then S is the set of 0,1
vectors satisfying the system 2?21 x; > 2 with 0 <2 < 1. This constraint matrix is totally unimodular by
Remark 4.4. Therefore it defines an integral polytope, which must be conv(S). Notice that the constraint
matrix of {x € [0,1]" : 3,y gy ¥ = 1 for 7 =1} and that of {x € [0,1]" : 30 oy 2 = 1 for r =1,2}
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are also totally unimodular by Remark 4.4, implying in turn that these two polytopes are integral. Hence,
if t =1 or 2, then conv(S) is defined by edge inequalities and the bounds 0 < z < 1, as required.

If 3 <t <mn,it is sufficient to show that R :={z € [0,1]" : }2,c; i +23 ,cn1 %5 2 2, Xjen () &5 2
1 for 1 < r <t} is an integral polytope. Let v be an extreme point of R. We will show that v is an integral
vector. Since we assumed n > 3, R has dimension n and there exist n linearly independent inequalities

active at v.
Claim 1. If the star inequality is active at v, then v is integral.

Proof of Claim. If no edge inequality is active at v, then n — 1 inequalities among 0 < z < 1 are active
at v. Since ), ;v + 2Zj€N\I v; = 2, it follows that all coordinates of v are integral. Thus we may
assume that an edge inequality ZjeN\{l} xz; > 1 is active at v. Consider the face F' of R defined by
setting this edge inequality and the star inequality as equalities. Clearly v is a vertex of F. Observe that
the two equations defining F' can be written equivalently as ZjeN\{l} z; =1 and z; + ZjeN\I z; = 1.
Furthermore, any other edge inequality > jeN\{r} Tj = 1is implied by x > 0 since it can be rewritten as
Zjel\{l,r} x; > 0 using z1 + ZJEN\I x; = 1. This means that F' is entirely defined by 0 < z <1 and the
two equations 1 +3_ ey ;¢ =1 and 3¢y (43 @ = 1. This constraint matrix is totally unimodular by
Remark 4.4, showing that v is an integral vertex, as required. &

By Claim 1, we may assume that the star inequality is not active at v.
Claim 2. If the star inequality is not active at v, then at most one edge inequality is tight at v.

Proof of Claim. As the star inequality is not active, we have ), ; v; + QZJ.GN\I v; > 2. Suppose for
contradiction that k£ > 2 edge inequalities are tight at v, say ZjeN\{r} z; > 1for 1 <r < k. Then
vy = -+ = vg. If vy is fractional, v has at least k fractional coordinates. We assumed that only &k inequalities
other than 0 < x <1 are active at v, so the other coordinates are integral. If v; =1 for some j > k£ 41,
then ZJEN\{T} v; > 1 for each 1 < r <k, which contradicts the assumption that ZjeN\{T} v; = 1. Hence,

v; =0 for j ¢ {1,....,k} and v; = -~ = vy = 5. Then 3 '_, v, +2 enmr Vi = 2 < 2. However,
this contradicts our observation that >, ;v; +23 JEN\I Vi > 2. Hence at most one edge inequality is
tight at v. o

By Claim 2, we may assume that at most one edge inequality is tight at v. Then this case reduces to
the ¢t = 1 case, implying in turn that v is integral, as required. O

We are now ready to prove the following theorem:

Theorem 4.9 ([36]). (33) is the intersection of Q(SQ) with the half-spaces defined by the square inequalities
(4.3) and the star inequalities (4.4).

Proof. Applying the Chvatal procedure to inequalities defining Qg), it is straightforward to show the
validity of the inequalities (4.3) and (4.4) for QS’). To complete the proof of the theorem, we need to show
that all other valid inequalities for Qg’) are implied by those defining Q(S2), (4.3) and (4.4). Consider a

valid inequality for Qg) and let T denote the set of 0,1 vectors cut off by this inequality. If Tﬁ: (), then
the inequality is implied by 0 < < 1. Thus, we assume that T # (. Let T := {0,1}™ \ T. By the
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definition of a Chvatal inequality, there exists a valid inequality ax > b for Q(SQ) that cuts off exactly the

vertices in 7. By Lemma 4.1, the center points of the 3-dimensional faces of [0, 1]" all belong to Qfgz). This
means ax > b does not cut off any of them. By Lemma 4.2, G(T) is a connected graph. We claim that
the distance between any 2 vertices in G(T') is at most 2. Indeed, otherwise G(T') contains two opposite
vertices of a cube, and therefore its center satisfies ax < b, a contradiction.

We consider 3 cases: |T| < 3, G(T) contains a square, and G(T') contains no square. First, if |T| < 3,
then G(T) is either an isolated vertex, an edge, or a path of length two. Then vertex and edge inequalities
with the bounds 0 < z < 1 are sufficient to describe conv(T) by Lemma 4.8. Then we may assume that
|T| > 4. If G(T) contains a square (7, z%, 2%, ), it cannot cut off any other vertex of [0, 1]" (otherwise, by
Lemma 4.2 there would be another vertex of T adjacent to the square, and thus in a cube, a contradiction).
Thus, T = {z,7%,z%,z*}. Since conv(T) = {z € [0,1]" : e (Zi(1—z5) + (1 —2;5)z;) > 1}, a
Chvatal inequality derived from ax > b will therefore be implied by the square inequality that corresponds
to (7,2, 2%, %) and the bounds 0 < z < 1.

Thus, we may assume that G(T') contains no square and |T'| > 4. Note that a cycle of G,, that is not a
square has length at least six. Since the distance between any two vertices in G(T') is at most two, G(T)
contains no cycle of G,,. Thus, G(T) is a tree. In fact, G(T) is a star since the distance between any
two of its vertices is at most two. Thus T = {z,z%,..., 7%} for some ¢t > 3. By Lemma 4.8, conv(T) is
described by edge and star inequalities with the bounds 0 < z < 1. O

Note that, if an edge Zy of G(S) belongs to a square of G(S), the corresponding inequality is not

needed in the description of Q(S3) since it is dominated by the square inequality. On the other hand, if an
edge belongs to a star (Z,z",...,z") of G(S) with ¢ < n, there is no domination relationship between the
corresponding edge inequality and the star inequality. Lastly, combining Theorems 4.7 and 4.9, we obtain
the following result:

Theorem 4.10 ([30]). For n > 3, the Chvdtal rank of Qs is 2 if, and only if, G(S) contains a connected
component of cardinality at least 2, and each connected component of G(S) is either a cycle of length
greater than 4 or a path.

Proof. («): Since G(S) contains neither a 4-cycle nor a star, Theorem 4.9 implies that Qg’) = gz).
It follows that ng) = conv(S). Since G(S) contains a connected component of size greater than 1,

Q(Sl) # conv(S) by Theorem 4.6. Thus Qg has Chvétal rank exactly 2. (=): Suppose a connected

component of G(S) contains a cycle of length 4 or a vertex of degree greater than 2. Consider first the
4-cycle case, say {0,el,e? e! +e2?} C S. Then the point (%, %, %,0, e ,0) belongs to Qg) by Lemma 4.1
but not to conv(S) since Z?:s x; > 1 is valid for conv(S). Now consider a vertex of degree greater than
2, say {0,e!,e?,e3} C S where e!,e?, e denote the first 3 unit vectors. Then the point (3,1,1,0,...,0)
belongs to Qg) by Lemma 4.1 but not to conv(S) since Z?zl zj+2 2?24 x; > 2 is valid for conv(S). O

4.2.4 Chvatal rank 4

In this section, we give the characterization of le). It is somewhat more involved than the results for
Q(Sl), Qg?) and Qg’), but it is in the same spirit.
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Consider any cube with vertices in G(S). Specifically, for z € {0, 1}", recall that we use the notation z*
to denote the 0,1 vertex that differs from Z only in coordinate i, and more generally, for J C N, let 7 denote
the 0,1 vector that differs from Z exactly in the coordinates J. If the 8 points z, z¢, 2%, 7, 2%, 7%, zk 7tk
all belong to S, then we say that these points form a cube (see Figure 4.2). Note that

S @ -z + (1 -3)ay) > 1 (4.5)

JEN\{i,k,€}

is a valid inequality for conv(S) and that it cuts off exactly 8 vertices of [0,1]™, namely the 8 corners of
the cube. In fact, it is the strongest such inequality since it is satisfied at equality by all 8(n — 3) of their
neighbors in [0, 1]™. We call (4.5) a cube inequality.

Figure 4.2: Cube, tulip, and propeller with Z =0

If z,z%, 2%, g%, gtz gi2%s gish g . 7" all belong to S for some ¢ > 4, then we say that these
points form a tulip (see Figure 4.2). Let I := {i1,...,4:}. Note that

t

3
> @ (=) + (1= T )as) + 2> (@, (1= 23,) + (1= s, )2s,) +3 > (@5(1—25) + (1 - Z)2;) >3 (4.6)

k=1 r=4 J€IT

is a valid inequality for conv(S) that cuts off exactly these points. We call it a tulip inequality. For
example, if z =0, and 2% = e¥ for k = 1,2,3, (4.6) is 21 + 2o + 23 + 2 Zi=4 x4, + 3Zj€IT x; > 3.

If z,z%, 2%, ..., %, gheer, ghleer gl2he ghiein g]] belong to S for some ¢t > 3, then we say that
these points form a propeller (see Figure 4.2). Besides, we say that the edge zZ%+! is the awis of the
propeller. Let Ip := {i1,...,4¢1+1}. Note that

t

D@ (L) + (=2 )ws,) +2 ) (31— ) + (1 - 35)z;) > 2 (4.7)

r=1 Jé€lp

is a valid inequality that cuts off exactly the above points. We call it a propeller inequality. It goes through
2(n —t — 1) neighbors of  and Z'+!, t(t — 1)/2 neighbors of two vertices among ', ...,z and another
t(t — 1)/2 neighbors of two vertices among z'tit+1 ... zi¥+1 For example, if = 0, '+! = e! and
T = el for k =1,...,t, the propeller inequality is @9 + - -+ + @11 + 2(Tpg2 + -+ 2p) > 2.

A characterization of Q(;) is given in Theorem 4.15. To prove the theorem, we need the following 4
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technical lemmas that consider 4 basic cases, and their proofs are similar to that of Lemma 4.8. Although
we omit the proofs of these lemmas, we will show how the general case can be reduced to one of these
basic cases.

Lemma 4.11 ([36]). Let S = {0,e!,...,e¥ el 4+e?} for some k > 3. Then conv(S) is described by a square
inequality for the square (0,e',e2, el + €?), a star inequality for the star (0,el, ... e*), edge inequalities
for the edges connecting 0 to €*,...,e* and the bounds 0 < z < 1.

Lemma 4.12 ([30]). Let S = {0,e!,...,eF et + €2 el + €*} for some k > 4. Then conv(S) is de-
scribed by two square inequalities for (0,e',e?, el +e?) and (0,el,e3, el +€?), a star inequality for the star
(0,el,...,e¥), edge inequalities for the edges connecting 0 to e*, ..., e* and the bounds 0 < x < 1.
Lemma 4.13 ([30]). Consider the tulip S = {0,e',e?,e3,...,eF el +e2,e? +¢e3,e3 +el'} for some k > 4.
Then conv(S) is described by the tulip inequality, the three square inequalities, a star inequality for the star
(0,el,e?, ..., ek), edge inequalities for the edges connecting 0 to e*,... e* | and the bounds 0 < x < 1.

Lemma 4.14 ([30]). Let S = {0,e!,... e et +e2 ... et +e*} for some k >4 and £ > k+1. Note that S
is a propeller which consists of k squares and (0,e',e?,...,¢e%) is a star. Then conv(S) is described by the

star inequality for the star (0,e',e?,... "), edge inequalities for the edges connecting 0 to e+ ... ef,

the square and propeller inequalities that correspond to the propeller (0,el, ... eF el +e? ... el +e¥), and
the bounds 0 <z < 1.

With Lemmas 4.11, 4.12, 4.13, 4.14, we are ready to prove Theorem 4.15.

Theorem 4.15 ([30]). (34) is the intersection of Qg) and the half spaces defined by all cube, tulip, and
propeller inequalities.

Proof. We first show that the inequalities stated in the theorem are valid for Q(;).

Claim 1. The cube, tulip, and propeller inequalities are valid for Qg4).

Proof of Claim. A cube can be decomposed into two vertex-disjoint squares, and x; + ZjeN\{i,k,e}(ij(l —
zj) + (1= Zj)z;) =2 1 and —z¢ + 305N g,y (T3 (1 — 25) + (1 — Z5)x;) = 0 are the corresponding square
inequalities which are valid for QE.;B). Adding them, dividing by 2, and applying the Chvétal procedure

generates the cube inequality, so it is valid for g;).

A tulip contains a star with Z as its root, and the corresponding star inequality is 23:1(@4(1 —x; )+
(L= )z,) + 2307, (2(1 —z;) + (1 — Zj)z;) > 2. In addition, it has three squares containing z, and
the corresponding square inequalities are » ;o g5, 503 (Z5 (1 = 25) + (1= Z5)x5) 2 1, 3200 o 4,003 (T (1 —
zj) + (1= 25)z;) 2 1, and 3w 4,051 (Z5(1 — 2;5) + (1 — 25);) = 1. These four inequalities are all valid
for QS’). Adding them, dividing by 2, and applying the Chvatal procedure shows the validity of the tulip
inequality for le).

A propeller contains two stars with Z, Z'*+! as their roots, respectively, and the corresponding star
inequalities are x;,, + Zf,zl(fiT(l —xi,) + (1= Z,)wi,) + 23007, (Z;(1 — 25) + (1 — Z5)z;) > 2 and
—Ti ., + Zf_zl(i:iT(l —xi,) (1 =2, )2,) + 2307, (Z;(1 — 25) + (1 — Zj)z;) > 1. These are valid for
Q(;). Adding them, dividing by 2, and applying the Chvétal procedure shows the validity of the propeller
inequality for le). &
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To complete the proof of the theorem, we need to show that every valid inequality for le) is a
consequence of the inequalities defining Qg’) and cube, tulip and propeller inequalities. Consider any valid

inequality for le) and let T denote the set of 0,1 vectors cut off by this inequality. Let T := {0,1}" \ 7.
We will show that vertex, edge, square, star, cube, tulip and propeller inequalities are sufficient to describe
conv(T). It follows from the definition of a Chvatal inequality that there exists a valid inequality ax > b
for QS) that cuts off the same set T. We know that G(T) is a connected graph by Lemma 4.2. We claim
the following three for T'.

Claim 2. If a path of length three appears in G(T), then either the square of Gy, _containing the first three
vertices of the path or the square containing the last three vertices belongs to G(T)

Proof of Claim. Consider a path of length three in G(T'). We may assume without loss of generality that
the path is (e!,0,e?,e? + €®). Suppose both e! + €2 and e? satisfy az > b. Then their middle point m in
[0,1]™ also satisfies az > b, contradicting the fact that e! and e + € (and therefore their middle point,
which is m) satisfy ax < b. Therefore e! + €2 or €3 is in T, forming a square with either e!,0,e? or
0,e2,e2 + €3. O

Claim 3. The mazimum distance in G, between two vertices in G(T) is at most three.

Proof of Claim. Let u,v € T. Since u and v are connected in G(T'), there is a path between u and v in
G(T). If the distance between u and v in G, is at least 4, then there exists a vertex w on the path such
that the distance in G,, between v and w is 4. Their middle point in [0, 1] is also cut off by ax > b. Since
they are opposite vertices of a 4-dimensional face of [0,1]™, the middle point of the face is cut off by the
inequality. However, this contradicts Lemma 4.1 for Qgg). Hence, the maximum distance in G,, between
two points in T is at most three, as required. &

Claim 4. If G(T) contains two squares, then either they share a common edge or G(T') is a 3-dimensional
cube and the two squares are opposite 2-dimensional faces of it.

Proof of Claim. Assume that G(T') contains two squares. Without loss of generality, we may assume that
one of them is (0,e!,e?,e! + e?). Suppose that the second square does not share an edge with it. If they
share a vertex, we may assume that the second square is (0,e3,e?, e + e*). Note that the distance in G,,
between e! + €2 and e + e* is 4, contradicting Claim 3. Thus, the two squares do not share any vertex.
Because G(T) is connected and no path of length greater than three exists, it easy to verify that G(T)
must be a 3-dimensional cube. <&

We now consider different cases according to the number of squares contained in G(T'). We first consider
the case when G(T') has no square. Then the distance in G,, between any two vertices in G(T') is at most
two by Claim 2. Then G(T) can be a single vertex, an edge, two consecutive edges, or a star. Hence,
by Lemma 4.8, vertex, edge, and star inequalities with the bounds 0 < z < 1 are sufficient to describe
conv(T). Thus, we may assume that G(T) contains at least one square.

Claim 5. If G(T) contains exactly one square, edge, star, and square inequalities are sufficient.

Proof of Claim. Without loss of generality, we may assume that it is (0,e!,e?, e 4 €2). If T consists of
just this square, then the square inequality Z;L:?) x; > 1 suffices. If not, the square is adjacent to at least
one 0,1 point in 7 and thus we may assume that 3 is in 7. Note that the other points in T (if any) are
not adjacent to any of e!,e?, e! 4 €2, by the first claim and the assumption that only one square exists in
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G(T). Therefore, we may assume that T is {0,e',€2,..., e e! + €2} for some k > 3. In this case, edge,
star, and square inequalities are sufficient by Lemma 4.11. <&

Claim 6. If G(T) contains exactly two squares, edge, star, and square inequalities are sufficient.

Proof of Claim. We may assume that T contains 0,e!,e?,e3,e! + €2, e! + 2. If no other vertex belongs
to T, then z3 + 2?14 z; > 1 and x2 + Z;’:4 x; > 1 together with 0 < z < 1 suffice since the constraint
matrix for this system is totally unimodular by Remark 4.4. So we may assume that there exists v €
T\ {0,e!,e2, e el + 2 el +e3}. By connectivity of G(T) we may assume that v is adjacent to at least
one of 0,e!,e2,e3, el + €2, el + 2. Since G(T) contains only two squares, v is adjacent to exactly one of
these vertices. If v is adjacent to e?, then v can be written as e + e* for some k > 4. However, this is
impossible by the second claim since the distance in G,, between e? + e* and e! + ¢? is 4. Thus, v cannot
be adjacent to e?. Likewise, v cannot be adjacent to e, e! + €2, and e! 4 €. Without loss of generality,
v is adjacent to 0. If there exists u € T adjacent to e', then G(T') should contain an additional square
containing either u or v by the first claim. Therefore, all the vertices in T\ {0,e!,e2,e3 el + €2 el + €3}
are adjacent to 0. Namely T = {0,e!,e2, ¢e3,... e" e! + €2 e! + 3} for some k > 4. In this case, edge,
star, and square inequalities are sufficient by Lemma 4.12. <&

By Claims 5 and 6, we may assume that G(T') contains at least three squares. If G(T') contains a cube,
then G(T) contains no other vertex by Claim 4, and therefore, we may assume that T = {0, e!, 2, €3 e! +
e’ e? + e’ e’ + el el + e + e}, In this case )7 ,a; > 1 together with 0 < z < 1 suffices. So,
we can further assume that G(T) contains no cube. Any two of the squares should share a common
edge by Claim 4. There are two possibilities: all squares share a common edge or three squares are the
three 2-dimensional faces incident to a vertex of [0,1]". Thus we may assume that 7 contains either
{0,e',e2,e3 et +e? e +e2,e® +el} or {0,el,e?, e, et el +e2 el +e3 el + et}

Claim 7. If {0,e!,e?,e3,el + €2 e + 3,3 + e} C T, edge, star, square, and tulip inequalities are
sufficient.

Proof of Claim. If T = {0,e!,e2 €3, el + €2 €2 +e?,e3 + el}, then z; + 2?24 z; > 1, 20 + 2?24 z; > 1,
and z3 + 2?24 x; > 1 together with 0 < x < 1 gives conv(T). This is because the constraint matrix
of the system is totally unimodular by Remark 4.4. Thus, we may assume that there exists v € T\
{0,et,e2,e3, et +e2,e2 + €3, e® + el}, and by the connectivity of G(T) we may assume that v is adjacent
to at least one of vertices 0,el,e?,e3, el + e2,e2 + €3, and e + e!. If v is adjacent to e!, then v can be
written as e 4+ e* for some k > 4. Then the distance in G,, between v and e? + €3 is 4. If v is adjacent to
el + €2, then v is e! + 2 + € for some k > 4. Then the distance in G,, between v and e? is 4. Therefore,
v is adjacent to 0. Hence, T is a tulip {0,el,e2,e3, ..., ek el +e2,e? +e3,e® + e'} for some k > 4. In this
case, edge, star, square, and tulip inequalities are sufficient by Lemma 4.13. &

Claim 8. If {0,e!,e2,e3, et el + €2, et +€3, et + et} C T, edge, star, square, and propeller inequalities are
sufficient.

Proof of Claim. By Claim 4, all the squares contain {0,e'}. As shown in the case when G(T) contains
exactly two squares, all vertices which are not in any square but in 7" should be adjacent to a single common

vertex which can be either 0 or e'. Hence, we may assume that T = {0,e!,e? e3,... eF e+l ... el el +
ez, el + ek} for some k£ > 3 and £ > k + 1. In this case, edge, star, square, and propeller inequalities
are sufficient by Lemma 4.14. &

72



By Claims 5, 6, 7, 8, conv(T') can be described by vertex, edge, square, star, cube, tulip and propeller
inequalities, as required. O

As a consequence, we can characterize when the Chvéatal rank of Qg is 3.

Theorem 4.16 ([36]). The Chuvdtal rank of Qs is 3 if, and only if, G(S) contains no cube, tulip or
propeller but it contains a star or a square.

Proof. This follows from Theorems 4.9, 4.10, 4.15. [

We can now prove the first three statements of Theorem 1.11.

Theorem 1.11 ([36]). Let P C [0,1]" be a rational polytope contained in the unit cube.
Let S :={0,1}"\ P. Then the following statements hold:

(1) If S is a stable set in G,,, then the Chudtal rank of P is at most 1.

(2) If G(S) is a disjoint union of cycles of length greater than 4 and paths, then the
Chvdtal rank of P is at most 2.

(3) If G(S) is a forest, then the Chvdtal rank of P is at most 3.

Proof. Let S := {0,1}"\S. (1): If S is a stable set in G,,, then the Chvétal rank of Qg is 1 by Theorem 4.6,

implying in turn that the Chvétal rank of P is at most 1 by Remark 1.12. (2): If G(S) is a disjoint union
of cycles of length greater than 4 and paths, then the Chvatal rank of Qg is at most 2 by Theorem 4.10,

and by Remark 1.12, that of P is at most 2. (3): If G(S) is a forest, then it has no cycle, and in particular,

it contains no square. If the maximum degree of G(S) is smaller than 3, then it is a disjoint union of paths,

meaning that the Chvétal rank of Qg is at most 2 by part (2). If the max degree is at least 3, then G(5)

contains a star. Moreover, as G(S) contains no sqaure, G(S) contains none of cube, tulip, and propeller.
Therefore, by Theorem 4.16, the Chvatal rank of Qg is at most 3. Then the Chvatal rank of P is at most
3 by Remark 1.12, as required. O

4.3 Vertex cutsets

In this section, we give polyhedral decomposition theorems for conv(S) when the graph G(S) contains a
vertex cutset of cardinality 1 or 2.

4.3.1 Cut vertex

Theorem 4.17 below shows that conv(S) can be decomposed when G(S) contains a vertex cut. This result
is in the spirit of the theorem of Angulo, Ahmed, Dey and Kaibel (Theorem 4.3) but it is specific to
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polytopes contained in the unit hypercube. At the end of this section, we give an example showing that
the result does not extend to general polytopes. Before we state Theorem 4.17, let us illustrate an example
first.

Let G = (V, E) be a graph and let X C V. For v € X, let Nx[v] denote the closed neighborhood of v
in the graph G(X). That is Nx[v] .= {v} U{u € X : wv € E}.

Example ([36]). Let S = {e?,e! +¢?, el +e3} C {0,1}3, and we consider conv(S) C [0, 1]3. In Figure 4.3,
conv(S) is a triangle which can be viewed as the intersection of the two tetrahedrons in the figure. Notice
that €3 is a cut vertex in G(S), whose deletion leaves S; := {0,e'} and Sy := {e? + €3, e! + €2 + €3}
as two separate components. The set of 0,1 points that do not belong to the left tetrahedron is exactly
Ns[e3] U Sy, whereas that of the right one is Ng[e3] U Sy.

el
- ® N
e3
0 e2

Figure 4.3: An example of decomposition around a cut vertex in R3

Theorem 4.17 ([30]). Let S C {0,1}" and S := {0,1}"\ S. Let v be a cut vertex in G(S) and let
Si,y..., St denote the connected components of G(S \ {v}). Then

conv(S) = ﬂ conv({0,1}™\ (Ng[v] U S;)).

i=1

Furthermore, if v does not belong to any 4-cycle in G(S), then conv(S) = conv({0,1}" \ Ng[v]) N

Mizy conv({0, 13"\ ({v} U 57)).

Proof. To ignore trivial cases, we assume n > 3 and ¢ > 2. By Lemma 4.8, we know that conv({0,1}" \
Ng[v]) can be described by star and edge inequalities together with 0 < z < 1. Let u € S; \ Ng[v] and
w € 5, \ Ng[v] where i # j.

Claim 1. No edge inequality of conv({0,1}™ \ Ng[v]) is active at both u and w.

Proof of Claim. Consider an edge vr in the star G(Ng[v]). Suppose for contradiction that the correspond-
ing edge inequality is active at both u and w. Then each of v and w is adjacent in G,, to an endpoint of
the edge. Since v and w cannot be adjacent to v by the definition of Ng[v], both are adjacent to 7. Then
(u,r,w) is a path contained in G(S \ {v}), contradicting the assumption that u and w are disconnected in
G(S\ {v}). Hence, no edge inequality is active at both v and w, as required. &

Claim 2. The skeleton graph of conv ({0,1}™ \ Ng[v]) contains no edge connecting v and w.
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Proof of Claim. Suppose for contradiction that u and w are adjacent in the skeleton graph of conv ({0, 1}™\
Ng[v]). Then we can find n —1 linearly independent inequalities in the description of conv({0,1}"™\ Nz[v])
that are active at both u and w.

It follows from Claim 1 that the only candidates are the star inequality and the bounds 0 < z < 1. If
the star inequality is active at both u and w, then each of u and w is adjacent to two vertices of Ng[v]\ {v}
in G,,. As u and w belong to different components, no vertex is adjacent to v and w in G,. Then there
exist four distinct vertices in Ng[v] \ {v} two of which are adjacent to w and the other two which are
adjacent to w. That means n — 4 inequalities among 0 < x < 1 are active at both u and w, so only
n — 3 linearly independent inequalities are active at both w and w. Thus, we may assume that the star
inequality is not active at both u and w. Since w and w are at distance at least 2 in G,,, at most n — 2
among 0 < z < 1 are active at both, contradicting the supposition that v and w are adjacent on the
skeleton graph of conv({0,1}™\ Nz[v]), as required. <&

Claim 2 implies that S; \ Ng[v] and S; \ Ng[v] are disconnected. Then, by Theorem 4.3, we obtain

conv(S) = (") conv ({0,1}"\ (N3[v] U S;)) .

=1

For the second statement of Theorem 4.17, it is sufficient to prove the following claim:

Claim 3. Ifv does not belong to any 4-cycle of G(S), conv({0,1}"\ (Ng[v]US;)) = conv({0,1}™\ Ng[v])N
conv({0,1}™\ ({v} US))).

Proof of Claim. Let W := Ng[v] \ (S; U {v}). It is sufficient to show that the skeleton of conv({0,1}" \
(Ng[v] \ W)) contains no edge connecting a vertex of S; \ Ng[v] to a vertex of W. Let w € W and
s € S; \ Ng[v]. By the assumption that v does not belong to any square in G(S), s is adjacent to at
most one pendent vertex of Ng[v] in G,,. That means the star inequality is not active at s. We consider
two cases. Consider first the case when s is adjacent to a vertex, denoted r, in Ng[v] \ W. Then the
edge inequality for vr is active at s, but no other edge inequality is active at s. Since w is adjacent to
v, the edge inequality is also active at w. However, the distance in G,, between s and w is exactly 3 in
this case. Thus at most n — 3 bound inequalities are active at both s and w, for a total of at most n — 2
linearly independent inequalities active at both. But we need n — 1. So s and w are not connected by an
edge of the skeleton in this case. Now consider the case where s is adjacent to no vertex of Ng[v] \ W.
Then no edge inequality is active at s. Since s and w are not adjacent in G, at most n — 2 inequalities
among 0 < z < 1 are active at both u and w. Therefore, s and w are not adjacent in the skeleton of
conv({0,1}™\ (Ng[v] \ W)) in this case, either. Thus the assertion holds by Lemma 4.3, as required. <

This finishes the proof of Theorem 4.17. O

If G(S) induces a forest, then G(S) contains no square, and by Theorem 4.16, the Chvatal rank of Qg
is at most 3. We can directly prove this statement using Theorem 4.17.

Theorem 4.18 ([36]). Let S C {0,1}" and S := {0,1}"\ S. If G(S) is a forest, then the Chvdtal rank of
Qs is at most 3.
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Proof. By Theorem 4.3, we may assume that G(S) is connected, so G(5) is a tree. We prove by induction
on the size of the tree. The result holds if |[S| < 3. Let G(S) induce a tree T and assume that the
result holds for all trees with fewer vertices. The theorem holds if T is a star by Lemma 4.8, so we may
assume that T is not a star. Let v be a non-pendant vertex of T and let Si,...,S; denote the connected
components of G(S \ {v}). Since v does not belong to any 4-cycle in G(S), Theorem 4.17 implies that
conv(S) = conv({0,1}"\ Ng[v]) N N._, conv({0,1}"\ ({v} US;)). Notice that the sets Nz[v] and {v} US;
for i = 1,...,t have smaller cardinality than S. Then the result follows from the induction hypothesis. [

Unlike Theorem 4.3, Theorem 4.17 cannot be extended to general polytopes, as shown by the following
example.

Example. Let P be the polytope in R? shown in Figure 4.4. Let V := {v1,...,vs} denote its vertex
set and let G = (V, E) be its skeleton graph. Let S := {vs,vg,v7} and S := V \ S. In the figure the
set of white vertices is S, while the set of black vertices is S. Note that vy is a cut vertex of G(S),
and Nglva] = {v1,va,v3}. Therefore, S; := {v1,vs} and Sy := {v3,v4} induce two distinct connected
components of G(S \ {v2}). Note that conv(S) # conv(V \ (Ng[vz] U S1)) Neconv(V \ (Ng[ve] U Sa)) since
conv(S) is a triangle but the intersection of conv(V \ {v1,v2,vs,v4}) and conv(V \ {v1, va,v3,v8}) is a
parallelogram.

U1 U2

U6 Us

Figure 4.4: An example in R?

4.3.2 2-vertex cut

In this section, we prove Theorem 4.21 that is an extension of Theorem 4.17 to vertex cuts of cardinality 2.
It will play a key role in proving the main result of Section 4.4. The proof of Theorem 4.21 entails analyzing
the adjacency on the skeleton of conv({0,1}™\ (Ng[v1]UNg[vs])) between two points in different connected
components of the graph G(S \ {v1,v2}). To do this, we need the following theorem that characterizes a
linear description of conv({0,1}™ \ (Ng[v1] U Nglvs])).

Lemma 4.19 ([36]). Let S C {0,1}" and v1,v2 € S. Then conv({0,1}" \ (Ng[v1] U Ng[vs])) is described
by edge, star, square, cube, propeller inequalities and the bounds 0 < x < 1.
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The following small lemma is also useful here and later in the next section:

Lemma 4.20 ([36]). Let S C {0,1}" and S := {0,1}"\ S. Let 7,5 € S be two points at distance 2 in G,
i.e., j = 2 for somei,j € N. Then T and § are adjacent in the skeleton of conv(S) if, and only if, T or
7 isin S.

Proof. (<=): Without loss of generality, we may assume that # = 0 and § = e + ¢2. If e! € S, then the
corresponding vertex inequality —z1 + Y., ; > 0 is valid for conv(S) and active at both Z and y. We
also know that x; > 0 for ¢ > 3 are all active at both z and y. Since these n — 1 inequalities are linearly
independent, Z and § are adjacent in the skeleton of conv(S). Likewise if €2 € S. (=): If !, e? are in
S, then (0,e!,e? e + €?) is a 2-dimensional face of conv(S). The center of the square can be obtained
as a nontrivial convex combination of 4 distinct vertices of conv(.S), and therefore it does not lie on any
1-dimensional face of conv(S). Thus the diagonal connecting 0 to e! + €2 is not a face of conv(S). O

To prove Theorem 4.21, we first delete two star cutsets Ng[vi] U Nglvg] from {0,1}™. If we can prove
that no edge connects a vertex of S; \ (Ng[v1]U Ng[va]) to a vertex of S; \ (Ng[vi] U Ng[va]) in the skeleton
of conv({0,1}™ \ (Nglv1] U Ngluvz])) for i # j, the theorem follows by Theorem 4.3. Lemma 4.19 provides
us with the linear description of conv({0,1}"™ \ (Ng[vi] U Ng[va])). Therefore, we only need to consider
edge, star, square, propeller, cube inequalities and the bounds 0 < x < 1 in order to analyze the adjacency
of vertices on the polytope conv({0,1}"\ (Ng[v1] U Ng[va])).

Theorem 4.21 ([30]). Let S C {0,1}" and S := {0,1}"\ S. Let {v1,v2} be a vertex cut of size 2 in G(S).
Let Sy,...,St denote the connected components of G(S \ {v1,v2}). Then

conv(S) = (") conv ({0,1}" \ (Ns[v1] U N3[va] U S;)) .

=1

Proof. The assertion is trivially true if n < 3, so we may assume that n > 4. If S; \ (Ng[v;] U Ng[vs]) is
nonempty for at most one i, then S; \ (Ng[vi] U Ng[va]) = S, and therefore, the theorem holds. Thus, we
may assume that for some distinct i, j, S; \ (Ng[v1] U Ng[va]) and S; \ (Ng[v1] U Ng[vs]) are nonempty.
Let u € S; \ (Ng[v1] U Ng[vs]) and w € S; \ (Ng[v1] U Ng[va]). We will show that no edge in the skeleton
graph of conv({0,1}™\ (Ng[v1] U Ng[vs]) connects u and w.

Claim 1. No edge inequality of conv({0,1}™ \ (Ng[v1] U Ngluva]) is active at both u and w.

Proof of Claim. Suppose for contradiction that the edge inequality for an edge pg in G(Ng[vi] U Ng[va])
is active at both u and w. Then each of u and w is adjacent to either p or ¢q. If p € {v1, vz}, then u and
w cannot be adjacent to p since u, w ¢ Ng[vi1] U Ng[vg], implying in turn that ¢ ¢ {vy,v2} and that v and
w are adjacent to q. But (u,q,w) is a path contained in G(S \ {v1,v2}), a contradiction as u and w are
disconnected in G(S '\ {v1,v2}). Hence, we may assume that p,q ¢ S\ {v1,va}. This implies that there is
a path in G(S\ {v1,v2}) between u and w through the edge pg, which is again a contradiction. Therefore
no edge inequality is active at both v and w, as required. &

Since u and w are disconnected in G(S \ {v1,v2}), the distance in G,, between u and w is at least 2.

Claim 2. We may assume that the distance between u and w in G, is at least 3.
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Proof of Claim. w = u** for some k, ¢ € N. Since u is adjacent to neither v nor vo, we get u*, u* & {vy,vo}.
Besides, u*, u’ ¢ S. Otherwise, u and w are connected in G(S\ {v1,v2}), which contradicts the assumption.
Then u and w are not adjacent in the skeleton graph by Lemma 4.20. Therefore, we may assume that the
distance in G,, between u and w is at least 3, as required. &

To prove Theorem 4.21, we consider different cases according to the distance between v; and vy in G,,.
Without loss of generality, we may assume v; = 0. Recall that by Lemma 4.19, conv({0,1}™ \ (Ng[vi] U
Nglvs])) is described by edge, star, square, and propeller (if it exists) inequalities.

Claim 3. If the distance between vy and vy in G, is 1, then u and w are not adjacent in the skeleton
graph of conv({0,1}"\ (Ng[v1] U Ng[vs])).

Proof of Claim. Without loss of generality, we may assume that vo = e since v; = 0. Notice that each
square in G(Ng[v1]U Nglvz]) contains vivg as an edge and that G(Ng[v1]UNg[va]) contains neither a tulip
nor a propeller. If there is no square in G(Ng[v1]U Ng[vz]), then no square inequality is active at u and w.
If one exists, pick a square and consider the corresponding square inequality. Let p, ¢ denote the other two
vertices in the square. If the inequality is active at both v and w, then v and w are adjacent to a vertex
in the square. Since v and w cannot be adjacent to any of v; and wvo, they are adjacent to either p or ¢q. In
this case, u and w are connected by the edge pqg in G(S \ {v1,v2}) which contradicts the assumption that
u and w are disconnected. Hence no square inequality is active at both u and w.

1

Consider the star inequality for Ng[v]. If it is active at both, then each of u and w is adjacent to two
vertices in Ng[vi] \ {v1}. Since v and w cannot have a common neighbor vertex in Ng[v1] \ {v1}, there
exist four distinct vertices e?,e?, e, e® € Ng[v1]\ {v1} such that u = e? +e? and w = e” + €®. In addition,
we know that p, q,r, s > 1, because u and w cannot be adjacent to vo. That means that the star inequality
for Ng[vs] cannot be active at w and w. This implies that at most one star inequality is active at both u
and w.

If a star inequality is active at both u and w, we observed that n — 4 among 0 < z < 1 are active at
both and that the other star inequality is not active at both. Even if the propeller inequality is active at
both v and w, we have only n — 2 inequalities active at both u and w. In no star inequality is active at
both, then we know that at most n — 3 among 0 < x < 1 are active at both by Claim 2. Regardless of
whether a propeller inequality is active at u and w, we have at most n — 2 inequalities active at both u and
w. Therefore, u and w are not adjacent in the skeleton of conv({0,1}™ \ (Ng[vi] U Ng[vs])), as required.
O

Claim 4. If the distance between v and vy in G, is 2, then u and w are not adjacent in the skeleton
graph of conv({0,1}"\ (Ng[v1] U Ng[vq])).

Proof of Claim. Without loss of generality, we may assume that vy = e!+e?. Observe first that G(Ng[v;]U
Ng[vg]) contains at most one square, implying in turn that it contains none of cube, tulip, and propeller.

Consider the star inequality for Ng[v]. If it is active at both u and w, we know that v and w can be
written as e? + e? and e” + e®, respectively, for some distinct p, ¢, r, s. and that n — 4 inequalities among
0 <z <1 are active at both v and w. We need two more active inequalities. Then the other star inequality
and the square inequality should be active at both v and w. Then we may assume that p =1 and r = 2,
so u and w can be written as e! + e? and e? + e°, respectively. Without loss of generality, assume that
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g =3 and s = 4. Note that {e!,e?,e? e*} C Ngfv1] and {e!,e?,e! + €2 +€®,e! + €2 + e?} C Ng[vo]. In
this case, the followings are n — 1 inequalities that are active at both u and w.

n k1 n ko n
xiZOfori25,in21,in+2 Z T > 2, fx17x2+2xi+2 Z z; >0
i=3 i=1 j=ki+1 i=3 j=ko+1

for some ki, ko > 4. Note that z; = 0 fors > 5 and Zf;l T;+2 Z?:klﬂ xj = 2 imply that z1+xe+a3+24 =
2. Besides, z; = 0 for i > 5 and —z1 — x4 +Zfig x;+2 Z?:kz-l-l x; = 0 imply that —z1 — 22+ 23+ 24 = 0.
Then we get that x3 + x4 = 1 by adding the two equations. Since 3 + x4 =1 and x; = 0 for ¢ > 5 imply
Yo g x; =1, it follows that at most n — 2 linearly independent inequalities are active at both u and w in
this case.

Therefore we may assume that no star inequality is active at both u and w. The only remaining
candidates are at most n — 3 inequalities among 0 < z < 1 and the square inequality, so we have at most
n — 2 linearly independent inequalities active at both. Therefore, u and w are not adjacent in the skeleton
of conv({0,1}" \ (Ng[vi] U Ng[va])). <&

Claim 5. If the distance between v and vy in G, is 3, then u and w are not adjacent in the skeleton
graph of conv({0,1}"\ (Ng[v1] U Ng[va])).

Proof of Claim. Without loss of generality, we may assume that vy = e! + €2 + €3. Each square contains
either v; or v but not both. Suppose that a square inequality is active at both v and w. Without loss
of generality, assume that the square is (0,e!,e? e! + e2). Since u and w cannot be adjacent to vy (= 0),
they are adjacent to either e!, €2, or e! + e2. However, this contradicts the assumption that « and w are
disconnected. Hence, no square inequality is active at both u and w.

First, consider the case when a vertex in the cube (0,e',e?, €3 e! +€2,e? +¢e3,e3 + el el +e2 +¢?)is
not in S. Then it can be easily observed that G(Ng[v;] U Ng[vs]) contains none of tulip and propeller. By
Lemma 4.19, conv({0,1}™ \ (Ng[v1] U Ng[ve])) is described by edge, star, and square inequalities together
with 0 < 2 < 1. Consider a star contained in G(Ng[v1] U Ng[vs]). If the star is neither Ng[vi] nor Ng[vs],
then it must be the case that the star is a subset of the cube. If the corresponding star inequality is active
at u, then either u is in the cube or w is a vertex outside of the cube adjacent to the root r of the star.
Note that a vertex in the cube is adjacent to either v; or vo. This means that v cannot be in the cube, and
u is adjacent to r. If the inequality is also active at w, then w is adjacent to r as well. Hence, we get that
(u,r,w) is a path contained in G(S \ {v1,v2}). Therefore, the star inequality is not active at both u and
w. Thus, only the two star inequalities for Ng[v1] and Ng[vs] can be active at both u and w. Consider
the star inequality for Ng[vi]. If it is active at both w and w, then n — 4 inequalities among 0 < z < 1
are active at both v and w. But then at most n — 2 inequalities are active at both u and w since no edge
and square inequality is active at both u and w. If no star inequality is active at both v and w, then no
inequality other than 0 < z < 1 is active at both in fact. Since at most n — 3 inequalities among 0 < x < 1
are active at both u and w by Claim 2, we cannot find n — 1 linearly independent inequalities active at
both in this case, either.

Now consider the case when all the vertices in the cube are in S. By Lemma 4.19, the cube inequality
and the two star inequalities that correspond to Ng[vi] and Ng[va] together with 0 < 2 < 1 describe
conv({0,1}™ \ (Ng[v1] U Ng[v2])). Suppose that the cube inequality is active at both u and w. Then u
and w are adjacent to at least one vertex in the cube in G,, distinct from v; and vy. That means u and
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w are connected by six vertices (e!,e?,e? el +e%e? +¢e3,e® +el) in G(S \ {v1,v2}), contradicting the
assumption that v and w are disconnected. Therefore, the cube inequality is not active at both u and w.
If a star inequality is active at both v and w, then, as in the previous case, at most n — 2 inequalities are
active at both u and w, a contradiction. If no star inequality is active at both v and w, then no inequality
other than 0 < z < 1 is active at both u and w. Therefore, u and w are not adjacent in the skeleton of
conv({0,1}™\ (Ng[v1] U Nglvs])), as required. &

Claim 6. If the distance between vy and vy in G, is at least 4, then u and w are not adjacent in the
skeleton graph of conv({0,1}" \ (Ng[vi] U Ng[va])).

Proof of Claim. Notice that Ng[v1] and Ng[va] are two separated stars. By Lemma 4.19, we know that
edge and star inequalities together with 0 < z < 1 describe conv({0,1}"™ \ (Ng[v1] U Ng[vs])). Consider
the star inequality corresponding to Ng[vq]. If it is active at both u and w, then n — 4 inequalities among
0 < x <1 are active at both u and w. Since no edge inequality is active at both u and w, we have at most
n — 2 inequalities that are active at both u and w since the only candidates are two star inequalities and
the bounds. This contradicts to observation that there exist n — 1 linearly independent inequalities that
are active both v and w. <

Claims 3, 4, 5, 6 finish all the cases and show that w and w cannot be adjacent in the skeleton of
conv({0,1}™\ (Ng[v1] U Ng[vz])). This completes the proof of Theorem 4.21. O

It is natural to ask whether this theorem can be extended to vertex cuts of larger sizes. The 3-vertex
cut case is open, but it turns out that Theorem 4.21 cannot be generalized to 4-vertex cutsets as shown
by the following example.

Example ([36]). Consider S = (({0,1}*x{0})\{e'+e2+e3+e*})U{e®}. Then z1+zo+x3+34+325 > 418
a facet-defining inequality for conv(S). Note that it cuts off all points in S. In addition, C := {e!, e?, e?, %}
is a vertex cut of cardinality four in S. Then S; := {0,e°} and Sy := {e! + €2 + €3, e! +e2 + et el +
e et el et et el e el +ed el +et e? +e3 e? + e, e + et} induce two connected components of

G(S\ C). However,
2
conv(S) # ﬂ conv({0,1}° \ (Ngle']U...U Ng[e*] U S)))
i=1

since z1 + @9 + w3 + 24 + 3w5 > 4 is not valid for conv({0,1}° \ (Ng[e!]U...U Ngle*] U S;)) for i = 1,2.

4.4 Graphs of tree width 2

Trees can be generalized using the notion of tree width. A connected graph has tree width one if, and
only if, it is a tree. Next, we focus our attention on the case when G(S) has tree width two. Instead of
working directly with the definition of tree width, we will use the following characterization: A graph has
tree width at most two if, and only if, it contains no K,-minor; furthermore a graph with no K4-minor
and at least four vertices always has a vertex cut of size two. The main result of this section is that P has

Chvétal rank at most 4 if G(S), where S := {0,1}" \ P, has tree width 2.

The following considers a special case:
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Lemma 4.22 ([36]). Consider a star N = (Z,z%,...,%%) for some  and t > 3. Take a subset T of
{Fiit . 1< j <k <t} such that T z'i € T implies T ¢ T. Let S be the union of N and T. Then
conv(S) is described by the star inequality for N, edge inequalities for the edges connecting T and pendant
vertices of G(S), square inequalities for all squares, propeller inequalities for all propellers and the bounds
0<zx<1.

Let v € S. Let Mg[v] denote the set Ng[v] U {v¥ € §: v',vJ € Ng[v]}. Then Mg[v] contains the
closed neighborhood Ng[v] and the vertices in S at distance 2 from v that create a square when added to
Nglv]. If G(Mg[v]) is K4-minor-free, Mg[v] is of the form N U T in Lemma 4.22. Therefore Lemma 4.22
gives a description of conv({0,1}"\ Mg[v]). Let vy, v be two vertices in S that are adjacent in G,,. The

following lemma is similar to Lemma 4.19.

Lemma 4.23 ([36]). Let vy, vy € S be adjacent vertices in G,,. If G(S) has tree width 2, then conv({0, 1}™\
(Mg[v1] U Mg[vs])) = conv({0,1}" \ Mg[v1]) N conv ({0, 1}™ \ Mglvs]).

The following lemma is similar to Lemma 4.20:

Lemma 4.24 ([36]). Let S C {0,1}" and S = {0,1}"\ S. Let ,5j € S be 2 points at distance 3 in G,
i.e., § = T9* for some i,j,k. Note that (z*,z9,77, 7% 7% %) is a cycle of length 6 in G,,. Then T and
y are adjacent in the skeleton of conv(S) if and only if there exist 3 consecutive vertices in the cycle that

are contained in S.

We can now prove the last statement of Theorem 1.11.

Theorem 1.11 ([36]). Let P C [0,1]" be a rational polytope contained in the unit cube.
Let S :={0,1}"\ P. Then the following statement holds:

(4) If G(S) has tree-width 2, then the Chvdtal rank of P is at most 4.

Proof. Let S :={0,1}"NP. By Remark 1.12, it suffices to prove that the Chvétal rank of Qg is at most 4.
We argue by induction on |S|. If |S| = 1, then the Chvétal rank of Qg is 1. Assume that the Chvétal rank
of Qg is at most 4 if | S| = ¢ for some ¢t > 1. Consider the case when |S| =t + 1. We may assume that
G(S) is a connected graph.

Claim 1. G(S) contains neither tulip nor cube.

Proof of Claim. Note that a tulip has three squares (z, 2", z'2, *1*?), (z,z"2, 2", *2"), and (T, '3, "1, 3" )
which are incident to a vertex . Hence, a tulip contains a K4-minor. Likewise, a cube also contains a

Ky -minor. Thus, G(S) contains no tulip and cube, as required. &

If there is no propeller in G(S9), then the Chvétal rank of Qg is at most 3 by Theorem 4.16. Thus,
we may assume that G(S) contains a propeller. Let v; and ve denote the two vertices in the axis of the
propeller. The propeller contains at least three squares. Let (p, q,v1,v2) and (r, s,v1,v2) be two distinct
squares contained in the propeller.
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Claim 2. {p,q} is disconnected from {r,s} in G(S\ {v1,v2}), and {v1,v2} is a vertex cut of G(S).

Proof of Claim. If there is a path connecting a vertex in {p, ¢} and a vertex in {r, s} in G(S\ {v1,v2}),
then those two squares and the path create a K4-minor contained in G(S), a contradiction. Hence, p, q
are disconnected from r, s in G(S'\ {v1,v2}), implying in turn that {v1,vs} is a vertex cut of G(S). <

Let Si,..., Sk be the connected components of G(S\ {v1,v2}). We have shown that k& > 2 by Claim 2.
By Theorem 4.21, we get that

k
conv(S) = (] conv ({0,1}"\ (S; U Ng[v1] U Ns[va])) -

=1

If |S; U Ng[v1] U Nglva]| < | S| for every 4, then the assertion follows directly from the induction hypothesis.
Thus, we may assume that there exists j such that S;UNg[v1]U Nglvs] = S. In this case, it can be readily
checked that S; C Ng[v1] U Ng[vg] for each i # j. Without loss of generality, we may assume that S; and
S, denote two connected components that contain {p, ¢} and {r, s}, respectively.

Claim 3. One of S; \ {p,q} and Sy \ {r,s} is empty.

Proof of Claim. Suppose for contradiction that there exist u, w such that v € S;\ {p, ¢} and w € Sy\ {r, s}.
Then we can find ug € S \ {p,q} and wy € Sy \ {r,s} such that ug is adjacent to one of p and ¢
and wo is adjacent to one of r and s. Notice that ug,wg € Ng[vi] U Nglve], implying in turn that
ug & S UNg[v1]U Ng[ve] and that wg & S; U Ng[v1]U Ng[va]. Then we obtain |S; U Ng[v1] U Ng[ve]| < ||
and |Sy U Ng[v1] U Ng[vg]| < | S|, a contradiction to the assumption. &

Therefore, we may assume that 51\ {p,q} is empty. In other words, S; = {p, q}, so the other vertices of
G(S \ {v1,v2}) are disconnected from p and ¢. Besides, p is adjacent to only v; and ¢, and ¢ is adjacent
to only vy and p in G(S5).

Let w € S\ (Mg[v1] U Mg[va]). Then w is not adjacent to p and ¢ in G,,. We will show that w is
adjacent to none of p and ¢ in the skeleton graph of conv({0,1}" \ (Mg[vi] U Mg[va] \ {p,q}))-

Claim 4. conv ({0,1}™\ (Mg[v1] U Mg[va] \ {p, q})) is described by edge, star, square, propeller inequali-
ties and the bounds 0 < x < 1.

Proof of Claim. Notice that Mg[v1]UMglva]\ {p, ¢} can be written as (Mg[v1]\ {p, q}) U (Mg[v2] \ {p, ¢}).
We know that {p, ¢} is contained both Mg[v1] and Mg[vs]. Since p and g are not adjacent to any vertices
of S\ {v1,v2} other than themselves, we have Mz[ve] \ {p, ¢} = Mg\ g3 [v¢] for £ =1,2. By Lemma 4.23,
we get that

conv ({0, 1} \ (Mg (p,q3 [v1] U Mgy g, g3 [v2])) = conv({0,1}" \ Mg\ g, 41 [v1]) N conv ({0, 1} \ Mgy g, 43 [v2])-

Therefore,

conv ({0, 1}"\ (Mg[v1|UMg[v2]\{p, ¢})) = conv({0, 1}"\ (Mg[v1]\{p, ¢})) Nconv ({0, 1}"\ (M5[v2]\ {p, ¢}))-

By Lemma 4.22, this implies that the polytope conv({0,1}" \ (Mg[v1] U Mg[ve] \ {p,q})) is completely
described by edge, star, square, propeller inequalities and the bounds 0 < x < 1. &
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Claim 5. If w is not adjacent to a vertex in Mg[v1] U Mglve] \ {p,q}, then w is not adjacent to any of p
and q in the skeleton graph of conv({0,1}"\ (Mg[vi] U Mg[va] \ {p,q})).

Proof of Claim. As w and p are not adjacent in G,,, the distance between them in G,, is at least 2. If
w is not adjacent to any vertex in Mglvi] U Mglve] \ {p,q}, then inequalities other than 0 < z < 1
cannot be active at w. That means there exist at most n — 2 linearly independent inequalities active at
both w and p, so w and p are disconnected in the skeleton of conv({0,1}"\ (Mg[v1] U Mg[v2] \ {p,q}))-
Likewise, w is also separated from ¢ in the skeleton. Thus, we may assume that w is adjacent to a vertex
of Mglo1] U M[us] \ {p. q}- o

By Claim 5, we may assume that w is adjacent to a vertex in Mg[v1]\ {p, ¢}. We may further assume that
v1 =0, vy = ¢!, p=e? and ¢ = e' + €. By the above assumption, w is adjacent to a vertex of either
Ng[vi] \ {v1} or Mg[v1] \ Ng[vi].

Claim 6. If w is adjacent to a vertex in Nglvi] \ {v1}, then w is not adjacent to any of p and q in the
skeleton graph of conv({0,1}" \ (Mg[v1] U Mg[v2] \ {p,q}))-

Proof of Claim. w can be written as e’ +¢7 for some i, j. If both e’ and e’ are in S, then e’ +¢’ is contained
in Mg[vy]. Thus, we may assume that e’ € S and e/ ¢ S. Since w is not adjacent to vy and p, we get that
i,j > 2. Consider the cube (p, p?, p*, p?, p**, p*, p’2, p*). We know that p' = e? +¢?, p! = 2 +¢/, p? = ¢/
are not in S. That is because p’ and p’ are both adjacent to p and p*>) = e/ ¢ S by the assumption. Then
those are not in Mg[vy] U Mg[va] \ {p, ¢}, because Mg[vi] U Mg[va] \ {p,q} € S. By Lemma 4.24, p and w
are not adjacent in the skeleton.

It remains to show that ¢ and w are not adjacent in the skeleton of conv({0,1}™ \ (Mg[v1] U Mg[vsa] \
{p,q})). Note that any vertex of Ng[va] \ {vz,q} is either 0 or e! + e’ for some ¢ > 2, indicating that
w = e’ + ¢’ is not adjacent to any vertex in Ng[vs] in G,,. If w is adjacent to a vertex in Mg[va] \ Ng[va],
then the possible candidates are ¢’ and e! + e? + e/ since ¢/ ¢ S. We know that e’ + ¢/ is adjacent to e'.
If el +e® + e/ € Mg[va], then both el +¢f and el + ¢/ are in Ng[va]. Then three squares (0, e, e?, el + e?),
(el,el + el el +ef el +ef +e7), and (ef, el +ef el + el el + e +e) are contained in G(S) in this case.
However, these three squares form a Kj-minor, so e + e® + ¢/ & Mg[vg]. Therefore, e’ is the only vertex
of Mg[v1) U Mg[va] \ {p,q} adjacent to w in G,,.

The square inequalities for squares that have Oc’ as an edge are active at w, and the propeller inequality
for the propeller that has Oe’ as its axis is active at w. We know that p’ = €2+’ is not in S, so the square
(0,€2,¢e', €% + €') of Gy, is not contained in the propeller. Then ¢(= e! + €?) is adjacent to at most one
square of the propeller, which is possibly (0, e!,e?, el +€?). This means that at most one square inequality
is active at both ¢ and w, and the propeller inequality is not active at both. Since the distance in G,
between ¢ and w is 4, at most n — 3 linearly independent inequalities are active at both ¢ and w. Therefore
q and w are not adjacent in the skeleton, as required. &

By Claim 6, we may assume that w is not adjacent to Ng[v1]\{v1} and that w is adjacent to Mg[vi]\ Ng[v1].
Claim 7. w is not adjacent to any of p and q in the skeleton graph of conv({0,1}™ \ (Mg[v1] U Mg[va] \

{r.q}))-

Proof of Claim. As w is adjacent to Mg[v1]\ Ng[v1], w can be written as e’ 4 e/ +¢e* for some 4, j, k where
et + el € Mg[v1] \ Nglvi]. Then we know that both e’ and e’ are in S. If i or j is 1, then w is adjacent
to a vertex in Nglva] \ {w2}. This reduces to the previous case. Thus, we may assume that 4,5 > 1. If 4
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or j is 2, then p is adjacent to ¢! + ¢/ € S. This is impossible. Therefore, i and j are greater than 2. If
k=1, then wis e! + ¢* 4+ ¢7. Since 0,¢e',e’,e’,e* + €7, el 4+ ¢' 4+ ¢/ are all in S, both e! + ¢ and e! + e’
are not in S. Otherwise, G(S) contains a K4-minor. Therefore w(= e’ + e’ + ¢7) is adjacent to nothing
but e’ + e/ among the vertices of Mg[v1] U Mglva] \ {p, ¢}. Then only the square inequality for the square
(0,€?,e7, et + e7) is active at w. Note that the distance in G,, between p and w is 4 and the distance in
G, between ¢ and w is 3. Then there exist at most n — 2 linearly independent inequalities active at both
w and each of p and ¢. Hence, neither p nor ¢ is adjacent to w on the skeleton if k = 1. If £k = 2, then
w = e + e’ +e’. Since p(= e?) is not adjacent to any vertex other than 0 and e' + €2, both p’(= €2 + ¢?)
and p?(= e? + €7) are not in Mg[v1] U Mg[va] \ {p,q}. As the case when k = 1, ¢ and w are not adjacent
in the skeleton of conv({0,1}™ \ (Mg[v1] U Mg[ve] \ {p,q})). Besides, p and w are not adjacent in the
skeleton by Lemma 4.20. Thus, we may assume that k > 2. If ¢! + e* € Mg[vi] \ {p,q}, then we know
that e* also belongs to S by the definition of Mg[v1]. In this case, (0,¢?,e?, e’ +e7), (0, €?, ¥, e? + ), and
(ef, e’ + e’ et + eF el + el + eF) create a K -minor in G(S). Hence, we get that both e + ¥ and €7 + e*
do not belong to S. In fact, ¢! + ¢ is the only vertex in Mg[vi] U Mg[va] \ {p,q} which is adjacent to w
in this case. Then only the square inequality for the square (0,¢’,e’,e! + €7) is active at w. Similarly, w
is adjacent to neither p nor ¢ in the skeleton in this case. &

_ To summarize, we have just shown that there is no edge connecting a vertex in {p,q} and a vertex in
S\ (Mg[v1] U Mg[vs]) in the skeleton of conv({0,1}"™\ (Mg[v1] U Mg[va] \ {p,q})). Then by Theorem 4.3,
we get that

conv(S) = conv({0, 1}" \ (Mg[v1] U Mglva])) N conv({0, 13"\ (S\ {p, q})).

Since G(S \ {p,q}) is a subgraph of G(S9), it also has tree width 2. Besides, |S \ {p,q}| < |S|. Hence,
the Chvatal rank of Qg 1}»\(5\{p,q}) is at most 4 by induction. By Lemma 4.23, we also know that the
Chvatal rank of Qo 137\ (ar5[v1]uMs[vs]) 1 at most 4, implying in turn that the Chvétal rank of Qg is also
at most 4, as required. O

4.5 Proof of Theorem 1.14

Theorem 1.14 ([36]). Let P C [0,1]™ be a rational polytope, and let S := P N{0,1}".
If the Chvdtal rank of Qg is at most k, then one can optimize a linear function over S in
O(n*) time.

Proof. The optimization problem is of the form min{cz : x € S} where ¢ € R". By complementing

variables, we may assume ¢ > 0. By hypothesis, conv(S) = Q(Sk) for some constant k. We claim that an
optimal solution can be found among the 0,1 vectors with at most k& 4+ 1 nonzero components. This will
prove the theorem since there are only polynomially many such vectors. Indeed, if an optimal solution Z
has more than k 4+ 1 nonzero components, any 0,1 vector zZ with supp(z) C supp(Z) and |supp(z)| =k + 1

satisfies ¢z < ¢Z. Because conv(S) = ng), Lemma 4.1 implies that the face of H,, of dimension k + 1
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that contains 0 and Z contains a feasible point 4 € S. Since c¢g < ¢z < cZ, the solution g is an optimal
solution. O

For example, if G(S) contains no 4-cycle, then the Chvéatal rank of Qg is at most 3 by Theorem 1.11, and
therefore, Theorem 1.14 implies that optimizing a linear function over S can be done in O(n?) time.
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Chapter 5

Generalized Chvatal closure

Let S C Z"™, and let
P={zeR": Az <b} (5.1)

be a rational polyhedron where A € Z™*™ and b € Z™. We denote by P = P NZ" the integer hull of P.
Let IIp be defined as the set of all vectors that define valid inequalities for P with integral left-hand-side
coefficients:

Op ={(a,B) € Z" xR : INERY s.t. a=AA, > A\b}. (5.2)
and denote by 11} the subset of IIp that consists of the vectors defining supporting valid inequalities:
p={(a,5) €ellp : f=max{ax:x € P}}. (5.3)

Given o € Z" and 3 € R, recall that |§]g, is defined as follows:

—oo  otherwise

18] {max{az:zéS,azSﬁ} if {z€8: az<B}#0D
S,a —

Given an inequality az < f with a € Z™ and 8 € R valid for P, we call ax < | 5] g,o the S-Chvétal-Gomory
inequality for P obtained from ax < . Recall that the S-Chvétal closure of P, denoted Pg, is defined as
the following:

Pg = n {z eR": azx < |Blsa}= ﬂ {z eR": azx < |B]s.a}- (5.4)
(e, B)eIlp (a,B) €Il

Hereinafter, we refer to a Chvatal-Gomory inequality (resp. cut) as a CG inequality (resp. cut) and refer
to a S-Chvétal-Gomory inequality (resp. cut) as an S-CG inequality (resp. cut).

In this chapter, we study the following question:
Question. Let S = RNZ" for some rational polyhedron R, and let P C conv(S) be a rational polyhedron.
Is the S-Chuvdtal closure of P a rational polyhedron?

86



In § 5.1, we prove some basic tools that are useful throughout this chapter and prove Proposition 1.17.
In § 5.2, we study the question for the case when S is finite. In § 5.3, we consider the case when S = T x Z™2
for some finite T'C Z™ . In § 5.4, we study the case when

S = {(2172%,22“723) EL™ XL XL XT3 : 2t e T, 22 > 0%, 22 < u2}

where T € R™ is finite, £ € R%*, u? € R**. We prove Theorem 1.16 in § 5.5. This chapter is based
on [53].

5.1 Preliminaries

In this section, we prove some basic properties of the S-CG inequalities and the S-Chvatal clousre of a
polyhedron.

Remark 5.1 (Pokutta [103]). Let S C Z"™, and let P C R™ be a rational polyhedron. Then the following
statements hold:

(1) PI g PS g P;
(2) if SC S’ for some S CZ™, then Ps C Pg,
(3) if Q is a rational polyhedron such that P C Q, then Ps C Qg.

For I' C Ilp, we define Psr as follows:

PS,F = m {.7} eP: ar< LﬁJS,a} .
(a,B)€T

Clearly, Ps = Ps11,. We remark the following:

Remark 5.2 ([53]). Let S CZ"™, and let P C R"™ be a rational polyhedron. Then the following statements
hold:

(1) if T CIlp, then Pg C Psr,

(2) if T Clp and T = U, Ty, then Psr =\, Psr,.

In particular, to prove that Pgr is a rational polyhedron where I' = Ule I';, it suffices by Remark 5.2 to
show that Pgp, is a rational polyhedron for ¢ € [k]. Remark 5.2 will be useful in § 5.3 and § 5.4.

Examples

We next present two simple examples to highlight the difference between regular CG cuts and S-CG cuts.
The first example below highlights the strength of S-CG cuts.
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Example 1 ([53]). Consider a rational polyhedron P C R? such that the inequality 3z + 5y > 3.4 is valid.
Clearly, the associated CG cut 3x + 5y > 4 is valid for P NZ™. Notice that the CG cut is tight at point
(3,—1). Now, consider S = {z € Z*:0 < xy <4, 0 <z <3}, and note that (3,—1) ¢ S. In fact, the
S-CG cut 3z + by > 5 obtained from 3z + 5y > 3.4 is valid for PN S. The S-CG cut is tight at point
(0,1) € S. See Figure 5.1 for an illustration.

Figure 5.1: Illustration of an S-CG inequality

The next example highlights the fact that the S-Chvéatal closure of a polyhedron can have facets that
are not necessarily defined by S-CG cuts. In the following example, a sequence of S-CG cuts converge to
an inequality that is not an S-CG cut itself.

Proposition 1.17 ([53]). Let S = {0,1}*. There exists a polytope P C [0,1]* whose
S-Chuvdtal closure has a facet that cannot be induced by an S-CG inequality.

Proof. Let S ={0,1}*, and let P be the convex hull of the following six points in [0, 1]*:
P = conv {(1/2,0,0,0) ,(1,0,0,0), (0,1,1,0), (0,1,0,1), (0,0, 1,1), (1,1,1,1)} .

Observe that 2z + x2 + 23 + x4 > 1 is a valid inequality for P and is tight at the vertex (1/2,0,0,0).
As the point (0,1,0,0) € S satisfies 2z1 + 23 + 3 + x4 = 1, one cannot obtain 2z + xo + x3 + x4 > 2
as an S-CG cut. However, we claim that 2z + 2o + 3 + x4 > 2 is valid for the S-Chvatal closure of P.
Note that for any § > 0, the inequality 221 + (1 — d)zg + (1 — §)xs + (1 — 0)z4 > 1 is valid for P as it is
satisfied by all its vertices. Moreover, any point x* € S that satisfies this inequality either has 27 =1 or
x5 + x5 + x} > 2. Therefore, the smallest value of 221 + (1 — §)z2 + (1 — 0)z3 + (1 — §)x4 at such points
in S is exactly 2 — 2. Therefore,

21‘1+(1—5)l‘2+(1—5)$3+(1—(5)1‘422—2(5
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is an S-CG cut. Taking the limit of this inequality as 6 — 0, we can infer that 2zy + 22 + 23+ x4 > 2 is
valid for Pg. As this inequality is facet-defining for Py, it is also facet-defining for Pg 2 P;. O

We next illustrate this fact in Figure 5.2, where S C Z?2 is the set of black points, and P C R? is the
blue triangle. Observe that the closure has a facet that is not defined by an S-CG cut. The supporting
hyperplane for P (which is parallel to this inequality — depicted with a thick line) also touches a point
in S.

Figure 5.2: Some facets are not defined by S-CG inequalities

The polar lemma

We next show an important property of closures of polyhedra with respect to an infinite family of valid
inequalities. The following lemma will be useful:

Lemma 5.3 (Polar lemma; see [56]). Let P C R™ and H C R"*! be rational polyhedra. Assume that
HNZ" ! is nonempty and is contained in the recession cone of H, denoted rec(H). Then

ﬂ {xeP: ar <P} = ﬂ {xeP: axr < B}. (5.5)

(e,B)eHNZ"+1 (a,B)E€rec(H)

Moreover, both sets are rational polyhedra.

Proof. By Meyer’s Theorem [100], as H N Z"*! is nonempty, conv(H N Z"*1) is a rational polyhedron
and has the same recession cone as H, namely rec(H). Let P; denote the set on the left-hand-side of
equation (5.5), and let P, denote the right-hand-side set. As H NZ"T! C rec(H), P, is a subset of P;.
We will show, by contradiction, that for any (a, 8) € rec(H), ax < f§ is valid for P;, thereby proving that
P, C P,. Assume this is false. Then there exist (a, 8) € rec(H) and T € Py such that az > . Consider
an arbitrary (o, 3°) € HNZ"*!; then oz < 8° as # € P;. Therefore, we can choose a positive y such
that u(az — 8) > B° — az. So, we have

(® 4 pa)z > B° + up. (5.6)
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On the other hand, since (a, 8%) € HNZ"*! C conv(HNZ" ) and («, B) € rec(H) = rec(conv(HNZ" 1)),
it follows that (a, 8°) + u(a, B) € conv(H NZ" ). Every vector of HNZ"+! defines a valid inequality for
Py, and — by convexity — so does every vector of conv(HNZ" 1), implying in turn that (a®+pa)z < 0+pu8,
a contradiction to (5.6). Therefore, Py = P5.

To complete the proof, we show that P, is a rational polyhedron. As H is a rational polyhedron,
rec(H) is a rational polyhedral cone, and therefore, there exist (!, 81),..., (a", ") € rec(H)NQ"*! such

that any (o, 8) € rec(H) can be written as a conic combination of these vectors. Therefore, P; is equal to
{reP:a'x<pi=1,...,r}, so Py is a rational polyhedron, as required. O

By Lemma 5.3, it suffices to argue the existence of a rational polyhedron H C R™*! such that one can
obtain the S-Chvétal closure of a rational polyhedron P C R™ after applying ax < f3 for (o, ) € HNZ"™ L.

5.2 S-Chvatal closure for finite number of integer points

Recall that Theorem 1.15 by Dunkel and Schulz [56] states that the S-Chvétal closure of a rational polytope
contained in the unit hypercube is polyhedral for S = {0,1}". We extend this result to the case when S
is any arbitrary finite subset of Z™.

Theorem 5.4 ([53]). Let S be a finite subset of Z™, and let P C R™ be a rational polyhedron. Then the
S-Chuvdtal closure Pg is a rational polyhedron.

Proof. Let P = {x € R" : Az < b} be a rational polyhedron, where A € Z™*™ and b € Z™. Without
loss of generality, we may assume that Pg # () and that Pg is properly contained in P. Recall that Pg
is described by the S-CG cuts obtained from vectors in IT} (5.4). Take an («,3) € II},. The S-CG
cut ax < |B]s,q derived from ax < 8 partitions S into the following two sets:

L={ze8: az<|flsa; and G={z€S: az> F}.

Moreover, as S is finite, there is a finite number of such partitions. Therefore,

Ps = ﬂ Pi.q)
(L,G)€eIN(S)

where I1(5) is the family of all possible partitions of S and P, ) is the set obtained after applying all
S-CG cuts that partition S into L and G. Tt is possible that, for some partition (L, G), there might not
be any valid inequalities that partition S into L and G. In such a case, we let P gy = P.

Claim. Let (L,G) be a partition of S. Then Pp.qy={x € P: ax <, Y(a,7v) € Hp,q)}, where

(a,8) = (AA,AD),
_ n+1 . m az <7, VzeL
H(L,G)_ (Oé/Y)EZ : H(ﬁ,)\)ERXR+ s.t. az ZB—F%, Vze G
v <P

and A is the product of all distinct sub-determinants of A.
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Proof of Claim. Take an (a, ) € Il such that az < [B]g for all z € L and az > f for all z € G.
We will argue that (o, |3]s,«) is contained in the set Hy ). As (o, ) € lp, we have a € Z" and
f = max{ax : x € P}. Then there is an A € R’ such that (a,f) = (AA,Ab). If G is empty, then
(o, |Bls,a) € Hip,e). Alternatively, if G # (), then as 8 = max{ax : 2 € P} where a is integral, § has
to be an integral multiple of i. This implies that for any integral point z, if 8 < az then 8 < az — %.
Hence, for all z € GG, we have § < az — %, and therefore, o, 8, | 8]s,q, A satisfy the constraints describing

Hp, ). Consequently, (o, |B]s,a) € Hr,q), as desired.

In fact, for any (a,7) € H(z, @), it can be proved that ax < v is a valid S-CG cut. That is because
a, 3,7, A for some 3, A satisfy the constraints describing H(y, ), so it follows that ax < 3 is valid for P,
and as there is no point z € § such that 8 > az > 7, ar < v is a valid S-CG cut. This implies that
Prgy ={r € P: ar <, V(a,v) € H( )}, as required. &

The recession cone of the linear programming relaxation of Hr, ¢y is

(@, 8) = (AA,\b),
n m az <7, Vze L
C(L,G): (a,’y)GR +1: H(B’A)ERXRJ'_ s.t. az 2;’ Ve e G )
v <pB

and as % > 0, we have H; o) € C(1,g)- Then Lemma 5.3 implies that {x € P : ax < v, V(a,7) €
Hipat={reP: ar <v, ¥(a,7) € C1,¢)} and that Py ¢ is a rational polyhedron. Recall that Ps
is the intersection of Py ¢y for all partitions (L, G) of S such that H, ¢y # 0. Since the number of such
partitions (L, G) of S is finite, Pg is a rational polyhedron. O

As a direct corollary of Theorem 5.4, we obtain the following:

Corollary 5.5 ([53]). Let S = [(,u] N Z"™ for some £,u € Z™ such that £ < u, and let P C [{,u] be a
rational polyhedron. Then, Ps is a rational polyhedron.

Notice that the set Cr, o) in the proof of Theorem 5.4 might strictly contain the set H(p, ). Therefore,
for some «, 3,7, A that satisfy the constraints describing C(r, ), we might have a point 2z € G that satisfies
az = (. In this case, |8]s,o = S > 7 and therefore the inequality ax < 7 cannot be obtained as an
S-CG cut from az < 5. In the example in the proof of Proposition 1.17, the limiting inequality that is
facet-defining for the S-Chvatal closure but is not an S-CG cut precisely falls into this category.

5.3 Integer points in a cylinder

In § 5.2, we showed that Pg is a rational polyhedron if S is a finite subset of Z™ and P is a rational
polyhedron. In this section, we consider the case where

S =T x Z' for some finite T C Z", (5.7)

P={(z,y) e R" xR': Az + Cy < b}, (5.8)
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and the matrices A, C,b have integral entries and m rows and n,[,1 columns, respectively. For this case
we will prove that Pg is a rational polyhedron.

As before, let IIp be the set of all vectors that define (supporting) valid inequalities for P with integral
left-hand-side coefficients:

Ip ={(a,7,8) €Z" xZ' x R : INERY st. (a,7,8) = (AA,AC,\b),
B = max{az+vy: (x,y) € P}}. (5.9)

Clearly, IIp can be partitioned into the sets Iy and IIp \ Iy where
Iy = {(a,7,8) € llp : v = 0} (5.10)

In (5.10), 0 is the vector of all zeros of appropriate dimension. By Remark 5.2, Ps = Ps 1, N Ps 11,\11,-
To prove that Pg is a rational polyhedron, we will first argue that Pgy, is a rational polyhedron. This
result follows from the lemma below, which will also be used in § 5.4.

Lemma 5.6 (Projection lemma [53]). Let T, S and P be defined as
S=Tx7 for someT CZ" and P ={(z,y) € R" xR': Az + Cy < b},

and the matrices A, C, b have integral components and m rows andn,l, 1 columns, respectively. Let T C I,
and let @ = {(a, 8) e R" xR : (,0,8) € I'}. If Q = proj,(P), then,

PS,F =PnN (QT7Q X Rl) .
Proof. We first argue that Qr q = proj,(Psr). For any (a,8) € Q (ie., (a,0,3) € I'), we have

|B]7,a = max{azr:z € T,ar < f} = max{ax : (z,y) € S,ax < B} = [B]5,(a,0)-

Let (z,y) € Psr. Then for any (o, 3) € Q, we have axz < [8]g,(a,0) and thus az < |f]1,q, implying
in turn that © € Qr.q. Conversely, let * € Qr.o. As 2 € Q, there exists y € R! such that (z,y) € P.
Then for any («,0,3) € I', we have ax < |f]71,o and thus ax < |f]g (a,0), Which in turn implies that
(x,y) € Pgp. Therefore, Q7o = proj,(Psr), and it follows that

Psr C PN (Qra x RY).

Suppose for a contradiction that Psr # PN (Qrq x RY). Then there exists a point (z,7) € P such
that z € Qr,o and (Z,9) & Pgr. Since (Z,y) € P\ Psr, there must exist some (o, 0,5) € I' such that
aZ > | 3]s (a,0) and therefore o > 8] r,q, a contradiction as Z € Qr,q. Therefore, Psr = PN(Qr 0 xRY,
as required. O

Notice that T C Z" in the statement in Lemma 5.6 does not need to be finite.

Lemma 5.7 ([53]). Let S and P be defined as in (5.7)—(5.8), and let Ty be defined as in (5.10). Then
Ps 1, s a rational polyhedron.
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Proof. Let Q = {(a, ) € R" xR : (,0,5) € IIp}, and let Q = proj,(P). Then it follows that Q = Ilg,
and therefore, Qr.o = Qr. So, Theorem 5.4 implies that Q7 o is a rational polyhedron. Moreover, by
Lemma 5.6, Ps, = PN (QT)Q X Rl), implying in turn that Pg yy, is a rational polyhedron. O

The Chviétal closure of P is described by AAx 4+ ACy < [Ab] for X € R such that (AA,\C) € Z"
and 0 < A < 1 [108]. So, a CG cut for a polyhedron is dominated by CG cuts obtained via bounded
multipliers. For convention, we assume that an inequality dominates, or is dominated by, itself. The next
result for S-CG cuts is analogous to this result. We define the following constant U that depends on P
and T as follows:

U=max{1"|b— Az|: 2 € T}. (5.11)

where |b — Ax| denotes the vector whose entries are the absolute values of the entries of b — Az. Given a
vector 7, let g.c.d.(y) denote the greatest common divisor of the entries of ~.

Lemma 5.8 ([53]). Let S, T, P and Ilp be defined as in (5.7)~(5.9). Then for any (o, ) € Ilp, there

exists (o/,', B") € Ilp that satisfies the following:

(1) the S-CG cut derived from (¢/,~', 8") dominates the S-CG cut derived from (a,~, 3),

(2) either v/ = 0 or, letting ¢ = g.c.d.(y'), there exists p € R™ with 0 < p < ¢'1 such that (a)
(o, B8") = (A, uC, pd) and (b) | — x| < g'U for allz € T.

Proof. Let (a7, ) € llp. By the definition of Ip, we have (a, v, ) = (AA, AC, \b) for some A € R, and
a, 7y are integral vectors. If v = 0, then the S-CG cut derived from (a, 7, 3) = («, 0, 8) dominates itself.
Thus we assume that v # 0. Let g denote g.c.d.(y). If A; < g fori=1,...,m, then (¢/,8",7") = (o, 8,7)
is the desired vector as |3 —ax| < g17|b— Az|, and therefore, we may assume that this is not the case. Let
8, € R™ be defined by §; = g|\;/g] and p = A—4. Clearly, §; > 0and 0 < p; < g foreach i € {1,...,m}
(here p; = \; (mod g)). Let (o/,+,8) = u(A, C,b). Then o’z +~'y < ' is also a valid inequality.

Claim. 5] (ar) +0b < | B s ()

Proof of Claim. Let w = (o,) and v = (¢/,7). Suppose for a contradiction that |5'|g, + 0b > [8]s.-
Then

1B]su <0b+ [B']sw=08— (8= B]s0) < B. (5.12)
As | '] s,v is finite, there exists (Z,§) € S such that &'Z ++'§ = | 8| s, implying in turn that

§b+ [ |s0=0b+ (a — AT + (v — §C)y.
Substituting this expression in (5.12) and rearranging terms, we get
|B]su —aZ < db—0AT + (v —0C)y < B — az. (5.13)

As all components of the vectors § and ~ are multiples of g, and A, C,b, T,y are all integral, the expression

;((519 _5AZ + (v — 5C)) (5.14)
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is an integer. Since é’y is an integral vector with g.c.d.(é’y) = 1, there exists § € Z' such that %’ygj is

equal to the integer in (5.14), or equivalently
vy = 0b— AT + (v — 0C)y.
Substituting the right-hand-side of the above equation by g in (5.13), we obtain

[Blsu—aZ <) <f—ax

which implies that
1Blsu < aZ +vy < B.
As (z,9) € S, we get a contradiction. Therefore, it follows that |5'] s, + db < |B]s,u, as required. <&

Adding 6(Az + Cy) < 6b to o'z + 'y < | s,(ar 1), We obtain ax + vy < |5 (ar 47y + 0b, implying
in turn that ax + vy < [B]s,(a,5) is dominated by the inequality o’z 4+ 'y < |5 |5, (ar 4. If v/ = 0, the
proof is complete. If 4" # 0, then we note that all components of 7' are multiples of g as 7/ = v — § and
all components of v and ¢ are multiples of g. Therefore, g.c.d.(y') = ¢’ = kg for some positive integer k
and as 0 < p; < g, we have 0 < p; < ¢/, for alli=1,...,m and (a) holds. To see that (b) also holds, note
that 8/ — o'z = ub — pAxz = p(b— Az) for all z € T. As A and b are fixed, and T is a finite set of integers,
and 0 < p < ¢'1, the result follows with U defined in (5.11). O

Using Lemma 5.8, we can prove the following theorem:

Theorem 5.9 ([53]). Let S =T x Z! for some finite T C Z", and let P C R™*! be a rational polyhedron.
Then Pg is a rational polyhedron.

Proof. If Ps = (), then Pg is trivially polyhedral. Thus, we may assume that Pgs # @ and that PNconv(S) #
(. Let P,IIp and Il be defined as in (5.7)-(5.10). Remark 5.2 implies that Py = Ps 11, N Ps ,\1m1,, and
Lemma 5.7 implies that Pg 1, is a rational polyhedron.

Let © =Z'N{6C:0<6<1},and let T = {2',..., 2T} and T = {1,...,|T|}. Let U be defined as
in (5.11). Given p € © and ¢ € [-U,U]!"!, we define H, s as follows:

(a,7,8) = (A AC,\D),
ar' +g(li+1)—%x > B, Viel,
BeER azt+gl; < 5 Viel
(a,7,9) m L= w ’
H(H,@) = EZn—HJ’_l : d )\GRJ’_ s.t. A < 917
gez 5 < B
Y= gu,
g > 1

Claim 1. Let (o, 7,8) € IIp \ Iy, Then (a,v, | 8] s,(ay)) € Hiue) for some p€ © and £ € [-U, UjiT.

Proof of Claim. Take a vector (a,7, ) € IIp \ Iy whose corresponding S-CG cut ax + vy < 8] (a,y)
is dominated by no other S-CG cut. Then v # 0 and 8 = max{az + vy : (z,y) € P}. Moreover,
by Lemma 5.8, we may assume that g.c.d.(y) = g for some g € Z, and («a,7,5) = A(4,C,b) for some
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A such that 0 < XA < gl. As v/g = (A\/g)C is an integral vector and 0 < \/g < 1, we see that
v/g €O =7Z'N{6C:0 < <1}. Therefore, ¥ = gy for some 1 € O.

By our choice of U in (5.11), for each i € I, there exists an integer ¢; € [-U, U] such that
gl < B —ax’ < g(l; +1). (5.15)

As f = max{az+vy : (z,y) € P} is finite, the maximum is achieved at a point in a minimal face of P. We
may assume that this point is rational with all denominators of its components equal to a subdeterminant
of (A,C). Therefore, § is an integer multiple of % for some A > 0 that only depends on the data in
(A,C). Hence, 8 < ax’ + g(l; +1) — % for all 4 € I. Let ¢ denote the vector whose entries are ¢;, ¢ € I.
As the components of y = %ﬂy are relatively prime, we can find a vector y* € Z' such that uy’ = ¢; for

all i € I. So, yy' = g{;, and it follows from (5.15) that ax® + yy* < B. Since (2%, y%) € S, we have that
art + gl; < | 8] S,(ayy)- Therefore, (o, v, | B8] s (a,y)) € H(pue), as required. <&

Claim 2. Let yu € © and { € [~U,U|T!. Then ax +~y <6 for every (a,7,9) € H .0y is valid for Ps.

Proof of Claim. As (a,7v,0) € H, ), there exists some > ¢ such that the inequality ax 4 vy < § is
valid for P. Moreover, § > max{ax’ + g/; : i € I}. Suppose for a contradiction that max{az® + gf; : i €
I} < |B]s,(ay)- Then az’ + gl; < |B]s ) for all i € I. As § is finite, so is |B]g,(a,y), and therefore
1818 () = azx® + yy* for some k € I and y* € Z'. This implies that

az® + gl < [Bls,an = az® + 95" < B < az® + gl +1).
Subtracting az® throughout, we obtain
9l <vy" < gl +1),

a contradiction as v = gu and yy* is a multiple of g. Hence, it follows that max{ax® + g¢; : i € I} >
18]35, (a,y), implying in turn that § > | 3]s, (a,y) and that ax + vy < ¢ is valid for Pg, as required. <&

If H, ¢ is not empty, then the convex hull of H(, ¢ is contained in its recession cone. For such u € ©
and ¢ € [-U,U]'TI, let P = {(z,y) € P:ax+yy <6, Y(o,v,0) € H(, )} Then, by Lemma 5.3,
P,.¢) is a rational polyhedron. By Claims 1 and 2, after letting P, ¢ := P when H, ;) = (), we have that

PS = PS’HO M m P(;L,@)a
(ne®,Le[-U,U]ITI)

implying in turn that Pg is a rational polyhedron. O

As a directly corollary of Theorem 5.9, we obtain the following result:

Corollary 5.10 ([53]). Let T = {x € R" : u < x < v} for some u < v € Z", and let S = (T NZ") x ZL.
Let P C R™ be a rational polyhedron. Then Ps is a rational polyhedron.
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5.4 Integer points with bounds on components

In this section, we consider the set
Sa = {(zl,zzl,zzu,zg) € LM X LN X I x I : 2t e Tg, 22 > 12, 224 < u®} (5.16)

where T C Z™ is finite, £2 € Z™, u? € Z™+. We will show that the Sg-Chvétal closure of a rational
polyhedron is again a rational polyhedron. To simplify the proof, we start with showing that if the result
holds for the Sc-Chvatal closure of a rational polyhedron, where no = no; + nay,

SC = TC X ZT_,'L_Q X an’ (517)

and T C Z7' is finite, then it also holds for the Sg-Chvétal closure. Throughout, we use N; to denote
{1,...,n1}, and similarly, we use Ny and N3 to denote {1,...,n2} and {1,...,n3}.

Remember that a unimodular transformation is a mapping 7 : R® — R” which maps =z € R” to
Uz + v € R" for some unimodular matrix U € R™*™ and some integral vector v € Z™. Also note that the

inverse mapping 7! is a unimodular transformation and that 7= !(z) = U~ 'z — U~ lw.

Lemma 5.11 (Unimodular mapping lemma [53]). Let S C Z™ and P C R™ be a rational polyhedron
contained in conv(S). Let T be a unimodular transformation that maps x € R™ to Uz + v for some
unimodular matriz U € R™*™ and v € Z". Then 7(P) C conv(7(S)), and for any II C Ip,

T(Psm) = 7(P)r(s),r(m)

where T(IT) := {(7U 1, mg + 7U 1) : (m,m) € I} C I, (py. Moreover, T7(Ps) = 7(P);(s)-

Proof. Tt is clear that 7(conv(S)) = conv(7(S)). As 7 is a linear transformation and P C conv(S),
it follows that 7(P) C conv(7(S)). For any (m,m9) € Z" x R, we have 7 ({x e R": mx <mp}) =
{y e R™: 777 (y) < mo}, which implies that mz < m is valid for P if and only if 7U 'y < mo + 7U v
is valid for 7(P). Moreover,
T({z €R™: |mo)s- <mx <mo})={y eR": |molsr+7U v <aU ly<mo+aU v},
This implies that |m + WU’leT(s)mel = |mo)s.» +7U 1v. As a result,
T{z eR": 7z < |molsx}) ={y €R™: aU 'y < |mo+7U "] r(5)yn0-1} -

Therefore, we get 7(Ps,i1) = 7(P)-(s),-(n)- In particular, when II = IIp, we have 7(Ps) = 7(P).(s). O

Using Lemma 5.11, we next show that we can simply work with S¢ of the form (5.17) instead of Sg.

Lemma 5.12 ([53]). If the S¢-Chvdtal closure of a rational polyhedron is always a rational polyhedron
for every Sc of the form (5.17), then so is the Sg-Chuvdtal closure of a rational polyhedron for every Sg
of the form (5.16).

Proof. As Tg is finite, T C [¢*,u'] for some ¢',u! € Z™. Let 7 : R® — R" be the unimodular
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transformation defined as follows:
T(x) =71 ((a:l,xz,:er,:v4)) = (xl — 0t 2?2 —ad b, 1:4)

for z = (2',2?,2% 2%) € R™ x R" x R"™« x R". Then 7(S¢) = T x Z? x Z"3 where T¢ =
{z—¢":2€Tg} and ny = ny + nau. Notice that T is contained in [0,u] where u := u! — (' > 0.
By Lemma 5.11, for any rational polyhedron P, we have 7(Ps,) = 7(P)s.. Therefore, Pg,, is a rational
polyhedron if and only if 7(P)g,, is a rational polyhedron. O

By Lemma 5.12, we may simply work with S¢ of the form (5.17), i.e. S¢ =T x Z1? x Z" for some
finite T C Z7".

Lemma 5.13 ([53]). Let S¢ = To x ZI? x Z™* for some finite Tc C Z1', and let P C conv(Sc) be a
rational polyhedron. Then
PSC = PSU n PSC,H}JS N PSC,H;

where Sy :=To X Z™* X ™3, and
I} = {(m,m) €llp: m=(x',7%,0), 72 >0},

Iy = {(m,m) €llp: m=(x!,7%0), 72 <0}.

Proof. Notice that Sy is obtained from S¢ after relaxing the nonnegativity restriction on the second part
of variables and that S¢ C Sy, so Ps, C Ps, by Remark 5.1. To prove the claim, we will argue that if
mx < |70 50,7, the S-CG cut derived from (m,my) € IIp, is violated by a point in Ps,, then it must be the
case that (7, m) € I UTI5.

Let (m,m) € Ilp where m = (n!, 7%, 73) € Z™ x Z™ x Z"3. If |70 |se.n = |70 s,.7, then the associated
Sc-CG cut mx < |mo]g,,» is the same as the associated Sp-CG cut, implying that any Sc-CG cut that
is violated by a point Pg, must have |mo]s.,» < |70]s,,»- This means that while Sy contains a point
z = (2%, 2%, 2%) such that mz = |mo]s, x, there is no such point in Sc.

Suppose for a contradiction that 72 # 0. Then 71'? # 0 for some j € N3. Let r = (rt,r2,r3) €
7™ x 7™ x 7' where

3 .
rt =0, r? = |xd| Zeé, r3:—|:€3} (Z 71'12) e},

i€ No J i€ Na

and ¢} denotes the i*" unit vector in R™> and ¢} denotes the 5 unit vector in R”>. As 72 > 0, there
exists a sufficiently large integer N such that 7222 + Nr2 > 0, and therefore, z + Nr € Sc. Moreover, it
can be readily checked that 7r = 0 and that w(z + Nr) = 7z, implying in turn that |mo]s..» = [T0] sy,
a contradiction to our assumption that |7 s. » < [70]s,.»- Therefore, it follows that 73 = 0.

Next we argue that either 72 > 0 or 72 < 0 must hold. Suppose for a contradiction that there are
distinct i, € Ny such that 77 > 0 and 75 < 0. Let J* = {i € Ny : 7} > 0} and J~ := {j € Ny : 75 < 0}.
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As before, we construct a vector r = (rl,r? r3) € Z™ x Z"2 x Z"* where

rl =0, r2—<Z7ri2>Zeg+ 72752- Zeé, 3 =0.

ieJt jeEJ— jeJ— ieJt

As 72 > 0, there exists an integer N such that 7222 + N2 > 0 and therefore z + Nr € So. Moreover,
note that 7r = 0, and therefore, 7(z + Nr) = 7z, which implies that |7y |sc.» = [70]s,,7» & contradiction.
Therefore, it follows that 72 > 0 or 72 < 0 holds, as desired. O

By Lemma 5.13, to show that Pg, is a rational polyhedron, it is sufficient to show that both PSC s
and Pg_ 1, are rational polyhedra. Next, we partition H; and 11, according to the sign pattern of the

components of 7. For J C Ny, we let
It = {(mm) €My : m >0Vj€ ], m <0 Vje N\ J},

I} = {(mm) €Mp: m} <OVjeJ m} >0 VjeN\J}.
Then it follows from Lemma 5.13 that
Ps, = Ps, N (ﬂJgNl PSC,HIJf) N (ﬂJgNl PSC,HIJJ)' (5.18)
Hence, we need to prove that PSC,Hﬁr and PSC’H‘IJ)— are rational polyhedra for all J C N;. The following

lemma will be useful:

Lemma 5.14 ([53]). Let S¢ = To x ZI? x Z™* for some finite Tc C Z1', and let P C conv(Sc) be a
rational polyhedron. Then Ps. is a rational polyhedron, provided that Q, y~i+ and Q, y~- are rational
Ho el

polyhedra for every L = T' < 2> x "3 where T" C Z* is finite and every rational polyhedron @ C conv(L).

Proof. Let J C Ny, and let u € Z7' be such that T C [0,u]. Consider the unimodular transformation
7 : R™ — R™ that maps z € R” to y = 7(z) € R™ where

—Ti + U4, lf’LENl\J
Yi = .
5, otherwise.

Let Q := 7(P) and L := 7(S¢). Then L = T" x Z*> x Z™* for some T' C [0,u] N Z™ . It follows from
Lemma 5.11 that @ C conv(L). Moreover, Lemma 5.11 implies that Pg_ mi = 7 HQ, gm+) and that
: e

Pg - = T_I(QL’Hgl—) where
HglJr = {(7r,7r0) €llg: m=(x',7%0) > 0} , (5.19)
ng ={(m,m) €llg: m=(x",7n%,0) <0}. (5.20)

Hence, if Q; v+ and @, ;~:- are rational polyhedra for every rational polyhedron @ C R™ and L =
o o

T’ x Z1? x 2" for T" C 77" finite, then PSC7H£+ and PSc,Hé’ are rational polyhedra for all J C N;. So,

by (5.18), Ps,, is a rational polyhedron. O
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Finally, we observe that one only needs to study the following narrow case to prove the main result:

Proposition 5.15 ([53]). Let S¢ = Te x Z? x 23 for some finite Tc C Z1}', and let P C conv(Sc) be
a rational polyhedron. Then Ps. is a rational polyhedron, provided that WS’H%‘V and WSHVDV, where

Yy, .= %(7‘1’,7‘(‘0) elly : = (rt,7%) > O%,
HD o 1
W

are rational polyhedra for every S =T x Z*, T C Z* finite, and every rational polyhedron W C conv(S).

Proof. Let L = T x Z1? x Z™ where T' C Z'" is finite, and let @ C conv(L) be a rational polyhedron.
Let HglJr and ng be defined as in (5.19)-(5.20). By Lemma 5.6, Q, ;»+ and @, v~ are rational
9 Q b Q

polyhedra, provided that Wsﬂ% and WS’H% are rational polyhedra where W = projgn, «gn. (Q) and
S = projgny xgna (L) =T x Z12. So, it follows from Lemma 5.14 that Pg is a rational polyhedron. O
5.4.1 Covering polyhedra
In this section, we consider covering polyhedra of the form

Pt = {x ER": Az > b}, (5.21)
where A € Z*" and b € Z7. In this section, we will prove that if PT C conv(S) where

S=TxZ7y?, TCZ finite, n=mn;+ne,

then Pg is a rational polyhedron. Notice that every valid inequality for PT is of the form

ar>p, a>0,3>0.

Given (o, 3) € Z™ x R such that ax > B is valid for PT, the S-CG cut obtained from ax > 3 has the
following form:

az > [B]s.a
where
min{az: z€ S, az>p} if {z€S: az>p}#0
’Vﬁ—l S, = _L_BJ S,—a = .
+o00 otherwise
We assume for convention that {z € R™ : ax > +oo} = (). Hereinafter, we use notations N = {1,...,n; +
not, I1 ={1,...,n1} and I = {ny + 1,...,n; + na} for convenience.

We define the support of a vector v € R™ to be the set S C {1,...,n} such that v; # 0 if and only if
i € S, and we denote this by support(v). For any set I C {1,...,n}, we let support(v, I) = support(v) NI
and we refer to this set as the support of v on I. Let («, 8) € R™ x R. For j € support(«), the intercept
of the hyperplane {x € R™ : ax = } on the nonnegative axis {x € R’ : x; = 0 for all i # j} equals
B/a; (and for convenience is referred to simply as an “intercept”). In the next result, we show that if
all nondominated S-CG cuts for PT have bounded intercepts (in the components corresponding to the
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support of the cut on Iy), then Pg is a rational polyhedron. The following lemma will be useful in proving
that Pg is a rational polyhedron. Notice that, as PT = {z € R" : —Ax < —b},

Mpr = {(—~a,—B) €Z" xR : INERT st. a=AA4, B < Ab} (5.22)
and that
Y ={(~a,—B) €Upr : B =min{azr:zc PT}}. (5.23)
Lemma 5.16 ([53]). Let M* be a positive integer, and let
II={(e,): (—a,—pB) € Ipr, B/a; < M* for all j € support(a, Is)}. (5.24)

Then Pg,n is a rational polyhedron.

Proof. Let S* =T x {1,...,M*}™. Then S* is a finite subset of S, and by Remark 5.1, P;*ﬂ - P;H.
We claim the following:

Claim 1. Pl ;= Pl

Proof of Claim. Let («,3) € I. Then ax > f is valid for PT, >0, 3 >0, and 0 < 8/a; < M* for every
j € I such that o;; > 0. It is sufficient to show that [8]s-o = [B]s,a. Let 2* = (2',2%) € S =T x Z1}?
be such that

az" = [Blsa =min{az: z€ 5, az > 5} (5.25)

If z* € S*, then az* = [Bs+,a; 0 [Bls .o = [F]s,« is satisfied. Thus, we may assume that z* ¢ S*.
Then for some j € [ny], the j** component of 22 is larger than M*. Let 22 be what is obtained from 22 by
reducing the component to M*. Clearly (z!,22) € S. If a; > 0, then (2!, 2?) satisfies that a(z!,22) > 3
—as a;M* > B - and that a(z!,2%) < az*, a contradiction to (5.25). This implies that a; = 0, so
az* = a(z!, 2?). Repeating this argument for each component of z? larger than M*, we may assume that
there exists zZ € S* such that az* = oz, implying in turn that [8]s+ o = [F]s,o. Therefore, Pg*,n = Pgﬂ,
as required.

By Claim 1, it suffices to show that Pg*’n is a rational polyhedron. The rest of the proof is similar to
that of Theorem 5.4. We write II = Urcr,II(I) where

I(I) = {(e,8) €l : ; >0 if and only if j € I}
and II(I) = Ugcs-1I(I, G) where
II(I,G) = {(a,ﬁ) €II(I): az > [B]s+ o if and only if z € G}.

Consequently,
Pg*,H = Urcr, Ugcs+ P;*,H(I,G)’
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We will show that P;* (1,6 is a rational polyhedron for every I C Iy and G C S*. Given I C I, and
G C 57, let H(1 ) be defined as

a = M,
B < Ab,
az > 0, Vze G
1 *
Hig =} (a,6)eztt ;3 < ){366}1[55& ) s.t. ag § g X VZESNG
(o7} > 1, Viel
aj = 0, Vje N\ T
M*a; > B, Vjel

where A is the product of all distinct nonzero sub-determinants of A.
Claim 2. Let (o, () € II(I,G). Then (o, [Bls.a) € Hi,q)-

Proof of Claim. As (a, 3) € 11, it follows from (5.23) and (5.24) that 8 = min{axz : x € PT}. Therefore,
B is an integer multiple of 1/A. Since az < 8 for z € S* \ G and az is an integer, it follows that
az < 8 — i. It can also be checked that 6 = [§] g+, together with «, 5 satisfies the constraints defining
H(1,cy. Therefore, (o, [B]s+.a) € H(1,c), as required. &

Claim 3. Let (o, 6) € H(; ). Then ax > § is valid for PT*,H([,G)'

Proof of Claim. There exists 8 such that «,d together with 3 satisfy the constraints in H(; ). Notice
that ax > 3 is valid for PT and that 8 < § < [S]s+.a. Therefore, az > § is implied by az > [B]s+.a, 50

ax > § is valid for P;*VH(I’G), as required. &
By Claims 2 and 3,
T _ .
PS*7H(I7G) = ﬂ {xGPT. axzé},
(v,0)€EH(1,0)
and by Lemma 5.3,
T _ .
PS*7H(17G) = ﬂ {xEPT. axzé}
(a,0)€C(1,0)

where C(7 ) denotes the recession cone of the continuous relaxation of Hr ). Moreover, Pg* n(1,6) is a
rational polyhedron.

We will next give a series of results which will show that all nondominated S-CG cuts for P have
“bounded” intercepts, in the sense that these inequalities belong to II defined in (5.24). So, in the end,
we will argue that Pl = P;H.

Let A € R'. For j € [n], let (AA); denote the 4t component of AA, and consider the hyperplane
{z : Mz = X\b}. Notice that if each row a; of A has the same support as AA, then the intercept on the
positive z; axis must lie between min;{b;/a;;} and max;{b;/a;;} for any j in support(AA). In other words,
all intercepts are trivially bounded by a function of A and b. Therefore, the difficult case for us is when
not all rows of A have the same support. In that case, a;; = 0 for some 4, and therefore, max;{b;/a;;} is
unbounded and the intercept on the positive x; axis can be arbitrarily large.
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Definition 5.17 ([53]). Let A € R}, and let o : [m] — [m] be a non-increasing order of the components
m A, i.e. )\6(1) > 2> )\J(m).

o t(\ A) is defined as

J
t(A, A) = min {j e{l,...,m}: U support(aq(;), I2) = support (AA, IQ)} . (5.26)

i=1

In words, t(\, A) denotes the smallest index j € {1,...,m} such that the support of Z{Zl Ao (i) o (i)
on Iy is the same as the support of NA =371 Ay(iyae@y on Ia.

o The tilting ratio of A with respect to A, denoted r(X, A), is defined as Ay(1)/Ao(t(r,4))-
In particular, Ay(1y, .-, Ao(e(r,4)) > 0 and 7(X, A) > 0.

We will later show (in Theorem 5.22) that for any A € R, if (A, A) is bounded above by a constant that
depends only on A and b, then the intercepts of {x : AAx = Ab} corresponding to I are also bounded
above by a constant that depends only on A and b. We next focus on bounding r(X, A) for A € R defining
a nondominated S-CG cut for P, with the bounding constants (that depend only on A and b, not on the
cut) defined below.

Definition 5.18 ([53]). Let B = max{b; : ¢ € [m]}, C = min{a,; : a;; # 0,7 € [m],j € [n]}, and D =
it Z?:l Q-

M, =2(mB +2D). (5.27)
is1 i—1
M; = | 2mB [ M; M, fori=2,...,m—1. (5.28)
j=1
m—1
M= T[ m;. (5.29)

It can be readily observed that
Remark 5.19 ([53]). Let My,...,M,,—1 and M be defined as in Definition 5.18. Then we have My > 4
asm,B,D>1. and B > 1. Also (M;/M,)*=1) >4 for all i > 2.

We will show in the the following technical lemma that if A € R has tilting ratio r(\, A) > M, then
there exists a p € R’ that defines an S-CG cut dominating the one defined by A, but with ||u||1 < [l —1.
We will need the following well-known result of Dirichlet:

Theorem 5.20 (Simultaneous Diophantine Approximation theorem [55]). Let k be a positive
integer. Given any real numbers r1,...,7; and 0 < € < 1, there exist integers p1,...,pr and q such that

‘ri—%’<§f0ri=1,...,k andlgqg(%)k.

We are ready to prove the following technical lemma:
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Lemma 5.21 ([33]). Let A € R be such that \b = min { Az : x € PT}. Ifr(X\, A) > M, then there exists
p € R that satisfies the following:

(1) llplh < M =1,

(2) pb=min {pAz:z € P},

(3) nAx > [pbls,a dominates XAz > [Ab]g ra.

Proof. After relabeling the rows of Az > b, we may assume that Ay > --- > A,,. If ¢(A\, A) = 1, we have

r(A,A) =1 < M, a contradiction to our assumption. So, t(A, A) > 2. Let ¢ stand for t(\, A). Let A be
defined as

A = min {(/\A)j tj € support()\A,Ig)} ) (5.30)
and let
t—1
k = argmin {()\A)j . j € support (AA, I2) \ U support(a;, Ig)} . (5.31)
i=1

By the definition of ¢, it follows that support (AA, I5) \ Uf;} support(a;, I3) is not empty, and therefore, &
is a well-defined index. Moreover, by the definition of A in (5.30) and that of & in (5.31),

A< (M), =Y Nai <MY aix < D (5.32)
i=t i=t
Notice that \ \ N
ANA) =2 2L =1
r(A A) N g X X N,

so there exists some ¢ € {1,...,¢ — 1} such that

>M=M X x My_1,

Xe/deg1 > My and A/ ANp1 < M;foralli=1,...,0—1. (5.33)
Claim 1. If ¢ > 2, there exist positive integers py > --- > py that satisfy the following:

1 -1
<p%, i€l and pg< <E> : (5.34)

i Di

Ao pe

where € = (M, /M) =1,

Proof of Claim. We define ¢ = (M, /M,)*/ ¢, Tt follows from the Simultaneous Diophantine Approxi-
mation theorem (with k = ¢ —1 and r; = \;/A, for ¢ € [¢ — 1]) that there exist positive integers p1, ..., ps
satisfying (5.34). In fact, we may assume that p; > p;41 > pe, because A; > A\;jq for i =1,...,0 —1. If
p; < piy1 for some i € {1,...,£ — 1}, then increasing p; till it becomes equal to p;y; can only reduce the
value of |A;/ e — pi/pe. <&

By Claim 1, if ¢ > 2, there exist positive integers pi,...,pe that satisfy (5.34). Then we define
U1y o as follows:

MZ_:{ Ai —pi A fori=1,...,¢, (5.35)

i otherwise
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In fact, even when £ = 1, let p be defined as in (5.34) with p; = 1.
Claim 2. p,..., e > peq1 > 0, and in particular, p € R?.

Proof of Claim. Let us consider the £ = 1 case first. Notice that 1 = A\ — A and pu; = \; for ¢ > 2. As
A1 > Mo, it follows that H1 = A —A > M — A, SO by (5.32), 1 > )\Q(Ml — D) This in turn implies
that gy > Ao as M7 — D > 1 by Remark 5.19.

Now consider the case ¢ > 2. Notice that

M .
PZSJ and )\i>&

Mo, i€l 5.36
A, 2pg 4] (5.36)

where the first inequality follows from (5.34) and & = (M, /M,)"/*~) and the second one follows from the
fact that e < % & |Ni/Ae —pi/pe| < e/pe < 1/(2p¢) and the fact that p; > py > 1 for all ¢ > £. We will first
show that u € R'*. Clearly, we have p; > 0 for ¢ > £+ 1, as p; = A; for these values of i. We next show
that wy,..., e > pey1. Let i € {1,...,¢}. By definition, we have

A > Moy > Mipehevr = Ne/pe > Mg

As \; > 2%)\4, we can conclude that

1
Ai > piMidey1/2 and  p; = A — piA > pi(§M1)\e+1 —A)

But as A < DA¢ < DAy41, we can conclude that

1
pi > pi(§M1 — D)Aey1.

Since M1/2 — D > 1 by Remark 5.19 and p; > 1, the inequality above implies that p; > Apy1 = prer1 >0
for all i < £, as required. >

Using Claim 2, we can prove the following:
Claim 3. ||ull1 < ||A|1 — 1, support(pA, Is) = support(AA, Is), and t(u, A) = t(\, A).
Proof of Claim. Since we have py > 1 and A > 1, it follows that ||u||1 < [|A|1 — 1. We next prove that
support(pA, Is) = support(AA, I5) and t(p, A) = t(\, A).
In fact, Claim 2 implies that p; > 0 if and only if \; > 0, for i« = 1,...,m. Therefore, support(uA) =
support(AA) and t(u, A) = t(\, A), as required. <&

Putting Claims 2 and 3 together, it follows that p € R’ and p satisfies (1). Furthermore,
Claim 4. pb = min {qu ‘T € PT}.

Proof of Claim. We assumed that A\b = min {AAz : # € P'}. Recall that PT = {z € R" : Az > b}. By the
complementary slackness, \; > 0 if and only if a;x* = b; for all z* € argmin {)\Ax tx € PT}. Notice that
for all z € PT, pAx > pub. By Claim 2, we know that support(u) = support()), implying in turn that for
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all z* € argmin { Az : z € PT}, pda* =3
as required.

i€support () Hi

b; = pb. Therefore, ub = min {ﬂAm S PT},
&

By Claim 4, p satisfies (2). To complete the proof, we will show that pAx > [ubls ,a dominates
Mz > [Ab]sxa. Let Q = {z € R} : pub < pAx < pb+ A}. We next prove the following claim, which
requires a technical proof:

Claim 5. There is no point x € @ that satisfies

¢ ¢
Zpiaix > 1+ ZP#%% (5.37)
i—1 i—1

Proof of Claim. Suppose for a contradiction that there exists & € Q satisfying (5.37). Recall that k €

support(AA, 1), so by Claim 3, k € support(uA, I3) and thus (uA)g > 0. Let v = (M‘ff)kek. Then

¢
pAv = pb  and Zpiaiv =0 (5.38)
i=1

since k ¢ Uf: support(a;, I) and a;e* = 0 for i < ¢ — 1. Since #,v € Q, 7 satisfies (5.37) and v satisfies
(5.38), we can take a convex combination of these points to get a point Z € @ such that

4 14
Zpiai:ﬁ =1+ szbz (539)
1=1 1=1

As T € Q, we have pAZ < ub+ A, and we can rewrite this inequality as

L m
i=1 j=0+1
First, as ;‘7 — Ll < = by (5.34), we have
AN D & Ae
—_— - — = — = )\127 i + €4
Ao pe pe De w )
where —e < g; < efori=1,...,¢ (g0 can be assumed to be zero). Recall that p; = A\; — p; A for i < ¢

from (5.35) and that Zle pia;T =1+ Zle p;ib; from (5.39), so we can rewrite the left hand side of (5.40)
as the following:

0 ) L Mo ~ Ar A 0 i
;()\i —pid)(a;x — b;) = ;[p?(pi +ei) = piA(aiT — bi) = (ﬁ —A)+ o ;Ei(aix —b). (5.41)
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Therefore, we obtain the following:

14 m
A
l (1 + Zei(ai:f - b2)> S - Z ,uj(ajf - bj) + 2A
pe i=1 =041
“ 1
< > ubj+2A < Aga(mB+2D) = FAer1 M (5.42)

j=l+1

where the first inequality in (5.42) follows from (5.40) and (5.41), the second inequality follows from the
assumption that a; > 0 and ¥ > 0, the third inequality follows from the fact that u; = A\; < Agyq for
i=0+1,...,m by (5.35) and that b; < B by Definition 5.18, and the last equality follows from (5.27).

We will obtain a lower bound on the first term in (5.42). Note that

L

4 14 J4
Z o (aiéf — bl) = Zeiaif — Z Eibi Z —& Z(al.’f + bz) (543)
i=1 i=1 i=1

where the inequality in (5.43) holds because a;z > 0, b; > 0, and —¢ < ¢; < £. So, we need to lower bound
S, (a:Z + b;). Notice that °¢_, b; < mB and that

4 4 14 4
pi -1 b <L pi
; ;p— = <1+;pzbz> < +B;pe (5.44)

where the first inequality follows from p; > py for ¢ < £ by Claim 1 and the second inequality follows from,
again, p; > py for i < ¢ and b; < B. Moreover,

14 -1 -1 £—140—-1

;;ﬁ”;(rﬁpj)*”“ 1)p£+;M +(0-1)= +;}IM (5.45)

where the first inequality follows from % < /\; + for 1< fl-1 by (5.34) and the second inequality

follows from the fact that i‘—[ = Hf;zl )\j‘il (5.44), (5.45) and

Zle b; < mB together, we obtain the following inequality:

14 £—14-1

> (az+b;)<B m+BL+1+ (—1)— +ZHM

i=1 =1 j=1

The term Z Hz ! M can be bounded above by (¢ — 1) H M Moreover, it is not difficult to see
that

1
m+B—£+1+ 471 H
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Therefore,

‘ -1
Z(aii‘ +b;) < Bm H M;
i=1 j=1

It follows from (5.28) and (5.34) that Bm Hﬁ;i M; = 2=, implying in turn that

2e
¢ 1
- E iT+bi) > —-.
Eiil(aer ;) > 5

By (5.43), it follows that Zle gi(a;Z — b;) > —3%. Then the left hand side of (5.42) is lower bounded

by 2/\—1)2, so we obtain A\ < pgAey1M; from (5.42), implying in turn that M, < p,M; as we assumed that
Ao > Myhgy1 (5.33). However, this contradicts the first inequality in (5.36). &

We now claim the following:
Claim 6. ub < [ub]s a < pb+ A.

Proof of Claim. Let a, 8 denote pA, ub, respectively. By Claim 4, we have that 8 = min{ax : z € PT}.
As PT C conv(S), it follows that 3 > min{az : z € S}. If 8 = min{az : z € S}, then B8 = [B]s.. Thus
we may assume that § > min{az : z € S}, so there exists z € S such that 8 > az. Let j € support(a, I5).
Since B;—;” > 0, it follows that z + fﬁ;—f‘ﬂ el € S. Observe that « (z + Vi;—?z]ej) =az+aq; [B;—f’z} and
B < az+ a]fﬁ;?z} < B+ ;. Therefore, we get [f]g+ <+ a; for all j € support(e, I5), implying in
turn by (5.30) that [8]s. < 8+ A, as required. &

Putting Claims 5 and 6 together, we are ready show the last piece of this lemma:
Claim 7. pAzx > [pbls ua is implied by AAx > [Ab]s ra and the inequalities in Az > b.

Proof of Claim. There exists z € S such that pAz = [ub]g 4. Claim 6 implies that pb < pAz < ub+ A.
Then, by Claim 5, it follows that

¢ 1 ¢ ¢
sz’aiz <1+ Zpibi = Zpiaiz = Zpibi - f
i=1 i=1 i=1 i=1

for some integer f € [07 Zle pibl}, as z is integral. Let j = argmin {(AA); : j € support(AA, I3)}. Then,
by (5.30), (AA); = A. Consider z + fe/ € S. Observe that

¢ ¢ ¢
M (z+ fef) = Az + f(AA),; = <uA + AZPi%) z —|—A2pi(bi —a;z) = [pblg,ua + AZpibi,

i=1 i=1 i=1
which implies that AA (z + fe/) = [ub]s,ua + A Zle pib;. Since [ub]s a > pb, we must have

4 0
[b] s+ A pibi > pb+ A pib; = Mb.

=1 i=1
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Then [pbls ua + A Zle pib; > [Ab]s.ra. Hence, the inequality AAz > [Ab]s 4 is dominated by pAx >
[pb]s,ua, as the former is implied by the latter and a nonnegative combination of the inequalities in
Az > b, as required. O

By Claim 7, u satisfies (3), and this finishes the proof. O

Using Lemma 5.21, we can prove the following theorem. Recall that
II={(a,8): (—a,—p) € Upy, f/a; < M* for all j € support(e, I2)}.

Theorem 5.22 ([53]). Pg = P;,H, and in particular, P; is a rational polyhedron.
Proof. By (5.4), P} = P}, ne, - As ITC IT},;, by Remark 5.2, Pl e, C Pl . We will show that az >
P T p )
for every (—a, —) € II},; is valid for Pgn, thereby proving that Pg e, = Pg - To this end, take a vector
. T, .
(a, B) such that (—a, —3) € II},;. It follows from (5.22) and (5.23) that (a, ) = (AA, Ab) for some A € RT
and A\b = min {)\A;v rxr € PT}. After relabeling the rows of Az > b, we may assume that A\; > --- > \,,.

We will first show that for each j € support(AA, I5),

( Cfl’)j < %BT(A,A) (5.46)

0<

Let t stand for ¢(A, A). As A, b, A are nonnegative and (AA); > 0, we have 0 < Ab/(AA),. Furthermore,

TSRV > NS > 1)
(AA); D5 N T A ay iy i

As UU!_, support (a;, I) = support (AA, Iy), we can infer that 0 # aj; > C for some 1 < k < t. Thus
22:1 a;; > C. Besides, each b; < B, and therefore 27;1 b; < mB. We can conclude that (A, A)Ztm;fj <
mB.(\, A) and (5.46) follows. -

Therefore, if r(A\, A) < M, then B/a; = (Ab)/(AA); < M* = mBM/C for each j € support(a, I2),
implying in turn that («, 8) € II and that ax > § is valid for Pg,n' Thus, we may assume that r(A\, A) > M.
Then, by Lemma 5.21, there exists a pu! € R’ such that

o [lutlly < Al -1,
o p'b=min{p! Az :z € PT},

o ptAx > [ptb]s 14 dominates XAz > [Ab] g xa.

We can repeat this argument and construct a sequence of vectors u', 42, ... such that each vector in the
sequence defines an S-CG cut for PT that dominates the previous ones, and |||y < ||u*~!||1 —1. Therefore,
after at most ||\||; iterations, we must obtain a vector u? such that r(u?, A) < M. Then (u? A, u7b) € 11
and p/ Az > p7b is valid for P;,n- As MAx > M\b is implied by @/ Az > /b and Az > b, it follows that
az > [ is valid for P;H.
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Therefore, Pg = P;’H. Since Pg,n is a rational polyhedron by Lemma 5.16, it follows that Pg is a
rational polyhedron, as required. O

5.4.2 Packing polyhedra
In this section, we consider packing polyhedra of the form

Pt = {x ER": Az < b}, (5.47)

where A € Z'*™ and b € Z'}. In this section, we will prove that Pé is a rational polyhedron where
S=TxZy?, TCZ} finite, n=mny+ny.
Notice that every valid inequality for P is of the form
ar<pfB, a>0,3>0.

Hereinafter, we use notations N = {1,...,n1 +no}, 1 ={1,...,nmy} and Ir = {n; + 1,...,n1 + ny} for
convenience. The following lemma will be useful in proving that Pé is a rational polyhedron. Recall that

Mps = {(0,f) €Z" xR : INERT st. a=\A, > b} (5.48)
and that
pr={(e, ) €llpy : f=max{azr:x € Pi}}. (5.49)
Lemma 5.23 ([53]). Let M* be a positive integer, and let
II={(a, ) €eIp, : By < M* for all j € support(c, I2)}. (5.50)

Then P;H is a rational polyhedron.

Proof. The proof is very similar to that of Lemma 5.16. Let S* =T x {1,..., M*}"2. Then S* is a finite
subset of S, and by Remark 5.1, Pé‘*,n C Pé’n. We claim the following:

Claim 1. P, ;= Piy.

Proof of Claim. Let («, ) € I. Then az < f is valid for P+, o >0, 3 >0, and 0 < 8/a; < M* for every
j € Iy such that a; > 0. Let z* = (2!, 2%) € S =T x Z? be such that

az" = |Blse =max{az: z€ S, az <} (5.51)

Let j € Ir. If aj > 0, then 8 < M*a;, implying in turn that z; < M*. If a; = 0, then we may assume
that 27 = 0. Therefore, we may assume that z* € 5%, so it follows that [3]s« o = [3]sa- This implies
that Pé*,n = Pén, as required. &
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By Claim 1, it suffices to show that Pé*,n is a rational polyhedron. We write IT = Uyc 7, II(I) where
I(I) = {(a,8) €Il : o > 0 if and only if j € I}
and II(I) = Upcs-II(I, L) where
(I, L) = {(a,ﬂ) €TI(I): az < | B« if and only if » € L}.

Consequently,
Pg.n = Urcn, Urcs: Py i 1y-

We will show that P.s%* T,z is a rational polyhedron for every I C I and L C S*. Given I C I and
L C S, let Hr 1) be defined as

a = A,
B> b,
az S 57 Vz cL
> 1 *
Hipy =1 (a0) €z - 3( )\5;57;1 ) st 02 g+A» Vze ST\ L
+ >
aj = 1 Vjel
aj = 0, Vj e N\ T
Moy > B, vjiel

where A is the product of all distinct nonzero sub-determinants of A.
Claim 2. Let (o, ) € II(I,L). Then (o, |B]s+.a) € Hy1)-

Proof of Claim. As (a,f3) € I1, it follows from (5.49) and (5.50) that 8 = min{ax : x € P*}. Therefore, /3
is an integer multiple of 1/A. Since az > 8 for z € S*\ L and az is an integer, it follows that az > 5+ %.
It can also be checked that 6 = |35~ o With a, 3 satisfies the constraints defining H; 1). Therefore,
(o, [ B]s+,a) € H(1,1), as required. &

Claim 3. Let (a,0) € H(; py. Then ax < is valid for Pi*’H(LL).

Proof of Claim. There exists 8 such that o,d together with 3 satisfy the constraints in H(; r). Notice
that az < 3 is valid for P¥ and that 8 > & > | 3]s+ . Therefore, az < § is implied by ax < |B] s+ a, 50

ax < § is valid for Pt

S T1(1,L) &S required. O

By Claims 2 & 3 and Lemma 5.3,

P§*7H(I,L): ﬂ {xEP¢: ax§5}= ﬂ {xEP¢: axgé}
(Ot,(s)eH<[7L) (Q,CS)GC(I,L)

where C(; 1) denotes the recession cone of the continuous relaxation of H(; r). Moreover, by Lemma 5.3,

Pé*,H(LL) is a rational polyhedron. O
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As Lemma 5.21, we will prove Lemma 5.24. The proof of Lemma 5.24 is basically the same as that of
Lemma 5.21. Given A € R, as in Definition 5.17, we can define the tilting ratio of A with respect to A,
and we denote it by (A, A). Let B,C, D, M; for i € [m — 1], and M be defined as in Definition 5.18.

Lemma 5.24 ([33]). Let A\ € R be such that Ab = max {\Az :xz € P*}. If r(\,A) > M, then there
exists pu € R that satisfies the following:

(1) |lpll < [[Al =1,
(2) pb=max {pAz :z € P},
(8) pAx < |ubls a dominates NAz < |[Ab]g ra.

Proof. After relabeling the rows of Az < b, we may assume that A\ > --- > X\,,. Let ¢(\, A) be defined
as in Definition 5.17. If ¢(A, A) = 1, we have (A, A) = 1 < M, a contradiction to our assumption. So,
t(A, A) > 2. Let t stand for (A, A). Let A and k be defined as in (5.30) and (5.31). As support (A4, I2) \

Utf support(a;, I3) is not empty, it follows that k is a well-defined index. Moreover, as r(\, A) > M; X

1=

-+ X My, there exists some £ € {1,...,t — 1} such that
)\@/)\[4_1 > Mg and )\1‘/)\1'_;'_1 < M; for all i = 1,...,67 1. (552)

Using the Simultaneous Diophantine Approximation theorem (with k = £—1 and r; = A\;/ Ay for i € [(—1]),
as Claim 1 in the proof of Lemma 5.21, we can prove the following claim:

Claim 1. If ¢ > 2, there exist positive integers py > --- > pg that satisfy the following:

i D

-1
€ 1
—, 1€l d <= . .
N <—,1€[f an pz<5> (5.53)

DPe

where € = (My /M) (=1,

By Claim 1, if ¢ > 2, there exist positive integers p1,...,p; that satisfy (5.53). As in the proof of
Lemma 5.21, we define uq, ..., i, as follows:

A= p A fori=1,...,¢,
Hi = { i otherwise (5.54)
For the case £ = 1, let u be defined as in (5.53) with p; = 1. Notice that
M, Pi .
<2 and A > P, il .
‘W*Ml an >2plz i€ [/ (5.55)

As Claim 2 in Lemma 5.21, one can prove the following:

Claim 2. p1,..., e > peqp1 > 0, and in particular, p € R,

As a consequence of Claim 2, we obtain the following:

Claim 3. ||ull1 < ||A|l1 — 1, support(pA, Is) = support(AA, 1), and t(u, A) = t(A\ A).
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Putting Claims 2 and 3 together, it follows that ;€ R and p satisfies (1). Furthermore,
Claim 4. pb = max {MAJJ 1T € Pi}.
Proof of Claim. We assumed that Ab = max {)\Ax rx € Pi}. Let X := argmax {)\Ax rx € Pi}. By the
complementary slackness, \; > 0 if and only if a;z* = b; for all 2* € X. Notice that for all z € P,

pAzx < pb. By Claim 2, we know that support(u) = support()\), implying in turn that for all z* € X,
pAT* = Zi@upport(u) 1ib; = pb. Therefore, ub = max {,U,A.T rx € Pi}, as required. <&

To complete the proof, we will show that pAz < |ub|s 4 dominates AAx < [Ab]gra. Let Q ={z €
R% = pub — A < pAx < pby. We next prove the following claim, which needs a technical proof:

Claim 5. There is no point x € @ that satisfies

¢ ¢
Zpiaix > 1+ Zpibi' (5.56)
i=1 i=1

Proof of Claim. Suppose for a contradiction that there exists & € @ satisfying (5.56). Recall that &k €

support(AA, I3), so by Claim 3, k € support(uA, I3) and thus (uA)g > 0. Let v = (M’ff)kek. Then

L

pAv = pb  and Zp,»aiv =0 (5.57)
i=1

since k ¢ U:: support(a;, I) and a;e* = 0 for i <t — 1. Since #,v € Q, 7 satisfies (5.56) and v satisfies
(5.57), we can take a convex combination of these points to get a point Z € @ such that

£ £
> piaiz =1+ pibi. (5.58)
1=1 1=1

Since T € @, we have pAx < ub, and this inequality can be rewritten as

14 m
D omiaiE —b) < = Y plaE —by).
i=1 j=t+1
Since A > 0, it follows that
£ m
Zﬂi(aif —bi) <— Z pj(a; —by) + A. (5.59)
i=1 j=0+1

Note the (5.59) is the same as (5.40). The same argument used for proving Claim 5 in the proof of
Lemma 5.21 can be repeated, and we obtain the desired contradiction. &

We now claim the following:

Claim 6. pb— A < |pb|s 4 < pb.
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Proof of Claim. Let o, 8 denote pA, ub, respectively. There exists z € S such that az = [5]g.q. Let
j € support(a, I5). Note that z + e/ € S and that a(z + €7) = az + a;. As az = ] s, it follows that
a(z+€¢') = [Blsa + a; > |Bls.a. That means a(z +¢e/) > 3. So, we obtain |3|s + o, > 3, which
implies that | 3]s, > 8 — ; for all j € support(e, Iz). Thereofre, |8]s.o > 8 — A by (5.30), as required.
&

Putting Claims 5 and 6 together, we can prove our last claim:

Claim 7. pAx < |pblga is implied by AAx < |\b|sxa and the inequalities in Az <b.

Proof of Claim. There exists z € S such that pAz = |ub]g 4. Claim 6 implies that pub — A < pAz < pb.
Then, by Claim 5, it follows that

‘ I ‘ ‘
D piaiz <14+> pbi = Y piaiz=Y pibi—f
i=1 i=1 i=1 i=1

for some integer f € [O, Zle pibl}, as z is integral. Let j = argmin {(AA), : j € support(AA, Iz)}. Then,
by (5.30), (AA); = A. Consider z + fe/ € S. Observe that

L £

¢ :
M (z+ fe) = (MA+AZPiai> Z+A2pz‘(bi —a;z) = |pb] s ua +A2pibz‘,

i=1 i=1 i=1
which implies that AA (z + fej) = [pblsa + A Zle pib;. Since |ub|s 4 < pb, we must have

3 3
b sjua + A pibi < b+ AY pibi = Nb.

i=1 i=1
Then |ublsua + AZle pib; < [Ab]saa. So, the inequality NMAz < |[Ab|s 4 is dominated by pAzx <

|pb|s ua, as the former is implied by the latter and a nonnegative combination of the inequalities in
Az < b, as required. &

By Claim 7, u satisfies (3), and this finishes the proof. O

Using Lemma 5.24, we can prove the following theorem. Recall that
II={(o,B) €}, : B/aj < M* for all j € support(c, o)} .
Theorem 5.25 ([53]). Pg = Pérp and in particular, Pg is a rational polyhedron.
Proof. By Remark 5.4, Pg = Pg - As I C 1Ty, by Remark 5.2, Pgn*¢ - Pén. We will show that,
P i p )

for every (o, B8) € II},,, ar < 3 is valid for Pén, thereby proving that Pg e, = Pgn- To this end, take
: T, .

a vector (o, 3) € II},,. It follows from (5.48) and (5.49) that (a, ) = (AA,Ab) for some A € R and
Ab = max {)\Aac T € Pi}. After relabeling the rows of Az > b, we may assume that A\; > --- > A,
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As in the proof of Lemma 5.22, we can show that, for each j € support(AA, I5),

: Qj)j < %BT(A,A) (5.60)

0<

Therefore, if 7(A, A) < M, then 8/a; < M* = mBM/C for each j € support(a, I5), implying in turn
that (o, 8) € II and that ax < 8 is valid for P;H. Thus, we may assume that r(A\, A) > M. Then, by
Lemma 5.24, there exists a u! € R?" such that

o [lutlly < Al -1,

o pu'b=max {p' Az : x € P+},

o tAx < |p'bls 14 dominates XAz < [Ab] g xa.

After repeating this argument, we construct a sequence of vectors u17 ﬂQ, ... such that each vector in
the sequence defines an S-CG cut for P+ that dominates the previous ones, and |ui||; < ||~ — 1.
Therefore, after at most ||A||; iterations, we get a vector p/ with r(u/, A) < M. Then (@A, ) € I
and p/ Az < p?b is valid for Pé,n. As MAxz < \b is implied by @/ Az < /b and Az < b, it follows that

az < [ is valid for Pg - Consequently, this implies that Pg = Pé_n. Since Pg 1 is a rational polyhedron
by Lemma 5.23, it follows that Pé is a rational polyhedron, as required. O

5.5 Proof of Theorem 1.16

Now that we have proved Lemma 5.12, Proposition 5.15, Theorems 5.21 and 5.24, we are ready to prove
the following theorem:

Theorem 5.26 ([53]). Let
Sg = {(21,225,22",23) EL™M X LM X LM X I3 : 2t € Tg, 220 > 0%, 22 < u2}

where Tg € R™ s finite, ? € R*, u? € R*. Let P C conv(Sg) be a rational polyhedron. Then the
Sa-Chvdtal closure of P is a rational polyhedron.

Proof. By Lemma 5.12, we may assume that Sg = S¢ where no = ng; + noy,
Sc=Tc x ZI? x 7™,
and T C Z1}" is finite. Then, by Proposition 5.15, it is sufficient to show that WSVH% and Wsyng/ , where

I, .= {(71’,7'(’0) €y : = (xt,7?) > O},
L, = {(m,m) € Uy : m = (x!,72) <0},

are rational polyhedra for every S = T x Z?, T' C Z* finite, and every rational polyhedron W C conv(S).
To this end, take a set S =T x Z* for some finite 7' C Z}' and a rational polyhedron W C conv(S). Let
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P and P! be defined as follows:
Pl=W+RP xR and PY:=W —R} xR
Let n = n; + ny. Since W C conv(S) and conv(S) C R’ it can be easily proved that
Pl={zeR":Az>b} and P'={zecR":Cz<d}
for some matrices A,b, C,d of appropriate dimension whose entries are nonnegative integers.
Claim 1. PInW = W ip -

Proof of Claim. We will show that IIpy = I1,. Let (—a,—f) € Hpr. Then az > 3 is a valid inequality
for PT. So, ax > f is valid for W, and there exists A > 0 such that & = AA and 8 < Ab. Since the
entries of A are nonnegative, it follows that o > 0, implying in turn that (—a, —3) € II5,. Conversely,
take (—a, —f) € H%’V. Then ax > 3 is valid for W and a > 0, which implies that az > § is valid for PT
and that (—a, —f) € Ilpr. Therefore, it follows that

Wsnp ={z € W: ax > [B]sqa V(—a,—p) €Tlpr} = Wn P,
as required. &

Claim 2. PyNW =Wy

Proof of Claim. We will show that IIp, = II{j,. Let (a,8) € IIp,. Then ax < f is a valid inequality for
Pt So, ax < B is valid for W, and there exists A > 0 such that o = AC and 8 > \d. Since the entries of C
are nonnegative, it follows that o > 0, implying in turn that (o, ) € II§,. Conversely, take (o, 8) € I1%,.
Then az < 3 is valid for W and « > 0, which implies that ax < 3 is valid for P+ and that («, 8) € I p..
Therefore, it follows that

Weny ={z € W: az < [Blsa V(a,B) €Upi} = WﬁPé,
as required. <&

By Theorems 5.22 and 5.25, both Pg and Pé are rational polyhedra. In turn, by Claims 1 and 2, both
WSVH‘?V and Ws,ngv are rational polyhedra. Therefore, by Proposition 5.15, Ps, is a rational polyhedron,
implying in turn that the Sg-Chvatal closure of P is a rational polyhedron. O

Theorem 1.16 is a direct corollary of Theorem 5.26.

Theorem 1.16 ([53]). Let
S = {(zl,z%,zQ“,zg) € LM X LM X I x I3 L < 2t <t 22> 02, 22 < u’}

where 01, u' € R™ such that 01 < u', 2 € R¥*, and u®> € R*™. Let P C conv(S) be a
rational polyhedron. Then the S-Chuvdtal closure of P is a rational polyhedron.
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5.6 Further notes

We end this chapter with the following conjecture:

Conjecture 5.27. Let S = RNZ" for some rational polyhedron R, and let P C conv(S) be a rational
polyhedron. Then the S-Chvdtal closure of P is a rational polyhedron.
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Chapter 6

Intersecting restrictions in clutters

Take an integer n > 3. Recall that A,,, the delta of dimension n, is the clutter over ground set [n]
whose members are {1,2},{1,3},...,{1,n},{2,3,...,n} and that A, is intersecting. Take an odd integer
n > 5. Recall that an extended odd hole of dimension n is a clutter over ground set [n] whose minimum
cardinality members are {1,2}, {2,3},...,{n—1,n}, {n,1} and that the blocker of an extended odd hole
is intersecting. We also saw that Q¢ and IL; are intersecting clutters.

In §6.1, we prove Theorem 1.29 providing a characterization of clutters that have an intersecting
restriction. In §6.2, we consider two classes of intersecting clutters, namely, the deltas and the blockers of
extended odd holes, and we prove Theorem 1.31, stating that finding a delta or the blocker of an extended
odd hole minor, or certifying that none exists can be done in polynomial time. This chapter is based on [4].

6.1 Finding an intersecting restriction

In this section, we prove Theorem 1.29. We begin by proving Remark 1.28.

Remark 1.28 ([4]). A clutter C has an intersecting minor if, and only if, C has an
intersecting restriction.

Proof. (<): This direction is immediate, as a restriction is a minor. (=-): Let C \ I/J be an intersecting
minor for some disjoint subsets I, J of the ground set of C. Let J; be the set of elements that appear
in a cover of C\ I of size one. Then C \ I/J; is a restriction. As 7(C \ I/J) > 2, the elements in J;
must have been contracted. So, Jy C J and C \ I/J is a contraction minor of C \ I/Jy, implying that
C\I/Jr # {},{0} and thus 7(C \ I/J;) > 2. Thus, it is sufficient to argue that every two members of
C\ I/J; intersect. Suppose that C \ I/J; has two disjoint members Cy, Cy. Since C \ I/J # {}, none of
Cy — (J\ Jr), Ca — (J\ Jg) is empty. Moreover, Cy — (J \ Jr) and Cy — (J \ Jy) are disjoint, implying in
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turn that C \ I/J has two disjoint members, a contradiction. Therefore, v(C\ I/Jr) =1, and C\ I/Jr is
an intersecting restriction in C, as required. O

We will need the following tool for recognizing a delta minor:

Theorem 6.1 (Abdi, Cornuéjols, Pashkovich [7]). Let C be a clutter over ground set E. If C has three
members {u,v}, {u,w}, C for some distinct u,v,w € E such that CN{u,v,w} = {v,w}, then C has a delta
as a minor.

We say that a clutter is strictly intersecting if it is intersecting but no proper restriction is. Notice that
if a clutter has an intersecting restriction, then it has one that is strictly intersecting. Then Remark 1.28
implies that if a clutter contains an intersecting minor, then it has a strictly intersecting restriction.
Moreover, we remark the following:

Remark 6.2 ([4]). Let C be a strictly intersecting clutter over ground set E. Then every intersecting
minor of C is a contraction minor.

Proof. Let C\ I/J be an intersecting minor of C for some disjoint I, J C E. Suppose for a contradiction
that I is nonempty. Let J; := {e € E— I :{e} is a cover of C\ I}. Then J; C J, since C \ I/J has no
cover of size one. This implies that C \ I/J; is a proper intersecting restriction in C, contradicting the
assumption that C is strictly intersecting. Therefore, I = ), as required. O

The following proposition is the key to proving Theorem 1.29:

Proposition 6.3 ([1]). A strictly intersecting clutter has three members whose union is the ground set.

Proof. Let C be a strictly intersecting clutter over ground set E.
Claim 1. IfC has a delta as a minor, then C has three members whose union is E.

Proof of Claim. Suppose that C \ I/J = A, for some n > 3 and some disjoint I,J C E. Since A,
is intersecting, it follows from Remark 6.2 that I = () and thus Aj is a contraction minor of C. So,
C has three members C1,Cs,C3 such that {1,2} € C; C {1,2} U J, {1,3} € Cy C {1,3} U J, and
{2,3,...,n} C C3 C{2,3,...,n} UJ. Suppose for a contradiction that C; U Cy U C3 # E. Then there
exists e € E — (E1 U E2 U Es). Consider C' :=C \ {e}/ (J — {e}). Notice that {1,2}, {1,3}, {2,3,...,n}
are still members of C’, implying in turn that C’ is intersecting. Since C’ is not a contradiction minor, this
contradicts Remark 6.2, and therefore, C; UCy U C3 = E. &

By Claim 1, we may assume that C has no delta as a minor. We have 7(C) > 2, as C is intersecting. In
fact, since C is strictly intersecting, we can prove the following claim:

Claim 2. 7(C) = 2 and every element appears in a minimum cover.

Proof of Claim. 1t is suffices to show that every element appears in a cover of size two. Suppose for a
contradiction that there is an element e € E not contained in a cover of C of size two. Then every minimal
cover of C containing e has cardinality at least three. Consider C\{e}. It follows from b(C\{e}) = b(C)/{e}
that every minimal cover of C \ {e} has cardinality at least two. Since the members of C \ {e} are members
of C, every two members of C \ {e} intersect. This implies that C \ {e} is a proper intersecting restriction
of C, a contradiction. Therefore, every element appears in a cover of size two, as required. &
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Pick an element u € E, and let U be defined as
U:={veFE: {u,v} is acover of C}.

By Claim 2, we know that U # ().
Claim 3. U is not a cover of C.

Proof of Claim. Suppose for a contradiction that U is a cover of C. Let B be a minimal cover contained
in U. Then |B| > 2, and since B C U, there exist distinct v,w € B such that {u,v}, {u,w} are covers of
C. So, {u,v}, {u,w}, B are minimal covers of C. Since B N {u,v,w} = {v,w}, by Theorem 6.1, b(C) has
a delta as a minor. This implies that C has a delta as a minor, as b(A,) = A,, for n > 3, a contradiction
to Claim 1. Therefore, U is not a cover, as required. <&

By Claim 3, there is a member C; of C that is fully contained in E — U. Since {u} is not a cover of C,
there is a member of C that does not contain wu.

Claim 4. FEvery member of C that excludes u properly contains U .

Proof of Claim. Let C be a member of C not containing u. Since {u,v} is a cover of C, v € C for every
v € U, so it follows that U C C. Since C1 NU = () and C is intersecting, U is not a member of C, implying
in turn that U # C. Hence, U is a proper subset of C. &

In fact,
Claim 5. C has two members Co,C3 such that CoNC5 =U and CoUC3 C E — {u}.

Proof of Claim. Notice that C \ {u}/U is a proper restriction of C. By Claim 4, C has a member C' such
that U C C' C E — {u}, which implies that C\ {u}/U # {}, {0}. Since C is strictly intersecting, C \ {u}/U
has two disjoint members C45 and C4. This implies that Cy := C5UU and C3 := C5UU are members of C,
and therefore, CoNC3 = U and Co UC3 C E — {u}. As a result, Cy and Cj3, are the desired members. <

Claim 6. C;UC,UC3 = E.

Proof of Claim. Suppose for a contradiction that C; UCyUCs # E. Let e € E — (C; UCy U C3). Then
e ¢ U. By Claim 2, {e, f} for some f € F is a cover of C. For i € [3], as e & C;, it follows that f € C;.
In particular, since C; C E — U, f ¢ U. This implies that f € Cy \ U. By Claim 5, (Co \U)NC5 = 0,
implying in turn that f ¢ Cs, a contradiction. Therefore, Cy U Cy U C5 = E, as required. <&

By Claim 6, C, C3, C5 are three members of C whose union is F, and this finishes the proof. O

Now we are ready to prove Theorem 1.29:

Theorem 1.29 ([4]). Let C be a clutter over ground set E. Then the following statements
are equivalent:

(i) C contains an intersecting restriction,
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(ii) There exist three distinct members Cy, Ca, Cs such that the restriction of C obtained
after restricting E — (C1 U Cy U C3) is intersecting.

Proof. The direction (i)<=(ii) is clear. (i)=-(ii): As C has an intersecting restriction, C contains a strictly
intersecting clutter as a restriction. We may assume that for some I C F, the restriction of C obtained
after restricting I is a strictly intersecting clutter. Let J := {e € E — I : {e} is a cover of C \ I}. Then
C\ I/J is a strictly intersecting restriction of C. By Proposition 6.3, C\ I/J has three members C1, C%, C%
whose union is E — (I U J). Let C; := C/ U J for i € [3]. Then Cy,Cy,C3 are members of C \ I, because
each element in J appears in every member of C \ I. That means that C;, Cs, C3 are three members of
C whose union is E — I. Restricting F — (Cq U Ce U C3) = I from C, we obtain C \ I/J, implying in turn
that C', Cy, C3 are the desired members of C. O

We have shown in § 1.6 that Theorem 1.29 leads to a polynomial time algorithm finding an intersecting
minor in a clutter or certifying that none exists (Theorem 1.30).

6.2 Finding a delta and the blocker of an extended odd hole
minor

In this section, we prove Theorem 1.31, providing an algorithm that finds a delta or the blocker of an
extended odd hole minor in a clutter or certifies that none exists. A main part of the algorithm is
recognizing a dense restriction in a clutter. Let C be a clutter over ground set E such that 7(C) > 2. We
say that C is dense if there exists w € ]Rf such that

1Tw
w(C):Z(we;eeopT VC eC.

Remark 6.4. FEvery dense clutter is non-ideal.

Proof. Let C be a dense clutter over ground set E. Then 7(C) > 2 and there exists w € R¥ such that
w(C) > 132 for all C € C. Let £ := 1 € RZ. Notice that min {¢(B): B € b(C)} = 7(C) > 2 and that

min {w(C): C € C} > “’;e, and therefore, we obtain

min {w(C): C € C} -min{{(B): B€bC)} >w'L.

By Theorem 1.20, C is non-ideal. O

The deltas and the blockers of extended odd holes are examples of dense clutters:

Remark 6.5. The deltas and the blockers of extended odd holes are dense.
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n—1’n—-17 ' n—1

T
Proof. Take an integer n > 3, and let w := (”_2 L. #> € R%. Then

w({1,2}) =w{{1,3}) = =w{l,n}) =w({2,3,...,n}) = 1.

. T — .
Since 1Tw = 32_3 <1, A, is dense.

Take an odd integer n > 5, and let w := (1, ..., 1)T € R”. Let C be the blocker of an extended odd hole

of dimension n. Since every cover of an extended odd hole has cardinality at least "T'H, w(C) > 5 = 1TT“’

for C € C, and therefore, C is dense, as required. O

It follows from Remarks 6.4 and 6.5 that the deltas and the blockers of extended odd holes are dense
and thus non-ideal. In fact, it turns out that every dense clutter has a delta or the blocker of an extended
odd hole as a minor [8].

Theorem 6.6 (Abdi and Lee [3]). Let C be a clutter with m members over n elements. If C is dense, then
C has a delta or the blocker of an extended odd hole as a minor, which can be found in O(mn + n*) time.
Using this theorem, we obtain the following as a corollary:

Corollary 6.7 ([1]). Let C be a clutter over ground set E. Then the following statements are equivalent:

(i) C has a delta or the blocker of an extended odd hole as a minor,

(i) C has a dense restriction.

Proof. (i)<(ii): It follows from Theorem 6.6 that C has a delta or the blocker of an extended odd hole
as a minor. (i)=-(ii): For some disjoint I,J C E, C\ I/J is a delta or the blocker of an extended odd

hole. As C\ I/J is dense by Remark 6.5, for some w € RE_UU“}), w(C’) > ITT“’ for all C" € C\ I/J. Now
consider Jy :={e€ E —1:{e}is acover of C\ I}. Then J; C J, since 7(C \ I/J) > 2. That means that
C\ I/J; is a restriction of C and that C \ I/J is a contraction minor of C \ I/J;. Let C € C\ I/J;. Then
C'CCCC'U(J\Jp) for some C’ € C\ I/J. Notice that we can extend w to a vector in RE~UY/1) by

setting w, := 0 for all e € J\ J;. As we = 0 for e € J\ J;, we obtain w(C) = w(C’) > lTTw Therefore,
C\ I/Jy is dense, so C has a dense restriction. O

Therefore, to find a delta or the blocker of an extended odd hole minor in a clutter, it suffices to find a
dense restriction.

In fact, given a clutter, one can test whether it is dense in polynomial time. Take integers n,m > 1
and a clutter C with m members over at most n elements. Denote by T'(n,m) the minimum time it takes
to solve a linear program of the form

maximize z
subject to Z(wu:ueC’)ZZ vC eC
1Tw=1

w >0

In particular, T'(n,m) is polynomial in n and m.

121



Remark 6.8 ([1]). Let C be a clutter with m members over n elements. In time T (n,m), one can determine
whether C is dense.

Proof. Notice that C is dense if, and only if, the optimum value of the above linear program is strictly
greater than % So, we can test whether C by solving the linear program for C. O

Although testing whether a clutter is dense can be done in polynomial time, a clutter over ground
set F has up to 2P| restrictions, because any subset of E can be restricted. Instead of enumerating all
possible restrictions, we will use the following theorem, an analogue of Theorem 1.29 for clutters that have
a dense restriction:

Theorem 6.9 ([1]). Let C be a clutter over ground set E. Then the following statements are equivalent:

(i) C contains a dense restriction,

(i) There exist three distinct members Cy, Ca, Cs such that the restriction of C obtained after restricting
E — (C1UCy U s) is dense.

We will need the following tool:

Theorem 6.10 (Abdi and Lee [3]). Let V' be a set of cardinality at least 4. Let C be a clutter over ground
set V. where min {|C|: C € C} = 2 and the minimum cardinality members correspond to the edges of a
connected bipartite graph G over vertex set V' with bipartition RU B = V. If R contains a member, then
C has a delta or an extended odd hole as a minor.

Using Theorem 6.10, we can prove the following:

Proposition 6.11 ([1]). Take an odd integer n > 5, and let C be an extended odd hole over ground set [n]
whose minimum cardinality members are {1,2},{2,3},...,{n—1,n},{n,1}. If C has no delta or extended
odd hole as a proper minor, then for each i € [n],

{z’+2k—1 (mod n) : k:1,2,...,”;1}

is a minimal cover.

Proof. We will show that each set is a cover. As {1,2},{2,3},...,{n—1,n},{n, 1} need to be covered, the
minimality of each set follows. By symmetry, we may assume that ¢ = 1. Suppose for a contradiction that
{1,2,4,...,n—1} is not a cover. Then, for some C' € C, C C {3,5,...,n}. Consider ¢’ := {C}\ {1}. The
minimum cardinality members of C" are {2, 3}, {3,4},{4,5},...,{n—1,n}, and these members correspond
to the edges of a connected bipartite graph with bipartition {2,4,...,n — 1} U {3,5,...,n}. Since C is
still a member of C’ and contained in {3,5,...,n}, it follows from Theorem 6.10 that C’ has a delta or
an extended odd hole as a minor, implying in turn that a delta or an extended odd hole as a minor is a
proper minor of C, a contradiction to our assumption. O

We say that a clutter is strictly dense if it is dense but no proper restriction is. Notice that if a clutter
has a dense restriction, it has a strictly dense restriction. The following proposition is the key to proving

Theorem 6.9:
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Proposition 6.12 ([4]). A strictly dense clutter has three members whose union is the ground set.

Proof. Let C be a strictly dense clutter over ground set E.

Claim 1. No proper deletion minor of C contains a delta or the blocker of an extended odd hole as a
minor.

Proof of Claim. If so, a proper deletion minor of C has a dense restriction by Corollary 6.7. Then it is a
proper dense restriction of C, contradicting our assumption that C is strictly dense. <&

As C is dense, Theorem 6.6 implies that C has a delta or the blocker of an extended odd hole as a
minor, and by Claim 1, it is a contraction minor. Pick a maximal J C E such that C/J is a delta or the
blocker of an extended odd hole. Then our maximal choice of J and Claim 1 imply that every proper
minor of C/J is neither delta nor the blocker of an extended odd hole.

Claim 2. C/J has three members C},C%, C% such that CiNCL,NCL =0 and CrUCLUC, =E —J

Proof of Claim. If C/J is a delta, we may assume that C/J = A,, for some n > 3. Then Cf := {1,2},
Chy = {1,3}, Cf := {2,3,...,n} are the desired members. Otherwise, we may assume that C/J is
the blocker of an extended odd hole of dimension n, for some odd n > 5, whose minimum cardinality
members are {1,2},{2,3},...,{n—1,n},{n,1}. As no proper minor of C/J is a delta or the blocker of an
extended odd hole, it follows from Proposition 6.11 that C] := {1,2,4,...,n— 1}, C% :={2,3,5,...,n},
C}:={1,3,4,...,n — 1} are members of C/J. Notice that C]NC,NC% =0 and C; UC,UC% = [n] — J,
implying in turn that C7, C}, C% are the desired members. &

By Claim 2, C has three members Cy, Cs, C3 such that C C C; C CI U J for ¢ € [3].
Claim 3. Cl @] CQ U 03 =F.

Proof of Claim. Suppose for a contradiction that F — (C; UC,UC3) # (0. Let e € E — (C, UCy U Cs).
Consider C' := C\{e}/(J—{e}). Notice that C1, C}, C} are still members of C’. By Claim 2, C{NCiNC% = 0,
so 7 (C") > 2. Since every member of C’ contains a member of C/.J, C’ must be dense too. Then Theorem 6.6
implies that C’ has a delta or the blocker of an extended odd hole as a minor, and in particular, so does
C\ {e}. This is a contradiction to Claim 1. &

This finishes the proof. O
We are now ready to prove Theorem 6.9:

Proof of Theorem 6.9. The direction (i)<=(ii) is immediate. (i)=-(ii): As C has a dense restriction, C
contains a strictly dense clutter as a restriction. We may assume that for some I C FE, the restriction of C
obtained after restricting I is strictly dense. Let J := {e € E — I : {e} is a cover of C\ I}. Then C\ I/J
is a strictly dense restriction of C. By Proposition 6.12, C\ I/J has three members C7, C%, C4 whose union
is E—(IUJ). Let C; :== C/UJ for i € [3]. Then C1,Co,C5 are members of C \ I, so Cq, Ca, C5 are
members of C whose union is F¥ — I, implying in turn that C, Cs, C3 are the desired members of C. [
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With the characterization given by Theorem 6.9 of when a clutter has a dense restriction, we can prove
Theorem 1.31.

Theorem 1.31 ([4]). Given a clutter C with m members over n elements where m,n > 1,
one can find a delta or the blocker of an extended odd hole minor in C or certify that none
exists in O (n*m?(n + m)>®log(n + m)loglog(n + m)) time.

Proof. Consider the following algorithm:

1. For all distinct Cy,Cs,C3 € C,

(a) take the restriction C’ obtained after restricting E — (Cy U C2 U Cs),
(b) test whether C’ is dense, and
(¢) if C’ is dense, find a delta or the blocker of an extended odd hole minor in C’.

2. If the restriction obtained from every triple of distinct members is not dense, then conclude that C
contains neither delta nor the blocker of an extended odd hole as a minor.

The correctness of this algorithm follows from Theorem 6.6 and Theorem 6.9. Notice that there are O(m3)
triple of three distinct members of C and that, for every three distinct C1, Co, C3 € C, it takes O(mn) time
to compute the restriction obtained after restricting F — (Cy U C2 U C3). For each restriction obtained,
determining whether it is dense can be done in T'(n,m) time by Remark 6.8. If the restriction is dense,
then it takes O(mn+n*) time to find a delta or the blocker of an extended odd hole minor by Theorem 6.6.
As the algorithm checks at most one dense restriction of C, the total running time is

O (m*(T(n,m) +mn)) + O (mn +n?).

We know from classic linear programming results that T'(n,m) is bounded above by a polynomial function
in n,m. For instance, Renegar [1041] gave a simple polynomial time algorithm for linear programming.
After transforming the linear program into the standard form max{c'z : Az > b}, where A is an m/ x n/
matrix and L is the total number of bits needed to represent all entries of A, b, ¢, the linear program can
be solved with O((n’ + m/)!-5n/2L) arithmetic operations and O((n’ + m’)**n/?L?(log L)(loglog L)) bit
operations, the latter dominating the total running time. In our case, it can be readily checked that

m' <n+m+2 and n' <n+1 and L<(n+m+2)(n+1)+n+m+2)+(n+1),

80
T(n,m) = O (n*(n +m)>®log(n + m)loglog(n + m)).

Therefore, our algorithm terminates in
O (m*n*(n + m)* log(n + m) loglog(n + m))
time, as required. O

124



6.3 Further notes

We call a clutter identically self-blocking if it is equal to its blocker. Berge [19] gave the following charac-
terization of identically self-blocking clutters.

Theorem 6.13 (Berge [19]). A clutter C is identically self-blocking if, and only if, v(C) = v(b(C)) = 1.

Notice that an identically self-blocking clutter has a cover of cardinality one if and only if it has a member
of cardinality one. In fact, {{a}} is the only identically self-blocking clutter with a member of cardinality
one. So, by Theorem 6.13, an identically self-blocking clutter other than {{a}} is intersecting. A,, n >3
and L7 are examples of identically self-blocking clutters, and it was recently proved that

Theorem 6.14 (Abdi, Cornuéjols, Lee [3]). An identically self-blocking clutter different from {{a}} is

non-ideal.

Therefore, identically self-blocking clutters are intersecting and non-ideal. As Theorems 1.30 and 1.31,
can we recognize an identically self-blocking minor in a clutter? We end this chapter with the following
question.

Question 6.15. Given a clutter C over ground set E, can we find an identically self-blocking minor in C
or certify that none exists in time polynomial in |E|,|C|?
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Chapter 7

Multipartite clutters

Take an integer n > 1. Recall that a multipartite clutter is a clutter whose ground set is partitioned into
nonempty parts F1, ..., E, where every member C' satisfies

The following is a consequence of Lehman’s theorem [93]. We give an elementary proof of it.

Lemma 7.1 ([6]). Let C be a minimally non-ideal clutter, and let E denote the ground set of C. Then
there is no subset F' of E such that |C N F| =1 for every member C of C.

Proof. Let M(C) denote the incidence matrix of C. Then P := {1 > > 0: M(C)x > 1} has a fractional
extreme point z*, because C is non-ideal. Let e € E. As C/{e} and C\ {e} are ideal, both PN{z : z, = 0}
and PN {z: x. = 1} are integral polytopes. This implies that 0 < z¥ < 1 for each e € E. Now, consider
a nonsingular row submatrix A of M(C) such that Az* = 1. Suppose that E has a subset F' such that
|C N F| =1 for every member C of C. Let xr denote the characteristic vector of F' in {0,1}¥. Since
|CNF| =1 for every member C of C, we have that M (C)xr = 1 and thus Axr = 1. As A is nonsingular,
we obtain x* = x, a contradiction. Therefore, there is no such subset F' of F, as required. O

Recall that a minimally non-packing clutter is either ideal or minimally non-ideal. In fact, we obtain
the following as an immediate consequence of Lemma 7.1:

Proposition 7.2 ([0]). A minimally non-packing multipartite clutter is ideal.

So, to refute the 7 = 2 Conjecture, it is sufficient to find a minimally non-packing multipartite clutter
whose covering number is at least three. Recall that we call a clutter strictly polar if it has no intersecting
restriction.

Remark 7.3 ([6]). A minimally non-packing clutter with covering number at least three is strictly polar.

Proof. Let C be a minimally non-packing clutter over ground set E with 7(C) > 3. We have v(C\ {e}) > 2
for any e € E, because 7(C \ {e}) > 2 and C \ {e} packs, implying in turn that C itself is not intersecting.
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Hence, if C has an intersecting restriction, it must be a proper minor. Since every proper minor of C packs,
C is strictly polar. O

Hence, by Proposition 7.2 and Remark 7.3,

Remark 7.4 ([6]). A minimally non-packing multipartite clutter with covering number at least three is
ideal and strictly polar.

In this chapter, we study ideal strictly polar multipartite clutters as well as minimally non-packing
multipartite clutters. In § 7.1, we show that the 7 = 2 Conjecture has many equivalent versions that
are stated in terms of ideal strictly polar multipartite clutters, and we prove Theorems 1.32 and 1.34. In
§ 7.2, we study the induced clutters of multipartite clutters and provide their geometric interpretations,
and we prove Theorem 1.35. In § 7.3, we study minimally non-packing multipartite clutters of bounded
degree, and we prove Theorems 1.39, 1.41, 1.42 and Proposition 1.40. In § 7.4, we describe a pseudocode
to generate strictly polar multipartite clutters that do not pack. This chapter is based on [(].

7.1 DMultipartite clutters and the 7 = 2 Conjecture

The following tool will be useful throughout this chapter:

Proposition 7.5 ([0]). Let C be a multipartite clutter containing no As as a minor. If 7(C) = 2 and every
element is in a minimum cover of C, then C is a cuboid.

Proof. Let the ground set of C be partitioned into E1, ..., E,. We may assume that F; is a minimal cover
for each ¢ € [n]. Since 7(C) = 2, |E;| > 2 for i € [n]. We claim that |E;| = 2 for ¢ € [n]. Suppose for
a contradiction that |E;| > 3. Every element is contained in a member of C, because it is in a minimum
cover of C. Let us pick 3 elements fi, f2, f3 from E;. By assumption, for i € {1, 2,3}, there is an element
gi such that {f;, g;} is a minimum cover. Notice that g; & {f1, f2, f3}, because E; is a minimal cover. We
claim that {g1, g2}, {92, 93}, and {gs, g1} are minimal covers of C. By symmetry, it suffices to show that
{91, 92} is a minimal cover of C. Recall that g; is contained in the members of C not containing f; and
go is contained in the members of C not containing f,. Since every member of C contains at most one of
f1 and fo, it contains either g; or go. Therefore, {g1, g2} is a cover of C. This implies that {g1,g2} is a
minimal cover, because 7(C) = 2.

Now, consider the minor of C, denoted by C’, obtained after contracting all elements but g1, g2, gs3.
Notice that {g1,92}, {92,935}, and {gs, g1} are still minimal covers of C'. As {g1,g2} is a cover of C’, ()
and {g3} are not members of C’. Similarly, {g2} and {g3} are not members of C’, either. Then {g2, g3}
is a member of C’, because {g;} is not a cover. Likewise, {g1, g2} and {gs, g1} are also members of C’.
That means that C’ = Az, but this contradicts the assumption that C does not contain A3 as a minor.
Therefore, we get that |Ey| = --- = |E,| = 2 and thus C is a cuboid, as required. O

Notice that

Remark 7.6 ([0]). Let C be a clutter that does not pack but all of whose proper restrictions pack. Then
every element appears in a minimum cover of C.
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Proof. Let e € E. Suppose for a contradiction that e € E does not appear in a minimum cover, then
7(C\ {e}) = 7(C), implying in turn that v(C \ {e}) = 7(C) as C \ {e} packs. However, the members of
C\ {e} are still members of C, we have v(C \ {e}) < v(C) < v(C) < 7(C), a contradiction. O

We are ready to prove Theorem 1.32.

Theorem 1.32 ([6]). The T =2 Conjecture, if true, implies that

every minimally non-packing multipartite clutter is a cuboid.

Proof. Let C be a minimally non-packing multipartite clutter. By Proposition 7.2, C is ideal. Then the
7 = 2 Conjecture, if true, implies that 7(C) = 2. Moreover, Remark 7.6 implies that every element appears
in a minimum cover of C. Then, by Proposition 7.5, C a cuboid, as required. O

Given a clutter C over ground set F and w € Zf , the replication of C with respect to w is defined as
the clutter obtained from C after replicating w. — 1 times every element e € E with w, > 0 and deleting
from C every element e € E with w, = 0. The following remark is a well-known fact about replication
(See Remarks 2 and 3 [35]).

Remark 7.7 ([35]). Let C be a clutter over ground set E. Given w € Z¥, let D denote the replication of
C with respect to w. Then the following statements hold:

(1) 7(D) =7(C,w) and v(D) = v(C,w).
(2) If C is ideal, so is D.

In fact, replication also preserves strict polarity.

Remark 7.8 ([0]). Let C be a strictly polar clutter over ground set E. For every w € ZY, the replication
of C with respect to w is also strictly polar.

Proof. Let e be an element of C. C\ {e} is a minor of C, so every restriction of C \ {e} is a restriction of C.
Therefore, C\ {e} is strictly polar. To complete the proof, it suffices to argue that D, the clutter obtained
from C after replicating e, is strictly polar. Denote by €’ the element obtained by replicating e. Then

D=CU{C—e+¢€:ecCeC}.

Notice that D\ {¢’} = C and D\ {e} = C. Moreover, any restriction of D\ {¢’} or D\ {e} two disjoint
members. Let D\ I/J be a nontrivial restriction of D. We may assume that I N {e,e’} = 0. Then
JN{e,e'} =0 as well, implying in turn that C \ I/J is also a nontrivial restriction of C. So, C \ I/J has
two disjoint members. Since I N{e,e’} =0 and JN{e, e’} =0, the members of C \ I/J are still members
of D\ I/J. That means D\ I/J contains the two disjoint members in C \ I/J. Therefore, D is strictly
polar, as required. O
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Moreover, a replication of a multipartite clutter is also multipartite with the same number of parts.

Remark 7.9 ([6]). Let C be a multipartite clutter over ground set E that is partitioned into n parts so that
every member of C intersects each part exactly once. Let w € Zf, Then the replication of C with respect
to w s also multipartite and its ground set is also partitioned into n parts.

Proof. Let Fy,..., E, partition FE so that for every member C € C, |CNE;| =1fori=1,...,n. Let
e € E. Tt suffices to prove that C’, both the clutter obtained from C after replicating e once, denoted C’,
and C \ {e} are multipartite clutters with n parts. We may assume that e € FE;. Notice that

C\{e}={CeC: CC(Ey—{e})UEU---UE,}.

As|CN(E;—{e})|=|CNEy|=---=|CNE,| =1for every C € C\{e}, C\ {e} is a multipartite clutter
with n parts. Denote by €’ the element obtained by replicating e. Then

C'=CU{C—-e+¢:ecCeC}.

Notice that the ground set of C’ is partitioned into Fy U {e’}, Ea, ..., E, and that for every C € (’,
[CNn(EByu{e})] = |CNEy =--- =|CNE,| = 1. Therefore, C' is also a multipartite clutter, as
required. O

Using Remarks 7.7, 7.8, and 7.9, we are ready to prove the following theorem:

Theorem 7.10 ([6]). The following statements are equivalent:

(i) (The polarity Conjecture [2]) Every ideal strictly polar cuboid has the packing property.
(ii) Every ideal strictly polar cuboid has the maz-flow min-cut property.
(iii) (Conjecture 1.33) Every ideal strictly polar multipartite clutter packs.

(iv) BEvery ideal strictly polar multipartite clutter has the packing property.

(v) Every ideal strictly polar multipartite clutter has the maz-flow min-cut property.

(vi) (The T =2 Conjecture) Every ideal minimally non-packing clutter has covering number two.

Proof. (iii) = (ii): Suppose that there exists S C {0,1}"™ for some n > 1 such that mult(S) is ideal and
strictly polar but does not have the max-flow min-cut property. Choose w € Z2" so that 7(mult(S),w) >
v(mult(S),w). Let C denote the replication of mult(S) with respect to w. Then, by Remarks 7.7, 7.8,
and 7.9, C is an ideal strictly polar multipartite clutter with 7(C) = 7(mult(S), w) and v(C) = v(mult(S), w),
implying that C does not pack, a contradiction as we assumed (iii) holds. Therefore, we get that (iii) implies
(i), as required.

(ii) = (i) is straightforward, because the max-flow min-cut property implies the packing property.
(i) < (vi) follows from Theorem 1.14 in [2].
(vi) = (v): Suppose for a contradiction that there exists an ideal strictly polar multipartite clutter C

that does not have the max-flow min-cut property. Let E be the ground set of C. Then choose w € Zf
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such that 7(C,w) > v(C,w). Let D denote the replication of C with respect to w. By Remarks 7.7, 7.8,
and 7.9, D is an ideal strictly polar multipartite clutter with 7(D) = 7(C,w) and v(D) = v(C,w). Then
D does not pack, so D contains an ideal minimally non-packing minor D’. (vi) implies that 7(D’) = 2,
and therefore, D’ is an intersecting minor of D. However, it follows from Remark 1.28 that D has an
intersecting restriction, a contradiction as D is strictly polar. Therefore, we can conclude that every ideal
strictly polar multipartite clutter has the max-flow min-cut property if (vi) is true, as required.

(v) = (iv) = (iii) follows immediately from the definition of the max-flow min-cut property and that
of the packing property. O

In particular, the equivalence of (iii) and (vi) in Theorem 7.10 implies

Theorem 1.34 ([6]). The T =2 Conjecture and Conjecture 1.33 are equivalent.

7.2 Induced clutters

Using Lemma 7.1, we can prove Theorem 1.35:

Theorem 1.35 ([6]). A multipartite clutter is ideal if, and only if, all of its induced
clutters are ideal.

Proof. Let C be a multipartite clutter whose ground set is partitioned into nonempty parts E1,..., E,.
(=): If C is ideal, then all of its induced clutters are ideal, as every minor of C is ideal. («<): Assume
that C is non-ideal. Then it has a minimally non-ideal minor €’ := C \ I/J obtained after deleting I and
contracting J for some disjoint subsets I,J C E; U---U E,,. Observe that C \ I is another multipartite
clutter whose ground set is partitioned into nonempty parts Fy, ..., F, where F; := E; \ I for i € [n]. By

Lemma 7.1, the ground set of C’ does not have any of Fy,..., F,, as a subset. This implies that for each
i € [n], JNF; # 0, so we have that J N E; # (). Then, C’ is a minor of an induced clutter. Therefore, one
of C’s induced clutters is non-ideal, as required. O

Recall that there is a way to represent multipartite clutters geometrically. More precisely, Remarks 1.37
and 1.38 show that there is a one-to-one correspondence between a multipartite clutter whose ground set
is partitioned into En, ..., E, with |E;| = w; > 1 for i € [n] and a subset of V' (H,, . .., ). Given a subset
S CV (Hy,,.. w,), recall that mult(S) is the clutter over ground set [>_; w;] whose members are

i—1
Cy = vl-—i—ij:iE[n] , veES.
j=1
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Let S C V(Hy,, . w,), where n > 1 and w; > 1 for ¢ € [n]. The set obtained from S’ := SN
{z :x; ¢ J, for i € [n]}, for some J; C [w;] for i € [n], after dropping the coordinates where the points in
S" agree on is called a set-restriction of S. We say that S has R C V(Hs, . s,), where £ > 1 and §; > 1 for
i € [{], as a set-restriction if a set-restriction of S is isomorphic to R. For example, Ry 1 is a set-restriction
of

(1,3,1),(2,3,1),(3,1,1), (3,2, 1),
S: (1’ ]‘72)7(1’272)7(2’ 1’2)?(272’2)’(373’2)7
(1,1,3),(1,2,3),(2,1,3),(2,2,3),(3,3,3)
since SN{zr:x1 # 1,20 # 1,23 #3} = {(2,3,1),(3,2,1),(2,2,2),(3,3,2)} is isomorphic to Ry (see Fig-

ure 7.1).

B &

Figure 7.1: A set in V(Hs 3 3) that has Ry 1 as a set-restriction

It can be easily shown that

Remark 7.11 ([6]). Let S C V(Hy,,...w,) wheren > 1 and w; > 1 for i € [n], and let R C V(Hs,, .. 5,)
where £ > 1 and 6; > 1 fori € [(]. If S has R as a set-restriction, then mult(R) is a restriction of mult(S).

Conversely,
Remark 7.12 ([6]). Let S C V(Hy,,...w,) wheren > 1 and w; > 1 for i € [n], and let C be a restriction
of mult(S). Then there exists a set-restriction R of S such that C = mult(R).

For a,b € [wy] X - -+ X [wy], denote by d(a,b) the number of coordinates a and b differ on, i.e. d(a,b) is
the Hamming distance between a and b. Moreover, for a,b € [w1] X -+ X [wy], define the distance between
a, b, denoted dist(a, b), as the length of a shortest ab-path in H,, . .. .

Remark 7.13 ([6]). Take integers n > 1 and wy,...,w, > 1. Let © = (21,...,2n) and y = (Y1, -+, Yn)
be vertices in V(Hyy, ... w,). Then the following statements hold:

(1) The distance between x and y in Hy, . o, is exactly d(z,y).
(2) The distance between x and y is at most n.

(3) Let k € {0,1,...,n} be the distance between = and y, and let H[z,y] be the vertez-induced sub-
graph consisting of all the vertices that lie on a shortest xy-path. Then the smallest set-restriction of
V(Heuy,... ) containing V(Hz,y]) is a hypercube of dimension k.
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Proof. (1): We argue by induction on the distance between = and y in H,, .. «,. The distance between
two vertices is 1 if, and only, if they differ in exactly 1 coordinate and the hamming distance between
them is also 1 in this case. Assume that for any pair of two vertices at distance k for some k > 1, the
hamming distance between them is also k. Consider the case when the distance between z and y is k + 1.
Take a shortest path from x to y, and let v’ denote the vertex sitting right before y on the path. Then the
distance between x and y’ is k and d(z,y’) = k by the induction hypothesis. As ¢y’ and y differ in just one
coordinate, it is clear that d(z,y) < d(z,y’)+ 1. So, d(z,y) < k+ 1. On the other hand, we can construct
a path from z to y of distance d(z,y) in H,,, . ., by changing one of the coordinates where z and y are
different at a time. That means the distance between x and y is at most d(z,y), so we get k+1 < d(x,y).
Therefore, the distance between x and y is exactly d(z,y), as required.

(2): z and y have n coordinates, and in particular, d(z,y) < n. So, the distance between = and y is at
most n by (1).

(3): We would like to show that the vertex set of H|x,y] is exactly {z € V(Hy, .. w,): 2 =x; Or z; =
y; for i € [n]}. Let z € V(H|[xz,y]). We claim that for each i € [n], either z; = x; or z; = y;. Suppose not.
Then z; # x;,y; for some i € [n]. In this case, we consider 2’ obtained after replacing the i*" component
of z by z;. Notice that dist(z,2’) = dist(z,z) — 1, while dist(2’,y) < dist(z,y). As the Hamming
distance satisfies the triangle inequality, dist(z,y) < dist(z, 2’) 4+ dist(2’,y). So, dist(z,y) is strictly less
than dist(zx, z) + dist(z,y), implying that z does not lie on a minimum zy-path, a contradiction. Thus,
z € Hlz,y] satisfies z; = z; or z; = y; for each i € [n]. Conversely, we claim that z = (z1,...,2,) with
z; = x; or z; = y; for i € [n] is contained in H[z,y]. Let I and J are defined as follows:

I={ien]: z;#x;} and J:={i€n]: 2z #y}.

Then, dist(z, z) = |I| and dist(z,y) = |J|. As z; = x; or z; = y; for each i € [n], IUJ = {i € [n] : x; # y;}
and dist(x,y) = | U J|. Moreover, I and J are disjoint, because z; = x; or z; = y; for i € [n]. As a result,
we obtain dist(x,y) = |I| + |J| = dist(x, z) + dist(z,y). This implies that z is on a minimum xy-path, so
z is a vertex in H[z,y]. Therefore, we obtain

V(H[z,y]) ={z € V(Hy, .. w,): 2 =x;or z =y,; for i € [n]}.

As x and y have n—k common coordinates, the vertices in H|[z, y] agree on exactly those n —k coordinates.
Hence, the smallest set-restriction of H,,, .. ., containing H|[z,y| is obtained from H|[z,y] after dropping
the common coordinates, implying that the set-restriction is a hypercube of dimension k, as required. [

For S CV(Hy, .. w,) and z € V(Hy, . o, ), let ind(S, z) be defined as the minor of mult(S) obtained
after contracting the elements in C,. In other words,

ind(S, ) := mult(S)/C, = the minimal sets of {C, — C,: v € S}.

Notice that ind(S,z) is an induced clutter of mult(S). We call ind(S,z) the induced clutter of mult(S)
with respect to x. Observe that ind(S,z) = {0} if « is a feasible vertex.

Remark 7.14 ([6]). Take integersn > 1, w1 > -+ > w, > 1. Let S C V(Hy,,...w,). Each induced clutter
of mult(S) is ind(S, ) for some x € V(Hy, .. w,)-

For two vertices x,y € V(Hy,,... w, ), We say that x sees y if y is the only feasible vertex in H|x,y] (see
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Remark 7.13(3) for the definition of H[z,y]). The following proposition provides a geometric interpretation
of the members of an induced clutter.

Proposition 7.15 ([6]). Let C be a multipartite clutter, and let S C V(H,, .. w,) withw; > 1 fori € [n]
be its Hamming representation. For x € V(H,,. . w,), there is a bijection between the following two sets:

o the members of induced clutter ind(S,x) of C,

e the vertices that x sees.
More precisely, v € S is a vertex that x sees if, and only if, C, — Cy is a member of ind(S, x).

Proof. If © € S, then ind(S,z) = {0} and x itself is the only vertex that x sees. The assertion trivially
holds in this case. Thus, we may assume that x ¢ S.

Let C be a member of ind(S,z). Then C = C,, — C, for some v € S. We claim that x sees v. Suppose
that there exists another feasible vertex « in H[z,v]. Then ind(S,z) has a member contained in C,, — C.
However, C, — C,, is strictly contained in C, — C,, because {u; : u; # x;, ¢ € [n]} is a proper subset of
{vi : v; # x4, © € [n]}. This implies that ind(S, z) is not a clutter, a contradiction. Therefore, v is the only
feasible vertex in H[x,v], so x sees v, as required.

Let v be a vertex that = sees. We claim that C, — C; is a member of ind(S, z). Suppose not. Then we
can find u € S such that C,, — C,, is strictly contained in C,, — C,. This implies that {u; : u; # z;, i € [n]}
is strictly contained in {v; : v; # x;, @ € [n]}, thereby indicating that w is contained in H[xz,v], a
contradiction. Hence, C,, — C,, is a member of ind(S, z), as required. O

7.3 Multipartite clutters of bounded degree

Recall that the degree of S C ‘Q(Hwh---,wn) is defined as the maximum number of vertices in S :=
V(Huy,...w,) — S that a vertex in S is adjacent to.

Theorem 1.39 ([6]). Take integersn > 1, wy > -+ > wy, > 1 and k > 0. Let S C
V(Huy,... ) be of degree at most k. Then every minimally non-ideal minor of mult(S), if
any, has at most k elements.

Proof. Let C* be a minimally non-ideal minor of mult(S), if any. Theorem 1.35 implies that C* is a minor
of ind(S, z) for some x € V(Hy,, . w,). Observe that x ¢ S, as ind(S,z) = {0} otherwise. Since S is of
degree at most k, x has at least > | (w; — 1) — k feasible neighbors by Remark 1.36. Recall that for each
neighbor y of z, C; and C, have n —1 common elements. Then C, — C, has exactly 1 element, so ind(S, z)
has at least ., (w;—1) —k members of cardinality 1. Since a minimally non-ideal clutter does not contain
a member of cardinality 1, ;" | (w; — 1) — k elements of ind(S, z) that belong to members of cardinality 1
in ind(S, z) are contracted to obtain C*. Therefore, C* has at most k elements, as required. O
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One can easily verify the following remark:

Remark 7.16. A clutter whose members are pairwise disjoint has the maz-flow min-cut property.

We obtain the following remark as an application of Kénig’s theorem on bipartite matching and Re-
mark 7.16:

Proposition 1.40 ([6]). Take integersn > 1, w1 > - > w, > 1. Let S C V(Hyy,. . )-
Then the following statements hold:

(1) if n <2, then mult(S) has the max-flow min-cut property, and
(2) if mult(S) does not pack, then n >3 and wy, > 2.

Proof. (1): If n = 1, C,, has size 1 for each € S, and therefore, the members of mult(.S) are pairwise
disjoint. Then mult(S) has the max-flow min-cut property by Remark 7.16. Consider the n = 2 case.
mult(S) has the max-flow min-cut property if, and only if, the replication of mult(S) with respect to w
for every w € Zf"’“’? packs. By Remark 7.9, replications of mult(.S) are also multipartite clutters with 2
parts. By Remark 1.38, the replication of mult(S) with respect to w for each w € Z‘f“’? is isomorphic
to mult(S") where S" C V(Hy; o) for some wj,wy > 1. Therefore, it is sufficient to show that every
multipartite clutter whose ground set is partitioned into 2 parts packs.

Given S C V(Hy, w,) = [w1] X [wa], we construct a bipartite graph G as follows:
V(G) = [w1]U[ws] and E(G)={uv: (u,v) €S C [w1] X [wa]}.

Notice that 7(mult(S)) is exactly the minimum cardinality of a vertex cover in G, whereas v(mult(S)) is
exactly the maximum cardinality of a matching in G. Then K6nig’s theorem implies that 7(mult(S)) =
v(mult(S)), so mult(S) packs.

(2): If wy, =1, then 7(mult(S)) = 1 and thus mult(S) packs. If n < 2, mult(S) packs by part (1).
Therefore, if mult(S) does not pack, n > 3 and w,, > 2, as required. O

We will need the following remark to prove Theorem 1.41:

Remark 7.17 ([0]). Take integers n >3, w1 > -+ > wy > 2. Let S CV(H,, . w,)- If mult(S) does not
pack but all of its proper restrictions pack, then v(mult(S) \ Cy) = 7(mult(S) \ Cp) < wy, — 2 for every
ves.

Proof. Let v € S, and consider C,, of mult(S). Notice that there are at most 7(mult(S))—2 pairwise disjoint
members of mult(S) that are disjoint from C,. Otherwise, mult(S) contains at least 7(mult(.S)) pairwise
disjoint members, a contradiction to the assumption that mult(S) does not pack. So, v(mult(S) \ C,) <
7(mult(S)) — 2. Observe that v(mult(S) \ C,) < w, — 2, because 7(mult(S)) < w,. As every proper
restriction of mult(S) packs, mult(S) \ C, packs and thus 7(mult(S)\ C,) = v(mult(S)\ C,) < w, —2. O
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Now we are ready to prove Theorem 1.41.

Theorem 1.41 ([6]). Take integersn > 3, wy > -+ > wy, > 2 and k > 0. Let S C
V(Heuy,... ) be of degree at most k. Then the following statements hold:

(1) if mult(S) contains no Agz as a minor and does not pack but all of its proper restric-
tions pack, then k> 31w — 2),

(2) if mult(S) contains no Az as a minor and does not pack, every proper restriction of
mult(S) packs, and k = 7" (w; — 2), then mult(S) = Qs.

i=1

Proof. For simplicity G denote H,, .. ., . Let the ground set of mult(S) be partitioned into £y U---U E,
with |E;| = w; for i € [n]. We claim that

Claim 1. If mult(S) does not pack but all of its proper restrictions pack, then there exist L; C E; for
i € [n] that satisfy the following:

(a) 1< |Li| Sw; =1 fori € [n] and Y0 (|1Li| — 1) > Y7 (wi — 2).
(b) RyU---UR, where R; := E; — L; for i € [n] is a cover of mult(S).

Proof of Claim. Let v € S. Let B be a minimum cover of mult(S) \ C,. Then mult(S) \ (C, U B) has no
members. Let L; for i € [n] be defined as F; — (C, U B). We know that |E; N C,| = 1 for i € [n] and that
|B| < wy, — 2 by Remark 7.17. So, 1 < |L;| < w; — 1 for i € [n]. In addition,

n

SOILil =Y B - G| —|B = (|| - 1) - |B].
=1 =1

=1

As |B| < w, — 2 and |E;| = w; for i € [n], it is clear that Y ., (|L;| — 1) > Z;:ll(wi — 2). Notice that
R, =E;,N(C,UB) forie[n]and Ry U---UR, =C,UDB is a cover of mult(S5). &

(1): By Claim 1(b), no member of mult(S) is fully contained in L; U--- U L,. In other words,
v € V(G) such that C, C Ly U---U L, is infeasible. In turn, G has a subgraph H = H|z,| .z, such
that SNV(H) = 0. Let u be a vertex in H. Then the number of u’s neighbors in H is Y . (|L;| — 1) by

Remark 1.36(2). By Claim 1(a), v has at least Z?;ll (w; — 2) infeasible neighbors. Therefore, we get that
k>3 Nwi —2), as H is a subgraph of G.

(2): We further assume that k = Z;:ll (w; — 2), and we want to show that mult(S) is isomorphic
to Qs. Any vertex in H has 3" | (|L;| — 1) infeasible neighbors that are in H. As 31" '(w; — 2) is the
maximum number of infeasible neighbors of a vertex, 1 (w; — 2) > " (|L;| — 1) and thus we have
Z?;ll (w;—2) = > i, (JL;] — 1). Moreover, we know that any vertex outside H that is adjacent to a vertex
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in H is feasible. Since a vertex u such that C,, is fully contained in L; U---U L,, is infeasible, every vertex
v € V(H) such that C, is fully contained in one of the following sets is feasible:

AHZZLRlLJLQLL"LJLn,
A&ZZZLlLfRQLL"LJLn,

N, =L1ULU---UR,.

We first show that w,, = 2. Suppose for contradiction that w, > 3. We claim the following:
Claim 2. [{ien]: |[L;|=1} <land |{i€n]: |Li]|=w; -1} <n-—1.
Proof of Claim. If there exist distinct p, ¢ € [n] such that |L,| = |L,| = 1, then

n n—2 n—1

SLI =D = S (Ll -1 < Y wi—2) < Y(wi —2)

i=1 1#p,q =1 i=1

where the last inequality is from w,—1 > w;, > 3. So, we have |{i € [n]: |L;| =1} < 1. If |L;| =w; — 1
for all i € [n], then

n n n—1
DL -1 =) (wi—2)>> (wi—2)
i=1 i=1 i=1
where the last inequality is implied by w,, > 3. Therefore, |{i € [n]: |L;] =w; — 1} <n—1. &

Let ¢* be the index in [n] defined as follows:

1. If there is ¢ € [n] such that |L;| = 1, then choose this i for i*.

2. If not, there is i € [n] such that |L;| < w; — 2 by Claim 2. Choose such i for i*.

Pick a vertex w such that Cy, C N;~, and remember that w € S. We will argue that 7(mult(S5) \ Cy,) >
wp, — 1, a contradiction to Remark 7.17, thereby showing that w, = 2. Any member of mult(S) that is
fully contained in

N{:=R{UL,U---UL/,

Ny =LiUR,U---UL!,

N/ :=LfUL,U---UR),

n

where L; := L; — C, and R} := R; — C,, is still a member of mult(S) \ C\,. In fact, we will show that we
need at least w, — 1 elements to cover all the members contained in N{ U--- U N/. Let B be a cover of
mult(S) \ Cy.

Claim 3. B satisfies one of the following statements:

(i) L, UR. C B for some i € [n].
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(i) L; U L, C B for some distinct i, j € [n].
(iti)) R{U---UR), C B.

Proof of Claim. 1f there is j € [n] such that L’ C B, then the members of mult(S) \ C,, contained in Nj
for ¢ # j are covered by B. To cover N j{, B contains either R; or L) for some i # j. In this case, B satisfies
either (i) or (ii). If not, there exists e; € L; such that e; ¢ B for each i € [n]. To cover the members
contained in

Ry U{ea} U---U{ent,

{ea}URLU---U{en},

{61} U {62} U--- UR%,
B must contain R} U---U R/ . So, B satisfies (iii) in this case. &

By Claim 3, it is sufficient to claim the following to show that |B| > w,, — 1.
Claim 4. The following statements hold:

(i) |L; U R} > wy — 1 for every i € [n].
(i) |L; U L > w, — 1 for every distinct i,j € [n].
(i) |[RLYU---URL| > w, — 1.
Proof of Claim. As Cy, C N;+, we have
‘R”: |R1‘7 fOI‘?,#Z* and |L”: |Li‘_1a fOI‘Z#’L*
|R;| — 1, fori=7i* |Li, for i = 4*
Then |L, U R}| = |L}| + |R}| = |Li| + |Ri| = 1 = w; — 1 for each ¢ € [n], so (i) holds.
Recall how we chose ¢*. In fact, due to the choice of i*, we can easily check that
1<|Li, R <w; —2, i€ ln].

Moreover,
n

n n—1
SLl=-(n=1)+ ) |Li| =1+ (w; —2).
=1 =1 i=1

Now, we are ready to show (ii) and (iii). Suppose that |L;, U L;| < w, — 2 for some distinct p,q € [n].
Then we get

n n—1
ST = (Ll + 1)+ D IE < (wn = 2)+ Y (wi —2) <) (wi —2).
i=1 i#p,q i#p,q i=1
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This implies Y"1, L] < Z;’:’f (w; — 2), a contradiction. Thus, (ii) holds. In addition, observe that

n n n—1

IRiU---URL =Y |R|=> (wi—1—[L)=> (wi—1)—1=) (wi—2)=(wn — 1)+ (n—1).
1=1

i=1 i=1 i=1

Since n > 3, |[R{ U---UR.| > w, — 1 and thus (iii) holds. <&

By Claim 3 and Claim 4, we know that 7(mult(S) \ C,,) > w, — 1, but this contradicts Remark 7.17.
Therefore, w, = 2.

Since w, = 2 and mult(.S) does not pack, we have 7(mult(S)) = w, = 2. Since every proper restriction
of mult(S) packs, every element is in a minimum cover of mult(.S) by Remark 7.6. Then, by Proposition 7.5,
mult(S) is a cuboid. Since mult(S) is a cuboid, we may assume that S is a subset of {0,1}". wy =--- =
wy, = 2 implies k£ = 0 so that all the neighbors of an infeasible vertex in S are feasible. Let v € S. Since
mult(S) does not pack, 1 — v € S. Then the neighbors of 1 — v are all feasible. Thus, every neighbor of
v are all infeasible because it is the antipodal vertex of a neighbor of 1 — v. Therefore, S always contains
R 1 as a set-restriction since n > 3. Then by Remark 7.11, mult(S) has mult(R;,1) = Q¢ as a restriction.
Since every proper minor of mult(S) packs, it must be isomorphic to Q. O

Consider Ps :={(2,2,1),(2,1,2),(1,2,2)} and S5 :={(2,2,1),(2,1,2),(1,2,2),(2,2,2)}.

Figure 7.2: P3,S;5

Lemma 7.18 ([2], Lemma 6.2). Take integers n > 3, k > 0. Let S C V(H(n,2)) be of degree at most k.
If mult(S) does not pack and S has none of Ps,S3,R11 as a set-restriction, then n < 2k + 1.

We will need the following lemma, an extension of Lemma 7.18:

Lemma 7.19 ([6]). Take integersn >3, w1 > -+ >w, >2 and k> 0. Let S C V(H,, ... w,) be of degree
at most k. If v(mult(S)) < w, and S has none of P3,Ss, R11 as a set-restriction, then n < 2k + 1.

Proof. We argue by induction on w,. First, consider the case w, = 2. Then H,,, . ., contains H = H(n,2)
as a subgraph. As H is a subgraph, S’ := SNV (H) is of degree at most k in H. Moreover, 7(mult(S")) < 2.
If 7(mult(S’)) = 1, then the vertices in S” agree on a coordinate, and therefore, there is an infeasible vertex
of degree is at least n — 1. That means that n — 1 < k, so n < 2k + 1 clearly holds in this case. Thus we
may assume that 7(mult(S’)) = 2. As we assumed that v(mult(S)) < 2, v(mult(S’)) < 2 and mult(S’)
does not pack. Then, by Lemma 7.18, we get that n < 2k + 1, as required.
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n

For the induction step, consider the case when w, > 3. If S = (), the degree of S'is >, (w; — 1) by
Remark 1.36, and therefore, the degree of S is at least 2n. This implies that k£ > 2n, so n < 2k + 1 holds
if S = (). Thus we may assume that S is not empty. Let v € S. Consider the subgraph H of Hy, oo
induced by {z € Hyy,. .., 1% # v, t € [n]}. Then H =2 Hy, 1., -1, and S' := SNV (H) is of degree at
most k as H is a subgraph. Notice that mult(S") = mult(S) \ C, and that v(mult(S’)) < w, —2. It is also
true that S” has none of Ps, Ss, R1,1 as a set-restriction, because S’ itself is a set-restriction of S. Then,
by the induction hypothesis applied to S" CV (Hy,-1,...w,—1), we obtain n < 2k + 1, as required. O

Now we are ready to prove Theorem 1.42.

Theorem 1.42 ([6]). Take integersn > 3, wy > -+ > wy, > 2 and k > 0. Let S C
V(Huy,... ) be of degree at most k. If mult(S) has a restriction that does not pack, then
it has one with at most max {1—21k + %, 6} elements.

Proof. Tt can be readily checked that mult(R; 1), mult(Ps), mult(Ss) are clutters over 6 elements that
do not pack. Thus we may assume that mult(S) contains none of mult(R; 1), mult(Ps), mult(Ss) as
a restriction. In particular, mult(S) has no Qe(= mult(R;11)) as a restriction, and by Remark 7.11, S
contains none of P3, S3, Ry 1 as a set-restriction. Let C be a restriction of mult(S) that does not pack but
all of its restrictions pack. By Remark 7.12, there exists a set-restriction R C V(Hjy, .. s,), for some ¢ > 1
and 0; > 1 for i € [¢], of S such that C = mult(R). As we assumed that mult(S) has no Qg as a restriction,
mult(R) 2 Q¢. Moreover, as mult(R) does not pack, £ > 3 by Proposition 1.40 (2). Then, by Lemma 7.19,

we have ¢ < 2k + 1. By Theorem 1.41, 1+ Zf;ll(@ —2) < k. Notice that

¢ ¢ 3 1, 1
< < = (k-1 < (k- A
§j5 €_1§j5_€_1 (2 =3+ k) =20+ ;= (k=1) < (4h +2) + S(k—1) = -k + 3

As mult(R) has Zle 8; elements, it has at most L1k + 1 elements. O

7.4 A pseudocode to generate strictly polar multipartite clutters
that do not pack

In this section, we will describe a pseudocode for generating strictly polar multipartite clutters that do
not pack. Take integers n > 1, wi,...,w, > 1. Let w := min{w; : ¢ € [n]}. We say that {vl, . ,v“’} -
V(Hy,...w,) is a general diagonal of H,,, . ., if vl,...,v¥ are w vertices at pairwise distance n. Given
S C V(Hy,,... w,), a general diagonal consists of some feasible vertices and some infeasible ones as in the
figure below (black and red vertices represent feasible and infeasible vertices, respectively). Figure 7.3
shows a general diagonal of Hg 7. Note that the picture in Figure 7.3 is not a grid, and in fact, each row
represents K7 and each column represents Kg.
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Figure 7.3: A general diagonal of Hg

Remark 7.20 ([0]). Take integersn >1, wy > -+ > wy, > 1. Let S C V(Hy,,. w,). Then
v(mult(S)) =max {|LNS|: L is a general diagonal of Hy, ... w0, }-

In particular, if there is a general diagonal all of whose vertices are feasible, then mult(S) packs.

Proof. By Remark 7.13, v(mult(S)) is equal to the maximum number of vertices in S that are at pair-
wise distance n, so v(mult(S)) is the maximum number of feasible vertices that a general diagonal has.
Moreover, if a general diagonal has all of its vertices feasible, then it has w,, feasible vertices at pairwise
distance n and thus v(mult(S)) = wy,, implying in turn that mult(S) packs. O

By Remark 7.20, one can test whether a multipartite clutter packs by checking the general diagonals
in its Hamming representation. How do we check if a multipartite clutter is strictly polar? We know that
Theorem 1.29 provides a characterization of when a clutter is strictly polar, but this characterization is
stated in terms of its members. In fact, for a multipartite clutter, the characterization can be rewritten
with respect to the vertices in its Hamming representation.

Remark 7.21 ([6]). Take integersn >1, w1 > -+ >w, > 1. Let S C V(Hy, ... w,). Then the following
statements are equivalent:

(i) mult(S) is strictly polar,

(ii) For every three distinct vertices u,v,w € S, the smallest set-restriction of S containing u,v,w has a
general diagonal with at least two feasible vertices.

Proof. (1)=(ii): Assume that mult(S) is strictly polar. Let u,v,w be three distinct vertices in S, and
let R denote the smallest set-restriction of S containing u,v,w. Then R is obtained from SN {x : z; €
{ui,vi,w;} for i € [n]} after dropping every coordinate i € [n] with u; = v; = w;. Notice that mult(R) is
isomorphic to the restriction of mult(S) obtained after restricting £ — (C, U C, U C,,) where E denotes
the ground set of mult(S). In particular, 7(mult(R)) > 2. As mult(S) has no intersecting restriction,
mult(R) is not intersecting, and therefore, v(mult(R)) > 2. So, by Remark 7.20, it follows that R has
a general diagonal with at least two feasible vertices. (ii)=(i): We will show the contrapositive of this
direction. Assume that mult(S) is not strictly polar. Then mult(S) has an intersecting restriction. By
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Theorem 1.29, there exist three vertices u,v,w € S such that the restriction of mult(S) obtained after
restricting £ — (C,, UC, UC,,) is intersecting. Then the restriction is isomorphic to mult(R) where R is the
smallest set-restriction of S containing u, v, w. As mult(R) is intersecting, v(mult(R)) = 1, and therefore,
every general diagonal of R has at most one feasible vertex, as required. O

The following remark provides the last ingredient for our pseudocode:

Remark 7.22 ([6]). Take integersn > 1, w1 > -+ > w, > 1. Let S C V(Hy,, . w,). If mult(S) is strictly
polar and does not pack, then n > 3 and w, > 3.

Proof. Assume that mult(S) is strictly polar and does not pack. By Proposition 1.40 (2), if n < 2 or
wy, = 1, then mult(S) packs. As mult(S) does not pack, n > 3 and w,, > 2. Suppose for a contradiction
that w, = 2. Then we have 7(mult(S)) < 2. If 7(mult(S)) = 1, then mult(S) packs. If 7(mult(S)) = 2,
as mult(S) is not intersecting, it follows that v(mult(S)) = 2 and thus mult(S) packs. This implies that
mult(S) packs, a contradiction. Therefore, it follows that w, > 3, as required. O

Now we are ready to describe our algorithm for generating strictly polar multipartite clutters that do
not pack. The correctness of our algorithm follows from Theorem 1.39, Remarks 7.20, 7.21, 7.22. A partial
set is a triple P = (F,I,U) where F, I, U partitions V(Hy, . w,) = [w1] X -++ X [wy]. We refer to F, I
and U as the feasible points, infeasible points and undecided points of P, respectively. If U = ), F is the
corresponding set of P. Now we are ready to describe our algorithm.

Input:

e dimension n & rook dimensions wy, ..., wy,

e degree k € {1 3 wi—2), e, S (wi - 1)}
Output:

e all non-isomorphic sets of degree k in V(H,,
do not pack.

.....

Algorithm

0. Check if n > 3 and w; > 3 for all i € [n]. If not, there is no subset of V/(H,, ... v, ) whose multipartite
clutter is strictly polar and does not pack.

1. Enumerate all non-isomorphic sets of degree k in V(Hy,-1,... w,—1) Whose multipartite clutters are
ideal and strictly polar. Call these sets configurations.

2. Let P be the family of all partial sets originating from a configuration, i.e. initialize
P:={(S, Vo =S, V—-V,): Sis a configuration}

where Vy := V(H,, -1

.....



3. While P has a partial set P = (F,I,U) with U # ()

(a) If there is a general diagonal all but one of whose vertices are feasible and whose remaining
vertex is undecided, update P by making the undecided point infeasible.

(b) If P has an infeasible point with at least k+ 1 infeasible neighbors, remove P from P and restart
Step 3.

(c) If P has an infeasible point with k& infeasible neighbors, update P by making the undecided
neighbors feasible.

(d) If P has an undecided point with at least k + 1 infeasible neighbors, update P by making the
undecided point feasible.

(e) If there is a general diagonal all whose vertices are feasible, remove P from P and restart Step 3.

(f) If there exist three distinct feasible points w,v,w such that the smallest set-restriction R of
V(Hy, ... w,) containing u,v,w has no undecided point and has no general diagonal with at
least two feasible points, remove P from P and restart Step 3.

(g) Otherwise, take an undecided point ¢q. Let P, and P, be the partial sets obtained from P after
making ¢ feasible and infeasible, respectively. Set P := PA{P, Py, P»}.

Step (a) makes sure that the corresponding multipartite clutter does not pack. While adding an infeasible
point in Step (a), an infeasible point with degree greater than k may have been created, and if so, Step (b)
prunes the partial set. Steps (c¢) and (d) make sure that there is no infeasible point of degree greater than
k. Adding feasible points in Steps (c¢) and (d) may have made the multipartite clutter pack, and if so,
Step (e) prunes the partial set. Step (f) checks whether the multipartite clutter contains an intersecting
restriction. Step (g) makes sure that the multipartite clutter is strictly polar.

At this point, the partial sets in P have no undecided point. Let S be the family of sets corresponding to
the partial sets in P.

4. From every isomorphic class in S, keep only one set and filter out the other ones.

5. Output the sets in S whose multipartite clutters do not pack.

End of Algorithm

Our computational experiment showed the following result:

Theorem 7.23 ([6]). Up to isomorphism, there are precisely 60 subsets of V(Hs s 3) whose multipartite
clutters are strictly polar and do not pack.

By Theorem 1.34, if the 7 = 2 Conjecture is true, then every strictly polar multipartite clutter that
does not pack is non-ideal. By Theorem 1.39, if the degree of a set is k, then every minimally non-ideal
minor of its multipartite clutter, if any, has at most k element. In particular, a set S C V(Hj 3 3) has
degree at most 6, so if mult(.S) is non-ideal, every minimally non-ideal minor of it is one of Az, Ay, Ajs, Ag,
C2,b(C2). In fact, as every member of mult(S) has size 3 and its ground set is partitioned into three parts,
none of Ay, As, Ag is a minimally non-ideal minor of mult(S). Moreover, Az and b(C?) are intersecting
clutters, so any strictly polar clutter has none of Az, b(C?) as a minor. Therefore, it is sufficient to check
C2. Using this fact, we came to the following conclusion.
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Theorem 7.24 ([6]). The multipartite clutters of the 60 subsets of V(Hs33) have C2 as a minor, and
thus, are non-ideal.

Theorems 7.23 and 7.24 have the following consequence:

Theorem 1.43 ([6]). Let C be a multipartite clutter over at most 9 elements. If C is ideal
and strictly polar, then C packs.

Proof. Assume that C is ideal and strictly polar. By Remark 1.38, there exists a set S C V(H,,,... v, ) for
somen >1,wy > -+ > w, > 1 such that C = mult(S). By Remark 7.22; if n < 2 or w,, < 2, then C packs.
Thus we may assume that n > 3 and w,, > 3. So, it follows that n = 3 and that w; = ws = w3 = 3. Then
Theorems 7.23 and 7.24 imply that C packs. O

7.5 Further notes

So far, we checked that there is no counter-example to Conjecture 1.33 among multipartite clutters over at
most 9 elements. Our next step is to generate and check multipartite clutters over 10 to 12 elements that
are ideal and strictly polar. To do so, we need to go through subsets of V(Hy33), V(Hya3), v(Hya.4),
and V(Hs 33,3). We end this chapter with the following question.

Question 7.25. Does any of V(Ha33), V(Hauz3), V(Haaa), V(Hs333) have a subset whose multipartite
clutter is ideal and strictly polar but does not pack?
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Chapter 8

The reflective product

wn, and G2 = Hy, s

.....

no

for some w1, ...,wWn,,01,...,0n, > 1. Recall that
S1 X Sy = {(x,y) c V(Gl) X V(GQ) : x €57 and Yy e SQ}
51*52:(51 XSQ)U(STXS?)

Let C1,Cs be clutters over disjoint ground sets Fy, Es, respectively. Define the product of C; and Cs as the
clutter over ground set £ U E5 whose members are

Ci xCq:= {01 udy:Cy GCl,Cg GCQ}
and the coproduct of C; and Cy as the clutter over ground set Fy U F» whose members are
C1 ® Cy := the minimal sets of C; U Cs.

Remark 8.1 ([2, 0]). Take integers ni,ne > 1 and sets S1 C V(G1) and So C V(Ga), where G1 =
Hy, . w, oand Gy =Hs, 5. forsomewr,...,wn,01,...,0n, > 1.Then the following statements hold:

ny no

(1) mult(S; x S3) = mult(S7) x mult(Ss),
(2) mult(S; * So) = mult(S; x So) @ mult(S; x Sz) = mult(S; x So) Umult(S; x o).

Proof. (1): mult(Sy x S2) = {Clzy): (z,9) €51 x S2} = {CLUC,: x €51, ye€ Sy} = mult(S1) x
mult(S3). (2): As S; %Sy = (51 x S2) U (571 X 5’72), it follows that mult(S; * Ss) is the clutter of the
minimal sets in mult(S; x S3) Umult(S; x S2). As the members of mult(S; x S3) and mult(S; x S2) have
the same cardinality nq + ns, they are the minimal sets of mult(S; x So) Umult(S7 x Ss), implying in turn
that mult(51 * Sg) = mult(S'1 X Sg) U mult(51 X SQ) O

In § 8.1, we show some basic facts on the products and coproducts of clutters. In § 8.2, we study the
products and reflective products of sets and their multipartite clutters, and we prove Theorem 1.44. In
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§ 8.3, we prove Theorem 1.45 implying that an ideal minimally non-packing multipartite clutter obtained
by a reflective product must be a cuboid, and we prove Theorem 1.46 giving a characterization of an ideal
minimally non-packing cuboid obtained by a reflective product. The material in this chapter is based on
a submitted paper [2] and a working paper [6].

8.1 Products and coproducts of clutters

In this section, we prove Proposition 8.3 on the products and coproducts and clutters.

Remark 8.2 ([2]). For clutters C1,Cq over disjoint ground sets, the following statements hold:

(1) b(Cl X Cg) = b(C1) ) b(CQ) and b(Cl D CQ) = b(Cl) X b(CQ),

(2) for an element e of C1, (C1 x C2) \ {e} = (C1 \ {e}) x C2 and (C1 x C3)/{e} = (C1/{e}) x Cq,

(3) for an element e of C1, (C1 & C2) \ {e} = (C1 \ {e}) ®C2 and (C1 & C2)/{e} = (C1/{e}) ®Ca.

Proof. (1): Tt suffices to show that b(C; x C2) = b(C1) @ b(C2). Let B be a member of b(Cy) @ b(Ca).
Then B is a minimal cover of C; or Co, so B is a cover of C; x Cs. Hence, B contains a member of
b(Cy x C3). Conversely, take a member B of b(C; x C3). Then B is a minimal cover of C; x Co. Suppose for
a contradiction that B is neither a cover of C; nor a cover of Cy. Then there exist C; € C; and Cy € Cy
such that BNCy = BNCy = 0, a contradiction as C; U Cy is a member of C; x Cy. Therefore, B is a cover
of Cy or Ca, implying in turn that B contains a member of b(Cy) @ b(C2). Hence, b(C1 x C3) = b(C1) B b(C2).
(2) and (3) are immediate. O
Using this remark, we can easily prove the following:

Proposition 8.3 ([2]). Let C1,Cy be clutters over disjoint ground sets. Then the following statements
hold:

(1) if C1,Co are ideal, then so are C; X Co and C1 @ Co,

(2) if C1,Co pack, then so do Cy x Co and C; ® Ca,

(3) if C1,Cy are strictly polar, then so are C; X Co and Cy & Ca,

(4) if C1,Co have the packing property, then so do C1 X Co and Cy @ Ca,

(5) if C1,Ca have the max-flow min-cut property, then so do C; x Cy and C1 @ Ca.

Proof. Tf C; = {0}, then C; xCo = C and C; &Co = {0}. If C; = {}, then C; xCy = {} and C; $Cy = Cs. In

both cases, the assertions trivially hold. Therefore, we we may assume that both C; and Cy are nontrivial.

(1): We first show that C; @ Cs is ideal. Notice that Q(C1 ®Cz) = Q(C1) x Q(C2). As Q(C1) and Q(Cs)
are integral polyhedra, so is Q(C; @ C2) and thus C; @ Cs is ideal. By Theorem 1.20, b(C;) and b(Cs) are
ideal, implying in turn that b(Cy1) @ b(Cs) is ideal. So, by Remark 8.2 (1), b(Cy x C3) is ideal, and it follows
from Theorem 1.20 that C; x Cs is ideal, as required.
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(2): By Remark 8.2 (2), 7(C; x C3) = min{7(C1),7(C2)}. Since both Cy,Cs pack, each of them has
7(C1 % C3) disjoint members, thereby leading to 7(C; x C3) disjoint members in C; x Cy. Thus, C; x Co
packs. Moreover, by Remark 8.2 (3), 7(C; @ C2) = 7(C1) + 7(C2). Since C; has 7(C;) disjoint members
and Cy has 7(C2) disjoint members, it follows that C; ® Co has 7(C; & C2) disjoint members. Thus, C; & Cay
packs.

(3): To prove that C; x Cq is strictly polar, we will show that every restriction of C; x Cq is not
intersecting. Let C be a restriction of C; x Cy. Then, by Remark 8.2 (2), C = C] x C} for some restriction
C} of C; and some restriction C of Co. It can be readily checked that C is not intersecting if Cj or Cj is
trivial. Thus, we may assume that C; and C} are nontrivial. Since C; and Cy are strictly polar, each of
C; and C) has two disjoint members, thereby leading to two disjoint members of C. This implies that C is
not intersecting. Therefore, C; x Cy is strictly polar. To prove that C; @ Cs is strictly polar, we will show
that every restriction of C; @ Cs is not intersecting. Let C be a restriction of C; & C3. By Remark 8.2 (3),
C = C} & C} for some minor C; of C; and some minor C} of Co. If C; = {0}, then C = {0}, so C is not
intersecting. If C{ = {}, then C = C} and thus C} is a restriction of Cy, implying in turn that C is not
intersecting as Cs is strictly polar. Thus, we may assume that C{ and Cj are nontrivial. This implies that
C has two disjoint members, so it is not intersecting. Therefore, C; ® Cs is strictly polar.

(4): By Remark 8.2 (2), every minor of C; x Cs is the product of a minor of C; and a minor of Cs,
so it follows from part (2) that every minor of C; x Co packs. Hence, C; x Cy has the packing property.
Similarly, it follows from Remark 8.2 (3) and part (3) that C; & Cs has the packing property.

(5): Let E; and E5 be the ground sets of C; and Ca, respectively. Let w; € Zfl,wg S Zf"’. For
i € {1,2}, let D; denote the replication of C; with respect to w;. As C; and Cy have the max-flow min-cut
property, it follows from Remark 7.7 that D; and D5 pack. In fact, the replication of C; x Co with respect
to (w1, ws) is Dy X Dy and that of C; @ Cy is Dy @ Da. So, by part (3), both Dy x Dy and Dy @ Do pack,
implying in turn that C; X Co and C; & Co have the max-flow min-cut property. O

8.2 Products and reflective products of sets

Using Remark 8.1 (1), we can show that the set product preserves the properties we considered so far:

Proposition 8.4 ([2, 0]). Take integers ni,ng > 1 and sets S1 C V(G1) and Sz C V(G2), where
G1=H, and Go = Hs, ... 6., for some w1, ... ,Wn,,01,...,0n, > 1. Then the following statements
hold:

1o Wny

(1) if mult(Sy), mult(Ss) are ideal, then so is mult(S; X Ss),
(2) if mult(Sy), mult(Ss) pack, then so does mult(S; x Ss),

(51)
(51)
(3) if mult(S1),
(51)
(51)

=]

(S2)

(52)

ult(S2) are strictly polar, then so is mult(S; x Sa),

(4) if mult(Sy), mult(S2) have the packing property, then so does mult(S; X Sa),
(S2)

(5) if mult(Sy), mult(Sy) have the max-flow min-cut property, then so does mult(S; x S2).

Proof. By Remark 8.1 (1), we have mult(S; x S2) = mult(S1) X mult(S3). Therefore, the assertions follow
from Proposition 8.3. O
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Recall that for ¢ € [2], ind(S;, z;) = mult(S;)/Cy, is the induced clutter of mult(S;) with respect to
z; € V(G;) (Section 7.2).

Remark 8.5 ([2, 6]). Take integers ni,ny > 1 and sets S; C V(G;1) and Sy C V(G2), where G; =
Hy,. . . w,, and Go = Hs, s, forsomews,... ,wn,,01,...,0n, > 1. Then, viewing mult(Sy) and mult(Ss)

no
as clutters over disjoint ground sets, we have that

ind (Sl X Sg, (371,.%'2)) = ind(S’l, 371) X ind(SQ,.%‘Q)

for every (z1,x2) € V(G1) X V(Ga).

Moreover,

Proposition 8.6 ([6]). Take integers n1,ny > 1 and sets S; C V(G1) and Sy C V(G2), where Gy =
Hy, . . .w,, and Go = Hs, s, forsomews, ... ,wn,,01,...,0n, > 1. Then, viewing mult(Sy) and mult(Ss)
as clutters over disjoint ground sets, we have

{@} if 1 € S1 and x4 € Ss
{0} if x1 € S1 and zo € Sy
ind(Sy, 1) @ ind(Sa, z2) if t, € S; and x5 € S
ind(Sy, 1) @ ind(Sa, z2) if x1 € S1 and o € Ss.

ind(Sy1 * Sz, (z1,22)) =

for every (z1,x2) € V(G1) x V(Ga).

Proof. By Remark 8.1 (2), ind(S; * Sa, (71, 22)) = ind(S; x S, (v1,72)) @ ind(S7 x Sz, (v1,2)). If 71 €
S1,m3 € Sy or ¥1 € S1,m9 € Sy, then ind(S; x Sa, (z1,72)) = 0 or ind(Sy x Sa, (w1, 2)), and therefore,
ind(Sy * Sa, (z1,72)) = {0}. If 1 € S; and x5 € Sy, then ind(S1,z;) = {0} and ind(Ss, x2) = {0}. So,
by Remark 8.5, ind(S; x Sa, (w1, 22)) = ind(S1,x1) and ind(S7 x Sa, (z1,72)) = ind(Sa, z2), so ind(S; *
So, (x1,72)) = ind(Sy,x1) ® ind(S2,z2). Similarly, if 2; € S; and 2o € Sa, ind(S; * So, (v1,22)) =

ind(S1, 1) @ ind(S2, z2). O

We are ready to prove Theorem 1.44.

Theorem 1.44 ([6]). Take integers ni,ne > 1 and sets S1 C V(G1) and S2 C V(Gs),
where G1 = HM’___,LU"1 and Gy = H517.__,5n2 for some w1,...,Wny, 01,00, > 1. If
mult(S;), mult(Sy), mult(S2), mult(Ss) are ideal, then so are mult(Sy*S2), mult (Sy * S3).

Proof. Since Sy * Sy = S7 * Sa, it is sufficient to consider mult(S; * Sz). To prove that mult(S; * Sa)
is ideal, it suffices by Theorem 1.35 to prove that the induced clutters of mult(S; * Ss) are ideal. To
this end, take (x1,22) € V(G1) x V(G2). Since mult(S;), mult(S;), mult(Sy), mult(Sy) are ideal, all of
ind(Sy, 1), ind(Sz, x2), ind(St, x1), ind(Ss,x2) are ideal, implying in turn that ind(S; * Sa, (z1,72)) is
ideal by Proposition 8.6. O
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8.3 Minimally non-packing multipartite clutters obtained by the
reflective product

We will need the following remark:

Remark 8.7 ([6]). Take integers ny,ng > 1 and sets S1 C V(G1) and So C V(Gs), where G1 = Hy, o,
and Gy = Hs, .. 6., for some w1, ... ,wn,,01,...,0n, > 1. Then

7(mult(Sy * S2)) < min {7(mult(S1)) + 7(mult(S)), 7(mult(S1)) + 7(mult(S2)) } .

Proof. By Remark 8.1 (1), a cover of mult(S;) is a cover of mult(S; x Sz) and a cover of mult(Ss) is a
cover of mult(S; x S3). That means the union of a cover of mult(S;) and a cover of mult(Ss) is a cover of
mult(S; * S2) by Remark 8.1 (2). Therefore, 7(mult(S; * S3)) < 7(mult(S;)) + 7(mult(Ss)). Similarly, we
obtain 7(mult(S; * S2)) < 7(mult(S;)) + 7(mult(Sz)), as required. O

Take integers n > 1, wy; > - -+ > w, > 1. Recall that {vl, . ,v‘*’"} C V(Huy,,....w, ) 1s & general diagonal
of Hy, .  w, if vl,...,v¥" are w, vertices at pairwise distance n. The following remark can be readily
proved:

Remark 8.8 ([0]). Take integers n1,nz > 1 and sets Sy C V(G1) and Sz C V(G2), where Gy = Hy, .,
and Gy = Hs, .. 5., for some w1, ... ,Wn,,01,...,0n, > 1. Let G = G10G2. If L is a general diagona
of G, then there exist general diagonals of Gy and Go, L1 and Lo, respectively, such that L C Li X L.
Conversely, if L1 and Lo are general diagonals of G1 and Gs, respectively, then there is a general diagonal

L of G such that L C Ly X Lo.

We will need the following claim:

Remark 8.9 ([0]). Take integers ni,n2 > 1 and sets Sy C V(G1) and Sz C V(Ga), where G1 = Hy, ... w,,
and Gy = Hgl)___7§n2 for some w1, ..., wWn,,01,...,0n, > 1. Let Ly and Lo be general diagonals of G1 and
Go, respectively. Then

v(mult(Sy * S2)) > min {|Ly N S|, [La N S|} + min {|L1 N Sy],[L2 N S|}

Proof. If two vertices (u1,v1), (ug,v2) € (L1 NSy) x (Ly N Sa) are at distance ny 4 ne, then the distance
between u1,us is n1 and the distance between vy, vy is ng. For i = 1,2, (L; NS;) has |L; NS;| vertices at
distance n;, so (L1 N.S1) x (L2N.S2) contains exactly min {|L; N S|, |L2 N S2|} vertices at pairwise distance
n1 + ng. Similarly, (L; N Sy) x (Le N Sy) contains exactly min {|L1 NS, | L2 N ?2\} vertices at pairwise
distance ny + no.

Moreover, (u,v) € (L1 N S1) x (L2 NS2) and (v/,v’) € (L1 N S1) X (L2 N Sy) are at distance ny + na,
because the distance between u and ' is n; and the distance between v and v’ is ns. As a result,
(L1 ﬂSl) X (L2 ﬂSQ) U (L1 0571) X (Lg ﬁS72) contains min {|L1 N Sl|, |L2 n SQ‘} + min {|L1 n ST‘, ‘LQ N 572|}
vertices at pairwise distance nj +ns. As (L1 NS1) X (La N S2)U (L1 NSy) x (L2 N Sy) is a subset of Sy * S,
we get that v(mult(Sy * S2)) > min {|L; N Sy|,|L2 N So|} + min{\Ll N S|, |La ﬁ572|}, as required. O

It is easy to observe the following:

148



Remark 8.10 ([6]). Take integers ni,ne > 1 and sets S1 C V(G1) and So C V(Ga), where G1 =
Hy, . w, and Gy =Hs, 5. forsomewi,...,wp,,01,...,0n, >1. If S1 %Sy does not pack but all of its

ng JOT SC 15
proper restrictions pack, then Sy, S1, Sa, So are nonempty.

nq

Proof. Suppose for a contradiction that Sy = (). Then Sy = V(G3) and S = S; x V(G2), which implies that
mult(S7) and mult(V'(Gs)) are proper restrictions of mult(S). By Remark 8.1 (1), mult(S) = mult(S;) x
mult(V(Gs2)). So, Proposition 8.4 (2) implies that mult(S) packs, a contradiction. Therefore, Sy is
nonempty. Similarly, we can argue that S;, 51,5 are all nonempty. O

Recall that H(n,w) denotes H,, ., so H(n,2) is the skeleton graph of the n-dimensional hypercube.
The following remark will be useful to prove Theorem 1.45.

Remark 8.11 ([0]). Take an integer n > 1 and an antipodally symmetric set S C V(H(n,2)). If both S
and S are nonempty, then mult(S x {1}) does not pack.

Proof. Take u € S and v € S. Let % and ¥ denote the antipodal of u and that of v in H(n,2), respectively.
Notice that (u,1), (@, 1), (v,2), (7,2) € S % {1} and that they do not agree on a coordinate, implying
in turn that 7(mult(S % {1})) = 2. To show that mult(S % {1}) does not pack, it suffices to argue that
S % {1} does not have antipodal vertices in H(n + 1,2), thereby showing that v(mult(S % {1})) = 1. Let
(w,1) € S*{1}. Then w € S. As S is antipodally symmetric, the antipodal of w in H(n,2), denoted
w, is also contained in S. That means (w,2), the antipodal of (w,1) in H(n + 1,2), is not in S * {1}.
Similarly, for every (w,2) € S % {1}, the antipodal of (w,2) in H(n + 1,2) is not in S * {1}. Therefore,
7(mult(S * {1})) = 2 and v(mult(S * {1})) = 1, so mult(S * {1}) does not pack. O

We are ready to prove Theorem 1.45.

Theorem 1.45 ([6]). Take integersn >3, w1 > -+ > wy, > 2 and a set S CV(Hy,,. ), )-
Assume that mult(S) contains no As as a minor and does not pack but all of its proper
restrictions pack. If S is obtained by a reflective product, then w1 = --- = w, = 2, and
therefore, mult(S) is a cuboid.

Proof. By Proposition 7.5 and Remark 7.6, it is sufficient to show that w, = 2. Suppose that w, > 3
for the sake of contradiction. As S is obtained by a reflective product, there exist S; C V(G;) and
Sy C V(G2) such that S = Sy x S, where G = G10G5. Then G & Hs, .. 6., and Gy = Hy, ooy,
for some mny,n2 > 1 such that ny +ne =mn, 61 > -+ > 0,, > 3, and y1 > -+ ,7vyn, > 3 such that
{01, 0nys Y1y -+ Ynn } = {W1, ..., wy} as multisets. It follows from Remark 8.10 that S;, Sy, Sz, S2 are
all nonempty.

Let 7 denote 7(mult(S)). Then 7 < w, and v(mult(S)) < 7 — 1 as mult(S) does not pack. In fact,
v(mult(S)) = 7 — 1. Suppose otherwise. Then v(mult(S)) < 7 — 2 and what is obtained after deleting one
element from mult(S) does not pack, since deleting one element from a clutter reduces its covering number
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by at most one and does not increase its packing number. As every proper restriction of mult(S) packs,
we get v(mult(S)) = 7—1. As v(mult(S)) = 7 — 1, there is a general diagonal L of G with |[LNS|=71—1.

By Remark 8.8, there exist general diagonals of G1 and Ga, L1 and L, respectively, such that L C Ly x
Ly. Let p; := |L;NSi|, q; := [L;NS;| for i = 1,2. Then py+q1 = 0p, > wy > 3 and pa+qa = Yny > wp > 3.

- b2

.41

L,

Lo

Figure 8.1: Ly in G; and Ly in G

Claim 1. FEither

e p1<p2, @2<qi, andpr +q2=T7—1, or

® Py <p1,q1 <@g, andpas+q =7 — 1.

Proof of Claim. Without loss of generality, we may assume that 6,, > Yn,, S0 p1 + @1 > p2 + ¢2. Let us
consider the case when p; > ps and ¢; > ¢2. By Remark 8.9, v(mult(S)) > ps + ¢g2. However, we have
P2+ G2 = Y, > wp > T — 1, a contradiction as we already argued that v(mult(S)) = 7 — 1. Therefore,
either p1 < ps or q1 < ¢o.

If p1 < po, then we get that ¢ > ¢o because 6,, > 7n,. In this case, (L1 N S1) x (L2 NSy) and
(L1 N 571) X (L2 N 572) contain p; and ¢o vertices at pairwise distance nj + ns, respectively. Note also that
(L1 NS1) x (LN S2) U (Ly N'St) x (Lz N'S3) contains LNS, so p1 4+ g2 > |[LN S| =7 —1. We know from
Remark 8.9 that p; + g2 < v(mult(S)) =7 — 1. So, p1 + g2 = 7 — 1. Similarly, if ¢1 < g2, then we can
show that p; > ps and ps +q1 =7 — 1. <

By Claim 1, we may assume that p; < ps, g2 < q1, and p; + g2 = 7 — 1. We will argue that a general
diagonal of G; has at most p; feasible vertices and a general diagonal of G5 has at least p, feasible vertices.
We need the following two claims to argue that.

Claim 2. Let D be a general diagonal of G1, and let p := |D N Sy|, ¢ := |D N Sy|. Let F be the vertex-
induced subgraph of G1 that consists of the vertices at distance ny from each vertex in DN Sy, and let H be
the vertex-induced subgraph of Gy that consists of the vertices at distance ny from each verter in DN S;.
Then the following statements hold:

(1) if Gy does nmot contain a general diagonal with exactly p+ 1 feasible vertices, then V(F)N Sy =0,
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F H

Figure 8.2: F and H in G,

(2) if G1 does not contain a general diagonal with exactly p — 1 feasible vertices, then V(H) C 5.

Proof of Claim. By the symmetry between S; and S, it is enough to show (1).

Assume that G; does not contain a general diagonal with exactly p + 1 feasible vertices. Notice that
F = H((;l,p)’v___’((;nl,p). If ¢ = 0, then F' has no vertex and we automatically get V/(F) N S; = (). Consider
the case ¢ = 1. Then D has p = d,, — q = 6, — 1 feasible vertices. Suppose for a contradiction that
there is a vertex v € V(F) N S;. Then v is a feasible vertex that is at distance n; from any vertex in
DnNS;. That means {v} U (DN Sy) is a general diagonal of Gy with exactly d,, = p + 1 feasible vertices,
a contradiction to our assumption. Therefore, V(F) N S; = (). Thus, we may assume that ¢ > 2.

Notice that D NS is contained in F. That means D N S] is a general diagonal of F that contains no
vertex in Sy. To prove V(F)NS; = ), we will argue that a general diagonal D of F such that DpNS; =0
satisfies the following:

(%) Any vertex that is a neighbor of a vertex in D is not feasible, and any vertex that is a
neighbor of a vertex in D is on a general diagonal of F' without a feasible vertex.

Note that Dp has g vertices ui,...,uq. Let u € V(F') be a vertex that is adjacent to D, and we may
assume that u is adjacent to wi. If w is at distance nq from all of wo,...,u,, then {u,ug,..., us} is a
general diagonal of F'. Consider (D N .S1) U{u,ug,...,uq}. This is a general diagonal of G1. So if u € 51,
then (D N S1)U{u,us,...,u,} contains exactly p + 1 feasible vertices, a contradiction to our assumption.
Thus, u is not contained in Sy, and also, {u, us, ..., us} is a general diagonal of F' with no vertex in 5.

Otherwise, at least one of us,...,u, is at distance less than n; from w. In fact, since v and u; are
adjacent, u is at distance n; — 1 from one point and at distance n; from all the other points in us,. .., ug4.
Thus, we may assume that u has exactly one common coordinate with us but is at distance n; from the
other vertices. Let () denote the smallest hypercube containing u; and us. Then u belongs to Q. We will
show that V(Q) N Sy is antipodally symmetric. Let w € V(Q), and let w be the antipodal of w in Q.
Consider a general diagonal (DN S1) U{w,@,us,...,uq}. If [{w,w} N Si| =1, then the general diagonal
has exactly p + 1 vertices, contrary to our assumption. Therefore, w € S if and only if w € S, thereby
implying that V(Q)NS; is antipodally symmetric. Since both Sy and Sy are nonempty, we can find v € Sy
and v’ € Sy such that v, v are adjacent in Gy. Notice that S has (V(Q) N S;) x {v} as a restriction. After
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dropping the coordinates where the vertices in (V(Q) N S1) * {v} agree, we obtain a set isomorphic to
(V(Q) N S1) ={1}.

Suppose for a contradiction that u € S;. Then V(Q) contains both a feasible vertex (u) and an
infeasible vertex (u1), which means both V(Q) NSy and V(Q) N Sy are nonempty.

Uy U
v v
U U2
S S1 Sa

Figure 8.3: S, S1, and S

By Remark 8.11, mult ((V(Q) N Sy) *x {0}) does not pack. However, this contradicts the assumption that
mult(.S) has no proper restriction that does not pack. That means that u ¢ S; and that u is contained in
a general diagonal {u, @, us,...,us} of F' containing no vertex in S;. Therefore a general diagonal Dp of
F with no feasible vertex satisfies ().

Now we are ready to prove that V(F)NS; = 0. Let u € V(F). We argue that v is contained in a general
diagonal of F with no vertex in Sy, by induction on the distance between v and DN S;(= DN SNV (F)).
If the distance is 0, then u is contained in D NS and thus the assertion holds as D N S; is a general
diagonal of F'. Assume that the assertion holds for any vertex with distance from D N S, at most k for
some k > 0. Let the distance from « to DN S; be k+ 1. Then it is adjacent to a vertex that is at distance
k from D N S7, so it is contained in a general diagonal with no vertex in S; by the induction hypothesis.
By (%), u is infeasible and belongs to a general diagonal of F' with no vertex in S;. This complete the
induction step. So, V(F) N S; = 0, as required. &

Claim 3. Let D be a general diagonal of Go, and let p := |D N Ss|, q := |[D N Sy|. Let F be the verter-
induced subgraph of Go that consists of the vertices at distance ng from each vertex in DN Ss, and let H be
the vertez-induced subgraph of Go that consists of the vertices at distance no from each vertex in DN Ss.
Then the following statements hold:

(1) if Go does not contain a general diagonal with ezactly p + 1 feasible vertices, then V(F) N Sy =0,

(2) if Go does not contain a general diagonal with exactly p — 1 feasible vertices, then V(H) C Ss.

Proof of Claim. Claim 3 follows from Claim 2 by the symmetry between G; and Gs. <
Let F; be the subgraph of G; that consists of the vertices in G; that are at distance n; from each

vertex in L1 NS, and let Hs be the subgraph of G5 that consists of the vertices in G5 that are at distance

ng from each vertex in Ly N Sy (see Figure 8.4). Then we obtain V(Fy) N S; = () by Claim 2(1) and
Claim 3(1) and V(Hz) C S by Claim 2(2) and Claim 4(2).

Now we are ready to prove the following:
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.42

) L,

Figure 8.4: F} in G; and Hs in Gy

Claim 4. The following statements hold.

(1) Gy does not have a general diagonal with at least py + 1 vertices in Sy,

(2) Go does not have a general diagonal with at most ps — 1 vertices in Ss.

Proof of Claim. (1): We show that G; does not have a general diagonal with exactly k vertices in S; for
any k > p; + 1. We argue by induction on k. Let us consider the base case k = p; + 1. Suppose that G
has a general diagonal L} with |L] N Si| = p; + 1. In this case, [Lj NS;| = ¢1 — 1. Since p; < py and
g2 < q1 by Claim 1, we have that p; + 1 < ps and g2 < ¢; — 1. That means that (L} N S1) x (L2 N .S2)
contains py + 1 vertices at pairwise distance n1 +ng, while (L{ NS1) x (L2 N S2) contains go vertices that
are at pairwise distance n; + no. This implies that G has a general diagonal with at least p; + ¢2 + 1
vertices in S. By Claim 1, p; + g2 + 1 = 7, a contradiction as v(mult(S)) = 7 — 1. Therefore, G; contains
no general diagonal with exactly p; + 1 vertices in S.

Now assume that G; does not have a general diagonal with k vertices in S7 for some k& > p; + 1. We
would like to show that G; does not have a general diagonal with k+ 1 vertices in S; either. Suppose for a
contradiction that there is a general diagonal L} of G; with [LjNS;| = k+1. Then |LjNSi| = 6,, —k—1.
Let Hj be the vertex-induced subgraph of Gy that consists of the vertices at distance n; from each
vertex in L} N S;. The induction hypothesis and Claim 3(2) imply that V(H]) C S;. Notice that
H| = H(s, 6, +k+1),.., (00, —b6n, +k+1) a0d 1 = Hg, ) (5, —py)- Observe that for each j,

((5j—5n1—|—k—|—1)+(5j—p1):25j—5n+k—|—1—p125j+2.

This means that V(Fy) and V(H{) overlap. However, we observed that V(F;) N.S; = ), a contradiction
as V(Hj) C S;. Therefore, G; does not have a general diagonal with more than p; + 1 vertices in Sy, as
required.

(2): By Claim 2(2), we know that G2 does not have a general diagonal with exactly g2 + 1 vertices in
S,. By the symmetry, we can similarly show that G5 does not have a general diagonal with k vertices in
S, for any k > q; + 1. Therefore, G5 does not have a general diagonal with less than py — 1 vertices in Sy,
as required. &

By Claim 4, the maximum number of feasible vertices that a general diagonal of G; has is p; and
the maximum number of infeasible vertices that a general diagonal of G5 has is ¢3. That means that
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. Q1

Ly

Figure 8.5: Ly in G1: a contradiction

v(mult(S;)) = p1 and v(mult(S2)) = go. Since mult(S;) and mult(Sy) are proper restrictions of mult(S),
they pack, so we get 7(mult(S;)) = p; and 7(mult(S2)) = go. By Remark 8.7, 7(mult(S; * S2)) < p1 + g,
but this is a contradiction as p; + g2 = 7 — 1. Therefore, we have that w,, = 2, and by Proposition 7.5 and
Remark 7.6, C is a cuboid. O

By Theorem 1.45, an ideal minimally non-packing multipartite clutter obtained by a reflective product
must be a cuboid. Lastly, we prove Theorem 1.46.

Theorem 1.46 ([2]). Take integers ni,n2 > 1 and sets Sq C {1,2}™ and Sy C {1,2}"2,
where mult(Sy * S2) does not pack but all of its proper restrictions pack. Then one of the
following statements holds:

(i) S1%S2 = Ry for some k> 1,
(ii) ny =1 and So, Sy are antipodally symmetric and strictly connected, or

(iii) no =1 and Sy, S are antipodally symmetric and strictly connected.

Moreover, S1 % So = 81 % Ss.

Proof. Let us start with the following claim:
Claim 1. Fither ny =1 and Sy is antipodally symmetric, or no =1 and Sy is antipodally symmetric.

Proof of Claim. We first argue that one of S; and Ss is antipodally symmetric. Suppose not. Then for
i € [2], there exists u; € S; such that the antipodal of u;, denoted ;, is in S;. So, (u1,us), (U, uz) € Sy *Ss.
Notice that (ur,us2) is the antipodal of (u1,us), implying in turn that C(y, u,) and C(g;75) are disjoint
members of mult(S] * S3) and that mult(S; *.S3) packs, a contradiction. We may therefore assume that Sy
is antipodally symmetric. Suppose for a contradiction that n; # 1. Since both S; and S; are nonempty
by Remark 8.10, Sy has {1} C {1,2} as a proper set-restriction as we assumed that n; > 2. So, S7 * Sy
contains {1} x Sy as a proper set-restriction, so mult({1} * S3) is a proper restriction of mult(S; * S2)
by Remark 7.11. Tt follows from Remark 8.11 that mult({1} % S2) does not pack, a contradiction to our
assumption that every proper restriction of mult(S; * So) packs. Therefore, ny = 1, as required. &
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By Claim 1, we may assume that ny = 1 and S; is antipodally symmetric. Since no = 1 and So, Sy are
nonempty, we may assume that Sy = {1}. In turn, Sy x Sy = S7 = {1}.

Claim 2. S %S9 = 5] * 55.

Proof of Claim. Recall that Sy * Sy = S1 % Sy = S1 x {2}. Since {1} = {2}, S1 * So =2 57 * Sa, as required.
<

As S, is antipodally symmetric, S; is also antipodally symmetric. So, if S1,5; are strictly connected,
then (iii) holds. Thus, we may assume that either S; or S; is not strictly connected. We will show that
(i) holds in this case. By Claim 2, it is sufficient to show that S; % S = Ry 1 or S1 %8y = Ry;,1 for some
k > 1. So, without loss of generality, we may assume that S; is not strictly connected.

Claim 3. 51 * Sy = Ry1 for some k > 1.

Proof of Claim. Since S is not strictly connected, one of its set-restrictions is not connected. Let R C
{1,2}"™ be a set-restriction of S; that is not connected. Then there exist vertices a,b € R such that
there is no path between a and b in the subgraph of H(n,2) induced by R; among all possible such pairs
of vertices, we take a,b so that d(a,b), the number of coordinates a and b differ on, is minimized. By
Remark 7.13 (1), the distance between a and b in H(n,2) is exactly d(a,b). As a and b are disconnected,
d(a,b) > 2, so d(a,b) = k + 1 for some k > 1. Let H[a,b] be the vertex-induced subgraph of H(n,2)
consisting of all the vertices that lie on a shortest ab-path. By Remark 7.13 (3), the smallest set-restriction
of V(H(n,2)) containing V(HJa,b]) is a hypercube of dimension k + 1. Moreover, by our choice of a,b,
RNV (H|a,b]) = {a,b}, implying in turn that the smallest set-restriction of R containing a, b is isomorphic
to {1’”1,2]”‘1}. Therefore, S contains a set-restriction isomorphic to {1’““,2]”‘1}. Since Sy = {1}.
S1 * S5 has a set-restriction isomorphic to {1k+1, 2k+1} % {1} = Rg,1. Our assumption that mult(S; x Sa)
does not pack indeed indicates that S; * Sy = Ry, 1, as required. &

This finishes the proof. O

8.4 Further notes

We have seen that Ry 1, k > 1 and Rs (see § 1.9 for their definitions) are sets obtained by a reflective product
and that their multipartite clutters are ideal and minimally non-packing. By Theorems 1.45 and 1.46, we
know that an ideal minimally non-packing multipartite clutter obtained by a reflective product must be
the cuboid of Ry 1 for some k > 1 or S * {1} where S is antipodally symmetric and strictly connected. Is
there an antipodally symmetric and strictly connected set S different from Rs such that mult(S « {1}) is
ideal and minimally non-packing?

Recall that Rs = Cy * {1} where

C, = {1111,2111, 2211, 2221, 2222, 1222, 1122, 1112}
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and that Cy is antipodally symmetric and strictly connected. There is a generalization of C4 & Rj5, namely,

d d
Ch1 = {1k—1 +Y e 2N et de k- 1]} C{1,2}"!
=1 i=1
Ry :=Cj_q1 * {1}

It is easy to show that Cj_; is antipodally symmetric and strictly connected. It turns out that mult(Ry)
is non-ideal for £ > 6. So, we end this chapter by introducing the following conjecture:

Conjecture 8.12. {Ry 1 : k> 1} U{Rs} are the only sets whose cuboids are ideal minimally non-packing
and obtained by a reflective product.
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Chapter 9

Ideal vector spaces

Take an integer n > 1 and a prime power q. Let GF(q) denote the finite field of order ¢, and let
S C GF(q)™ be a vector space over GF(q). As the element set of GF(q) is isomorphic to [g], there is a
bijection f : GF(q) — [g]. Then we can define mult(S) as the clutter over ground set [gn] whose members
are C, for v = (v1,...,v,) € GF(q)™, where

Cy = {f(v;) + (i — g i € [n]} < [qn].

So, mult(S) is a multipartite clutter whose ground set is partitioned into n sets of size q. Recall that we
asked the following two questions: When is mult(S) ideal?

e (Question 1.47) When does mult(S) have the max-flow min-cut property?

e (Question 1.48) When is mult(S) ideal?
Recall that Theorem 1.49 provides answers to these questions for when ¢ = 2. In this chapter, we study
these questions for prime powers other than 2.

Question 1.47 is answered in § 9.1 by Theorem 1.51 for the ¢ = 4 case and in § 9.1 — 9.2 by Theorem 1.50
for the prime powers other than 4. We split the proof of Theorem 1.50 into two parts: one for the case when
q is not a power of 2 in § 9.1 and the other for the case when ¢ is a power of 2 in § 9.2. Theorem 1.50 also
answers Question 1.48 when ¢ is not 4. Question 1.48 when ¢ = 4 is answered in § 9.3 by Theorem 1.52.
This chapter is based on [5].

9.1 Theorem 1.50 for when the characteristic of GF(q) is not 2

In this section, we prove Theorems 1.50 and 1.51.

Lemma 9.1 ([5]). Take integers n > 3, wq > -+ > wy > 2. Let S C V(Hy,,.. w,). If mult(S) contains
no Az as a minor, then for any distinct a,b,c € S and distinct i, 7,k € [n] such that

ai:bi;ﬁci, bj:Cj#CL]y Ck:ak#bka

157



there exists d € S — {a, b, c} that satisfies the following:

(1) dy € {ag,be,ce} for all £ € [n], and
(2) at least two of d; = ¢;, dj = a;, d = by, hold.

Proof. Let V' denote the ground set of mult(S), and let I :=V — (C, U C, U C,). Let J denote the set
of elements in C, U Cy, U C, that correspond to {ag,bs,ce : € € [n] — {i,4,k}}. Then the members of
mult(S) \ I/J correspond to

R :={(v;,vj,v) : v €S, vy € {ag,be,ce} for £ € [n]}.

The incidence matrix of mult(S) \ I/J looks like the following:

A~ A~ =
a; Cj aj bj Ck bk
a1 0 1 0 1 0
bl 1 0 0 1 0 1
c|l O 1 0 1 1 0

Note that R contains (a;, a;,ax), (b, b;,bx), and (¢;, ¢j, ¢). Suppose that there is no d € S — {a, b, ¢} that
satisfies (1) and (2). Let d € S with dy € {ay, bs, ce} for £ € [n]. Since d satisfies (1), d does not satisfy (2).
Then (d;,d;,dy) can be (¢;,bj, cx), (ai, a5, cx), (a;,bj,bx), or (a;,b;,cx). That means

R g {(ai7 a’jvak)v (bu ij bk)) (Ci, Cj,Ck), (Cia b_]7 Ck)7 (a‘ia aj, ck)a (aia b]a bk)a (aia b]a Ck)} .

Observe that a row of M (mult(S) \ I/J) other than the ones for a,b,c, if any, has at least two nonzero
entries in the columns for a;, b;,c. After contracting the columns for c;, aj, by, the resulting incidence
matrix is one of the following two.

a bj cn a; bj Ck
1 0 1
1 0 1
1 1 0
1 1 0],
0 1 1 0 11
1 1 1

This implies that we obtain Ag after contracting c;, a;, by from mult(S) \ I/J, a contradiction to the

assumption that mult(S) has no As minor.

O

Recall that the characteristic of GF(q) is the smallest integer ¢ such that a+---+a = 0 for all
—_——

¢
a € GF(q).

Lemma 9.2 ([5]). Let g be a prime power. Let n > 3, and let S C GF(q)™ be a vector space over GF(q).
If S does not admit a basis with vectors of pairwise disjoint supports, then the following statements holds:

(1) mult(S) contains Az or Qs as a minor.
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(2) If q is not a power of 2, then mult(S) contains As as a minor.

(38) If g = 2%, k > 3, then mult(S) has C? as a minor.

Proof of (1)€(2). Assume that S does not admit a basis with vectors of pairwise disjoint supports. We
will show that if mult(S) does not contain Az as a minor, then ¢ is a power of 2 and mult(S) contains Qg
as a minor.

Assume that S contains no Az as a minor. Let v!,...,v" € GF(q)" be a basis of S. After elementary
arithmetic operations over GF(q), we may assume that for each i = 1,...,r,

v;=1 and v;=0 Vjel[r]—{i}

Since there is no basis of S with vectors of pairwise disjoint supports, we may assume that v} 1 v? 1 # 0.
Let z and y be the multiplicative inverse of v}, and that of vZ,; in GF(q), respectively. Let a := 0 €
GF(q)", b:= zv', and c:= yv?. Notice that a,b,c € S and that a, b, c satisfy

(a1,a2,ar+1) = (0,0,0),  (b1,b2,br41) = (2,0,1), (c1,c2,¢r41) = (0,9, 1).
Let R be the restriction {d € S : d; € {a;,bj,¢;} for j € [n]} of S.
Claim 1. R C {A\v! 4+ X0v?: Ap € {0,2}, A2 € {0,y}}.

Proof of Claim. Let u € R. Thenu = 377_, A\jv? for some Ay, ..., A\, € GF(q). Since {a;,b;j,c;} = {0} for
j=3,...,r, it follows that us = - -- = u,, = 0, which implies that A3 = --- = \,, = 0 and so u = A\jv'+ 02,
Notice that Ay € {0,z} and Ay € {0,y}, because {a1,b1,c1} = {0,2} and {az, b2, c2} = {0, y}. &

Claim 2. q is a power of 2 and R = {)\1111 + X% A €10,2}, \p € {O,y}}.
Proof of Claim. By Lemma 9.1, R contains d ¢ {a,b,c} such that
(d17d27dr+1) = (anvo)a (CL’,0,0), (‘T?yv 1)7 or (x»yvo) (91)

By Claim 1, d € {\v! + Xv?: Ay € {0,2}, A2 € {0,y}}. As d # a,b,c, it must be the case that zv! +
yv? = d, so zv' + yv? € R. In particular, R = {)\11)1 + X202 A\ €10,2}, Ay € {O,y}}. Since d =
vl + yv?, we obtain (zv! + yv?),41 =1+ 1=d,; € {0,1}. Since 1 # 0, we have 1 +1 =0, so q is a
power of 2, as required. &

By Claim 2, R = {)\17)1 + X% A €10,2}, Mo € {O,y}}, so the projection of R onto 1,2,r + 1 is
R .1, so mult(S) has a Q¢ minor. So, we have shown that if mult(S) has no As as a minor, then ¢ is a

power of 2 and mult(S) contains Q¢ as a minor, as required. O

We will prove Lemma 9.2 (3) in Section 9.2. Lemma 9.2 (1) implies the following theorem:

Theorem 9.3 ([5]). Let g be a prime power. Letn > 3, and let S C GF(q)™ be a vector space over GF(q).
Then the following statements are equivalent:

(i) mult(S) contains no As, Qe as a minor.
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(ii) S = (v',...;v") wherev',...,v" € GF(q)" have pairwise disjoint supports.

(#3) mult(S) has the max-flow min-cut property.
Proof. Direction (iii)=-(i) is straightforward, and direction (i)=-(ii) follows from Lemma 9.2 (1). Thus,
what remains is to show direction (ii)=-(iii).

Assume that S = (v}, ... v") where v!,... v" € GF(q)™ have pairwise disjoint supports. For i € [r], let
u" denote the subvector of v* that consists of v*’s nonzero coordinates. Then, after a possible rearrangement
of the coordinates, we may assume that S is expressed as the Cartesian product of r 4+ 1 sets as follows:

S = (u') x (u?) x -+ x (u") x {0}

where the length of 0 is the number of coordinates not covered by the supports of v',...,v". By Re-
mark 8.1 (1), we have that

mult(S) = mult ((u')) x mult ((u®)) x - x mult ((u”)) x mult ({0}).

Notice that for any distinct z,y € GF(q), zu’ and yu’ do not have common coordinates. Thus C,,:
and C,,i, the members of mult (<u1>) corresponding to zu’ and yu’, are disjoint. That means that
the members of mult ((u’)) are pairwise disjoint. By Remark 7.16, mult ((u’)) has the max-flow min-cut
property. mult({0}) has only one member, so it also has the max-flow min-cut property. So Remark 8.4 (5)
implies that S has the max-flow min-cut property. O

Theorem 1.51 is an immediate corollary of Theorem 9.3.

Theorem 1.51 ([5]). Letn > 3, and let S C GF(4)™ be a vector space over GF(4). Then
the following statements are equivalent:

(i) mult(S) contains no As, Qs as a minor,

(ii) S = (vl,...,v") where vt ... v" € GF(4)" have pairwise disjoint supports,

(#i5) mult(S) has the max-flow min-cut property.

Using Lemma 9.2 (2) and Theorem 9.3, we can prove Theorem 1.50 for the case when ¢ is not a power
of 2.

Theorem 1.50 ([5]). Let q be a prime power other than 2,4. Let n > 3, and let S C
GF(q)"™ be a vector space over GF(q). Then the following statements are equivalent:

i) mult(S) contains no As, Qe, C2 as a minor
9 9 5 )
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(ii) S = (v',...,v") where v',...,v" € GF(q)" have pairwise disjoint supports,
11) mult(S) has the maz-flow min-cut property,

4
(iv) mult(S) is ideal.

Proof of Theorem 1.50 when q is not a power of 2. Take a prime power ¢ other than 2,4 and an integer
n > 3, and let S C GF(q)" be a vector space over GF(q). By Theorem 9.3, (i) — (iii) are equivalent.
Clearly, if mult(.S) has the max-flow min-cut property, then mult(S) is ideal. It remains to be shown that
(iv)=-(ii). If mult(S) is ideal, then it has no Az as a minor. By Lemma 9.2 (2), S has a basis with vectors
of pairwise disjoint supports, so (ii) holds. O

9.2 Theorem 1.50 when ¢ is a power of 2

To finish the proof of Theorem 1.50, we will show that (ii) and (iv) are equivalent if ¢ = 2% for k > 3,
but more techniques are involved in this case. Recall that for a vector space over GF(2), there is a binary
matroid associated with it. In fact, for any prime power ¢ and any vector space over GF(q), there is an
associated matroid:

For S = {z € GF(q)" : Az = 0}, denote by M(S) the linear matroid over GF(q) represented
by A.

Remark 9.4 ([5]). Let g be a prime power. Let n > 1, and let S C GF(q)™ be a vector space over GF(q).
Let S be defined as the clutter of the minimal supports of the points in S — {0}. Then S is the clutter of
circuits of M(S).

Proof. First, we show that S is the clutter of circuits of a matroid. It suffices to check that & satisfies
the Circuit Elimination Axiom. Let C7,C5y be distinct sets in S such that ¢ € C; N Cy for some i € [n].
We need to show that (Cy U Cs) — {i} contains a set in S. Then there exist two points u,v such that
support(u) = C; and support(v) = Co. Let x = u; ' and y = —v; . Consider zu + yv € S — {0}. Since
x,y # 0, support(zu) = C; and support(yv) = Cs, so support(zu+yv) C C; UCs. Moreover, (xu+yv); =
xu; +yv; = 1 —1 = 0. This means that i & support(zu+ yv) and that support(zu+yv) C (C1 UCy) — {i}.
Therefore, (C; U Cy) — {i} contains a set in S, as required.

To complete the proof, it is sufficient to show that the clutter of circuits of M(S) is precisely S. As
S is a vector space over GF(q), S = {x € GF(q)" : Ax = 0} for some matrix A whose entries are in
GF(q). Let A 1),...,A( ) denote the columns of A. Let C' C [n]. Then the columns in {A(. ;) : j € C}
are linearly dependent if, and only if, there exists x € GF(q)" such that Az = 0 and support(z) C C.
Therefore, C is a circuit of M(S) if, and only if, C' is a minimal support of the points in S — {0}. That
means that the clutter of circuits of M(\S) is precisely the clutter of the minimal supports of the points in
S — {0}, as required. O
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Next, we remark that matroid deletions and contractions in M(S) correspond to O-restrictions and
projections in S. For a matroid M and disjoint subsets I, J of the ground set of M, we denote by M\ I/J
the matroid minor of M obtained after deleting I and contracting J. Let C(M) denote the clutter of the
circuits of M. We leave the following as an easy exercise for the reader.

Remark 9.5. Let C1,Cs be clutters over the same ground set. If every member of C1 contains a member
of Co and every member of Co contains a member of C1, then C; = Cs.

With Remark 9.5, we can prove the following lemma:

Lemma 9.6 ([5]). Let g be a prime power. Let n > 1, and let S C GF(q)™ be a vector space over GF(q).
Then M(S)\I/J, for some disjoint I,.J C [n], is precisely M(S") where S' C GF(q)"~11=1/| is the vector
space over GF(q) obtained from

SN{zr e GF(¢)": z;=0VieI}

after dropping coordinates in I U J.

Proof. Tt is clear that S’ is a vector space over GF(q), so M(S’) is well-defined. To prove that M(S)\I/J =
M(S"), we will show that C(M(S)\I/J) = C(M(S’)). Let C; € C(M(S)\I/J). Then there exists
C € C(M(S)) such that C NI = ( and C; = C — J. By Remark 9.4, C; = support(z) for some z € S.
As CN I =0, it follows that z; = 0 for ¢ € I, which implies that there exists 2’ € S’ — {0} such that
support(z') = support(z) — J. So, by Remark 9.4, there exists Cy € C (M(S’)) such that Cy C Cj.
Therefore, every member of C (M(S)\ I/J) contains a member of C (M(S")). Let C2 € C(M(S")). By
Remark 9.4, Cy = support(z’) for some 2’ € S’. This implies that there is some x € S such that z; = 0
for i € I and support(z) — J = support(z’). Since support(z) contains a circuit of M(S) by Remark 9.4
and support(xz) NI = @, C2 = support(z’) contains a circuit of M(S) \ I/J. Therefore, by Remark 9.5,
CM(S)\I/J)=C(M(S")), as required. O

Note that mult(S’), where S’ is defined as in Lemma 9.6, is a minor of mult(S). So, if mult(S) is ideal,
then mult(S’) is also ideal. For ¢ > 3, let A; denote the graph that consists of two vertices and ¢ parallel
edges connecting them (see Figure 9.1). Hereinafter, for a graph G, we denote by M (G) the cycle matorid

1

Figure 9.1: Graph on two verties and parallel edges

of G. We will show in Proposition 9.12 that if ¢ = 2¥ for some k > 3, and M (A,) is the matroid associated
with S, a vector space over GF(q), then mult(S’) must be non-ideal. This in turn implies that if the
multipartite clutter of a vector space S over GF(q) is ideal, then M(S) does not contain M(A;), t > 3 as
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a minor, and this fact will be the key for finishing the proof of Theorem 1.50. The following remark will
be useful.

Remark 9.7 ([5]). Let q be a prime power. Letn > 1, and let S C GF(q)™ be a vector space over GF(q).
Let f; : GF(q) — GF(q) be a bijection for i € [n], and g : GF(q)™ — GF(q)™ be the bijection defined as

g((E) = (fl(xl)w”vfn(xn))v {EGGF(q)n
Then mult(S) = mult (¢(5)).

Proof. Let the ground set of mult(S) be partitioned into Ej, ..., E, where E; corresponds to the ‘P

coordinate of the points in S for ¢ € [n]. After relabeling the elements in F; with respect to f; for i € [n],
we obtain mult(g(S)), thereby showing that mult(S) = mult(g(S)), as required. O

With Remark 9.7, we can prove the following:
Remark 9.8 ([5]). Let q be a prime power. Let n > 3, and let S C GF(q)™ be a vector space over GF(q).
Then M(S) = M(A,,) if, and only if, mult(S) = mult ({x € GF(¢)": 1+ -+ x, = 0}).

Proof. Let {1,2,3...,n} denote the edge set of A,. Then the cycle space of A, is generated by {1,2},
{1,3},...,{1,n}. («): Let S be the clutter of the minimal supports of the points in S — {0}. Then
S ={{i,j}:i#j}, so M(S) = M(A,) by Remark 9.4. (=): Since M(S) = M(A,), S contains n — 1

points u!, ..., u" "1 whose supports are {1,2}, {1,3},...,{1,n}, respectively. Notice that u!,... ,u""! are
linearly independent over GF(q), so the rank of S is at least n—1. On the other hand, the rank is less than
n, because S # GF(q)". Thus, S = (ul,...,um"1). After scaling the u's, if necessary, we may assume
that the first coordinate of each u’ is 1. Hence, u!,...,u" ! are of the following form:
ul 1 X 0 - 0
u? 1 0 X .- 0
w1 0 0 - A

where A1,...,A\n_1 € GF(q) — {0}. Notice that {x € GF(¢)": x1+ -+ +x, =0} = (v},..., 0" 1) where

ol 1 1 0 0
02 1 0 1 0
o110 0 1

implying in turn that
{ € GF(Q)": z1+ +zn =0} = {(21, M "2, Ay "3, A @) s 2 € ST

So, by Remark 9.7, mult(S) 2 mult ({z € GF(¢)" : x1+ -+ z, = 0}). O
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Let S={r € GF(q)": x1 + -+, = 0}. We will show that mult(S) is non-ideal if ¢ = 2* for some
k > 3. One way to argue that a multipartite clutter is non-ideal is to find an induced clutter that is non-
ideal by Lemma 1.35. To see how an induced clutter of mult(S) looks, we define an n-partite n-uniform
hypergraph H,, as follows:

e The vertex set of H,, has n parts, where each part is a distinct copy GF(q).

o B, ={{z1,...,an}: (z1,...,2n) €S, x; belongs to the i*" part, i € [n]} is the set of edges in H,.

Then there is a one-to-one correspondence between E,, and S. Let o = (g, ..., o) € S. Let Hy, o be what
is obtained from H,, after “contracting” vertices o, ..., a,. More precisely, H, , be defined as follows:

e The vertex set of H,, , has n parts V3 U--- UV, where V; = GF(q) — {a;} for i € [n].

o Fpo={e—{o1,...,an}: e€ E,} is the set of edges in H,, 4.

Notice that V1,...,V,, are still symmetric.
Remark 9.9 ([5]). Let o ¢ S. Then there is a one-to-one correspondence between the vertices & the
minimal edges of Hy, o and the elements & the members of ind(S, a), the induced clutter of mult(S) with
respect to «.
The following lemma provides a characterization of the edges of H,, 4.

Lemma 9.10 ([5]). Let g be a power of 2. Let n > 3, and let « € GF(q)™ with 0 := o1 + -+ + a, # 0.
Let e CVEU---UV,. Then the following statements are equivalent:

(1) e is an edge in H, o.

(i) e contains at most one vertex in V; for eachi € [n] and Y (v: vee)=c+ > (a;: enV; #0).

Proof. (i)=-(ii) There exists z = (x1,...,2,) € S such that e = {z1,...,2,} — {01,...,a,}. Then
enV; = {x;} — {a;}, implying that e N V; has at most one vertex. Without loss of generality, we may

assume that © = (21,..., Tk, g1, ..,0p) for some 1 < k < n. Then e = {xy,...,2;}. Since z € S, we
have

n k n

lezle-l- Z Oéj:().

i=1 i=1 j=k+1

As the characteristic of GF(q) is 2, Zf;l T, = — Zf:l x;, implying in turn that Zle Ti = 35 g O

n n k . k k
As Y=o, wealsoget i, o =0+« and therefore, we obtain ) i, z; =0+, oy,
as required.

(i)<=(ii) Without loss of generality, we may assume that e = {z1,..., 2} where z; € V; for i € [k].
Since Zle x;, = 0+ Zle a;, we have Zle Ti+ 2 g1 = 0+ Y o, implying in turn that
(1, T, Qpg1,y .., 0) €S Ase={a1, ..., &k, Qpg1, ..., ) —{a1,...,an}, e is an edge of H,, 4, as
required. O
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Using Lemma 9.10, we can show the following proposition providing a characterization of the edges of
size 1 and 2.

Proposition 9.11 ([5]). Let g be a power of 2. Letn > 3, and let « € GF(q)™ with o := oy +- -+ ay, # 0.
Then the following statements hold:

(1) The edges of size one in E,, o are {aq +0},...,{a, +0}.

(2) The edges of cardinality 2 in E, o form a graph that consists of —1 connected components G1, ..., Ga g
satisfying the following: for each j =1,...,4 -1

o G;’s vertex set is { {,6{ —l—o} U---u {ﬁfl,ﬁfl—i—o} where ﬂg7ﬁg +oeV,—{a;+0c} forie|n],

e G, is a bipartite graph with bipartition { {, . ,6%} U {ﬁ{ +o,...,06 + U},

. ﬁf =B + a1+ forie[n], and

o G,’s edge set is {{ f, 5% + 0} S k}, i.e. G is obtained from a complete bipartite graph after
removing the edges of perfect matching {{ f,ﬂf + 0} D 1€ [n]}

(3) The edges of cardinality 1 or 2 in E, , are minimal.

B ) )
. . DY .
. . DTS .
a1 +0 as+o o, +0
. . PEEEY .
Bi+o By+o By, +o

Gjforj=1,...,4 -1

Figure 9.2: The edges of size 1&2 of H,,

Proof. (1) By Lemma 9.10, e is an edge of size 1 if, and only if, e = {o + «;} for some i € [n]. Therefore,
{1 + 0},...,{an + o} are the edges of size 1 in H, 4, as required.

(2) First, we will argue that an edge of cardinality 2 contains none of oy + 0, ..., a, +0. Let {u,v} be
an edge of size 2 where u € V; and v € V; for some ¢ # j. Then we get v +v = 0 + o;; + «; by Lemma 9.10.
If u = o; + 0, then v = «;, contradicting the assumption that v € V;. Therefore, the edges of cardinality
2 are contained in V' := (Vi —{aq +0})U--- U (V,, — {a, + 0}). Notice that we have preserved the
symmetry between Vi —{a; +0},...,V;, — {a, + 0} and that Vi — {ag + o} is not different from the other
Vi —{a; + o}’s.
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Observe that V3 —{«a1+0} has g—2 vertices and that V3 —{a1+0} can be partitioned as Vi —{a1+0} =

q_ q_ q_
{818t +o}uU---U {512 1,512 Ly J}, with 4 — 1 sets of cardinality 2, where f1,..., 3 " are distinct
vertices. Fori=2,...,nand j =1,...,4—1, we denote by ﬂg € V; the vertex satisfying ﬁf = B{ +aq +a;.

Claim 1. V; — {o; + 0} = {ﬁ},ﬂg+a}u~-.u{5§‘1,ﬁ§‘l+a} fori=1,...,n.

Proof of Claim. We may assume that ¢ > 2. Let j,¢ be distinct indices in [% — 1]. As 5{ £ B, we get

1 # BL. Similarly, 5 # B¢ + o implies 37 # B! +o. Therefore, B, 8} +0,..., 35 82" + o are distinct
vertices, so {8, + o}, , {55_1,615_1 + O’} partition V; — {a; + o}, as required. &

By Claim 1, each vertex in V' is ﬁf or ﬂf + o for some i € [n] and j € [4 — 1]. Now we are ready to
characterize what the edges of size 2 are.
Claim 2. Let u,v be distinct verties in V'. Then {u,v} is an edge in E, o if, and only if, u = 5g and
v=_pl 40 oru=p+0 andv =B for some j € [L—1] and distinct i,k € [n].
Proof of Claim. (<) Without loss of generality, we may assume that j = 1, ¢ = 1, and k = 2. As
B3 = Bt + a1 + ag, we have B} + 32 + 0 = a3 + az + 0. So, by Lemma 9.10, {u, v} is an edge.

(=) Without loss of generality, we may assume that u € Vi, v € Vo. Then u = { or u = 5{ + o for
some j € [£ —1]. If u = $3{, then by Lemma 9.10, v = ] + o1 +as + 0 = 83 + 0. Similarly, if u = 3] + o,
we can argue that v = 33, as required. &

For j € [% — 1], let G; denote the graph induced by { { ,ﬁ%}u{ﬁ{ +o,...,0 —|—U}. By Claim 2,

the edge set of G; is precisely {{ Lﬁi + a} D iF# k} Moreover, Claim 2 also implies that there is no
edge between G; and Gy if j # £, as required.

(3) Since a ¢ S, ) ¢ F, implying in turn that all the edges of size 1 are minimal. From part (2), we
know that no edge of size 2 contains an edge of size 1, and therefore, every edge of size 2 is also minimal,
as required. O

Proposition 9.12 ([5]). Let ¢ = 2% for some k > 3, and let S C GF(q)® be a vector space over GF(q)
such that M(S) is isomorphic to M(As). Then mult(S) has C2 as a minor.

Proof. By Remark 9.8, we may assume that S = {x € GF(q)" : x14+22+x3 = 0}. Let o = (g, 0, 03) € S.
We will show that the induced clutter of mult(S) with respect to «, denoted ind(S, ), has C2 as a minor.
By Remark 9.9, the members of ind(S, ) are the minimal edges of H3 . Let 0 = aq + aa + a3, and we
choose a,b € GF(q) such that a € GF(q) — {a1,1 + 0} and b € GF(q) — {1, 01 + 0,a,a + 0}.

Claim 1. a+b+ a1 € GF(¢) — {a1,01 + 0,a,a+ 0,b,b+ 0}

Proof of Claim. If a+b+ a1 = a3 or a1 + o, then b = a or b = a + o, contradicting the choice of b. If
a+b+a; = aora+o, then b= a; or b = a;+0, contradicting the choice of b. If a+b+a; = b or b+o, then
a = aj or a = aj+0, a contradiction as a &€ {ay,a1+0}. Therefore, a+b+a; ¢ {a1,a1+0,a,a+0,b,b+0},
as required. O
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Consider Hs . By Proposition 9.11 (2), the edges of cardinality 2 in H3, form a graph with £ —1
connected components G, ..., G%_l where the vertex set of G is
{86 +o}u{dp+ofu{slgl+0}

where 65, Bf +o0 € V;—{a;+0} fori € [3]. Furthermore, Gy, ..., Gg_, are 6-cycles by Proposition 9.11 (2).
As £ — 1> 3, without loss of generality, we may assume that Bl =a, B2 =0b,and B} = a+ b+ ay, ie.
G1, G5, G3 contain a,b,a + b+ a; € Vi — {ag + o}, respectively.

Claim 2. The following statements hold:

(1) Bt +o=a+o,Bi+0=a+a1+az+o0, and B3 = a+ aj + az.

(2) B3=b+a;+az and B3+ =b+a; +as +0.

(3) B3 +oc=a+b+az+o.

Proof of Claim. The claim follows from Proposition 9.11 (2). <&

Now keep vertices 31,31 + 0,83 + 0,63 in Gy, B3,85 + o in Ga, and 33 + o in G3 and delete the
other vertices from H,, , (see Figure 9.3 for an illustration). Let H denote the resulting subgraph of H,, .

B Bs

B3 /3.% 5’5 /3.3? B By B

Bi+o Bi+o Bi+o Bi+o B3+0 Bi+o Bi+o Bi+o Bi+o

Gq Go Gs

Figure 9.3: The subgraph of H,, . after deleting the vertices

Then the minimal edges of H represent the members of the minor of ind(.S, @) obtained after deleting the
elements corresponding to the vertices deleted from H,, ., and let C denote the minor.

As a; + o for i € [n] are deleted, we know from Proposition 9.11 (1) that H contains no edge of size 1.

By Proposition 9.11 (2), H has 3 edges of size 2: {B},ﬁ% + 0}7 {531,,6% + a}, {Bé, Ba+ U}, and these are
the only ones.

Claim 3. {B%, B2, 83 + U} and {ﬂll + 0,83+ 0,85 + o*} are the only edges of size greater than 2 in H.

Proof of Claim. H contains no vertex in V; for ¢ > 3, so H has no edge of size greater than 3 by Lemma 9.10.
We also know from Lemma 9.10 that an edge of size 3 contains one vertex from each V7, V5, V3. We claim
that no edge of size 3 in H contains an edge of size 2. Suppose that an edge {u,v,w} in H contains
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an edge {u,v} in H for a contradiction. Then u € V; and v € V; for some distinct 7,5 € {1,2,3} and
u+v = o+ a;+a; by Lemma 9.10. However, w € Vj, for k € {1,2,3} —{¢,j}, and w = oy, by Lemma 9.10,
a contradiction as ay & Vi. The subsets of V(H) not containing an edge of size 2 but one vertex from
each of V1, V5, V3 are the following:

{(B1,53,85}, {BL.B3 + 0,83}, {B1.83,83 + o}, {BL.B3 + 0,85 +0},

{Bi+0,B83+0,8+0c}, {Bi+0,63.85+0}, {Bi+o.B8+0,B5+0}.

By Lemma 9.10, a subset {1, x2,z3} where z; € V; for i = 1,2, 3 is an edge if, and only if, 1 + 22 + 23 =
0+ aj + az + az. Notice that 81 + 85 + 83 = b+ a2 + a3 cannot be o + a1 + as + az, because b is
not oy + o by our choice of b. This implies that {31, 83,33} is not an edge. Similarly, {31, 55 + o, 83 }
is not an edge, because b # a;. Notice also that {8} + 0,83 + 0,83 + o} is not an edge, because
Bi+o+pBi+o+B3+0=a+b+a+ay+az+ o cannot be o + a3 + az + az by our assumption
that a # b. Observe that 8f + 3 + 83 + 0 = 0 + a1 + a2 + a3, implying in turn that {3, 53,65 + o}
and {ﬁ% + 0,82 + 0,83 + 0} are edges, whereas {B%,Bg + 0,83 + 0} and {611 +0,83, 85 + 0'} are not.
Therefore, {B%,Bg,ﬁg + 0} and {611 + 0,82 4+ 0,53 + a} are the only edges of size at least 3 in H, as
required. <&

Now that we have characterized all the edges of H, we know that the incidence matrix of C is isomorphic
to the following 0,1 matrix:

Bt Bi+o By Bl+o B B3 Pi+o
1 1 0 0 0 0 0
o 1 1 0 0 0 0
o 0o 1 1 0 0 0
o o o 1 1 0 1
1 0 0 0 1 1 0

Contracting the elements corresponding to 33, 35 + o from C, we obtain C2, and thus, C contains C? as a
minor. Since C is a minor of ind(S, «), ind(S, ) also has C2 as a minor, as required. O

In particular, if mult(S) is ideal, then M(S) does not contain M (A3) as a minor. Brylawski [24]
proved the following theorem, which will be used to complete the proof of Theorem 1.50 and will be also
useful later to prove Theorem 1.52. Let G = (V, E) be a connected graph. A block or 2-vertezx-connected
component of G is a maximal vertex-induced subgraph of G that is 2-vertex-connected. We call a graph a
series-parallel network if each of its blocks is a series-parallel graph, a loop, or a bridge.

Theorem 9.13 ([24]). Let M be a matroid. Then the following statements are equivalent:

(i) M contains none of Uz 4 and M(K4) as a minor.

(ii) M is the cycle matroid of a series-parallel network.
A graph H is a minor of a graph G if H can be obtained from G after a series of edge deletions, edge
contractions, and deletions of isolated vertices. If G is connected, then H is a minor of G if and only if

G = H \ E1/E for some disjoint subsets F1, F5 of E(G).
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Remark 9.14 (see Chapter 3.2 in [102]). Let G,H be graphs. If H is a minor of G, then M(H) is a
minor of M(G).

Now we are ready to prove Lemma 9.2 (3).

Proof of Lemma 9.2 (3). Take integers n,k > 3. Let ¢ = 2%, and let S C GF(q)" be a vector space over
GF(q). We will prove that if mult(S) has no C2 as a minor, then S has a basis with vectors of pairwise
disjoint supports.

Assume that S admits a basis with vectors of pairwise disjoint supports. Then, by Proposition 9.12,
M(S) does not contain M(A3) as a minor.

Claim 1. Uy 4 contains M(As) as a minor.

Proof of Claim. Let {1,2,3,4} be the ground set of Uz 4. Then {{1,2,3},{1,2,4},{1,3,4},{2,3,4}} is
the set of circuits of Us 4. Contracting 4 from U, 4, we obtain the minor of U, 4 whose ground set is {1, 2, 3}
and whose circuits are {1,2},{1,3},{2, 3}, that is M(Aj3), as required. &

Claim 2. M(S) is the cycle matroid of a graph whose circuits are pairwise edge-disjoint.

Proof of Claim. Observe that K, has Az as a minor, and therefore, M (K4) contains M (As) as a minor.
Then M (S) does not contain M (K4) as a minor, while we know from Claim 1 that M(S) contains no Us 4
as a minor. Then Theorem 9.13 implies that M(S) is a graphic matroid, so let G denote its underlying
graph. We also know that G does not contain A3 as a minor, implying in turn that two distinct circuits
of G are edge-disjoint. &

Suppose for a contradiction that S does not admit a basis with vectors of pairwise disjoint supports.
Let S = (vl,...,v") for some vectors vl,...,v" € GF(q). After elementary arithmetic operations over
GF(q), we may assume that for each i =1,...,r,

L=0 Vje - {i

i
v;=1 and wv;

Claim 3. For each i € [r], the support of v* is minimal among the points in S — {0}.

Proof of Claim. Suppose for a contradiction that there is a vector u € S — {0} whose support is properly
contained in the support of v’. As u € S, u can be expressed as Sy A’ for some A € GF(q)". By our
supposition, we have A\; = 0 for every j # 4. As u is nonzero, \; is nonzero, implying in turn that the
support of u is the same as that of v?, a contradiction. &

As the generators of S are not pairwise disjoint, v* and v7 for some distinct ¢, have their supports
intersect. By Claim 3, the supports of v* and v’/ are both minimal, which means M(S) has two circuits
that are not edge-disjoint. However, this contradicts Claim 2. Therefore, there is a basis of S with vectors
of pairwise disjoint support, as required. O

Now we are ready to finish the proof of Theorem 1.50.
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Proof of Theorem 1.50 when ¢ = 2*, k > 3. Take an integer n > 3, and let S C GF(q)" be a vector space
over GF(q). By Theorem 9.3, three statements (i), (ii), (iii) are equivalent. As the max-flow min-cut
property implies idealness and (ii), (iii) are equivalent, we have (iii)=-(iv). It remains to be shown that
(iv)=-(ii). We need to prove that if mult(S) is ideal, then S has a basis with vectors of pairwise disjoint
supports. If mult(S) is ideal, then it has no C2 as a minor. Then it follows from Lemma 9.2 (3) that S
has a basis with vectors of pairwise disjoint supports, as required. O

9.3 Theorem 1.52

Take an integer n > 3, and let S C GF(4)™ be a vector space over GF(4). If mult(S) is ideal, then it has
no Az minor. In fact, Theorem 1.52 states that the converse is also true, namely, if mult(S) has no A
minor, then it is ideal. We will prove this in this section. We start this section by proving the following
two propositions.

Proposition 9.15 ([7]). Let q be a power of 2, and let S C GF(q)* be a vector space over GF(q). If
M(S) is isomorphic to Ua 4, then mult(S) has As as a minor.

Proof. Suppose for a contradiction that mult(S) has no Az as a minor. Since the rank of Us 4 is 2, the
rank of S is 4 — 2 = 2. Let v',v%? € GF(q)* be two generators of S. By elementary row operations, we
may assume that (vi,v3) = (1,0) and (v$,v3) = (0,1). Then

[ 1 0lz vy
z w
2

v2|l 0 1
where z,y, 2,w € GF(q). Each circuit of U, 4 has size 3, so x,y,z,w # 0. Then a := (—z~12)v!, b =02,
c:=a+ b are vectors in S. Observe that

al —z 20| -2 —x lyz
b 0 1| 2 w
c| —z7'2|1] 0 | —z7'yz+w

and that a1 = ¢; # by, by = ¢co # as. We also have that a3 = b3 # c3, because ¢ being a power of 2
implies z + z = 0 and z = —z. By Lemma 9.1, there is a vector d € GF(q)* that satisfies at least two of
di =by =0, dy =ay =0, d3 = c3 = 0 and satisfies dy € {—2"'yz, w, —2~1yz + w}. But then the support
of d has size at most 2. Since every circuit of Us 4 has size 3, d = 0, and therefore, dy = —z71yz +w = 0.
This implies the support of ¢ has size 2, a contradiction. O

K, is the complete graph on 4 vertices, and we denote by K,/e what is obtained from K, after
contracting an edge from it (see Figure 9.4).
Proposition 9.16 ([5]). Let ¢ = 2% for some k > 2, and let S C GF(q)® be a vector space over GF(q).
If M(S) is isomorphic to M (Ky4/e), then mult(S) has Az as a minor.

Proof. In Figure 9.4, we can see that the fundamental circuits {1,4,5}, {2,4}, {3,5} with respect to
spanning tree {4,5} generate the cycle space of K;/e. Pick vectors v!,v? v € S whose supports are the
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AN

Figure 9.4: Ky/e

three circuits. Notice that these vectors are linearly independent. Since the rank of S is 5—2 = 3, v!,v2,v?

generate S. After elementary row operations, S is generated by the 3 vectors v', v2, v? of the following

forms: )

v 1 0 0|z vy
v’ 0 1 0|z 0
v 0 0 t|{0 w

where ¢, x,y, z,w # 0. Since ¢ > 2, we may assume that z and w are distinct nonzero elements in GF(q).
Now consider the restriction S’ of S:

S =85n{ze€GF(q)°: =1 €{0,z,w}, x5 € {0,2}, z3 € {0, ty}}.

We will show that mult(S’) has Az as a minor, implying in turn that mult(S) also has Az as a minor.
Notice that

3
S = {Z)\wi : A1 €{0,z,w}, A2 € {0,2}, A3 € {O,y}}.
i=1

Consider the three distinct points a := zv!, b := wov!, ¢ := zv? + yv3 in 9’

al z 0 0 ]z2zx =2y
w 0 0 |wzr wy
0

c T ty | zx wy

As z # w, we have that ¢4 = a4 # by and by = ¢5 # a5. We also have ag = bs # c3, because ty # 0.
Suppose for a contradiction that mult(S’) has no Aj as a minor. By Lemma 9.1, there is d € S’ — {a, b, ¢}
that satisfies

(1) dy € {0, z,w}, da € {0,2}, ds € {0,ty}, dy € {zx,wz}, d5 € {2y, wy}, and
(2) at least two of d3 = ty, dy = wx, d5 = zy hold.
The points of S’ — {a,b, ¢} are the following:
(07 07 07 0’ 0) (07 1:7 07 an, O) (0’ 07 ty? 07 wy)
" —{a,b,c} =1 (2,2,0,0,2y) | (2,0,ty,zz, (2 +w)y) | (w,2,0,(z +w)z, wy)
(w707 ty’ wx’ 0) (271.7 ty’ 07 (Z+w)y) (w7x’ ty’ (Z—’_w)x?())
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Since z,w # 0 and z # w, (z+w)z & {zx,wz} and (z +w)y & {zy, wy}. Since z,w,z,y # 0, 0 & {zx, wz}
and 0 ¢ {zy,wy}. This indicates that no point in S’ — {a,b,c} satisfies condition (1), a contradiction.
Therefore, mult(S’) has Az as a minor, and so does mult(.S), as required. O

By Propositions 9.15 and 9.16, if mult(S) for has no As minor, then M(S) has none of Us 4, M (K4 /e)
as a minor. In that case, as M (Ky/e) is a minor of M (Ky), it follows by Theorem 9.13 that M(S) is the
cycle matroid of a graph not containing K4/e as a minor. How does a graph with no K,/e minor look
like? We will prove Proposition 9.18 that characterizes graphs with no K4/e minor.

Recall that a block of G is a maximal vertex-induced subgraph of G that is 2-vertex-connected. The
following is well-known in graph theory:

Proposition 9.17 (see Proposition 5.3 [20]). Let G = (V, E) be a connected graph. Then the following
statements hold:

(1) any two blocks of G have at most one vertex in common, and if they have one, it is a cut-vertex of G,
(2) each cycle of G is contained in a block of G, and

(3) the blocks of G decomposes G.

So, we may associate a connected graph G = (V, E) with a bipartite graph B(G) where

e the cut-vertices of G form one color class of B(G),
e the blocks of G form the other color class of B(G), and

e cut-vertex u and block B are adjacent in B(G) if u € V(B).

It is well-known that B(G) is a tree all of whose leaves are blocks of G (see [20]).

Proposition 9.18 ([5]). Let G = (V, E) be a connected graph. If G contains no Ky/e as a minor, then
each block of G is a subdivision of A; for some t > 2, a bridge, or a loop.

Proof. Assume that G contains no K4 /e minor. We will prove by induction on the number of edges that
each block of G is a subdivision of A; for some t > 2, a bridge, or a loop. The base case is trivial. For
the induction step, we may assume that G has at least 3 edges. If G has more than one block, a block of
G has less edges than G has, so by the induction hypothesis, each block of G is a subdivision of A, for
some t > 2, a bridge, or a loop. Thus we may assume that G is 2-vertex-connected. In particular, G has
no loop.

Let e be an edge of G. By the induction hypothesis, each block of G — {e} is a subdivision of A; fo
some t > 2 or a bridge. We first prove the following claim:

Claim 1. B(G — {e}) is a path, and e is incident to internal vertices of the end blocks.
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Proof of Claim. If B(G — {e}) is a single vertex, the assertion follows. Thus we may assume that G — {e}
has at least two blocks. Since G is 2-vertex-connected, e connects two distinet blocks By, By of G — {e}.
Then, after putting e back, the blocks of G — {e} on the fundamental cycle C of B(G — {e}) obtained after
adding edge By By become one block in G. In fact, since G is 2-vertex-connected, G has no other block.
This implies that G — {e} has no block other than the ones on C. So, B(G — {e}) contains no vertex
outside C, and therefore, B(G — {e}) is a path where By, B are its two ends. If e is not incident to an
internal vertex of By, then e is incident to the cut-vertex of By, implying that B is separated from Bs in
G, a contradiction. Thus e is incident to an internal vertex of By. Similarly, e is incident to an internal
vertex of By, as required. &

Next, we claim the following:
Claim 2. All but at most one block of G — {e} are bridges.

Proof of Claim. We may assume that G — {e} has at least two blocks. Then, by Claim 1, B(G — {e}) is
a path By, uy, Ba,...,ug_1, By for some k > 2, where By,..., By are the blocks of G — {e} and wy is the
cut-vertex separating B, and By for £ € [k —1]. Moreover, by Claim 1, e = uguy, where ug is an internal
vertex of By and wuy is an internal vertex of By.

Suppose for a contradiction that G — {e} has two blocks that are not bridges. Then B;, B; for some
distinct 4, j € [k] are not bridges. In particular, B; has a cycle C; and B; has a cycle C;. After contracting
the edges of By for ¢ € [k] — {i,j} from G — {e}, the vertices in By, ..., B;_1 are identified with u;_1, the
vertices in Bji1,...,B;_1 are identified with u;_;, and the vertices in Bj;1,..., By are identified with
u;. Therefore, the resulting graph is w;_1, B;,uj—1, Bj, u;, where u;_; and u; are internal vertices of B;
and Bj, respectively, and u;_; is the cut-vertex separating B;, B;. Notice that e connects u;_; and u;
after the contraction, because ug, u;, were identified with u;_1,u;, respectively. We then delete the edges
outside of the cycles C;, C;. After adding e back, we obtain a subdivision of K4/e, a contradiction as G
has no K4/e minor. Therefore, at most one block of G — {e} is a bridge. <&

Figure 9.5: e = u;_1u;

If every block of G —{e} is a bridge, then it follows from Claim 1 that G is a cycle, so G is a subdivision
of Ay. Thus we may assume that a block B of G — {e} is a subdivision of A; for some ¢t > 2. Then, by
Claim 2, the other blocks of G — {e} are bridges.

Claim 3. G is the union of B and a path P whose ends are two vertices in B and whose interior vertices
are disjoint from V(B).
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Proof of Claim. Tt follows from Claim 1 that e and the bridges of G — {e} form a path P connecting two
vertices of B. An interior vertex of P, if exists, is in a block of G — {e} other than B, so it is not contained
in V(B), as required. &

As B is a subdivision of A; for some t > 2, B is a disjoint union of internally vertex-disjoint uv-paths
for some distinct uw,v € V(B). Let P,..., P; be the uv-paths.

Claim 4. Ift =2, G is a subdivision of As.

Proof of Claim. If t = 2, B is a cycle and P connects two vertices on the cycle, and by Claim 3, G is the
union of three internally vertex-disjoint paths connecting the two vertices. So, G is a subdivision of As.
&

By Claim 4, we may assume that ¢ > 3. We will show that P is an wv-path, thereby proving that G is
a subdivision of A;44.

Claim 5. P is an uv-path.

Proof of Claim. Suppose for a contradiction that P is not a uv-path. Then one of P’s two ends is not in
{u,v}.

First, consider the case when one end of P is in {u,v}. Without loss of generality, we may assume that
one end of P is u and the other end is w € V — {u,v}. Without loss of generality, assume that w is on
Py. Then the subgraph of G obtained after deleting the edges E — E(P) U E(P) U E(Py) U E(P3) (see
Figure 9.6 for an illustration) is a subdivision of K4 /e, contradicting the assumption that G has no Ky/e
minor.

P
w
P
' .\P_b/. ‘
P3

Figure 9.6: w & {u,v}

Now consider the case when both ends of P are not in {u,v}. Let the ends of P be wy,ws € V —{u,v}.
There are two cases to consider: wq,ws are on the same uv-path of B, or wy,wsy are on different uv-paths.
If w1, wo are on the same wv-path, we may assume that they are on P; without loss of generality. In this
case, deleting the edges F — E(P)U E(Py) U E(P,) U E(Ps) and contracting the edges of the ww;-path on
Py (see Figure 9.7 for an illustration), we obtain a subdivision of K4 /e, a contradiction.

If wy,wo are on different uv-paths, we may assume that w; is on P; and ws is on P, without loss of
generality. Deleting the edges F — E(P) U E(P;) U E(Py) U E(Ps) and contracting the edges of P (see
Figure 9.7 for an illustration), we obtain a subdivision of K4 /e, a contradiction as G has no K4/e minor.
<&
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Figure 9.7: wy,wq ¢ {u,v}

By Claims 3 and 5, P is an uv-path that is internally vertex-disjoint from P, ..., P;, implying in turn
that G is a subdivision of A, ;. This finishes the proof. O

The direct sum of £ matroids My, ..., M, with pairwise disjoint ground sets is defined as
M@ - ®&My=(EyU---UFEy, {[LU---UIly: I, €Z;, i € [{]})
where E; and Z; are the ground set and family of independent sets of M; for i =1,... 4.
Remark 9.19 (see Chapter 4.1 in [102]). Let M be the cycle matroid of a graph G, and let Gy, ..., G}, be
the blocks of G. Then M = M(G1) @ --- & M(Gy).
Putting Proposition 9.18 and Remark 9.19 together, we can prove the following lemma:

Lemma 9.20 ([5]). Let g = 2 for some k > 2, and let S be a vector space over GF(q). If mult(S) has
no Az as a minor, then for some k > 1,

M(S) =M & & M,

where M; is the cycle matroid of a subdivision of Ay for some t > 2, a bridge, or a loop for each i € [k].

Proof. If mult(S) has no Az as a minor, then M(S) contains none of U 4 and M (K4/e) as a minor by
Lemma 9.6, Propositions 9.15 and 9.16. As M (K4/e) is a minor of M(Ky), by Theorem 9.13, M(S) is
the cycle matroid of a series-parallel network not containing K4/e as a minor, denoted as G. Then by
Proposition 9.18, each block of G is a subdivision of A; for some ¢ > 2, a bridge, or a loop. So, the assertion
follows from Remark 9.19, as required. O

The following remark shows how to represent the direct sum of two matroids with their representations:

Remark 9.21 (see Chapter 4.2 in [102]). Let A; and Az be GF(q)-representations of matroids My, Mo
with disjoint ground sets, respectively. Then M1 @ My can be represented by

e
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Using Remark 9.21, we can prove the following lemma:

Lemma 9.22 ([0]). Let g be a power of 2. Let n > 3, and let S C GF(q)™ be a vector space over GF(q).
If M(S) = My & My for some GF(q)-representable matroids My, My, then there exist vector spaces Sy
and So over GF(q) satisfying the following:

(1) 5251 X SQ.
(2) M(Sl) = Mi f07”7:: 1,2.

Proof. For i € [2], let A; be a GF(q)-representation of M;. By Remark 9.21, M(S) can be represented by

[
By Remark 9.4, S = {x € GF(q)" : Ax = 0}, and therefore,
S ={(z1,22) € GF(q)™ x GF(q¢)™ : Ajx1 =0, Aszo =0}
where n; denotes the number of columns in A; for ¢ = 1,2, and thus S can be written as S; x Sy where
S; ={x; € GF(q)" : Ajx; =0} fori=1,2.
Then, by Remark 9.4, M(S;) = M; for i = 1,2, as required. O
We know by Proposition 8.4 (1) that the product operations preserves idealness, so it suffices by Lem-

mas 9.20 and 9.22 to show that mult(.S) is ideal for any vector space S over GF(4) whose associate matroid
M(S) is the cycle matroid of a subdivision of A; for some ¢ > 2, a bridge, or a loop.
Let C be a clutter over ground set E. For an element e € F, the clutter obtained from C after duplicating
e is
{C:egCeCtu{CU{c}: eeCeC}

where ¢ € E. A duplication of C is what is obtained from C after a series of duplicating elements. It is a
well-known fact that duplication preserves the idealness of a clutter.

Remark 9.23 ([5]). Let C be a clutter over ground set is E, and let C' be a duplication of C. Then C is
ideal if, and only if, C' is ideal.

Remark 9.24 is the last ingredient to prove Theorem 1.52.

Remark 9.24 ([5]). Let q be a prime power. Letn > 1, and let S C GF(q)™ be a vector space over GF(q).
If M(S) has elements i, j € [n] in series, then there exists a vector space S' C GF(q)"~! over GF(q) such
that

o M(S") = M(S)/{i},

o mult(S) is isomorphic to a duplication of mult(S’).
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Proof. Without loss of generality, we may assume that i =n — 1 and j = n. Let S’ C GF(¢)" ! be what
is obtained from S after dropping the n'" coordinate of the points in S. Then S’ is a vector space, and by

Lemma 9.6, M(S") = M(S)/{n}.

Let x € S. Then support(z) is the union of some circuits of M(S) by Remark 9.4. As n — 1,n
are series elements, a circuit of M(S) contains n — 1 if and only if it contains n, implying in turn that
n — 1 € support(z) if and only if n € support(x). Let vl,...,v" be a basis of S. If n € support(zx) for
some z € S, then n € support(v’) for some £ € [r], and thus, we may assume that n € support(v!) and
that v} # 0. After scaling the v*’s, if necessary, we may assume that v2 = 0 for £ € [r] — {1}. Since
n — 1 € support(z) if and only if n € support(x) for z € S, we have that v} _; # 0 and v/, _; = 0 for
£ € [r] — {1}. Then for some y,z € GF(q) — {0},

v Yy oz
v? 0 0
: 00
v" 0 0
By Remark 9.7, we may assume that y = z. Moreover, S’ is generated by u',...,u", where
ul Y
u? 0
; 0
u” 0

Therefore, mult(S) is isomorphic to the clutter obtained from mult(S’) after duplicating the ¢ elements in
the part of mult(S’)’s ground set corresponding to n. O

Now we are ready to prove Theorem 1.52.

Theorem 1.52 ([5]). Letn > 3, and let S C GF(4)™ be a vector space over GF(4). Then
the following statements are equivalent:

(i) mult(S) contains no As as a minor,
(ii)) S =51 x -+ xSy where for each i € [k],

e 5;={0},
e S;=GF(4), or
o S; = (vl,...,v") where r > 1 and v',...,v" are vectors of the following form,

after permuting the coordinates:
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for some vectors u®,u' ..., u" of nonzero entries,

(#3) mult(S) is ideal.

Proof. (iii)=-(i): Since Aj is non-ideal, mult(S) contains no Az as a minor, as required. (i)=-(ii): By
Lemma 9.20, M(S) = M1 @ --- & My, for some k > 1 where for each i € [k], M; is the cycle matroid of
a subdivision A; for some t > 2, a bridge, or a loop. Lemma 9.22 implies that there exist vector spaces
Siy..., Sk such that S = S; x -+ x Sy and M(S;) = M; for i € [k]. One can easily prove the following
claim:

Claim 1. Let T be a vector space over GF(4). Then the following statements hold:

(1) if M(T) is the cycle matroid of a bridge, then T = {0},
(2) if M(T) is the cycle matroid of a loop, then T = GF(4).

We also need the following claim:

Claim 2. Let T be a vector space over GF(4). If M(T) is the cycle matroid of a subdivision of A;
for some t > 2, then T = (vl,... ,v'=Y) where v!,... v~ are vectors of the form (x) for some vectors

u®, ul ..., utt of nonzero entries.

Proof of Claim. Assume that M(T) = M(G) where G is a subdivision of A; for some ¢ > 2. Notice that
G consists of two vertices and ¢ internally vertex-disjoint paths connecting them. Let Fp, ..., P,_; denote
the paths, and let E(Fp), ..., E(P,—1) denote their edge sets. Then it follows from Remark 9.4 that that
PyUP; is a circuit of G for each ¢ € [t—1], so T contains a point whose support is E(Py) UE(P;). Therefore,

T contains t — 1 points v',...,v*~! of the following form:
vl ud |ut] o] 0
v? ud |0 [u? |- 0
vt Wl 00 ut=1
where ud,...,u) | € GF(4)/EP)| and v* € GF(4)/FFIl for i € [n] are vectors of nonzero entries. As

the cycle space of G is generated by Py U Py,..., Py U Py, the rank of T is t — 1, implying in turn that
T = (v,...; 0. We will show that for each i € [t — 1], u? = A\ for some /\ € GF(4) — {0}. As
P, U Py is a circuit of G, by Remark 9.4, there is a point v € T whose support is E(P;) U E(P;). Then v
can be written as v = ,ulv + pgv? for some puq, o € GF( ) —{0}. As the support of v is E(P;) U E(P,),
We have that piud + poud = 0, which implies that uJ = Agul for some nonzero Ag. Similarly, we obtain
u? = \uf for some nonzero \; for i € [t — 1], as required. Therefore, after scaling v*’s if necessary, we may

assume that ud = =u)_,, as required. &
By Claims 1 and 2, for each i € [k], either S; = {0}, S; = GF(4), or S; = (v!,...,v'~!) where t > 2 and
vl vt € GE(4)™ are of the form (%) for some vectors u®, ul ... u!~1 of nonzero entries, as required.
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(ii)=-(iii): It suffices by Proposition 8.4 (1) to show that mult(S;) is ideal for every i € [k]. Let i € [k].
If S; = {0} or GF(4), then the members of mult(S;) are pairwise disjoint, and therefore, mult(S;) is ideal
by Remark 7.16. Thus we may assume that S; = (v!,...,v") where r > 1 and v!,... 0" are vectors of the

form (%) for some vectors u®,u'... u" of nonzero entries. We will need the following claim:

Claim 3. Letn>1, and let T ={x € GF(4)" : &1+ -+ + 2, = 0}. Then mult(T) is ideal.

Proof of Claim. By Proposition 1.40 (1), mult(T") is ideal if n < 2. Thus we may assume that n > 3. By
Theorem 1.35, it suffices to argue that all induced clutters of mult(T") are ideal. Let o = (o, ..., o) & T.
We will show that the induced clutter of mult(7") with respect to a, denoted ind(T,«), is ideal. By
Remark 9.9, the members of ind(7, @) are the minimal edges of Hy, o. Let 0 = a1 + -+ + o, Hy o hasn
edges of cardinality 1, {a; + 0},...,{a, + o} by Proposition 9.11 (1). By Proposition 9.11 (2), the edges
of cardinality 2 form a connected bipartite graph G where

e G is bipartite on {B1,...,8,} U{B1 +0,..., 8, + o} where {8;,8; + 0} = GF(4) — {;,; + o} for
i € [n],

e ;=014 a1+« for i € [n], and
o the edge set of G is {{B;,Bx + 0} : i # k}.

We will show that there is no minimal edge of cardinality at least 3 in H,, . Suppose for a contradiction
that H, o, contains a minimal edge e whose cardinality is at least 3. As e is minimal, e does not contain
any of the edges in H, , of cardinality 1 or 2, and therefore, e C {f1,...,8,} or e C {1 +0,...,0, + 0}
Without loss of generality, we may assume that e = {31,. .., O;} for some k > 3. Then, by Lemma 9.10, we
have Zle Bi = a—i—Zf:l «;. Substituting 3; = f1+a1+a; fori = 2,..., k, we obtain Zle b1+ a1)=o0.
Since o is nonzero and Zle (81 + «) is either 81 + ay or 0, we get 81 + a3 = 0. However, $1 +a; = o in
turn implies that 3; = 81 + a1 + a; = a; + o, contradicting the assumption that 3; € GF(4) — {a;, a; +0}.
Therefore, H,, o, does not have a minimal edge of cardinality at least 3, as required.

Thus the members of ind(7), &) have size either 1 or 2. Let C be what is obtained from ind(T, «) after
deleting every element that appears in a member of cardinality 1. As no minimally non-ideal clutter has
a member of cardinality 1, ind(T, «) is ideal if, and only if, C is ideal. Notice that M(C), the incidence
matrix of C, is the edge - vertex incidence matrix of a bipartite graph. It follows from Kénig’s theorem for

bipartite matching that C is ideal. Therefore, ind(T, «) is ideal, and mult(T) is ideal, as required. <
Let T'= (w!,...,w") where

wt[1l1|0]---]0

w| 1|0|1]--- |0

w' [ 1]0]0] -1
Then T = {z € GF(4)"" : 14+ -+ + 2,41 = 0}, so by Claim 3, mult(7) is ideal. Let d; denote the
number of entries in u¢ for £ =0,1,...,r, and let T’ be defined as

T = (T1y ey T, T2y ey T2y ey Tt dy ey Tpg1) ¢ (1,025 ooy Tpg1) €T
————— —— —_———
do dy d
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Then T is generated by y',...,y" where

do dy do d,
LA A~~~ ~~

Y 1 1 o |- 0

v 1|0 |1 0

y" 1 0 o |- 1
Notice that mult(7”) is a duplication of mult(7"). As mult(7) is ideal by Claim 3, it follows from Re-
mark 9.23 that mult(7”) is ideal. Since u°,u!..., u" have nonzero entries and S; = (v!,...,v") where
vl ..., 0" are of the form (%), S; can be obtained from T’ by taking coordinate-wise bijections. So,

Remark 9.7 implies that mult(S;) = mult(7”), thereby showing that mult(S;) is ideal.

Since S = S7 x -+ x Si and mult(.S;) is ideal for ¢ € [k], mult(S) is ideal by Proposition 8.4 (1), as
required. O
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Chapter 10

Conclusion

In this thesis, we have discussed polyhedral and combinatorial aspects of integer linear programming. In
the first part, we studied the following questions about the Chvatal-Gomory cuts and the split cuts for
integer linear programming:

(1) when is the Chvétal rank (or split rank) of a rational polyhedron equal to one?

(2) when the Chvédtal rank (or split rank) of a rational polyhedron is one, can we optimize a linear
function over the integer points in the polyhedron in polynomial time?

(3) when is the Chvatal rank of a polytope in the 0,1 hypercube small?

(4) when S is a proper subset of the integer lattice, is the S-Chvétal closure of a rational polyhedron
also a rational polyhedron?

Theorems 1.3 and 1.4 imply that answering (1) is hard in general, but it is still interesting to study the
question for some special cases. For example, finding a polynomial time algorithm for recognizing t-perfect
graphs and finding a structural characterization of t-perfect graphs are important open questions not only
in integer linear programming but also in combinatorial optimization. It follows from Propositions 1.7
and 1.8 that the problem in (2) is in complexity class NP N co-NP, but we saw that finding a polynomial
time algorithm might be difficult because it seems hard to exploit the condition on the Chvétal rank (or
split rank). For (3), we proved Theorem 1.11 providing some sufficient conditions under which a polytope
in the 0,1 hypercube has Chvétal rank at most 4, and the conditions are stated in terms of the infeasible
0,1 points. By Theorem 1.16, the answer to (4) when S is the set of integer points in @ where @ is a
polyhedron defined by bound constraints on some variables is in the affirmative. Let us revisit the following
conjecture for (4):

Conjecture 5.27. Let S = RNZ"™ for some rational polyhedron R, and let P C conv(S)
be a rational polyhedron. Then the S-Chudtal closure of P is a rational polyhedron.
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In the second part, we studied ideal clutters and clutters with the max-flow min-cut property. The
7 = 2 Conjecture, due to Cornuéjols, Guenin, and Margot, is the main topic of the second part.

The 7 = 2 Conjecture ([35]). If a clutter is ideal and minimally non-packing, then its
covering number is two.

In an attempt to prove the 7 = 2 Conjecture, we introduced multipartite clutters, and Theorem 1.34 shows
that Conjecture 1.33 is equivalent to the 7 = 2 Conjecture.

Conjecture 1.33. If a multipartite clutter is ideal and strictly polar, then it packs.

Theorem 1.29 provides a characterization of when a clutter is strictly polar, which in turn leads to a
polynomial time algorithm for recognizing strictly polar clutters (Theorem 1.30). Theorem 1.39 provides
a way of testing whether a multipartite clutter is ideal. Based on Theorems 1.29 and 1.39, we wrote a
computer program to check multipartite clutters over at most 9 elements, and Theorem 1.43 confirms
Conjecture 1.33 for the multipartite clutters over at most 9 elements. The next imminent task is to go
over multipartite clutters over 10 to 12 elements.

Question 7.25. Does any of V(Ha33), V(Haa3), V(Haaa), V(Hs333) have a subset
whose multipartite clutter is ideal and strictly polar but does not pack?

We also considered two special classes of multipartite clutters. Theorem 1.45 implies that if the multi-
partite clutter of a set obtained by a reflective product is minimally non-packing, then its covering number
must be two. Theorems 1.49 — 1.52 characterize when the multipartite clutter of a vector space is ideal
and when the multipartite clutter of a vector space has the max-flow min-cut property, and Theorems 1.49
— 1.52 imply that Qg is the only ideal minimally non-packing clutter that is the multipartite clutter of a
vector space. Therefore, the 7 = 2 Conjecture holds for these two classes of multipartite clutters. The
question as to validate the 7 = 2 Conjecture or come up with a counter-example is certainly an exciting
open question in the field of integer programming and combinatorial optimization.
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