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Abstract
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ognizes that private-sector expectations need not be precisely model-
consistent, and wishes to choose a policy that will be as good as pos-
sible in the case of any beliefs close enough to model-consistency. We
show how to characterize robustly optimal policy without restricting
consideration a priori to a particular parametric family of candidate
policy rules. We show that robustly optimal policy can be imple-
mented through commitment to a target criterion involving only the
paths of inflation and a suitably defined output gap, but that a con-
cern for robustness requires greater resistance to surprise increases in
inflation than would be considered optimal if one could count on the
private sector to have “rational expectations.”
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1 Introduction

A central issue in macroeconomic policy analysis is the need to take account
of the likely changes in peoples expectations about the future — not just
what they expect is most likely to happen, but also the degree of certainty
that they attach to that expectation — that should result from the adoption
of one policy or another, and also from one way or another of explaining that
policy to the public. This is a key issue because expectations are a crucial
determinant of rational behavior, and to the extent that one seeks to analyze
the consequences of a policy by asking how it changes the behavior that
one expects from rational decisionmakers, one must consider the question
of how one expects the policy to expect peoples expectations about their
future conditions and the future consequences of the alternative actions (for
example, alternative investment decisions) available to them now.

The most common approach to this question in analyses of macroeco-
nomic policy over the past 30-40 years has been to assume “rational” (or
model-consistent) expectations on the part of all economic agents. In the
case of each of some set of contemplated policies, one determines the out-
come (meaning, the predicted state-contingent evolution of the economy over
some horizon that may extend far, or even indefinitely, into the future) that
would represent a rational expectations equilibrium (REE) according to ones
model, under the policy in question. One then compares the outcomes under
these different REE associated with the different policies, in order to decide
which policy is preferable. Yet there are important reasons to doubt the
reliability of policy evaluation exercises that are based — or at least that are
solely based — on models that assume that whatever policy may be adopted,
everyone in the economy will necessarily (and immediately) understand the
consequences of the policy commitment in exactly the same way as the policy
analyst does.

While this is certainly a hypothesis of appealing simplicity and general-
ity, it is both a very strong (i.e., restrictive) hypothesis and one of doubtful

realism. Even if one is willing to suppose that people are thoroughly rational



and possess extraordinary abilities at calculation, it is hardly obvious that
they must forecast the economys evolution in the same way as an economists
own model forecasts it; for even if the model is completely correct, there will
be many other possible models of the economys probabilistic evolution that
are (i) internally consistent, and (ii) not plainly contradicted by observa-
tions of the economys evolution in the past (in particular, over the relatively
short sample of past observations that will be available in practice). The
assumption is an even more heroic one in the case that a change in policy is
contemplated, relative to the pattern of conduct of policy with which people
will have had experience in the past. Hence one should be cautious about
drawing strong conclusions about the character of desirable policies solely on
the basis of an analysis that maintains this assumption.

Here we explore a different approach, under which the policy analyst
should not pretend to be able to model the precise way in which people
will form expectations if a particular policy is adopted. Instead, under our
recommended approach, the policy analyst recognizes that the publics be-
liefs might be anything in a certain set of possible beliefs, satisfying the
requirements of (i) internal consistency, and (ii) not being too grossly incon-
sistent with what actually happens in equilibrium, when people act on the
basis of those beliefs. These requirements reduce to the familiar assumption
of model-consistent (“rational”) expectations if the words “not too grossly
inconsistent” are replaced by “completely consistent.” (The more general
proposal is termed an assumption of “near-rational expectations” in Wood-
ford, 2010.) The weakening of the standard requirement of model-consistent
expectations is motivated by the recognition that it makes sense to expect
peoples beliefs to take account of patterns in their environment that are clear
enough to be obvious after even a modest period of observation, while there
is much less reason to expect them to have rejected an alternative hypothe-
sis that is not easily distinguishable from the true model after only a series
of observations of modest length. (Of course, the content of the proposal
depends on the precise definition that is proposed for the criterion of “not
being too grossly inconsistent” with the true pattern — or more precisely,
the pattern predicted by the economic analysts own model.)

Under this approach, the economic analysts model will associate with



each contemplated policy not a unique prediction about what people in the
economy will expect under that policy, but rather a range of possible fore-
casts; and there will correspondingly be a range of possible predictions for
economic outcomes under the policy, rather than a unique prediction. In
essence, it is proposed that ones economic model be used to place bounds on
what can occur under a given policy, rather than expecting a point prediction.
This does not mean that there will be no ground for choice among alternative
policies. While the economic analyst will not able to assert with confidence
that a better outcome must occur if a given policy is adopted, one may well
prefer the range of possible outcomes associated with one policy rather than
another. Woodford (2010) proposes, in the spirit of the literatures on “ambi-
guity aversion” and on “robust control”! that one should choose a policy that
ensures as high as possible a value of ones objective under any of the set of
possible outcomes associated with that policy (or alternatively, that ensures
that a certain “satisficing” level of the policy objective can be ensured under
as broad as possible a range of possible departures from model-consistent
expectations). Under a particular precise definition of what it means for ex-
pectations to be sufficiently close to model-consistency, this criterion again
allows a unique policy to be recommended. It will, however, differ in gen-
eral from the one that would be selected if one were confident that peoples
expectations would have to be fully consistent with the predictions of ones
model.

As in Woodford (2010), we explore the consequences of such a concern
for robustness under a particular interpretation of the requirement of “near-
rational expectations.” We suppose that the policy analyst assumes that
peoples beliefs will be absolutely continuous with respect to the measure im-
plied by her own model (so that people correctly identify zero-probability
events as having zero probability, though they may differ in the probability
they assign to events that occur with positive probability according to her
model); and that she furthermore assumes that their beliefs will not be too
different from the prediction of her model, where the distance is measured by
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a relative entropy criterion. A policy can then be said to be “robustly opti-

1See Hansen and Sargent (2007, 2011) for discussion of these ideas and their application
to decision problems arising in macroeconomics.



mal” if it guarantees as high as possible a value of the policymakers objective,
under any of the subjective beliefs consistent with the above criterion. This
very non-parametric way of specifying the range of beliefs that are “close
enough” to the policy analyst’s own beliefs to be considered as possible is
based on the approach to bounding possible model mis-specifications in the
robust policy analysis of Hansen and Sargent (2005).? It has the advantage,
in our view, of allowing us to be fairly agnostic about the nature of the pos-
sible alternative beliefs that may be entertained by the public, while at the
same time retaining a high degree of theoretical parsimony. Even given the
proposed definition of “near-rationality,” there remains a decision to be made
about how large a value of the relative entropy should be contemplated by
the policy analyst; but this simply defines a one-parameter family of robustly
optimal policies, indexed by a parameter that can be taken to measure the
policy analysts degree of concern for the robustness of the policy to possible
departures from model-consistent expectations.

Woodford (2010) illustrates the possibility of policy analysis in accordance
with this proposal, in the context of a familiar log-linear New Keynesian
model of the tradeoff between inflation and output stabilization.®> Here we
re-examine some of the conclusions of that paper, in the context of a model
with explicit choice-theoretic foundations. It is not obvious from the analysis
in the earlier paper whether the allowance for near-rational expectations in a
more explicit, non-linear model of the decision problems of economic agents
would yield similar conclusions; for while the solution to the linear-quadratic
policy problem assumed in Woodford (2010) can be shown to provide a local

approximation to the dynamics under an optimal policy commitment in a mi-

20Qur use of this measure of departure from model-consistent expectations is somewhat
different from theirs, however. Hansen and Sargent assume a policy analyst who is herself
uncertain that her model is precisely correct as a description of the economy; when the
expectations of other economic agents are an issue in the analysis, these are typically as-
sumed to share the policy analyst’s model, and her concerns about mis-specification and
preference for robustness as well. We are instead concerned about potential discrepancies
between the views of the policy analyst and those of the public; and the potential depar-
tures from model-consistent beliefs on the part of the public are not assumed to reflect a

concern for robustness on their part.
3See section 7.xx below for further discussion of the earlier paper.



crofounded New Keynesian model under rational expectations (Benigno and
Woodford, 2005), it is not obvious that the proposed modification of these
equations when expectations are allowed not to be model-consistent can sim-
ilarly be justified as a local approximation.* Here we derive exact, nonlinear
equations that characterize a robustly optimal policy commitment in the
context of our microfounded model, before log-linearizing those equations to
provide a local linear approximation to the solution to those equations; this
is intended to guarantee that the linear approximations that are eventually
relied upon to obtain our final, practical characterizations are invoked in an
internally consistent manner.

The analysis in Woodford (2010) also optimizes over only a family of
linear policy rules of a particular restrictive form (involving an advance com-
mitment to a particular inflation target that depends solely on the history of
exogenous disturbances, assumed to be observed by the central bank). While
a restriction of attention to this particular class of rules is known not to mat-
ter in the case of an analysis of optimal policy (in the log-linear approximate
model) under rational expectations,’ it is not obvious that there may not be
advantages to alternative types of rules when one allows for departures for
rational expectations. For example, one might expect it to be desirable for
policy to respond to observed departures of public expectations from those
that the central bank regards as correct — something that has no advantage
under an REE analysis, since no such discrepancy can ever exist in an REE.
Here we consider robustly optimal policy choice from among a much more
flexibly specified class of policies, including allowance for the possibility of
explicit response to measures or indicators of private-sector expectations. In
fact — to the extent that our criterion for robustness is simply one of en-
suring that the highest possible lower bound for welfare (across alternative

“near-rational” beliefs) is achieved® — we find that there is no benefit from

4Benigno and Paciello (2010) criticize the analysis of Woodford (2010) on this ground.
Tack Yun has raised the same issue, in a discussion of Woodford (2010) at a conference at

the Bank of Korea.
5See, e.g., Clarida, Gali and Gertler (1999), or Woodford (2011), sec. 1.
6n section xx below, we discuss a stronger form of robustness that is more difficult to

achieve, and argue that robustness in this stronger sense would require a commitment to

respond to fairly direct measures of belief distortions.



expanding the set of candidate policy commitments to include ones that are
explicitly dependent on private-sector expectations. But it is an important
advance of the current analysis that this can be shown rather than simply
being assumed.

In section 2, we explain our general approach to the characterization of
robustly optimal policy. In addition to introducing our proposed definition
of “near-rational expectations,” this section explains in general terms how it
is possible for us to characterize robustly optimal policy without having to
restrict the analysis to a parametric family of candidate policy rules, as is
done in Woodford (2010). Section 3 then sets out the structure of the mi-
crofounded New Keynesian model, showing how the model’s exact structural
relations are modified by the allowance for distorted private-sector expecta-
tions. Section 4 begins the analysis of robustly optimal policy in the New
Keynesian model by characterizing an evolution of the economy that repre-
sents an upper bound on what can possibly be achieved. Section 5 provides
an approximate analysis of the upper-bound dynamics by log-linearizing the
exact conditions established in section 4; section 6 then shows that (at least
up to the linear approximation introduced in section 5) the upper-bound
dynamics are attainable by a variety of policies, and hence solve the robust
policy problem stated earlier. Section 7 then considers a stronger form of
robustness; section 8 considers robustly optimal policy when policy must be
conducted subject to partial information on the part of the central bank; and

section 9 concludes.

2 Robustly Optimal Policy: Preliminaries

Here we first describe our general way of representing distorted expectations,
our measure of the degree of departure from model-consistent expectations,
and the general strategy of the approach that we use to characterize ro-
bustly optimal policy. These general ideas are then applied to a specific New

Keynesian model, beginning in section 3.



2.1 Distorted Private Sector Expectations

Let (€2, B,P) denote a standard probability space with {2 denoting the set of

possible realizations of an exogenous stochastic disturbance process {&;, £, &s, ...

B the o—algebra of Borel subsets of €2, and P a probability measure assigning
probabilities to any set B € B. We consider a situation in which the policy
analyst assigns probabilities to events using the probability measure P but
fears that the private sector may make decisions on the basis of a potentially
different probability measure denoted by P.

We let E denote the policy analyst’s expectations induced by P and E
the corresponding private sector expectations associated with P. A first
restriction on the class of possible distorted measures that the policy analyst
is assumed to consider — part of what we mean by the restriction to “near-
rational expectations” — is the assumption that the distorted measure 7/5,
when restricted to events over any finite horizon, is absolutely continuous
w.r.t. the correspondingly restricted version of the policy analyst’s measure
P. The Radon-Nikodym theorem then allows us to express the distorted
private sector expectations of some t + j measurable random variable X, ;

as

My

t

E[X,,l¢"] = B] Xi151€"]

for all 7 > 0 where &' denotes the partial history of exogenous disturbances
up to period ¢. The random variable M, ; is the Radon-Nikodym derivative,

and completely summarizes belief distortions.”

The variable M, ; is mea-
surable w.r.t. the history of shocks 't/ non-negative and is a martingale,

i.e., satisfies

E[Mt+j|wt] = Mt
for all j > 0. Defining

M
M,

one step ahead expectations based on the measure P can be expressed as

miy1 =

E\[Xt+1’£t] = E[mt+1Xt+1’£t]v

"See Hansen and Sargent (2005) for further discussion.
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where my 1 satisfies
E[ms1]€"] = 1 and my 4 > 0. (2.1)

This representation of the distorted beliefs of the private sector is useful in
defining a measure of the distance of the private-sector beliefs from those of
the policy analyst. As discussed in Hansen and Sargent (2005), the relative
entropy

Ry = Ey[my i1 log myiq]

is a measure of the distance of (one-period-ahead) private sector beliefs from
the central bank beliefs with a number of appealing properties.

Following Hansen and Sargent (2005) and Woodford (2010), the overall
degree of distortion of private sector probability beliefs about possible histo-
ries over the indefinite future can furthermore be measured by a discounted

relative entropy criterion

[e.e]
V(m) = Ey Z B my logmys |
t=0
where m denotes the state contingent sequence of expectations distortions
characterizing private sector beliefs. We shall suppose that the policy analyst
wishes to guard against the outcomes that can result under any private sector

beliefs that do not involve too large a value of this criterion.

2.2 The Robustly Optimal Policy Problem

We now describe the kind of policy problem that we wish to consider. Our
general strategy for characterizing robustly optimal policy can be usefully
explained in a fairly abstract setting, before turning to an application of the
approach in the context of a specific model. In particular, we wish to explain
how it is possible to characterize robustly optimal policy without restricting
consideration to a particular parametric family of policy rules, as is done in
Woodford (2010).

Let us suppose in general terms that a policymaker cares about economic
outcomes that can be represented by some vector x of endogenous variables,

the values of which will depend both on policy and on private-sector belief



distortions, with the latter parameterized by some vector m. (We will even-
tually parameterize belief distortions in the way discussed in the previous
subsection, but this is degree of specificity is not necessary in the present
discussion.) Among the determinants of x are a vector of structural equa-
tions, that we write as

F(x,m) = 0. (2:2)

We assume that the equations (2.2) are insufficient to completely determine
the vector x, under given belief distortions m, so that the policymaker has a
non-trivial choice.

We further assume that in absence of any concern for possible belief dis-
tortions on the part of the private sector (i.e., if it were possible to be con-
fident that m = 0), the policymaker would wish to achieve as high a value
as possible of some objective U(z). (In the application below, this objec-
tive will correspond to the expected utility of the representative household.)
In the presence of a concern for robustness, we instead assume, following
Hansen and Sargent (2005) and Woodford (2010), that alternative policies
are evaluated according to the value of

min [U(z) + 6V (m)], (2.3)

meM

where the minimization is over the set of all possible belief distortions M;
V(m) is a measure of the size of the belief distortions, with V' (0) = 0, such
as the one proposed in the previous subsection; 6 > 0 is a coefficient that in-
dexes the policymaker’s degree of concern about potential belief distortions;
and (2.3) is evaluated taking into account the way in which belief distortions
affect the determination of x. Here a small value of # implies a great degree
of concern for robustness, while a large value of # implies that only mod-
est departures from model-consistent expectations are considered plausible.
In the limit as § — oo, criterion (2.3) reduces to U(z), and the rational
expectations analysis is recovered.

More specifically, let us suppose that the policymaker must choose a pol-
icy commitment ¢ from some set C' of feasible policy commitments. (Our goal
is to show that we can obtain results about robustly optimal policy that do
not depend on the precise specification of the set C'; for now, we assume that

there exists such a set, but we make no specific assumption about what its



boundaries may be. We make only two general assumptions about the nature
of the set C'. First, we assume that each of the commitments in the set C' can
be defined independently of what the belief distortions may be. And second,
we shall require that for any ¢ € C, there exists an equilibrium outcome for
any choice of m € M. We thus rule out policy commitments that would
imply non-existence of equilibrium for some m € M, and thereby situations
in which one might be tempted to conclude that belief distortions must be
of a particular type under a given policy commitment, simply because no
other beliefs would be consistent with existence of equilibrium. Instead of
assuming that private-sector beliefs will necessarily be consistent with some
equilibrium that allows the intended policy to be carried out, we assume that
it is the responsibility of the policymaker to choose a policy commitment that
can be executed (so that an equilibrium exists in which it is fulfilled), regard-
less of the beliefs that turn out to be held by the private sector. (If under
certain beliefs, the policy would have to be modified on ground of infeasibil-
ity, then a credible description of the policy commitment should specify that
the outcome will be different in the case of those beliefs.)® Note that the set
C may involve many different types of policy commitments. For example, it
may include policy commitments that depend on the history of exogenous
shocks; commitments that depend on the history of endogenous variables,
as is the case with Taylor rules; and commitments regarding relationships
between endogenous variables, as is the case with so-called targeting rules.
Also, the endogenous variables in terms of which the policy commitment is
expressed may include indicators of private-sector expectations, as long as
the requirement is satisfied that the policy commitment must be consistent
with belief distortions of an arbitrary form.

In order to define the robustly optimal decision problem of the policy-
maker, we further specify an outcome function that identifies the equilibrium
outcome x associated with a given policy commitment and a given belief dis-

tortion.

8 Alternatively, instead of ruling out commitments that give rise to non-existence of
equilibrium under some belief distortions, it is equivalent to allow for such commitments
and to assign a value of —oo to the policymaker’s objective when an equilibrium does not

exist.
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Definition 1 The economic outcomes associated with belief distortions m

and commitments ¢ are given by an outcome function
O:MxC—X

with the property that for all m € M and ¢ € C, the outcome O(m,c) and
m jointly constitute an equilibrium of the model. In particular, the outcome
function must satisfy

F(O(m,c),m) =0
for all allm e M and c € C.

Here we have not been specific about what we mean by an “equilibrium,”
apart from the fact that (2.2) must be satisfied. In the context of the spe-
cific model presented in the next section, equilibrium has a precise meaning.
For purposes of the present discussion, it does not actually matter how we
define equilibrium; only the definition of the outcome function matters for
our subsequent discussion.”

Note also that we do not assume that there is necessarily a unique equilib-
rium associated with each policy commitment ¢ and belief distortion m. We
simply suppose that the policymaker’s robust policy problem can be defined
relative to some assumption about which equilibrium should be selected in
order to evaluate a given policy. For example, consistent with the desire for
robustness, one might specify that the outcome function O(c,m) selects the
worst of the equilibria (in the sense of yielding the lowest value for U(z))
consistent with the pair (¢,m). Our approach to the characterization of ro-
bustly optimal policy, however, does not depend on such a specification; it
can also be used to determine the robustly optimal policy for a policymaker
who is willing to assume that the best equilibrium will occur, among those
consistent with the given belief distortion.

We are now in a position to define the robustly optimal policy problem

as the choice of a policy commitment to solve

in A 2.4
max min A(m, c) (2.4)

Tf the set of equations (2.2) is not a complete set of requirements for x to be an
equilibrium, this only has the consequence that the upper bound outcome defined below
might not be a tight enough upper bound; it does not affect the validity of the assertion
that it provides an upper bound.

11



where we define

A(m,c) = Ey[U(O(m,c)) + 6V (m)].

2.3 An Upper Bound on What Policy Can Robustly

Achieve

We shall now determine an upper bound for the economic outcomes that
robustly optimal policy can achieve in the decision problem (2.4), that does
not depend on the choice of the set C' of feasible commitments or the outcome
function O(-,-). We proceed in three incremental steps.

First, we use the min-max inequality (see appendix A.l for a proof) to
obtain

max min A(m, ¢) < min max A(m, c). (2.5)
ceC meM meM ceC

This inequality captures the intuitively obvious fact that it is no disadvantage
to be the second mover in the “game.”

Second, using the right-hand side in (2.5), we free the policymaker from
the restriction to choose commitments from the strategy space C and from
the restrictions imposed by the outcome function O(-,-). Instead, we al-
low the policymaker to choose directly the preferred economic outcomes x

consistent with an equilibrium. This yields

min max A(m, ¢)
meM ceC

min max[U(x) + 0V (m)] (2.6)

meM xzeX

sit.: F(z,m) =0,

IN

where the constraint F'(x,m) = 0 captures the restrictions required for x to
be an equilibrium.!°

In a third step, we define a Lagrangian optimization problem associated
with problem (2.6):

min max L(m, z,7), (2.7)

10The constraint represents a restriction on the choice of the second mover, i.e., the
policymaker choosing . The restriction (2.1) is incorporated in the set M here.

12



where L is the Lagrange function, defined as
Lim,z,7) = U(x) + 0V (m) +7F(x, m),

and ~ is a given state-contingent vector of Lagrange multipliers. We will
now state conditions under which the outcome of the Lagrangian problem
(2.7) generates weakly higher utility to the policymaker than problem (2.6).
Under these conditions it will also be the case that the solution of the La-
grangian problem represents an upper bound on what policy can achieve in
the robustly optimal policy problem (2.4).

Suppose we have found a point (m*,z*,v*) and the Lagrange function

has a saddle at this point, i.e., satisfies

L(m*, z,v") < L(m" z",~") Vo # o (2.8a)
L(m,z",~v*) > L(m*,z",v") Ym # m” (2.8b)
L(m*,z*,~v) > L(m* z*,~") V. (2.8¢)

Appendix (A.1) then proves the following result:

Proposition 2 Suppose (m*, x*,~*) satisfies the saddle point conditions (2.8)
and let (xft,m®) denote the solution of the robustly optimal policy problem

(2.4), then (z*,m*) is an equilibrium and
Ux™) 4+ 0V (m®) < U(z*) + 0V (m*).

The solution to the Lagrangian optimization problem thus delivers an upper
bound on what policy can achieve in the robustly optimal policy problem,
provided the saddle point conditions hold.

Assuming differentiability, it follows from conditions (2.8a) and (2.8b)
that the solution to the Lagrangian game necessarily satisfies the first order

conditions

Up(z*) + 0V (m™) + 7y Fp(z*,m*) = 0 (2.9)
OV, (m™) + v Fp(z*,m*) = 0. (2.10)

Moreover, condition (2.8¢c) holds if and only if
F(z*,m*) = 0. (2.11)

13



Conditions (2.9)-(2.11) represent necessary conditions that allow us to gen-
erate candidate solutions for the Lagrangian game. If a candidate solution
satisfies (2.8a)-(2.8b), then proposition 2 implies that one has found an up-
per bound to the value of the robustly optimal policy game (2.4).'! For
simplicity we will refer to the solution of the Lagrangian problem as the
“upper-bound solution” in the remaining part of the paper. We now apply
these results to a specific New Keynesian DSGE model of the options for

monetary stabilization policy.

3 A New Keynesian Model with Distorted

Private Sector Expectations

We shall begin by deriving the exact structural relations of a New Keyne-
sian model that is completely standard, except that the private sector holds
potentially distorted expectations. The exposition here follows and extends
Woodford (2011), who writes the exact structural relations in a recursive

form for the case with model-consistent expectations.

3.1 Private Sector

The economy is made up of identical infinite-lived households, each of which

seeks to maximize
U=5Y 4 [a(ct; f- [ @(Htu);st)dj} | (3.12)
t=0 0
subject to a sequence of flow budget constraints'?
1
RC+ B < | wili)PHG) + Bies(1 +iimr) + E+ T
0

where Eo is the common distorted expectations held by consumers condi-

tional on the state of the world in period ¢y, C}; an aggregate consumption

" Condition (2.8¢) is implied by the necessary condition (2.11).
12\We abstract from state contingent assets in the household budget constraint because

the representative agent assumption implies that in equilibrium there will be not trade in
these assets. We consider the prices of state contingent assets in section 7.2 below.
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good which can be bought at nominal price P,, H;(j) is the quantity sup-
plied of labor of type j and w,(j) the associated real wage, B; nominal bond
holdings, #; the nominal interest rate, and &, is a vector of exogenous distur-
bances, which may include random shifts of either of the functions u or v.
The variable T; denotes lump sum taxes levied by the government and 33,
profits accruing to households from the ownership of firms.

The aggregate consumption good is a Dixit-Stiglitz aggregate of consump-

tion of each of a continuum of differentiated goods,

C, = Uol ct(i)n;ldi]nnl, (3.13)

with an elasticity of substitution equal to n > 1. Each differentiated good
is supplied by a single monopolistically competitive producer. There are
assumed to be many goods in each of an infinite number of “industries”; the
goods in each industry j are produced using a type of labor that is specific to
that industry, and suppliers in the same industry also change their prices at
the same time, but are subject to frictions in price adjustment as described
below.!3 The representative household supplies all types of labor as well as
consuming all types of goods. To simplify the algebraic form of the results,

it is convenient to assume isoelastic functional forms

5 01—&—16—«&*1

W(Ci &) = == (3.14)
~ A vV Iy—v
U(Hy; &) = 1 +VHt1+ H7, (3.15)

where &,v > 0, and {C}, H;} are bounded exogenous disturbance processes
which are both among the exogenous disturbances included in the vector &,.
There is a common technology for the production of all goods, in which

(industry-specific) labor is the only variable input,

ye (i) = Arf (he(i)) = Aghy(i)'?, (3.16)

13The assumption of segmented factor markets for different “industries” is inessential

to the results obtained here, but allows a numerical calibration of the model that implies
a speed of adjustment of the general price level more in line with aggregate time series
evidence. For further discussion, see chapter 3 in Woodford (2003).
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where A; is an exogenously varying technology factor, and ¢ > 1. The

Dixit-Stiglitz preferences (3.13) imply that the quantity demanded of each
114

(i) = Y, (p }(,f))_n , (3.17)

individual good ¢ will equa

where Y} is the total demand for the composite good defined in (3.13), p.(7)

is the (money) price of the individual good, and P; is the price index,

p = [ /0 lpt(i)lndz} 11", (3.18)

corresponding to the minimum cost for which a unit of the composite good

can be purchased in period ¢t. Total demand is given by

where ¢; is the share of the total amount of composite good purchased by

the government, treated here as an exogenous disturbance process.

3.2 Government Sector

We assume that the central bank can control the riskless short-term nom-
inal interest rate i,,'° and that the zero lower bound on nominal interest
rates never binds.!® We equally assume that the fiscal authority ensures in-

tertemporal government solvency regardless of what monetary policy may be

141n addition to assuming that household utility depends only on the quantity obtained
of C;, we assume that the government also cares only about the quantity obtained of
the composite good defined by (3.13), and that it seeks to obtain this good through a
minimum-cost combination of purchases of individual goods.

15This is possible even though we abstract from monetary frictions that would account
for a demand for central-bank liabilities that earn a substandard rate of return, as ex-

plained in chapter 2 in Woodford (2003).
16This can be shown to be true in the case of small enough disturbances, given that

the nominal interest rate is equal to # = 7' —1 > 0 under the optimal policy in the
absence of disturbances. Consequences of a binding zero lower bound for the case with
non-distorted private sector expectations are explored in Eggertson and Woodford (2003)
and Adam and Billi (2003a), for example.
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chosen by the monetary authority. This allows us to abstract from the fiscal
consequences of alternative monetary policies and to ignore the bond versus
lump sum tax financing decision of the fiscal authority in our consideration
of optimal monetary policy, as is implicitly done in Clarida et al.(1999), and
much of the literature on monetary policy rules. Finally, we assume that the
fiscal authority implements a bounded path for the real value of outstand-
ing government debt, so that the transversality conditions associated with

optimal private sector behavior are automatically satisfied.

3.3 Household Optimality Conditions

Each household maximizes utility by choosing state contingent sequences
{C4, H(j), B;} taking as given the process for { P, w(j), it, X, T; }. The first

order conditions give rise to an optimal labor supply relation
_ Un(He(5); &)

wy(j) = ——=—2, 3.20
t(]) uc<Ct; gt) ( )
and a consumption Euler equation
. ~ | 141
uc(Cr; &) = BE: {UC(Ct;gt)T_Ht} ; (3.21)

which characterize optimal household behavior.

3.4 Optimal Price Setting by Firms

The producers in each industry fix the prices of their goods in monetary units
for a random interval of time, as in the model of staggered pricing introduced
by Calvo (1983) and Yun (1996). Let 0 < a < 1 be the fraction of prices
that remain unchanged in any period. A supplier that changes its price in

period t chooses its new price p;(i) to maximize

oo
B, Yo" Qurll(pi(i), ph, Pri Yr, &r), (3.22)

T=t
where Et is the distorted expectations of price setters conditional on time ¢
information, which are assumed identical to the expectations held by con-
sumers, (¢ is the stochastic discount factor by which financial markets dis-

count random nominal income in period 7" to determine the nominal value of
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a claim to such income in period ¢, and a?~* is the probability that a price
chosen in period t will not have been revised by period T'. In equilibrium,

this discount factor is given by

ac<CT7£T)E
uc(Cy; &) Pr

Profits are equal to after-tax sales revenues net of the wage bill. Sales

Qir=p"" (3.23)

revenues are determined by the demand function (3.17), so that (nominal)

after-tax revenue equals

(1= rom ()Y, (%”) -

Here 7, is a proportional tax on sales revenues in period ¢; {7,} is treated
as an exogenous disturbance process, taken as given by the monetary policy-
maker. We assume that 7; fluctuates over a small interval around a non-zero
steady-state level 7. We allow for exogenous variations in the tax rate in
order to include the possibility of “pure cost-push shocks” that affect equi-
librium pricing behavior while implying no change in the efficient allocation
of resources.

The real wage demanded for labor of type j is given by equation (3.20) and
firms are assumed to be wage-takers. Substituting the assumed functional

forms for preferences and technology, the function

U(p,p’, P;Y,§) = (1—7)pY(p/P)7"

() () e () (e

then describes the after-tax nominal profits of a supplier with price p, in
an industry with common price p/, when the aggregate price index is equal
to P and aggregate demand is equal to Y. Here w = ¢(1 +v) —1 > 0 is
the elasticity of real marginal cost in an industry with respect to industry
output. The vector of exogenous disturbances &, now includes A;, g; and 7,
in addition to the preference shocks C; and H,.

Each of the suppliers that revise their prices in period ¢ chooses the same
new price p;, that maximizes (3.22). Note that supplier i’s profits are a

concave function of the quantity sold (), since revenues are proportional to
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yt(z)nn;l and hence concave in y; (), while costs are convex in (7). Moreover,
since (i) is proportional to p,(i)~", the profit function is also concave in
pe(i)~". The first-order condition for the optimal choice of the price p;(i) is

the same as the one with respect to p;(i)~"; hence the first-order condition

with respect to py(7),

Et Za QtTﬂl pt( ) p]TaPT7YT7€T)

is both necessary and sufficient for an optimum. The equilibrium choice p}
(which is the same for each firm in industry j) is the solution to the equation
obtained by substituting p;(i) = p/ = p} into the above first-order condition.

Under the assumed isoelastic functional forms, the optimal choice has a

.
%:(ﬁ) , (3.25)

where F; and K; are functions of current aggregate output Y;, the current

closed-form solution

exogenous state &,, and the expected future evolution of inflation, output,

and disturbances, defined by

% n—1
F,=F, Z(aﬁ)T_tf(YT; &) (%) ) (3.26)
T=t
. - Pr n(1+w)
K, =E Y (af) k(Yr; &) ( 5 ) : (3.27)
T=t t
where
FY;)=(1-7)C07 (Y(1-9) Y, (3.28)
K=~ i 2 AHwHVYHW. (3.29)

Relations (3.26)—(3.27) can instead be written in the recursive form

F = f(Yi&) + aBE I Fyyl (3.30)
K, = k(Y5&) +aBEI K], (3.31)
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where II; = P,/ P,_,.'7

The price index then evolves according to a law of motion
_1
P=[(1—a)p! "+ aP ", (3.32)

as a consequence of (3.18). Substitution of (3.25) into (3.32) implies that

equilibrium inflation in any period is given by

1—alll! F, T
— == . 3.33

Equations (3.30), (3.31) and (3.33) jointly define a short-run aggregate supply
relation between inflation and output, given the current disturbances &,, and

expectations regarding future inflation, output, and disturbances.

3.5 Summary of the Model Equations and Equilibrium

Definition

For the subsequent analysis it will be helpful to express the model in terms
of the endogenous variables (K, Fy, Yy, i, Ay, my) only, where m, is the belief

distortions of the private sector and

1 . —n(14+w)
A, z/ (M> di > 1 (3.34)
o \ D

a measure of price dispersion at time t. The vector of exogenous disturbances
is given by &, = (At,gt, 7, Cy, ﬁt)/.

We begin by expressing expected household utility (evaluated under the
objective measure P) in terms of these variables. Inverting the production
function (3.16) to write the demand for each type of labor as a function of

the quantities produced of the various differentiated goods, and using the

17Tt is evident that (3.26) implies (3.30); but one can also show that processes that
satisfy (3.30) each period, together with certain bounds, must satisfy (3.26). Since we
are interested below only in the characterization of bounded equilibria, we can omit the
statement of the bounds that are implied by the existence of well-behaved expressions
on the right-hand sides of (3.26) and (3.27), and treat (3.30)—(3.31) as necessary and
sufficient for processes {Fy, K;} to measure the relevant marginal conditions for optimal

price-setting.
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identity (3.19) to substitute for C;, where g; is treated as exogenous, it is
possible to write the utility of the representative household as a function of

the expected production plan {y;(i)}. One thereby obtains

U= Eoiﬁt [U(Yi;ft) - /Olv(yf;ft)dj] , (3.35)

where

u(Yi; &) = w(Ye(l — ge); &)
and

vyl &) = 0(f 1 (Wl /A &),
In this last expression we make use of the fact that the quantity produced of
each good in industry j will be the same, and hence can be denoted y{ ; and
that the quantity of labor hired by each of these firms will also be the same,
so that the total demand for labor of type j is proportional to the demand
of any one of these firms.

One can furthermore express the relative quantities demanded of the dif-

ferentiated goods each period as a function of their relative prices, using

(3.17). This allows us to write the utility flow to the representative house-
hold in the form

Uy, A &) = u(Yis &) — o(Yes &) Ar

Hence we can express the household objective (3.35) as

U=EyY BUY,AsE). (3.36)
t=0
Here U(Y, A; &) is a strictly concave function of Y for given A and &, and a
monotonically decreasing function of A given Y and &.
Using this notation, the consumption Euler equation (3.21) can be ex-

pressed as

1414 1—g
Ht+1 1— Gi+1

uy (Y3 €,) = BE | mysiuy (Yiqa; §t+1) (3.37)
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Using (3.33) to substitute for the variable II; equations (3.30) and (3.31) can

be expressed as

Fo= f(Yi&) + aBE M dp (K, Fiia)] (3.38)
Ky = k(Y &)+ aBE mi1¢x (K, Frya)] (3.39)

where the functions ¢, ¢, are both homogeneous degree 1 functions of K
and F.

Because the relative prices of the industries that do not change their prices
in period t remain the same, one can use (3.32) to derive a law of motion for
the price dispersion term A; of the form

Ay = h(Ap1, 1L,

where
n(1+w)

1 — Il ot
I -« )

h(A T = oA 4 (1 — ) (

This is the source of welfare losses from inflation or deflation. Using once

more (3.33) to substitute for the variable II; one obtains

At - E(At—ly Kt/Ft) (340)
Equation (3.37)-(3.40) represent four constraints on the equilibrium paths of
the six endogenous variables (Y;, Fy, Ky, Ay, i, my). For a given sequence of
belief distortions m; satisfying restriction (2.1) there is thus one degree of
freedom left, which can be determined by monetary policy. We are now in a

position to define the equilibrium with distorted private sector expectations:

Definition 3 (DEE) A distorted expectations equilibrium (DEE) is a stochas-
tic process for {Yy, Fy, Ky, Ay, iy, my },o ) satisfying equations (2.1) and (3.37)-
(8.40).

4 Upper Bound in the New Keynesian Model

We shall now formulate the Lagrangian game (2.7) for the nonlinear New
Keynesian model with distorted private sector expectations, and derive the

nonlinear form of the necessary conditions (2.9)-(2.11).

22



The Lagrangian game (2.7) for the New Keynesian model is given by
min max
{mip1}i2o {Ye,Fe, Ke,Ae 352
U(Yt, Ay; §t) + 0841 logmy
E, iﬁt +/7t <h(At—17 Kt/Ft) - At)
t=0 Ciz(Ye; &) + apme 1 ®(Zi) — Z4]
+6v, (Mygq — 1)

+ al"_ ®(ZoJ4.41)

where v,, ['t, 19, denote Lagrange multipliers and we used the shorthand no-

tation

Ey
Ky

f(Y;€)
k(Y;€)

¢F(K7 F)

Zy =
¢K(K7F)

. 256 = . ®(2) = , (4.42)

and added the initial pre-commitment al” ;®(Z;) to obtain a time-invariant
solution. The Lagrange multiplier vector I'; is associated with constraints
(3.38) and (3.39) and given by I'; = (I'y;, I'2;). The multiplier ~, relates to
equation (3.40) and the multiplier ¢, to constraint (2.1). We also eliminated
the interest rate and the constraint (3.37) from the problem. Under the as-
sumption that the zero lower bound on nominal interest rates is not binding,
constraint (3.37) imposes no restrictions on the path of the other variables.
The path for the nominal interest rates can thus be computed ex-post using
the solution for the remaining variables and equation (3.37).

The nonlinear FOCs for the policymaker (2.9) are then given by
Uy (Y, A &) + Dizy (Y €) = 0 (4.43)
~ K
—y,ha (A1, Kt/Ft)F—; —Ty+aml | Di(K;/F,) = 0 (4.44)
t
~ 1
’YthQ(At_l, Kt/Ft)F - th -+ athLlDQ(Kt/Ft) =0 (445)

t

Ua(Yis Ay &) — v+ BE v 1hi (A, K1 JFipn)] = 0 (4.46)

for all t > 0. The nonlinear FOC (2.10) defining the worst-case belief distor-

tions takes the form

O(logm; + 1) +al’, D(Z) +1, 1 =0 (4.47)
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for all t > 1. Above, h;(A, K/F) denotes the partial derivative of h(A, K/F)
with respect to its i-th argument, and D;(K/F) is the i-th column of the

matrix

_ [ oror(2) akop(2)
~ | Orok(2) Okok(2)

Since the elements of ®(Z) are homogeneous degree 1 functions of Z, the

D(Z) (4.48)

elements of D(Z) are all homogenous degree 0 functions of Z, and hence
functions of K/F only. Thus we can alternatively write D(K/F). Finally,
the structural equations (2.11) are given by equations (3.38)-(3.40). This
completes the description of the necessary conditions equations (2.9)-(2.11)

for the New Keynesian model.

5 Locally Optimal Dynamics under the Up-
per Bound Policy

We shall be concerned solely with optimal outcomes that involve small fluc-
tuations around a deterministic optimal steady state. An optimal steady
state is a set of constant values (Y, Z, A, %, T, 1, m) that solve the structural
equations (3.38)-(3.40) and the FOCs (4.43)-(4.47) in the case that &, = £ at
all times and initial conditions consistent with the steady state are assumed.
We now compute the steady-state, then derive the local dynamics implied
by these FOCs and show that the saddle point conditions (2.8) are locally
satisfied.

5.1 Optimal Steady State

In a deterministic steady state, restriction (2.1) implies m = 1, so that the
optimal steady state is the same as derived in Benigno and Woodford (2005)
for the case with non-distorted private sector expectations. Specifically, it
satisfies F' = K = (1 — af) 7 k(Y;€), which implies IT = 1 (no inflation) and
A =1 (zero price dispersion), and the value of Y is implicitly defined by

FY,8) = k(Y. £).
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Because hy(1,1) = 0 (the effects of a small non-zero inflation rate on the
measure of price dispersion are of second order), conditions (4.44)—(4.45)

reduce in the steady state to the eigenvector condition
[ = al"D(1). (5.49)

Moreover, since when evaluated at a point where F' = K,

Olog(¢x/dp) _  Ologldk/dp) 1
Ologk — dlgF o

and we observe that D(1) has a left eigenvector [1 — 1], with eigenvalue 1/a;
hence (5.49) is satisfied if and only if Ty = —T';. Condition (4.43) provides
then one additional condition to determine the magnitude of the elements of

[;. It implies
Uy(Y,1;€) + Ti(fy(Y;€) — ky(Y3€)) = 0. (5.50)
Since ky — f, = w + &' > 0 we have that
I >0,

whenever Uy > 0, i.e., whenever steady state output Y falls short of the first
best or efficient steady state level Y defined as

UY(?ev L; g) =0.

In the limiting case Y — Y we have I'; = 0. Finally, condition (4.46)

provides a restriction allowing to determine the steady state value of 7 :
UA(?7 1; g) -7+ 57ﬁ1(17 1) =0.
Since Ua < 0 and hy(1,1) = o, we have

UA (?7 1; g)

TS g <
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5.2 Optimal Dynamics

Let us define the endogenous variables

m, = loglly
m; = logmy
wn = Y-V, (5.51)

where z; denotes the ‘output gap’ with ¥, = log;/Y, Y,* = logY,*/Y and
Y, being the ‘target level of output’, which is a function of the exogenous

disturbances only and implicitly defined as
Uy (Y7, 1;6,) + f,ZY(Y;*§ ) =0. (5.52)

The following proposition characterizes the first order accurate local dynam-
ics implied by the nonlinear structural equations (3.38)-(3.40) and the non-
linear first order conditions (4.43)-(4.47) for these variables:

Proposition 4 If initial price dispersion A_y is small (of order O(||¢]]?))
and the initial precommitments such that I'1 o = —I'a9 > 0, then equations
(3.88)-(3.40) and (4.43)-(4.47) imply up to first order that

Ty = KT+ BEt,/Tt—‘rl -+ Uy (553)
0 = gﬂ,ﬂ't + )\m(.ft — xt—l) + émmt (554)
mt = >\m (7Tt - Et—l[ﬂ-t]) . (555)

The constants (k > 0,&,,&,,, Az, Am) are functions of the deep model param-
eters (explicit expressions are provided in Appendiz A.2). In the empirically
relevant case in which steady state output falls short of its efficient level
Y < 76) we have £, > 0,§,, > 0,\,, > 0 and if the steady state output

distortion is sufficiently small also A\, > 0.

The proof of the proposition is given in appendix A.2. The disturbance

u; above denotes a ‘cost-push’ term and is defined as
up = w[Y7 + o), (5.56)

where ug is defined in equation (A.76) in Appendix A.2. It is straightforward

to generalize the above proposition to the case with larger degrees of initial
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price dispersion (A_; of order O(][¢]|)). As becomes clear from Appendix
A.2, this would add additional deterministic dynamics to the optimal path.
Also, in the case that the initial precommitments fail to imply the condition
stated in the proposition, the results of the proposition would still become
valid asymptotically, as the effects of the initial conditions vanishes with
time.

The following proposition shows that the economic outcomes character-
ized by proposition 4 indeed constitute a local solution to the upper bound
problem (2.6):

Proposition 5 If steady state output falls short of its efficient level (Y <
Y®¢) and the steady state output distortions are sufficiently small, then the
Lagrangian (4.41) locally satisfies the saddle point properties (2.8a)-(2.8b) at
the solution implied by equations (5.53)-(5.55).

The proof of the proposition can be found in appendix A.2.

5.3 The Optimal Inflation Response to Cost-Push Dis-

turbances

In this section we derive a closed form solution for the optimal inflation
response to a cost push disturbance, as implied by equations (5.53)-(5.55).
For simplicity, we assume that the evolution of the cost-push disturbances is
described by

Up = PUs—1 + Wy, (5.57)

where p € [0,1) captures the persistence of the disturbance and w; is an
iid innovation. We then use the relationship (5.55) to substitute for m; in
(5.54), and equation (5.53) to substitute for z;. This delivers a second order
expectational difference equation describing the worst-case inflation evolution

under a robustly optimal policy commitment:

Ae(Tp — BEym1 — up — T + BE T+ up—)
K

0 = fﬂ.’ﬂ't +
+EmAm (T — Era[mi]) -
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We now consider the impulse response dynamics to an unexpected cost
push shock wy, in some period ¢, that are implied by this equation. Because
of the linearity of our system, we can calculate the dynamic response to an
individual shock independently of any assumptions about the shocks that
occur in other periods, so let us consider the case in which no shocks have
occurred in the past and none will occur in any later periods either; in this
case we need only solve for the perfect-foresight dynamics after the occurrence
of the one-time shock. We suppose, then, that we start from the deterministic
steady state, so that the initial conditions are given by my,_1 = E 17y, =

uy,—1 = 0. The previous equation then implies

Ao

Az
0 = (é.rr + fm)‘m + ?)ﬂ—to - K (Bﬂ-to-i-l + Uto) ) (558)

0 = (& + M)m — % (Bryer + mo1 +ug —ug—q)  for t >(HH9)
where the second equation applies for all ¢ > #;. (All variables in these
equations refer to the expected values of the variables after the shock is
realized in period ¢y.)

The eigenvalues of the characteristic equation imply that equation (5.59)
has a unique non-explosive solution for 7; (t > to) for a given initial value my,
and a given bounded exogenous sequence for u,;. In the case that (as implied
by (5.57)) w; = p'uy for all j > 0, so that at each date u, is a sufficient
statistic for the entire anticipated future evolution of the disturbance term,

this solution takes the simple form
T = ame_1 + bu_q, (5.60)
where 0 < a < 1 is the smaller of the two real roots of

Bu? = (L+ B+ &r/Ae)u+1 =0,
and
b=—(1—-p)a<0.

Note that the coefficients a and b are independent of the policymaker’s con-
cern for robustness #. Thus the optimal dynamics for ¢ > t; depend in the
same way on the lagged inflation rate and the path of the exogenous distur-

bance as in a pure RE analysis of the model. The result is different, though,
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for the initial period to when inflation jumps unexpectedly in response to the
shock.
Combining equation (5.58) with equation (5.60) for ¢t = ¢y + 1 delivers a

solution of the form m;, = byuy, for the initial impact of the shock, where

- b+ 37!
B o

Note that the numerator and denominator of this fraction are both posi-
tive for all £, A, > 0, so that by > 0. With robustness concerns we have
EnAm > 0, so that the optimal immediate impact effect of the shock on infla-
tion is smaller than under the RE analysis. And in the limiting case where
robustness concerns increase without bound (6 — 0), we have £, A\, — oo,
so that it becomes optimal to prevent any unexpected jump in inflation at all
in response to a shock. (Under an optimal policy, inflation will be completely
forecastable one period in advance.)

It follows that the cumulative price level response to a shock is given by

> ~ boug, = by B p U,
Zm_l—a—{— Z 1—a_[60+(1—p b l—a

t=to t=to+1

In the absence of robustness concerns, this implies that ) ,° 7, = 0, so that
cost-push shocks have no effect on the long-run price level under an optimal
commitment. (This results in the familiar conclusion from the RE literature
that price-level targeting is optimal.) Since a and b are independent of ro-
bustness concerns, but the initial response by is dampened under robustness
concerns, the term in square brackets is negative when robustness is taken
into account. Hence robustness concerns make it optimal to plan to decrease
(increase) the price level in the long run following a positive (negative) cost-
push shock.

Because of certainty-equivalence, the above results translate directly to
the case with a random shock each period, as specified in (5.57). Under the
upper-bound dynamics, in any period ¢y, the conditional expectation E;,
(for any ¢ > to) depends linearly on wu;, through precisely the coefficient ob-
tained in the perfect-foresight calculation, so that the sequence of coefficients

describes the impulse response function of inflation to a cost-push shock. The
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law of motion for inflation in the general case is given by

T = Epam+ (m — Ep_1my)
= (am—y + buy—_1) + bo(us — pu—y
= am_1+ bout + blut,l, (561)

where by = b — pby < 0. Thus inflation evolves according to the stationary
ARMA(2,1) process

(1 —al)(1 — pL)my = bowy + byw;_1.

5.4 Comparison with Results in Woodford (2010)

As noted in the introduction, Woodford (2010) considers a similar problem,

but assuming a quadratic loss function

min Fj Z Br? + My — %) (5.62)
t=to
with coefficients A, x* > 0 for the policy objective, and a New Keynesian

Phillips curve that depends on subjective private-sector expectations,
Ty = KT + Etﬂ-t—‘rl + uy. (563)

The structural relation (5.63) is assumed to be linear in the (potentially)
distorted expectations, but when written in terms of the policymaker’s ex-

pectation operator,
T = KT + Et[mt+17Tt+1] + Uy, (564)

the structural relation includes a quadratic term.

It is known from the results in Benigno and Woodford (2005) that the
characterization of the optimal policy commitment obtained from such a
linear-quadratic analysis coincides with the linear approximation to the dy-
namics under an optimal policy commitment that can be derived (as in the
present paper) by log-linearizing the exact equations that characterize an op-
timal commitment in a microfounded New Keynesian model.!® Here we com-

ment on the extent to which a similar justification for the linear-quadratic

18See Woodford (2011), section 2, for further discussion of the relation between the two

approaches.
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analysis is valid when policy is required to be robust to departures from
model-consistent expectations.

In Woodford (2010), worst-case dynamics under the robustly optimal pol-
icy commitment are described by linear equations, as they are here, but the
linearity is obtained not from a local linear approximation to the exact op-
timal dynamics, but rather as a consequence of only optimizing over a class
of linear policy rules. The analysis in Woodford (2010) therefore leaves open
the question of the extent to which nonlinear policy rules could improve upon
the constrained-optimal policy characterized in that paper, while our present
analysis leaves open the question of the extent to which the optimal policy
commitment should be different in the case of larger shocks than those as-
sumed in our local analysis. Hence we should not expect the results of the
two analyses to coincide, except in the case to which both are intended to
give a solution, which is the case of small enough shocks for terms other
than those of first order in the amplitude of the shocks to be neglected. (In
fact, the results obviously do not coincide more generally, since the coeffi-
cients of the robustly optimal linear dynamics derived in Woodford (2009)
are functions of the parameter o,, indicating the standard deviation of the
“cost-push shocks,” whereas they are independent of all shock variances in
the local linear approximation calculated in this paper.) Woodford (2010)
also presents an explicit solution for the dynamics under robustly optimal
policy only in the case of i.i.d. cost-push disturbances, corresponding to the
special case p = 0 of the process (5.57) considered in the previous section.

We can, however, compare the results obtained here to those obtained in
Woodford (2010) for the case p = 0 in the small-shock limit (i.e., the limiting
values of the coefficients that describe the robustly optimal dynamics as o, —
0). In that limiting case, the results presented in Woodford (2010) coincide
with those derived here, with a suitable interpretation of the coefficients A, x*
of the policy objective (5.62) in terms of the parameters of our microfounded
model.

In Woodford (2010), as here, the dynamics of inflation under the robustly

optimal policy commitment!® are given by a law of motion of the form (5.61);

190Under the kind of policy assumed in Woodford (2010), the dynamics of inflation are
determined solely by the policy commitment and are independent of private-sector belief
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in the earlier paper, the coefficient a is referred to as u, the coefficient by is
referred to as py/o,, and the coefficient b; (which is equal to —a in the case
that p = 0) is written as —u. The characteristic equation defining a in the
present solution is furthermore seen to coincide with the quadratic equation
defining p in Woodford (2010) if the coefficient A in that paper is defined as

A K
x

in terms of our current notation. (Note that as long as steady-state distor-

A

tions are not too large, the value of A implied by this formula is positive, as
assumed in the earlier paper.) Moreover, the nonlinear equation that implic-
itly defines p; in Woodford (2010) implies that p; — 0 as o, — 0, but that
the ratio p;/o, converges to a non-zero limit. That limiting value is given

by an equation identical to the one given above for by, if x* is the positive

2
(@x*> = 5—m)\mQ > 0.
K 3

Hence with these identifications of the parameter values, the linear dynamics
for inflation derived in Woodford (2010) are identical to those obtained here

as a linear approximation to the upper-bound dynamics.

quantity?® such that

A local linear approximation to the implied dynamics of the output gap
under the robustly optimal policy commitment can be derived from the dy-
namics of inflation, by substituting the predicted evolution of inflation into
the aggregate-supply relation and solving for the implied path of the out-
put gap. In the method employed here, the solution (5.61) for inflation is
substituted into the linearized structural relation (5.53), whereas in Wood-
ford (2010) the path of inflation is substituted into the relation (5.64), which
involves the expectation distortion factor. It might seem, then, that our cur-
rent method should not predict the same upper-bound dynamics of output,
even if the dynamics of inflation are the same; indeed, in the earlier paper it

was shown that under the kind of linear policy rule that is considered there,

distortions. As discussed in the next section, this is also one possible way of implementing

the upper-bound dynamics in our model as well, though not the only one.
20Here we assume, as in our discussion above, that steady-state output is inefficiently

low, so that T'; > 0.
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the implied fluctuations in the output gap are amplified (divided by a con-
stant factor A < 1) as a result of the worst-case belief distortions, relative to
the prediction of the log-linear New Keynesian Phillips curve in the absence
of distorted beliefs. But in the limit as o, — 0, the optimal value of the
coefficient p; — 0, as just noted, and this implies that A — 1. Hence in
the small-noise linear approximation, the predicted output dynamics are the
same using both methods. This is just what one should expect, given that

in the small-noise linear approximation,
Ey[miimin] = B + Eyme = By,

so that (5.53) and (5.64) are equivalent, to that order of approximation.
Hence the problem considered in Woodford (2010) has the same solution
as the robustly optimal dynamics of our microfounded model, up to a lin-
ear approximation of these respective characterizations in the limiting case
of small-enough exogenous disturbances. We have no reason, however, to
expect that the characterization in Woodford (2010) of the way in which
robustly optimal policy changes as o, is increased should also be correct for
the microfounded model. There is no reason to expect even that the calcu-
lations in the earlier paper describe robustly optimal policy within the class
of linear policy rules; for in this sort of calculation for the large-shock case,
nonlinearities of the various structural equations become relevant, and we
have no reason to suppose that the particular nonlinearity that is considered
in Woodford (2010) — the effect of the distorted expectations in (5.64) —
is the only that is quantitatively significant. But we leave the quantitative

investigation of this issue for future work.

6 Implementing the Upper Bound

We now study whether a monetary policymaker can achieve the upper bound
defined in the previous section, so that it represents the solution to the ro-
bustly optimal monetary policy problem (2.4). We show that (local) imple-
mentation is feasible, and present a variety of policy commitments, each of
which would suffice for this purpose. In this section, we limit consideration

to a class of policy commitments C, which is defined as follows:
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Definition 6 A policy commitment belongs to the class C if the policymaker
commits to insure that some relationship ¢(-) = 0 holds each period, where
the function c(-) depends only on the paths of the variables {11;,Y}, i} and
the paths of the exogenous shocks {&,}, with c(-) being twice continuously

differentiable in the neighborhood of the steady state values of its arguments.

The class C rules out commitments that involve any direct reference to
the path of the private sector belief distortions {m;}. Monetary policy may
nevertheless indirectly depend on the private sector belief distortions, via
its dependence on the endogenous variables. Restricting consideration to
commitments from the class C has the advantage that such commitments
do not require that the policymaker does not have to commit to a specific
empirical measure for the private sector belief distortions when stating its
policy commitment. The proposition below provides sufficient conditions
insuring that policy commitments from the class C implement the upper

bound solution:
Proposition 7 Suppose monetary policy commits to a policy ¢ € C. If

1. the log-linear approximation to c is consistent with the log linear approx-
imation to the upper bound solution dynamics (as implied by equations
(5.53)-(5.55)),and

2. the log-linear approximation to ¢ implies a locally determinate outcome

under rational expectations,

then the upper bound solution is the locally unique outcome of the robust

monetary policy problem (2.4).

The previous result implies that by choosing a policy commitment from
the class C that satisfies the additional conditions stated in the proposition,
monetary policy can implement the upper bound outcome independently of
the assumed outcome function O(+, ), as long as the outcome function selects
only equilibria in the neighborhood of the optimal steady state. The proof
of proposition 7 is given in appendix A.3.

The corollaries below present a number of specific policy commitments

from the class C that satisfy the conditions stated in the previous proposition:
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Corollary 8 If monetary policy commits to implement the state contingent
inflation sequence of the upper bound solution (as implied by the solution to
equations (5.53)-(5.55)), then the upper bound is the locally unique outcome
of the robust monetary policy problem (2.4).

For the commitment considered in the previous corollary, condition 1 in
proposition 7 holds by assumption; and as is easily shown, the commitment
also implies a locally determinate outcome under rational expectations, so
that the second condition in proposition 7 equally holds.

The following result shows that monetary policy can alternatively imple-

ment the upper bound outcome by committing to a Taylor rule:?!

Corollary 9 Suppose monetary policy commits to follow the Taylor rule

I o Y, oy
1+i, = (1+4) (H—t) <Yi) , (6.65)
t t

where (i, 11}, Y;") denotes the evolution of the interest rate, inflation and

output in the upper bound solution. If the coefficients (¢r, ¢y ) satisfy the
local determinacy conditions under rational private sector expectations, then
the upper bound is the locally unique outcome of the robust monetary policy

problem (2.4).

Finally, monetary policy could implement the upper bound outcome in-
stead by committing to a targeting rule. In this case somewhat more stringent

conditions apply:

Corollary 10 Suppose steady state output falls short of its efficient level
(Y < Y*¢) and the steady state output distortions are sufficiently small. If
monetary policy commits to insure that the target criterion

&+ Ap(mp — x241) + A (e — By q[my]) =0 (6.66)

holds each period, then the upper bound is the locally unique outcome of the

robust monetary policy problem (2.4).

21Conditions 1 and 2 in proposition 7 are satisfied by assumption in corollary 9.
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Condition 1 in proposition 7 holds because the targeting rule (6.66) is
implied by the log linear upper bound equations (5.54) and (5.55). Appendix
A.3 shows that condition 2 in proposition 7 also holds provided the additional
conditions stated in the corollary are satisfied.

Summing up, this section has shown that monetary policy can implement
the upper bound solution as the locally unique outcome of the robustly opti-
mal policy game by making an appropriate policy commitment. Importantly,
the required policy commitments do not need to make explicit reference to
private sector belief distortions, thus are not fundamentally more difficult
to explain to the public than policy commitments that would be desirable

under the assumption of rational private sector expectations.

7 Extensions of the Basic Analysis

Here we address two possible extensions of the analysis above. The first
considers a possible strengthening of our definition of robustly optimal policy,
under which the policies just described would no longer suffice. The second
considers the consequences of additional restrictions on the class of feasible
policies, as a result of which the policies just described would not necessarily

be available.

7.1 Maximally Robust Optimal Policy

The previous sections were concerned with monetary policy rules that im-
plement the best possible level of policymaker objective under worst-case
private sector beliefs. We now ask whether one can find monetary policy
rules that improve robustness in the sense that they perform better than the
robust policy considered thus far in the case of some possible private sector
beliefs other than the worst-case beliefs, while doing equally well in the case
of the worst-case beliefs.

The best that monetary policy can do in response to general belief dis-
tortions is to bring about the highest-welfare equilibrium consistent with the
given belief distortions, regardless of what those belief distortions may be.

This is the outcome that would result if, purely hypothetically, the private
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sector had to commit to particular belief distortions before the policymaker’s
choice of its policy commitment, and the policymaker could observe those dis-
tortions before making its decision. Again, this defines a problem that can
be formulated and solved without reference to any particular class of pol-
icy commitments — it is simply necessary to optimize over the set of paths
for the endogenous variables that constitute a DEE under the given belief
distortions — and again this provides an upper bound for what can conceiv-
ably be achieved by any policy. If a policy commitment can then be found
that achieves this upper bound, it would necessarily be a maximally robustly
optimal policy.

Under the present, stronger criterion for robustness, it is less obvious that
we should expect that the upper bound can be attained; certainly a much
more complex type of policy commitment will have to be contemplated if this
is to be possible. Nonetheless, here we restrict our discussion to a derivation
of the state-contingent evolution corresponding to this upper bound. The
following proposition locally characterizes the best response dynamics for

output and inflation for a general belief distortion process:??

Proposition 11 [f initial price dispersion A_y is small (of order O(||£]]?))
and the initial precommitments such that I'yg = —1's9 > 0, then equations
(3.38)-(3.40) and (4.43)-(4.47) imply up to first order that the best response
dynamics of output and inflation for any given process of belief distortions

satisfy

Ty = KI;+ ﬂEt’/Tt+1 -+ Uy (767)
0 = &+ A — 261) + &0, (7.68)

where the constants (k> 0,&.,&,,, A\ws Am) Satisfy the conditions stated in

Proposition 4.

For the particular case that private sector belief distortions are given by
worst-case belief distortions, the previous result reduces to the one given in

Proposition 4. For a general process of belief distortions and if the evolution

22The proof of Proposition 11 follows directly from the steps of the proof of Proposition
4 up to equation (A.86).
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of mark-up shocks is of the autoregressive form (5.57), Proposition 11 implies
that the best response dynamics are given (to first order) by the following

recursion

Tt €2 ~ e T I
S e e ) L1+ h it e, | s (7.69)
¢ §7T ﬁ(el*p) €1ﬁ §7T

where e; > ﬁ_l and es € (0,1). This is shown in Appendix A.4. Since

e18 > 1, the best response dynamics imply that monetary policy optimally
reduces inflation in states to which private agents assign higher than objective
likelihood (7i; > 0) and increases it in states whose likelihood private agents
underpredict (m; < 0).

We also have the following result, which is proven in Appendix A.4:

Proposition 12 Consider a robust monetary policy game in which monetary
policy commits to implement the state contingent best response dynamic for
inflation and thereafter the remaining variables are chosen so as to minimize
the augmented objective (2.3). The outcome of this game is given by the

upper bound solution.

This shows that committing to the best-response dynamic for inflation
instead of to the upper bound process for inflation comes at no cost if the
private-sector beliefs happen to correspond to the worst-case belief distor-
tions. If instead the belief distortions are of a different nature, then the
best-response commitment will in general deliver a higher value for the pol-
icymaker’s objective than that guaranteed by the upper-bound dynamics,
and in all likelihood a higher value than would result from committing to a

policy that is robustly optimal only in the weaker sense proposed earlier.

7.2 Implications of Central Bank Information Constraints

In the previous sections we assumed that the policymaker has perfect infor-

mation about the state of the economy at time ¢. One implication of this
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- clearly unrealistic - assumption is that monetary policy can contempora-
neously and costlessly undo any distortion in private sector output expec-
tations by appropriately adjusting the nominal interest rate.?> As a result,
someone seeking to choose the private-sector belief distortions that will most
embarrass the policymaker has no incentives to distort output expectations,
and focuses instead on distorting inflation expectations. One may wonder
whether this exclusive concern with distorted inflation expectations in the
worst-case scenario is itself robust to assuming a more realistic information
set for the monetary policymaker. If monetary policy cannot react contem-
poraneously to distortions in output expectations, because of information
lags for example, then perhaps the worst-case belief distortions should also
distort expectations about states in which there are unexpected movements
in output. This would in turn provide incentives for the policymaker to stabi-
lize output movements, thereby potentially overturning our previous results,
which require policy to dampen unexpected movements in inflation.

In order to investigate this possibility, we consider now a setting where
at time t the policymaker has only information available up to time ¢ — 1,
and study the resulting upper bound outcome under this information setting.
As we show below, our baseline results turn out to be robust. Worst case
belief distortions continue to be associated - to a first order approximation -
exclusively with unexpected movements in inflation.

Under the assumed lagged information set, the Lagrangian game deter-

mining the upper bound outcome is given by

min max (7.70)
{meg1tioo {Ye. Fr, Ke,Avit} oo,

[ U(Y3, A &) + 08mysi logmys ]

N (E(At_l, K,JF,) — At)

Lo Z B Til2(Yas &) + aBme ®(Ziya) — Z)]

=0 +08¢; (M1 — 1)

+8 (UY(Y};@) — Bmypruy (Yiga; §t+1)%1r;—ﬁl>

14isl+g )
My, 14go’

+al” | ®(Zy) + Q_quy (Yo; &)

23This assumes that the zero lower bound on nominal interest rates is not binding.
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where unlike in problem (4.41) we can no longer drop the constraint (3.37),
because the interest rate now has to be determined based on one period lagged
information.?* We also added the last term, which is an initial commitment
useful for obtaining a time-invariant solution.

The following proposition summarizes the main finding:

Proposition 13 Suppose in period t the policymaker has access to infor-
mation up to period t — 1 only. The worst case belief distortions associated

with the upper bound outcome then continues to be given up to first order by
equation (5.55).

The proof of the proposition can be found in appendix A.5. It shows that
the effects of unexpected movements in output have at most second order
effects on the worst case belief distortions. This finding is ultimately due
to the fact that the Lagrange multiplier €, associated with constraint (3.37)
is zero in steady state, which results from the fact that the deterministic

steady-state information set of the policymaker is unbiased.

8 Conclusions

We have shown how it is possible to analyze optimal monetary stabilization
policy, taking into account the possibility that private-sector expectations
may not be precisely model-consistent. Our approach shows how one can
choose a policy that is intended to be as good as possible in the case of any
beliefs close enough to model-consistency. Moreover, we have shown how
to characterize robustly optimal policy without restricting consideration a
priori to a particular parametric family of candidate policy rules.

One of our key goals in this reconsideration of the results of Woodford
(2010) has been to consider whether policy rules that allow direct dependence
of the central bank’s policy targets on measures of private-sector expectations
may have superior robustness properties relative to policy rules of the kind

shown to be optimal in the literature that assumes rational-expectations

24The timing convention is that i; denotes the interest rate between period ¢ +1 and

t 4+ 2, as chosen in period t.
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equilibrium. We have found that even if we were to consider rules involv-
ing arbitrary dependence of that kind on private-sector forecasts, it would
not be possible to choose a policy commitment that could ensure a higher
lower bound for welfare (across the set of belief distortions that satisfy our
criterion for “near-rationality”) than the one that can be achieved by a pol-
icy of the kind considered by Woodford (2010), in which the central bank’s
state-contingent inflation target is expressed as a function of the history of
exogenous disturbances.

Among the policy commitments that we have shown should suffice to
achieve this greatest lower bound is a commitment to a particular target
criterion, that maintains a linear relationship between the paths of inflation
and of a suitably defined output gap. This particular characterization of the
robustly optimal policy commitment has the advantage that it can be stated
without any reference to any exogenous disturbances, and the coefficients
of the optimal target criterion are independent (in the linear approximation
used here) of all parameters describing the properties of the exogenous dis-
turbance processes as well, just as in the optimal target criteria derived by
Giannoni and Woodford (2010) under the assumption of rational expecta-
tions.

The form of the optimal target criterion is similar to the one derived by
Giannoni and Woodford in the RE case, except that it no longer refers solely
to variations in inflation, regardless of the extent to which these may be
anticipated in advance. Instead, under the robustly optimal target criterion,
“objective” inflation surprises (by which we mean the component of inflation
that is understood by the policy analyst to differ from what should have
been predicted the period before) receive a greater weight — and so require
a greater output reduction in order to be justifiable — than do variations in
inflation that are predicted in advance by the central bank. As a consequence,
shocks will not be allowed to cause unexpected movements in inflation as
large in magnitude as those that would be considered optimal if the central
bank could be certain that the private sector would share its expectations
about the economy’s future evolution.

Among the further implications of this change in the target criterion are

the fact that an optimal policy commitment no longer implies complete sta-
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tionarity of the long-run price level, as is true of the optimal policy prescrip-
tion under rational expectations. However, we do not feel that this result
does much to weaken the case for the desirability of a (suitably flexible) price-
level target. By comparison with the type of forward-looking inflation targets
actually adopted by inflation-targeting central banks — under which tem-
porary departures of the inflation rate from its long-run target are allowed
to persist for a time and are certainly never reversed — a price-level target,
which would require temporary departures from the price-level target path
to eventually be reversed, would still be closer to the policy recommended
by our analysis. For while we show that the robustly optimal policy commit-
ment implies that there should be a unit root in the price level, the central
bank’s forecasted change in the long-run price level in response to a shock
should have the opposite sign to the short-run effect on prices, rather than
allowing a further cumulative change in prices that is in the same direction
as (and larger than) the initial effect on prices. A commitment to maintain
a fixed target path for the price level — so that at least short-run departures
from the path would eventually be reversed — would represent a change to
something much closer to the robustly optimal policy, and would most likely
raise the welfare lower bound (even if not quite to its theoretical maximum
level), though we do not provide any explicit calculation of this gain here.
Our specific conclusions depend, of course, on a specific conception of
which kinds of departures from model-consistent expectations should be re-
garded as most plausible. We have proposed a non-parametric specification of
the possible belief distortions that is intended to be fairly flexible. Nonethe-
less, we are well aware that in some ways our specification remains fairly
restrictive. In particular, our assumption that the only belief distortions that
are contemplated in the robust policy analysis are ones that are absolutely
continuous with respect to the policy analyst’s own probability measure —
a restriction that was necessary in order for our relative entropy measure
of the “size” of belief distortions to be defined — is hardly an innocuous
one. We are concerned that this assumption may have an important effect
on our results. It implies that a determination on the part of the central
bank to ensure that a certain relation among variables will hold in all states

of the world is sufficient to ensure that the private sector cannot doubt that
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it will hold in all states of the world; and such an assumption may well still
exaggerate the extent to which central bank policy commitments can shape
private-sector expectations, even if not to the extent that an assumption of
fully model-consistent expectations would. This may lead us to exaggerate
the value of a policy commitment to inflation stabilization. An extension
of our analysis to allow for alternative definitions of “near-rational expecta-
tions” would accordingly be of great value in further clarifying the nature of

a robust approach to the conduct of monetary policy.
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A Appendix

A.1 Proofs for Section 2.3

Proof of the minmax inequality. Let us define

m*(c) = argminA(m,c)
c(m) = argrr%x/\(m,c)
m = argn}YiLnA(m,C*(m)),
then
maxmin A(m,c) < maxA(m,c)
o = A )
= minA(m, ¢ (m))
= mgnmcaXA(m,c).
]

Proof of proposition 2. We first show that (z*,m*) is a DEE. This
follows directly from (2.8¢), which only holds if F(z*,m*) = 0. Next, we
show that a triple (z*, m*,v*) satisfying (2.8) delivers a weakly higher value
than problem (2.6). Let (z¥,mY) denote the solution to (2.6), then

U@EY)+0v(mY) = mniLn max U(x)+ 0V (m) s.t. F(x,m)=0
< max U(x) +0V(m*) st. F(z,m*)=0 (A.71)
= U(z") +60V(m").

The last equality follows from the fact that any alternative solution z with

T # x* achieves a strictly lower value than x*: using F'(z, m*) = 0 and (2.8a),

we have
U@)+60V(m*) = U@)+60V(m")+~"F(z,m")
= L(m",x *)
< L(m",z",77)
= Uz )+9V( 5.

It then follows from (2.6) and (2.5) that (z*, m*) also delivers a weakly higher
value than the the robustly optimal policy problem (2.4). m
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A.2 Proofs for Section 5

Proof of Proposition 4. We start by log-linearizing the constraints
(3.38)-(3.40) around the deterministic steady state. Using E;m;.; = 0 this

delivers

Fo= (1- O‘ﬂ)[fyf/t + fégt] +aBEf(n — 1)m + Ft—H]
K, = (1—aB)k,Y:+ k& + aBE (1 +w)m + K]
Ay = OéAt—la (A.72)

using the notation

_ Olog f
~ QlogY’

dlog f
o

F, = log(Fi/F), J, fi=
and corresponding definitions when K replaces F' and Et for ¢, — €. Subtract-
ing the first of these equations from the second, one obtains an equation that
involves only the variables K’t — Ft, e, }Aft, and the vector of disturbances &,.

Log-linearization of (3.33) yields

l—a 1

K, — F): A.
a 1+w,r]( t t)’ ( 73)

Ty =

and using this to substitute for K, — F, in the relation just mentioned, we
obtain
T = K[Y; +ugly] + BEm (A.74)

as an implication of the log-linearized structural equations, where

1-a)1l—-aB)w+5!

= A.
K - T > 0, (A.75)
and K p
w, = € (A.76)
¢ ky - fy

1

This last expression is well-defined, since k, — f, = w + ¢~ > 0. Finally,

using the definition of the output gap (5.51) and of the mark-up disturbance

(5.56), one can rewrite equation (A.74) as
Ty = KT + ﬁEtﬂ—t—&-l -+ Uy. (A??)
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Next, we log-linearize the FOCs (4.43)—(4.46) around the steady-state values.
Log-linearizing (4.44)—(4.45) yields the vector equation

|

Ly 4+ aD())Ty1 +aCZ +aD(1)Tim, = 0, (A.78)

Fyl—an(l+w). - . .
- = K, - F, JAVIR
K o 1+wn [< ! t)+a tl]

where ft =TI,-T, ZAt’ = [Ft Kt]’, e = logmy, and C'is K times the Hessian
matrix of second partial derivatives of the function ®(Z) = I'®(Z). The
fact that ®(Z) is homogeneous of degree 1 implies that its derivatives are
homogeneous of degree 0, and hence functions only of K/F'; it follows that
the matrix C' is of the form

1 -1
C=c [_1 . ], (A.79)

where c is a scalar given by

c:fi(_<1—a>n<1+w>_(<1—a>)2n<1+w>) (A50)

K « 14+ wn o 1+wn

and satisfies ¢ < 0 whenever steady state output falls short of its first best
level, as then I’y > 0. Similarly, the fact that each element of ®(Z) is

homogeneous of degree 1 implies that
D(l)e =,
where ¢ = [1 1].
Pre-multiplying (A.78) by €’ therefore yields
el = ae,_ Ty, (A.81)

for all t > 0, which implies that e;ft converges to zero with probability 1,
regardless of the realizations of the disturbances; hence under the optimal
dynamics, the asymptotic fluctuations in the endogenous variables are such
that

Ty, = —Iyy (A.82)

at all times. And if we assume an initial commitment of the kind that (A.82)
is satisfied also t = 0, as we do, then (A.82) will hold for all ¢ > 0.
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There must also exist a vector v such that vy # v, and such that D(1)v =

v, since 1/a is one of the eigenvalues of the matrix D(1). (The vector

o
v must also not be a multiple of e, as e is the other right eigenvector, with

associated eigenvalue 1.) Pre-multiplying (A.78) by v’ then yields

A l-anl+w)

5 o 1 T o [(Kt—ﬁt)—l—ocAt_l]—fl,t+f17t_1—ozc (Kt—ﬁt>+F1mt =0.

(A.83)
Here the common factor v; — vy # 0 has been divided out from all terms,
and Ty, has been eliminated using (A.82). Note that conditions (A.81) and
(A.83) exhaust the implications of (A.78), and hence of conditions (4.44)—
(4.45).
We now use the FOC (4.43) to eliminate T'; in equation (A.83). Log-
linearizing this FOC yields

_ _ R _ - R K -
Y[Uyy +Uayy]Y: + [Uye + T2velé, + Uyaly — 7(7% — f)T1e =0.

Again using (A.82) to eliminate r 2.+ and a log-linear approximation to (5.52)

to eliminate Et we can equivalently write this as

| >

Y[Uyy 4 Uzyy] (Y = V) + UyaA, — =(ky — f,)T10 = 0. (A.84)

=~

to express K; — F; in terms of

Using (A.84) to eliminate T'; in (A.83), (A.73
7, and (5.51) one obtains

~—

Exmt + Aa(y — 1) + &, + fAAtA + Aa (At — At71> =0 (A.85)

and
£ = _ A 1-anl+w) a(l+wn)
A K o 1+wy 11—«
_ A l-an(l+w)
Sa = g 1
o + wn
)\ _ _Y[Uyy+F,ZYy]
%(ky—fy)
Uya
Ay = —o¥A
%(ky—fy)
é-m = Fl
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Since 4 < 0 and ¢ < 0 when steady state output falls short of its first best
level (? < 76), we have £, > 0. In this case we also have I'; > 0, so that
&, > 0. Moreover, in the case with sufficiently small steady state distortions,
Uyy + [Mzyy < 0. Since k, — f, = w + o 1> 0, it then follows that A, > 0.

Since the initial degree of price dispersion A_; is assumed to be of sec-
ond order and since equation (A.72) implies that price dispersion remains of
second order independently of the realization of the stochastic disturbances,

the first order accurate optimal relationship (A.85) simplifies to
§7T7Tt + )\:c($t — xt—l) + fmmt =0. (A86)

For the sake of brevity, we skip the log-linearization of the FOC (4.46), which
only serves to determine the value of the Lagrange multiplier ~,.
Finally, it remains to log-linearize the FOC (4.47)

a®(Z)Tyo1 + Kal'D(1)Z, + 01, +,_, = 0.

Applying the expectations operator E;_; to the previous equation, subtract-
ing the result from it, and using al’D(1) = I and I'; = Iy yields

KT,
4

((Kt - Ft) B K, - ﬁt]) .

my
Using once more (A.73) gives
mt = Am ('ﬂ't - Et—l[ﬂ—t]) s (A87)

with _
KTy a (14 wn)
T l—a
Again in with Y < Y* it follows from T'; > 0 that \,, > 0. Equations (A.86),
(A.87), and (A.77) are those stated in the proposition. m

Am

Proof of Proposition 5. We prove that the saddle point properties
(2.8a) and (2.8b) hold at the steady state. Continuity then insures that the
same applies in a small enough neighborhood around the steady state.

Since m; = 1 in steady state, inequality in (2.8a) follows from results de-
rived in Benigno and Woodford (2005) who show that the Lagrangian (4.41)
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is locally concave (on the set of paths consistent with the model structural
relations) near the optimal steady state if the difference between steady state
output and the efficient output level is sufficiently small.

Since the Lagrangian (4.41) is locally convex in my,; (it contains only
terms linear in m;,; and the convex term my, 1 logm, ;) the first order con-
ditions for the optimal choice (A.87) indeed determine a minimum for the

Lagrangian, so that inequality (2.8b) also holds. =

A.3 Proofs for Section 6

To prove proposition 7, we use the following auxiliary result, that we prove

below:

Lemma 14 Under a policy rule that satisfies the assumptions of proposition
7, the equilibrium dynamics of {}NQ, 1L, Fy, K, At} are unaffected to first order
by the belief distortions; to second order the equilibrium dynamics depend at
most linearly on the belief distortions {m;} but are otherwise independent of

them.

Proof of proposition 7:. Let ¢ € C denote a policy commitment
satisfying the conditions of proposition 7, worst-case belief distortions are
defined by the problem

min Ey Z B U (Y, Ay &) + 08my,q logmy, {]A.88)
t=0

{mey1,Ye, Fe, Ke,it,A¢} oo

+OCFL1(I)(Z())

s.t.
uy (Y5 &) = BE; |:mt+1uY(Y;t+1§§t+1)1H—:—:11_;g;q;:| (A.89)
Fy = f(Y€) + aBE; [men Tl Fri (A.90)
K, = k(Y;&) +aBE, |:mt+1Hg—$-11+W)Kt+1] (A.91)
A = h(A1, K JF) (A.92)
Emy, =1
() =0,
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where al” ®(Z)) captures an initial precommitment to achieve a time-
invariant solution, as in problem (4.41). By assumption, the upper bound
solution satisfies the first-order conditions characterizing worst-case beliefs.?®
Proving proposition 7 thus only requires showing that the worst-case belief
distortion problem is convex, so that the second order sufficient conditions
hold at the upper bound solution, and that locally no other solution exists.
Local uniqueness follows directly from lemma 14 which shows that belief
distortions have only second order effects, thus cannot alter the local de-
terminacy property of equilibrium outcomes that ¢ insures under rational
private sector expectations. It thus only remains to prove the local convex-
ity of the worst-case belief problem (A.88). From lemma 14 we know that
the variables (f/t, fIt, Ft, f(t, At) are to first order independent of the belief
distortions. A second order accurate approximation of the objective for the

worst-case belief distortion problem is thus given by

Ey Z B UYe, A &) + 0Bme 1 log mygy + al” ®(Zy)]
=0

= By

t=0

+t.i.b. + O(||€]°), (A.93)

Ko

- | F,
UYYt + UAAt + 596 (mt+1)2 + CYF/,lD(l) < ~0 >

where t.i.b. captures (first and higher order) terms that are independent of
the choice of the belief distortions. Lemma 14 also implies that the endoge-
nous variables {ﬁ,At, Fy, f(o} showing up in (A.93) depend up to second
order accuracy only linearly on the chosen process for the belief distortions
{11}, but are otherwise independent of the belief distortions (to second
order accuracy). Strict convexity of (A.93) is thus implied by the quadratic
term in m, so that second order conditions for the worst-case belief distortion

problem necessarily hold at the upper bound solution. m

Proof of lemma 14:. We first prove that the solution for {V;, II;, F}, Ky, A;}

is unaffected by the belief distortion up to first order. To do so, we linearize

25This is the case because the upper bound solves the first order conditions of prob-
lem (4.41) and because the Lagrange multiplier on the constraint (A.89) and and on the

constraint ¢(-) = 0 are zero at this point.
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the constraints showing up in the optimization problem (A.88) that defines
Cy

_ _ 1-g¢
and noting that uy(Y;;&,) = (Y:/Y:)"Y7 (1 — g;) we can rewrite equation

(A.89) as
Y, ~1/5 Yo ~1/5 144,
pr— - E ==
(55)  =o8 | (5

t+1 i
Denoting exogenous terms by e.t., using Eym,y = 0 and (14+7)5 =1, a

the worst-case belief distortion. Defining the exogenous process Y; =

linear approximation to this equation is given by

~—1 ~—1
o~ o~ . ~
— Vi = Bl Vi + B = o] + et + O(€]): (A.94)

Next, we linearize (A.90) and (A.91):
B = fyYi+aBB (0= 1) Fll + Fua | + et +O(IE)")  (A.95)
K = kyVs+aBE, [(nu +w) KL, + fgﬂ] + et + O(|J€]PYA.96)

Subtracting the first from the second equation and using K = F

K —F = (ky — fv) Y; + aBE, [(1 + 77W>Kﬁt+1 + (Kt+1 - Ftﬂﬂ
+e.t + O(H£||2)

A linear approximation to (A.92) delivers

= (l-a) 1 1~ )
= (K= R) + o)
so that
~ B 11—« ~ ~ 9
I, = (ky fy)—K(Hwn)ammEt{Hm}+e.t+0(||5|y ). (A7)

Note that equations (A.94)-(A.97) are independent of the belief distortions
up to first order, and thus identical as in the case with rational private sector
expectations. Since the policy commitment c is also assumed independent
of the belief distortions and because ¢ insures a locally determinate outcome
under rational expectations, equations (A.94)-(A.97) have a locally unique
solution that - to first order accuracy - is independent of the choice of belief

distortions.
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We now show that to second order, the solution for {f/t, I, Fy, K, At} de-

pends only linearly on {m;}. Since up to first order the solution {f@, I, F,, K., At}
evolves independently of the belief distortions, a quadratic approximation to
equation (A.89) is given by

a:—l a:—l B 5 a:—l 5 B a:—ll
TY — E _TY 7, — H _ T}/’ ~ _ ]._.[ ~ TY ~
v Al v e + B SR R R UL 411041 + v 1M1 1]

+t.i.b. 4+ et. 4+ O(||€]%).

The only new terms appearing in a quadratic approximation are thus either
independent of the worst-case belief distortions (as they involve squares of the
variables fft, ﬁt, Ft, f(t, At and exogenous terms) or of the form Etf(tﬂmtﬂ,
where X;,1 is a variable independent of the belief distortions. The same
can be noted when quadratically approximating (A.90), (A.91) and (A.92).
Moreover, a quadratic approximation to the policy commitment involves no
terms in m. We can thus perform the same steps as in the linearization above
and solve for a unique non-explosive solution for {17;, 1L, Fy, K, At}, which
is accurate to second order. The only newly appearing terms will be ¢.2.b. and

terms linear in m, which completes the proof. m

Proof of corollary 10:. Suppose policy commits to the targeting
rule (6.66) from date ¢ onwards. To establish determinacy of the solution
under rational expectations with such a commitment, we have to analyze the

system of equations
EaTting + Aa(Tery — Toyjo1) + EAm (Tenj — Eigjalmsy]) = 0(A98)
Tirj — KTrj — BB T — gy = 0,(A.99)

which holds for all 7 > 0. Taking the expectation F; ;|| and rearranging
terms delivers a system describing the dynamics of the t — 1 dated expecta-

tions of the endogenous variables

-1 &) _=& . —p51
Eto1Tee; = b (1 + RZ) B By + p By 1wy
Ei 1wy —f\—” 1 Ei 1m0 0

Under the additional assumptions stated in the corollary, we have \, > 0,

Ar > 0, and k > 0, so that the characteristic polynomial of the autoregressive
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matrix in the preceding equation implies that both roots are positive with one
root being explosive and one being stable. Since E; 1x;_; is predetermined
at date t, the previous equation system has a unique non-explosive solution
for the dynamics of E;_11l;1; and E;_ x4  for all j > 0, given any bounded
path for E; ju.; for all 5 > 0. Repeating this procedure for any date
h >t —1 determines also unique non-explosive values for E,Il,,; and Ejz.;
for all j > h —t. Taking the expectation E;_;[-| of equations (A.98) and
(A.99) and subtracting the corresponding results from equations (A.98) and
(A.99), respectively, delivers for j = 0

(& + EnAm) (M0 — Eva[my]) + Aoy — Eyoqzy) =
T — Et—l[ﬂ't] - fi(xt - Et—ll’t) - B (Etﬂ't+1 - Et—17Tt+1) - (Ut - Et—lut) =

which uniquely determines 7; and x; as a linear function of the already de-
termined expectations (Ey_ 17y, Ey_1m11, Eymes1, Ey_12;) and the exogenous
terms (u;; — Ei_1usy;). Repeating this last step for each j > 0 determines
the locally unique state contingent path for {m,;,x;;;} and completes the

proof of local determinacy of the outcome under rational expectations. m

A.4 Proofs of Section 7.1

Derivation of the best response dynamics (7.69). Equation (7.68)
implies

e = =gy — 2421) — &, (A.100)
and substituting into (7.67)delivers

Et (/B‘rtJrl - (1 -+ /8 + g;\rﬁ)xt -+ It1> = f\—ﬂut -+ i\—mmt (Al()l)
The lag polynomial on the L.h.s. can be expressed as
L (5L2 —(1+p+ %\T—H)Ll + 1) = —Ber(1 = (erL) ) (1 = esLL),

where e; and ey solve Be* — (1 + 3 + %)e + 1 and satisfy e; > 7' and
ez € (0,1). Using the lag polynomial, we can write (A.101) as

—Be1Ey [(1 - (erL)™H(1 - erL)zy] = f\—“ut + i—mfnt
—Bei(1 —eyL)a, = i—”Et (1= (ex2) ") hu] + i—mEt (1= (es2)™ )7

95

~

my
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Assuming that u, evolves according to (5.57) and using [ ;] = 0 for all

7 > 1 we have

gﬂ' 1 gm A

U + — M.

_ 1— L = @ @@
Bel( “ )xt )\LU 11— :0/61 /\x

Solving for z; gives

& 1 1§, .
BAz €1 — PUt €1 5/\xmt’

which is the upper row in (7.69). Substituting this into (A.100) delivers the

lower row in (7.69). m

Ty = €2T¢—1 —

Proof of Proposition 12. Let m denote a state contingent belief
distortion and 7 a state contingent inflation commitment. Similarly, let
(m*, 7*) the corresponding contingent sequences of the the upper bound so-
lution. Letting BR denote the best response function for inflation, we have
that 7* = BR(m*). Furthermore, letting O(m, m) denote the objective func-
tion of the policymaker (that also defines worst-case beliefs), we know from
corollary 8 that

O(r*,m*) < O(x*,m),

for all m # m*. Since

O(m*,m) <maxO(m,m) = O(BR(m),m),

this implies that
O(r*,m"*) < O(BR(m), m)

for all m # m™*. This shows that the worst-case beliefs are given by m* when-

ever the policymaker has committed to the best response function BR(-). =

A.5 Proofs of Section 7.2

Proof of Proposition 13.  Consider problem (7.70). The first order

condition for 7;_; is given by

1 1+ gt
I 1+ gea

B [Qmypiuy (Yiga; €ipn)
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and linearizing this around the optimal steady state where Q = 0 delivers
B [Qt} ~0. (A.102)

The first order condition for m, is given by

1+491 _
01 +logmy) + T ®(Z,) + by + N ruy (Vi &) 2 LE 001 g
IL; I+ gt

and its linearization by
Oy + o KT D(1)Z, + a®(Z)Toy + 1, + 11 = 0.

Applying the operator E;_; [] to this equation, subtracting the result from
it and using (A.102) gives

th + OJKFID(l) </Z\t — Et712t> = 0

Using a log-linearization of (3.33) then delivers (5.55). m
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