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Notes:  Boundary Locus in Tiebout Model with CES Utility Function and Taste 
Variation with a head tax 


(Calabrese, Epple, and Romano; December 2011) 
 


These notes derive the boundary locus for the extended CES utility function when there is 
head taxation. 
 
The extended CES function we refer to in the footnote is: 
 
(1) ρ ρ ρ 1/ρ


x h gU [β x β h β (α)g ] ,    with ρ < 0 and βg’(α) > 0; 


 
where α is the taste parameter.  We let gβ (α) α.   To find the indirect utility function, 


first solve: 
 
(2) ρ ρ ρ 1/ρ


h x hMax U [β (y r ph) β h αg ] .      


 
The first-order condition can be written: 
 


(3) ρ 1 ρ 1
x hpβ (y r ph) β h 0.       


 
Let hd(p,y) denote the solution to the latter for h, which is, of course, the ordinary 
(Marshallian) demand for housing.  Note that it is independent of g in this case, which 
also better matches the theoretical development in the paper.1  One gets: 
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Now substitute hd into the utility function in (2) to obtain the indirect utility function, 
which we denoted V  in the paper: 
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1 The paper actually discusses cases where hd depends on g, but the focus is on the cleaner analysis where h 
is independent of g.   
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The boundary locus between jurisdictions i and j satisfies:  i i j jV(p ,g ) V(p ,g ).   


 
Using (5) and solving the boundary locus for α yields: 
 


(6) 
ρ ρ


j j i i
ij ρ ρ


i j


[(y r ) Φ(p ) (y r ) Φ(p )]
α (y) .


g g


  




 


 
Thus the boundary locus αij(y) has a closed form.   
  
Then: 
 


(7) 
ρ ρ


j j i i
ij ρ ρ


i j


[(y r ) Φ(p ) (y r ) Φ(p )]
ln(α (y)) ln


g g


   
  


  
 


 
If the after-tax income for household with income y in community i is less than or equal 
to 0, (y-ri)  0, then (y-ri) was set equal to 0.000001.  In other words, the most a 
household has to pay in taxes is equal to its income.  We have to do this because (5), (6), 
and (7) will not solve if (y-ri)  0. 
 
Now we proceed as in the appendix of ES (1999), the relevant parts of which are copied 
below. In particular, we will define the parameters of the joint distribution of (ln(y),ln()) 
as in equations (B5) and (B6).  Equation (B10) becomes: 
 


(B10’) 
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where (J 1)JZ (y)    
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The next step is to derive the pivotal voter locus.  When voting, households assume 
housing consumption is constant at the equilibrium level.  Let dh denote a pivotal voters 


housing demand in equilibrium, which is calculated by equation (4) for the equilibrium 
value of p.  The indirect utility function in equilibrium is: 
 
 
(8) ρ ρ ρ 1/ρ


x d h dU [β (y r ph ) β h αg ]      


 
The first-order condition for g is: 
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(9) 
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Since 1,  and 0
dr dp


dg dg
  , from (9); 
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Solving for ln(): 
 
(12) jln(α) K (ρ 1) ln(y r)     
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Notes:  Boundary Locus in Tiebout Model with CES Utility Function and Taste 
Variation 


(Calabrese, Epple, and Romano; December 2011) 
 


These notes derive the boundary locus for the extended CES utility function with taste 
variation. The CES function is: 
 
(1) ρ ρ ρ 1/ρ


x h gU [β x β h β (α)g ] ,    with ρ < 0 and βg’(α) > 0; 


 
where α is the taste parameter.  We set gβ (α) α.   To find the indirect utility function, 


first solve: 
 
(2) ρ ρ ρ 1/ρ


h x hMax U [β (y ph) β h αg ] .     


 
The first-order condition can be written: 
 


(3) ρ 1 ρ 1
x hpβ (y ph) β h 0.      


 
Let hd(p,y) denote the solution to the latter for h, which is, of course, the ordinary 
(Marshallian) demand for housing.  Note that it is independent of g in this case, which 
also better matches the theoretical development in the paper.1  One gets: 
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Now substitute hd into the utility function in (2) to obtain the indirect utility function, 
which we denoted V  in the paper: 
 


(5) 
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The boundary locus between jurisdictions i and j satisfies:  i i j jV(p ,g ) V(p ,g ).   


 


                                                 
1 The paper actually discusses cases where hd depends on g, but the focus is on the cleaner analysis where h 
is independent of g.   







 2


Using (5) and solving the boundary locus for α yields: 
 


(6) 
ρ


j i
ij ρ ρ


i j


[Φ(p ) Φ(p )]y
α (y) .


g g



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
 


 
Thus the boundary locus αij(y) has a closed form.   
  
Then: 
 
(7) ij ijln(α (y)) K ρ ln(y)   


 
Where the community-specific intercept is: 
 


(8) j i
ij ρ ρ


i j


[Φ(p ) Φ(p )]
K ln


g g


    
  


 


 
Going forward, we will switch to use of a single subscript to denote the upper boundary 
locus of a community: 


 
Now we proceed as in the appendix of Epple-Sieg (Journal of Political Economy, Vol. 
107, no. 4 (August 1999): 645-681), the relevant parts of which are copied below. In 
particular, we will define the parameters of the joint distribution of (ln(y),ln()) as in 
equations (B5) and (B6). With Kj as defined above, j is defined as in ES equation (B11), 
and 1 and 2 are defined as in (B13). Equation (B10) becomes: 
 
(B10’) ij jZ (y) Ω ω ln(y)   


 
where =1+2. 
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The next step is to derive the pivotal voter locus.  When voting, households assume 
housing consumption is constant at the equilibrium level.  Let dh denote a pivotal voters 


housing demand in equilibrium, which is calculated by equation (4) for the equilibrium 
value of p.  The indirect utility function in equilibrium is: 
 
 
(9) ρ ρ ρ 1/ρ


x d h dU [β (y ph ) β h αg ]     


 
The first-order condition for g is: 
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From (10), the slope of y’s indifference curve in the (g, p) plane is: 
 


(11) 
( 1)


( 1)( )x d d


dp g


dg y ph h



















 


 
Substitute equation (4) for dh : 
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The tangency condition of the pivotal voters’ indifference curves and the GPF when 
households are myopic is: 
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Solving for ln(): 
 
(14) jln(α) K ρ ln(y)   
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j ρ 1
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The preceding expression then replaces the expression for jK in the program. The 


program then calculates the voting loci using the same proc that calculates the boundary 
loci. Hence, the transformations derived above for the boundary loci will be applied 
automatically for the voting loci.  
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Documentation for the Efficient Allocation Multiple Communities Gauss Program 


This program calculates the efficient allocation for communities 1, 2, 3, 4, and 5.  Each 


community imposes an efficient head-tax and provides a rivalrous consumption good.  Each 


community has its own housing market with absentee landlords and residents that are renters.  


Households have CES utility over the publicly provided good, housing, and numeraire 


consumption.  Households are heterogeneous over income (y) and a taste parameter ( ) for the 


public good.  The distributions of income and taste parameter are lognormally distributed.  The 


Compensating Variation losses relative to the centralized property-tax equilibrium is calculated. 


The procedure func starting on line 393 of the program creates the system of equations 


that defines the efficient allocations.  Fifteen equations, three for each community, are created.  


These equations are in lines 433 to 436.  The three equations for each community are the housing 


market clearance, the government budget constraint given a head tax, and the Samuelsonian 


condition for a congested public good for each community.  The solutions to these fifteen 


equations are the price of housing, the head tax, and the public good provision in each of the 5 


communities. 


Within the procedure func are the following six procedures that are called in creating the 


system of equations: 


 kcalc: Starts on line 141 and called in line 406 of the program.  This procedure calculates 


community-specific boundary loci ln( ) values.  This procedure returns a matrix with 


rows equal to the number of communities and columns equal to the number of ordinates 


used for numerical integration.  The derivation of the equation for each of the 


community-specific boundary loci ln( ) values is shown in equation (7) of the note 
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"Boundary Locus in Tiebout Model with CES Utility Function and Taste Variation with a 


head tax."  This note is attached. 


 


 zproc: Starts on line 164 of the program and called in line 407 of the program.  This 


procedure calculates variable Z (zmat) defined in the note "Boundary Locus in Tiebout 


Model with CES Utility Function and Taste Variation with a head tax."  It provides the Z-


values for the community boundary ln( ) values to integrate for community populations 


and aggregate incomes.  This procedure returns a matrix with rows equal to the number 


of communities and columns equal to the number of ordinates used for numerical 


integration. 


 


 zproca: Starts on line 179 of the program and called in line 409 of the program.  This 


procedure calculates variable zmata which provides the Z-values for the community 


boundary ln( ) values to integrate over  when summing the MRS's between the 


numeraire good and the public good in deriving the Samuelsonian condition for each 


community in procedure summrs described below.  This zproca procedure returns a 


matrix with rows equal to the number of communities and columns equal to the number 


of ordinates used for numerical integration. 


 poproc: Starts on line 191 and called in line 411 of the program.  This procedure uses the 


community boundary loci Z-values derived in the procedure zproc to calculate 


community populations through numerical integration. 
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 inproc: Starts on line 210 and called in line 412 of the program.  This procedure uses the 


community boundary loci Z-values derived in the procedure zproc to calculate 


community aggregate incomes through numerical integration. 


 


 summrs: Starts on line 228 and called in line 436 of the program.  This procedure uses 


the community boundary loci Z-values derived in the procedure zproca to sum the 


MRS's between the numeraire good and the public good in deriving the Samuelsonian 


condition for each community in line 436 of the program. 


 


In line 472 the procedure NLSRCH ,which is within the nonlinear equation subroutine solver 


nlinproc.dne, is called.  This procedure NLSRCH within nlinproc.dne solves the 15 system of 


equations which define the efficient allocation and which are created in the procedure func.  The 


subroutine nlinproc.dne is included in the program in line 558.  This subroutine is called as a 


separate file from a directory on the computer.  This file must be saved in the designated 


directory. 


The Compensating Variation losses relative to the centralized property-tax equilibrium is 


calculated through Monte Carlo simulations.  The procedure for these Monte Carlo 


Compensating Variation calculations is cvcalc and it starts on line 261 and is called in line 534 


of the program.  The centralized property-tax equilibrium values are listed starting on line 250 of 


the program. 


The Monte Carlo validation of the computed equilibrium results is calculated in the 


procedure montc starting on line 313 and called on line 515 of the program. 
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Documentation for Property Tax Equilibrium Multiple Jurisdictions Gauss Program 


This program calculates the equilibrium for communities 1, 2, 3, 4, and 5.  Each 


community’s government imposes a property tax to finance a rivalrous consumption good.  Each 


community has its own housing market with absentee landlords and residents that are renters.  


Households have CES utility over the publicly provided good, housing, and numeraire 


consumption.  Households are heterogeneous over income (y) and a taste parameter ( ) for the 


public good.  The distributions of income and taste parameter are lognormally distributed.  Each 


community’s property tax rate and level or public good provisions are determined through 


majority voting of households that are myopic in their voting behavior.  The locus of median 


voters in the income and taste parameter plane in each community is pivotal.  The Compensating 


Variation losses relative to the centralized property-tax equilibrium is calculated. 


The procedure func starting on line 420 of the program creates the system of equations 


that defines the equilibrium of the system.  Fifteen equations, three for each community, are 


created.  These equations are in lines 457 to 459.  The three equations for each community are 


the housing market clearance, the government budget constraint, and the condition the locus of 


pivotal voters in each community are the median voters in the income and taste parameter plane.  


The solutions to these fifteen equations are the price of housing, the property tax rate, and the 


public good provision in each of the 5 communities. 


Within the procedure func are the following seven procedures that are called in creating the 


system of equations: 


 kcalc: Starts on line 157 and called in line 437 of the program.  This procedure calculates 


community-specific boundary loci intercepts in the income and taste parameter plane.  
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The derivation of the equation for each of the community-specific boundary loci 


intercepts is shown in the note "Boundary Locus in Tiebout Model with CES Utility 


Function and Taste Variation."  This note is attached. 


 


 zproc: Starts on line 171 of the program.  When this procedure is called in line 438, it 


derives the vectors of boundary loci between communities using the community-specific 


boundary intercepts calculated in the procedure kcalc.  It then calculates based on the 


community boundary loci the variable Z defined in the note "Boundary Locus in Tiebout 


Model with CES Utility Function and Taste Variation."  The zproc procedure returns a 


matrix with rows equal to the number of communities and columns with Z-values for 


boundary loci equal to the number of ordinates used for numerical integration. 


When zproc is called in line 445, it derives the vectors of pivotal voter loci in 


each of the communities using the community-specific voting intercepts calculated in the 


procedure ktil (described below).  It then calculates the variable Z for the pivotal voter 


loci. 


 


 poproc: Starts on line 182 and called in line 437 of the program.  This procedure uses the 


community boundary loci Z-values derived in the procedure zproc to calculate 


community populations through numerical integration. 


 


 inproc: Starts on line 199 and called in line 440 of the program.  This procedure uses the 


community boundary loci Z-values derived in the procedure zproc to calculate 


community aggregate incomes through numerical integration. 
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 myopic: Starts on line 215 and called in line 444 of the program.  This procedure 


calculates the slope of the GPF when voters are myopic 


 


 ktil: Starts on line 222 and called in line 445 of the program.  This procedure uses the 


results from the procedure myopic to calculate the community-specific pivotal voter loci 


intercepts in the income and taste parameter plane.  The derivation of the equation for 


each of the community-specific pivotal voter loci intercepts is shown in the note 


"Boundary Locus in Tiebout Model with CES Utility Function and Taste Variation." 


 


 voproc: Starts on line 234 and called in line 462 of the program.  This procedure uses the 


community boundary loci and the pivotal voter loci Z-values derived in the procedure 


zproc to calculate through numerical integration the proportion of the population in each 


community that lies below the locus of pivotal voters 


 


In line 500 the procedure NLSRCH, which is within the nonlinear equation subroutine solver 


nlinproc.dne, is called.  This procedure NLSRCH within nlinproc.dne solves the 15 system of 


equations which define equilibrium of the system and which are created in the procedure func.  


The subroutine nlinproc.dne is included in the program in line 577.  This subroutine is called as 


a separate file from a directory on the computer.  This file must be saved in designated directory. 


The Compensating Variation losses relative to the centralized property-tax equilibrium is 


calculated through Monte Carlo simulations.  The procedure for these Monte Carlo 


Compensating Variation calculations is cvcalc and it starts on line 274 and is called in line 557 
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of the program.  The centralized property-tax equilibrium values are listed starting on line 257 of 


the program. 


The Monte Carlo validation of the computed equilibrium results is calculated in the 


procedure montc starting on line 349 and called on line 542 of the program. 






@ This program calculates the efficient equilibrium for communities 1, 2, 3, 4, and 5.

The communities impose an efficient head-tax and provide a Public good. Households have CES Utility.

The distribution of income and taste parameter are lognormally distributed.

The Compensating Variation losses relative to the centralized property-tax equilibrium is calculated.

It is a renters model.

The last line of the program calls the subroutine "nlinproc.dne" to solve the sytem of nonlinear equations @











ncom=5;     @Number of communities.@

output file=d:\CalRom\ReStud\ReStudgrid.out off;





@Set following to 1 to do Monte Carlo comparison@



Montind=1;





@Set sample size for Monte Carlo Calculation below@



smpl=1000000;

eps1=rndn(smpl,1);

eps2=rndn(smpl,1);







@Initial Parameters@

muy=10.51710439;

sigy=0.88623;

mual     = -2.36406786786;

sigal    =   0.00990949382558 ;

lam = 0;

gm=.25;

ALx= 1; 

wq =1;

Theta = (1-gm)/gm;

alh =0.355945238972 ; 

rho = -.01;                                                                  





let land[5,1]= .4 .15 .15 .15 .15;



omg1=0;

omg2=0;

gex=0;

kmax=10;

zmax = ones(1,48)*100000;

zmin =ones(1,48)*(-1000);

lnalphamax = ones(1,48)*10;

hsuply=ones(ncom,1);

iter=0;

iloop=0;

mxt=100*ones(ncom,1);

bigind=0;

parad=0;

iwrite=0;

nlfac=1;

bigpct=100;

big=100;

taxbal=.2*ones(ncom,1);



incnu=ones(ncom,1);

popn=ones(ncom,1);

hd=ones(ncom,1);

dpdgv=ones(ncom,1);



"mean income and alpha";

exp(muy+sigy^2/2)~exp(mual+sigal^2/2);







@Evec is a vector of ordinates for numerical integration.  These ordinates

are normalized to the inteval (-1,+1).  if a function of a variable x

is to be integrated over an interval [xl,xh], the ordinates

normalized to that interval are obtained by

x=(0.5*((xl+xh)+(diff.*evec'))) where diff=xh-xl.  @



let evec[48,1]=

-0.9987710 -0.9935302 -0.9841246 -0.9705916 -0.9529877 -0.9313867

-0.9058791 -0.8765720 -0.8435883 -0.8070662 -0.7671590 -0.7240341

-0.6778724 -0.6288674 -0.5772247 -0.5231610 -0.4669029 -0.4086865

-0.3487559 -0.2873625 -0.2247638 -0.1612224 -0.09700470 -0.03238017

0.03238017 0.09700470 0.1612224 0.2247638 0.2873625 0.3487559

0.4086865 0.4669029 0.5231610 0.5772247 0.6288674 0.6778724 0.7240341

0.7671590 0.8070662 0.8435883 0.8765720 0.9058791 0.9313867 0.9529877

0.9705916 0.9841246 0.9935302 0.9987710 ;



@Wvec is a vector of interval widths normalized to conform to the

normalization of evec above.  To renormalize to an interval [xl,xh],

multiply by diff/2 where diff=xh-xl.@





let wvec[48,1]=

0.00315335 0.00732755 0.01147723 0.01557932 0.01961616 0.02357076

0.02742651 0.03116723 0.03477722 0.03824135 0.04154508 0.04467456

0.04761666 0.05035904 0.05289019 0.05519950 0.05727729 0.05911484

0.06070444 0.06203942 0.06311419 0.06392424 0.06446616 0.06473770

0.06473770 0.06446616 0.06392424 0.06311419 0.06203942 0.06070444

0.05911484 0.05727729 0.05519950 0.05289019 0.05035904 0.04761666

0.04467456 0.04154508 0.03824135 0.03477722 0.03116723 0.02742651

0.02357076 0.01961616 0.01557932 0.01147723 0.00732755 0.00315335 ;











@Vector yvec is a set of ordinates for numerical integration.@

xl=-5;

xh=3;

diff=xh-xl;

lyvec=muy +sigy*(0.5*((xl+xh)+(diff.* evec')));

yvec=exp(lyvec);

kmin=xl;



                 

 

LET x0[15,1]=      13.0490091159                                                                                                                             

                   13.6766054720                                                            

                   13.6089504997                                                            

                   13.5653795154                                                            

                   13.5256926030                                                            

                   1833.67206388                                                            

                   4624.72708430                                                            

                   6545.53431518                                                            

                   9627.33594699                                                            

                   17372.7046265                                                            

                   1833.67206388                                                            

                   4624.72708430                                                            

                   6545.53431518                                                            

                   9627.33594699                                                            

                   17372.7046265                  ;

           





@Following proc calculates the community boundary ln(alpha) values.  This proc returns a matrix with rows equal to the

number of communities and columns equal to the number of ordinates used for numerical integration.@



proc kcalc(pvec,gvec,rvec,yv,lyv);

local capq, kint, kvec, klag, aty, atya, atyb, alpha, lnalpha, e, util, capqdiff;



aty = (yvec-rvec);



capq=aty^rho.*(ALx/(1+(pvec^rho*Alx/Alh)^(1/(rho-1)))^rho + (ALh*(pvec*Alx/Alh)^(rho/(rho-1)))./(1+(pvec^rho*Alx/Alh)^(1/(rho-1)))^rho);



alpha=(capq[2:5,.]-capq[1:4,.])./(gvec[1:4,1]^rho-gvec[2:5,1]^rho);



lnalpha = ln(alpha);

lnalpha = missrv(lnalpha, 10);

lnalpha = lnalpha|lnalphamax;

retp(lnalpha);

endp;





@Following proc calculates variable Z (zmat) defined in the note "Boundary Locus in Tiebout Model

with CES Utility Function and Taste Variation with a head tax."  It provides the Z-values for the

community boundary ln(alpha) values to integrate for community populations and aggregate incomes.

This proc returns a matrix with rows equal to the number of communities and columns 

equal to the number of ordinates used for numerical integration.  @





proc zproc(kv,lyv);

local omgv, zv;



omgv = kv./(sigal*(1-lam^2)^.5) - mual/(sigal*(1-lam^2)^.5)  -  lam.*((lyv-muy)/sigy)./(1-lam^2)^.5;

zv=omgv;

retp(zv);

endp;





@Following proc calculates variable zmata which provides the Z-values for the boundaries for

integrating over alpha when summing the MRS's between x ang g.  This proc returns a matrix with rows

equal to the number of communities and columns equal to the number of ordinates used for numerical integration.  @





proc zproca(kv,lyv);

local mualy, sigaly, zv;



mualy = mual+lam*sigal.*((lyv-muy)./sigy);

sigaly = sqrt(1-lam^2)*sigal;

zv= (kv-mualy-sigaly^2)./sigaly;

retp(zv);

endp;







@Following proc calculates community populations.@

proc poproc(zmat);

local cumpop;



@Following produces the integral equaling the vector of population

values lying below each of the boundary loci defined by the vector

kv. Community populations are then obtained in obvious way.@







cumpop=((diff/2).*(pdfn(((lyvec-muy)/sigy)).*cdfn(zmat)*wvec));

cumpop=0|cumpop;



popn=(cumpop[2:6,1]-cumpop[1:5,1]);



retp(popn);

endp;



@Following proc calculates integral of y (income) by community.@



proc inproc(zmat);

local cincnu, incnu;





@Following produces integral equaling the vector of incomes of y

lying below each of the boundary loci defined by vector kv.

Community integrals of y are then obtained.@



cincnu=((diff/2).*(exp(lyvec).*pdfn(((lyvec-muy)/sigy)).*cdfn(zmat)*wvec));

cincnu=0|cincnu;

incnu=(cincnu[2:6,1]-cincnu[1:5,1]);

retp(incnu);

endp;







@Following proc sums the MRS between x and g.@



proc summrs(p,g,r,yv,lyv,zmata);

local expmualy, sigaly, summrsxg, summrsxgb, csummrsxg, capq, zmatb, mualy, zdiff, zmatc;



mualy = mual+lam*sigal.*((lyv-muy)./sigy);

sigaly = sqrt(1-lam^2)*sigal;

capq = g^(rho-1)./((ALx.*((yv-r)-(p.*(yv-r))./(p+(p.*Alx/Alh)^(1/(1-rho))))^(rho-1)));

capq =  missrv(capq, 0);





zmatb = zmin|zmata[1:4,.];





summrsxg= (diff/2).*((exp(mualy+sigaly^2/2).*(cdfn(zmata)-cdfn(zmatb)).*capq).*pdfn((lyv-muy)/sigy)*wvec);



retp(summrsxg);

endp;









@Centralized property-tax equilibrium values@



let pc =  17.1321740284 17.1321740284 17.1321740284 17.1321740284 17.1321740284;  ;

capqc = ALx/(1+((pc^rho)*Alx/Alh)^(1/(rho-1)))^rho + (ALh*(pc*Alx/Alh)^(rho/(rho-1)))./(1+((pc^rho)*Alx/Alh)^(1/(rho-1)))^rho;

let tc = .35    .35     .35     .35     .35 ;

let gc =  3829.71688669  3829.71688669  3829.71688669  3829.71688669  3829.71688669;













@proc to do Monte Carlo CV calculations of result for aggregate CV and Percent made better off with Multiple Jurisdictions@

proc cvcalc(x);



local xs, kv, thtv, etav, vou, tax, utl, e1, kvrnd, thtvrnd,

ordstat1, ordstat2,  yrnd, brnd, dv, yave, houave, alprnd,

 g, capq, ualt, hy, xy, hn, utlc, avgcv, dist, distbet, cv, icnt, cvall, avgcvad, distad,

distadad, distbetad, icmax, jvar, vnames, typ, eldata, ydep, xindep, aggincome, result, p,  nam,m,b,stb,vc,std,sig,cx,rsq,resid,dbw, c1med1, c1med2, c1med3, c1med4, c1med5, maxutil, r;









cv=zeros(smpl,1);



p=x[1:ncom,1];

g=x[ncom+1:2*ncom,1];

r=x[2*ncom+1:3*ncom,1];



capq=ALx/(1+((p^rho)*Alx/Alh)^(1/(rho-1)))^rho + (ALh*(p*Alx/Alh)^(rho/(rho-1)))./(1+((p^rho)*Alx/Alh)^(1/(rho-1)))^rho;

yrnd=exp(muy+sigy*((1-lam^2)^.5)*eps1+lam*sigy*eps2);





alprnd=exp(mual+sigal*eps2);





utlc = (alprnd'.*gc^rho+capqc.*yrnd'^rho)^(1/rho);





utl=(alprnd'.*g^rho+capq.*(yrnd-r')'^rho)^(1/rho);



cvall = ((utlc^rho - alprnd'.*g^rho)./capq)^(1/rho)-(yrnd-r')';





ordstat2=minc(cvall);







avgcvad= sumc(ordstat2)/smpl;



distadad = ordstat2.<=0;





distbetad = sumc(distadad)/smpl;









retp(avgcvad~distbetad);

endp;









@proc to do Monte Carlo validation of result@

proc montc(x);



local xs, kv, thtv, etav, vou, tax, utl, e1, kvrnd, thtvrnd,

ordstat1,  yrnd, brnd, dv, yave, houave, alprnd,

p, g, capq, ualt, hy, xy, hn, r, ordstat2, cv, utlc, avgcv;



cv=zeros(smpl,1);

p=x[1:ncom,1];

g=x[ncom+1:2*ncom,1];

r=x[2*ncom+1:3*ncom,1];





capq=ALx/(1+((p^rho)*Alx/Alh)^(1/(rho-1)))^rho + (ALh*(p*Alx/Alh)^(rho/(rho-1)))./(1+((p^rho)*Alx/Alh)^(1/(rho-1)))^rho;

yrnd=exp(muy+sigy*((1-lam^2)^.5)*eps1+lam*sigy*eps2);

alprnd=exp(mual+sigal*eps2);

utl=-(alprnd'.*g^rho+capq.*(yrnd-r')'^rho);





utlc = (alprnd'.*gc^rho+capqc.*yrnd'^rho)^(1/rho);





cv = ((utlc^rho - alprnd'.*g^rho)./capq)^(1/rho)-(yrnd-r')';





ordstat1=minc(cv);



avgcv = sumc(ordstat1)/smpl;







e1=ordstat1.==cv';



kvrnd=sumc(e1)/smpl;

yave=(sumc(e1.*yrnd)/smpl)./kvrnd;



@ The following calculates the value of the direct utility function. Used for debugging.@



hn=(1/(p+(ALx*p/ALh)^(1/(1-rho))));

xy=(1-p.*hn).*(yrnd-r')';

hy=(1/(p+(ALx*p/ALh)^(1/(1-rho)))).*(yrnd-r')';

ualt=-(alprnd'.*g^rho+ALh*hy^rho+ALx*xy^rho);

ordstat2=maxc(ualt);







houave=(p+(ALx*p./ALh)^(1/(1-rho)))^(-1).*(sumc(e1.*(yrnd-r'))/smpl)./kvrnd;



retp(kvrnd~yave~houave);

endp;







@ NLINPROC.DNE calculates a change in the parameters. NLFAC determines what

   fraction of that change is actually made.  Small values of NLFAC keep

   the program from jumping to unreasonable parameter values.  Small

   values also slow convergence. Adjustment in nlinproc is designed to

   gradually increase NLFAC as it nears the optimum.  In particular,

   when the maximum function value in the vector of functions is less

   than BIGNUM, then nlfac=(bignum-.95*big)/bignum, where BIG is the

   maximum function value.  @



iwrite =0;

tol=.000001;

maxits=1000;

nlfac=1;

dh=1e-4;

iter=1000;

big=1000;

ibig=0;

bignum=.00025;

bignum=.125;

bigind=0;

nladj=1.05;





@ Options control printing.  Option1=1 prints estimates on every iteration,

 option2=1 is an automatic check for divergence, option3=1 prints time

to convergence and number of iterations, option4=1 prints heading. @



        option1=0; option2=1; option3=1; option4=1;



proc func(x);

local fun, xs, dpdg, p, g, r, kv, zmat, ztmat, zmata, summrsxg, ktilde, ps, e, cdfndiff, cdfnzmat, cdfnzmata;

xs=x;



fun=zeros(3*ncom,1);











p=x[1:ncom,1];

g=x[ncom+1:2*ncom,1];

r=x[2*ncom+1:3*ncom,1];

kv=kcalc(p,g,r,yvec,lyvec);

zmat=zproc(kv,lyvec);

zmata = zproca(kv,lyvec);



popn=poproc(zmat);

incnu=inproc(zmat);









hd = (p+(ALx*p./ALh)^(1/(1-rho)))^(-1).*(incnu-r.*popn);





if iwrite <100;

iwrite=iwrite+1;

elseif iwrite>09;

iwrite=0;

nlfac=minc(1|1.05*nlfac);



"nlfac big ibig";;nlfac~big~bigind;



endif;



hsuply=land.*p^theta.*((1-gm)/wq)^theta;

summrsxg = summrs(p,g,r,yvec,lyvec,zmata);





fun[1:ncom,1]=hd-hsuply;

fun[ncom+1:2*ncom,1]=r-g;

fun[2*ncom+1:3*ncom,1]=summrsxg-popn;

x=xs;



retp(fun);

endp;



@############   Begin Do Loop ##################@



fn f(x)=func(x);













xsave = x0;

x=xsave;

count=ones(rows(x),1);

icnt=0;

do while icnt<rows(count);

icnt=icnt+1;

count[icnt,1]=icnt;

endo;



allfun=abs(f(x));

maxfun=maxc(allfun);

nladj=1.05;

if maxfun<20;

nladj=1.5;

endif;

dh=.0001;

nlfac=.05;







@Enter nonlinear search routine @

x = NLSRCH(x);



xsave=x;

funcout=f(x);

format 10, 6;

pr=ncom~muy~sigy~mual~sigal~lam~alh~alx~rho~gm~theta;

"parameters: ncom muy sigy mual sigal lam alh alx rho gm theta";

pr;



?;





"result p, g t are";

p=x[1:ncom,1];

g=x[ncom+1:2*ncom,1];

r=x[2*ncom+1:3*ncom,1];



p~g~r;

?;

kv=kcalc(p,g,r,yvec,lyvec);



zmat=zproc(kv,lyvec);

inc=inproc(zmat);

popn=poproc(zmat);











"Incomes, Populations, Mean Incommes ";

inc~popn~inc./popn;

?;

"Sum of Community Incomes Compared to Total Metropolitan Income";

sumc(inc)~exp(muy+sigy^2/2);



hd = (p+(ALx*p./ALh)^(1/(1-rho)))^(-1).*(incnu-r.*popn);

hsuply=land.*p^theta*((1-gm)/wq)^theta;

?;

"Housing Demands and Supplies, housing share of income, govt share of income, Land Areas";

hd~hsuply~p.*hd./inc~(g.*popn)./inc~land;





if Montind==1;

monres=montc(p|g|r);

?;

"Compare Monte Carlo and quadrature";

?;

"Community Sizes";

monres[.,1]~popn;

?;

"community mean incomes"

monres[.,2]~(inc./popn);

?;

"mean housing demand";

monres[.,3]~hd./popn;





endif;



?;





cvdist = cvcalc(p|g|r);

"avgcv and %better off";

cvdist;



?;

rentsa =gm*((1-gm)/wq)^((1-gm)/gm)*sumc(land.*(pc./(1+tc))^(1/gm));



rentsb = gm*((1-gm)/wq)^((1-gm)/gm)*sumc(land.*p^(1/gm));



 " Rents a, b "; rentsa~rentsb;

Rentsch= rentsb - rentsa;

?;

" Change in Rents=" Rentsch;

?;

"aggregate cv + change in rents";

cvdist[1,1]-Rentsch ;

















#include "c:\efficiency\nlinproc.dne";






@ This program calculates the equilibrium for communities 1, 2, 3, 4,

and 5.  The communities impose a property tax and provide Public good.

Households have CES Utility.  The distribution of income and taste

parameter are lognormally distributed.  The Compensating Variation

losses relative to the centralized property-tax equilibrium is

calculated.  It is a renters model. The locus of median voters pivotal

in each community and voters are myopic.  The last line of the program

calls the subroutine "nlinproc.dne" to solve the sytem of nonlinear

equations @





ncom=5;     @Number of communities.@



output file=d:\CalRom\ReStud\ReStudgrid.out off;





@Set following to 1 to do Monte Carlo comparison@



Montind=1;





format 10,6;



@Initial Parameters@



muy=10.51710439;

sigy=0.88623;

mual     = -2.36406786786  ;

sigal    =  0.00990949382558  ;

lam = 0;

gm=.25;

ALx= 1; 

wq =1;

Theta = (1-gm)/gm;

Alh =0.355945238972 ;

rho = -.01;



let land[5,1]= .4 .15 .15 .15 .15;



omg1=0;

omg2=0;

gex=0;

kmax=10;

hsuply=ones(ncom,1);

iter=0;

iloop=0;

mxt=100*ones(ncom,1);

bigind=0;

parad=0;

iwrite=0;

nlfac=1;

bigpct=100;

big=100;

taxbal=.2*ones(ncom,1);



incnu=ones(ncom,1);

popn=ones(ncom,1);

hd=ones(ncom,1);

dpdgv=ones(ncom,1);



"mean income and alpha";

exp(muy+sigy^2/2)~exp(mual+sigal^2/2);



@This proc transforms variables to impose inequality constraints.@

proc trans(x);

local p, g, pt, gtt, tt, t;

p=0|x[1:ncom,1];

g=0|x[ncom+1:2*ncom,1];

t=x[2*ncom+1:3*ncom,1];

pt=ln(p[2:6,1]-p[1:5,1]);

gtt=ln(g[2:6,1]-g[1:5,1]);

tt=ln(t./(mxt-t));

x=pt|gtt|tt;

retp(x);

endp;



@This proc reverses transformation performed in preceding proc. @

proc untrans(x);

local p, g, pt, gtt, t, tt;

pt=x[1:ncom,1];

gtt=x[ncom+1:2*ncom,1];

tt=x[2*ncom+1:3*ncom,1];

p=lowmat(ones(ncom,ncom))*exp(pt);

g=lowmat(ones(ncom,ncom))*exp(gtt);

@constrain tax to be no greater than mxt. mxt on a given search is

set to be 50% higher than community's tax on previous search.@

t=mxt./(1+exp(-tt));

x=p|g|t;

retp(x);

endp;



@Evec is a vector of ordinates for numerical integration.  These ordinates

are normalized to the inteval (-1,+1).  if a function of a variable x

is to be integrated over an interval [xl,xh], the ordinates

normalized to that interval are obtained by

x=(0.5*((xl+xh)+(diff.*evec'))) where diff=xh-xl.  @



let evec[48,1]=

-0.9987710 -0.9935302 -0.9841246 -0.9705916 -0.9529877 -0.9313867

-0.9058791 -0.8765720 -0.8435883 -0.8070662 -0.7671590 -0.7240341

-0.6778724 -0.6288674 -0.5772247 -0.5231610 -0.4669029 -0.4086865

-0.3487559 -0.2873625 -0.2247638 -0.1612224 -0.09700470 -0.03238017

0.03238017 0.09700470 0.1612224 0.2247638 0.2873625 0.3487559

0.4086865 0.4669029 0.5231610 0.5772247 0.6288674 0.6778724 0.7240341

0.7671590 0.8070662 0.8435883 0.8765720 0.9058791 0.9313867 0.9529877

0.9705916 0.9841246 0.9935302 0.9987710 ;



@Wvec is a vector of interval widths normalized to conform to the

normalization of evec above.  To renormalize to an interval [xl,xh],

multiply by diff/2 where diff=xh-xl.@





let wvec[48,1]=

0.00315335 0.00732755 0.01147723 0.01557932 0.01961616 0.02357076

0.02742651 0.03116723 0.03477722 0.03824135 0.04154508 0.04467456

0.04761666 0.05035904 0.05289019 0.05519950 0.05727729 0.05911484

0.06070444 0.06203942 0.06311419 0.06392424 0.06446616 0.06473770

0.06473770 0.06446616 0.06392424 0.06311419 0.06203942 0.06070444

0.05911484 0.05727729 0.05519950 0.05289019 0.05035904 0.04761666

0.04467456 0.04154508 0.03824135 0.03477722 0.03116723 0.02742651

0.02357076 0.01961616 0.01557932 0.01147723 0.00732755 0.00315335 ;







@Vector yvec is a set of ordinates for numerical integration.@

xl=-5;

xh=3;

diff=xh-xl;

lyvec=muy +sigy*(0.5*((xl+xh)+(diff.* evec')));

yvec=exp(lyvec);

kmin=xl;





@Starting Values@



LET x0[15,1]=         14.2582113965                                                                      

                      16.1853736921                                    

                      17.1750269283                                    

                      18.3918427001                                     

                      20.7973771413                                    

                      1880.98040017                                    

                      3063.99214930                                    

                      3849.78523718                                    

                      5006.58282142                                    

                      8016.81850855                               

                     0.348832107692                                    

                     0.350776674121                                    

                     0.351813343511                                    

                     0.352996125802                                    

                     0.354508778094;                                 

                                     







@Following proc calculates community-specific boundary intercepts. @



proc kcalc(pvec,gvec);

local capq, kint, kvec, klag;

capq=ALx/(1+(pvec^rho*Alx/Alh)^(1/(rho-1)))^rho + (ALh*(pvec*Alx/Alh)^(rho/(rho-1)))./(1+(pvec^rho*Alx/Alh)^(1/(rho-1)))^rho;

kint=ln((capq[2:5,1]-capq[1:4,1])./(gvec[1:4,1]^rho-gvec[2:5,1]^rho));

kint=kint|kmax;

retp(kint);

endp;





@Following proc calculates variable Z defined in the note Boundary Locus in Tiebout Model with CES Utility Function and Taste Variation.

This proc returns a matrix with rows equal to the number ofcommunities and columns 

equal to the number of ordinates used for numerical integration. When this proc 

is called with ktilde rather than kv, then the proc returns the vector of voter loci. @



proc zproc(kv,lyv);

local omgv, zv;

omg1=rho/(sigal*(1-lam^2)^.5);

omg2=-lam/(sigy*(1-lam^2)^.5);

omgv=(kv-mual+lam*sigal*muy/sigy)/(sigal*(1-lam^2)^.5);

zv=omgv+(omg1+omg2)*lyv;

retp(zv);

endp;





@Following proc calculates community populations.@

proc poproc(zmat);

local cumpop, popn;



@Following produces the integral equaling the vector of population

values lying below each of the boundary loci defined by the vector

kint. Community populations are then obtained in obvious way.@



cumpop=((diff/2).*(pdfn(((lyvec-muy)/sigy)).*cdfn(zmat)*wvec));

cumpop=0|cumpop;



popn=(cumpop[2:6,1]-cumpop[1:5,1]);



retp(popn);

endp;



@Following proc calculates integral of y by community.@



proc inproc(zmat);

local cincnu, incnut;





@Following produces integral equaling the vector of incomes of y

lying below each of the boundary loci defined by vector kint.

Community integrals of y are then obtained.@



cincnu=((diff/2).*(exp(lyvec).*pdfn(((lyvec-muy)/sigy)).*cdfn(zmat)*wvec));

cincnu=0|cincnu;

incnu=(cincnu[2:6,1]-cincnu[1:5,1]);

retp(incnu);

endp;



@This proc calculates the slope of the GPF when voters are myopic.@



proc myopic(hd,popn);

retp(popn./hd);

endp;



@Following proc calculates community-specific voting intercepts. @





proc ktil(p,g,dpdgv);

local ktilde ;



ktilde=-rho*ln(p+(p*ALx/ALh)^(1/(1-rho)))+ln(ALh)-ln(p)-(rho-1)*ln(g)+ln(dpdgv);



retp(ktilde);

endp;





@Following proc calculates proportion of population in each community that lies

below the locus of pivotal voters.@



proc voproc(zmat,ztmat);

local vlow, zlolim, zlobnd, vup, voterr, poperr, upvec, votevec, lowvec;

zlolim=-5*ones(1,cols(zmat));

zlobnd=zlolim|zmat[1:(ncom-1),.];

@Use following if voting locus crosses boundaries@

vlow=((diff/2).*(pdfn(((lyvec-muy)/sigy)).*(cdfn(ztmat)-cdfn(zlobnd))*wvec));

@Following checks accuracy when convergence achieved.@

if ivotest==1;

vup=((diff/2).*(pdfn(((lyvec-muy)/sigy)).*(cdfn(zmat)-cdfn(ztmat))*wvec));

voterr=(vup-vlow)./popn;

poperr=((vlow+vup)./popn)-1;

"max vote error =vote above less below vote locus divided by population ";

maxc(abs(voterr));

"max population error=[(vote above+vote below)/pop-1  ";

maxc(abs(poperr));

endif;

retp(vlow);

endp;







@Centralized property-tax equilibrium values@



let pc =  17.1321740284 17.1321740284 17.1321740284 17.1321740284 17.1321740284;  

capqc = ALx/(1+((pc^rho)*Alx/Alh)^(1/(rho-1)))^rho + (ALh*(pc*Alx/Alh)^(rho/(rho-1)))./(1+((pc^rho)*Alx/Alh)^(1/(rho-1)))^rho;

let tc = .35    .35     .35     .35     .35 ;

let gc =  3829.71688669  3829.71688669  3829.71688669  3829.71688669  3829.71688669;







@Set sample size for Monte Carlo Calculation below@



smpl=1000000;

eps1=rndn(smpl,1);

eps2=rndn(smpl,1);









@proc to do Monte Carlo CV calculations of result@

proc cvcalc(x);



local xs, kv, thtv, etav, vou, tax, utl, e1, kvrnd, thtvrnd,

ordstat1, ordstat2,  yrnd, brnd, dv, yave, houave, alprnd,

 g, capq, ualt, hy, xy, hn, utlc, avgcv, dist, distbet, cv, icnt, cvall, avgcvad, distad,

distadad, distbetad, icmax, jvar, vnames, typ, eldata, ydep, xindep, aggincome, result, p,  nam,m,b,stb,vc,std,sig,cx,rsq,resid,dbw, c1med1, c1med2, c1med3, c1med4, c1med5, maxutil;





p=x[1:ncom,1];

g=x[ncom+1:2*ncom,1];



capq=ALx/(1+((p^rho)*Alx/Alh)^(1/(rho-1)))^rho + (ALh*(p*Alx/Alh)^(rho/(rho-1)))./(1+((p^rho)*Alx/Alh)^(1/(rho-1)))^rho;

yrnd=exp(muy+sigy*((1-lam^2)^.5)*eps1+lam*sigy*eps2);

alprnd=exp(mual+sigal*eps2);





utlc = (alprnd'.*gc^rho+capqc*yrnd'^rho)^(1/rho);





utl=(alprnd'.*g^rho+capq*yrnd'^rho)^(1/rho);





cvall = ((utlc^rho - alprnd'.*g^rho)./capq)^(1/rho)-yrnd';



ordstat1=maxc(utl);







cv=zeros(smpl,1);



icmax =smpl;

icnt = 0;

do while icnt < icmax;

icnt = icnt + 1;

jvar=0;

do while jvar<5;

jvar=jvar+1;



if utl[jvar,icnt] == ordstat1[icnt,1];



cv[icnt,1] = ((utlc[jvar,icnt]^rho - alprnd[icnt,1]*g[jvar,1]^rho)/capq[jvar,1])^(1/rho)-yrnd[icnt,1];







endif;



endo;

endo;







avgcv= sumc(cv)/smpl;



dist = cv.<0;



distbet = sumc(dist)/smpl;



ordstat2=minc(cvall);



avgcvad= sumc(ordstat2)/smpl;



distadad = ordstat2.<=0;





distbetad = sumc(distadad)/smpl;









retp(avgcv~distbet~avgcvad~distbetad);

endp;







@proc to do Monte Carlo validation of result@

proc montc(x);



local xs, kv, thtv, etav, vou, tax, utl, e1, kvrnd, thtvrnd,

ordstat1,  yrnd, brnd, dv, yave, houave, alprnd,

p, g, capq, ualt, hy, xy, hn, ordstat2, ordstat;





p=x[1:ncom,1];

g=x[ncom+1:2*ncom,1];



capq=ALx/(1+((p^rho)*Alx/Alh)^(1/(rho-1)))^rho + (ALh*(p*Alx/Alh)^(rho/(rho-1)))./(1+((p^rho)*Alx/Alh)^(1/(rho-1)))^rho;

yrnd=exp(muy+sigy*((1-lam^2)^.5)*eps1+lam*sigy*eps2);

alprnd=exp(mual+sigal*eps2);

utl=-(alprnd'.*g^rho+capq*yrnd'^rho);









ordstat1=maxc(utl);





e1=ordstat1.==utl';





kvrnd=sumc(e1)/smpl;

yave=(sumc(e1.*yrnd)/smpl)./kvrnd;



@ The following calculates the value of the direct utility fucntion. Used for debugging.@



hn=(1/(p+(ALx*p/ALh)^(1/(1-rho))));

xy=(1-p.*hn).*yrnd';

hy=(1/(p+(ALx*p/ALh)^(1/(1-rho)))).*yrnd';

ualt=-(alprnd'.*g^rho+ALh*hy^rho+ALx*xy^rho);

ordstat2=maxc(ualt);







houave=(p+(ALx*p./ALh)^(1/(1-rho)))^(-1).*(sumc(e1.*yrnd)/smpl)./kvrnd;



retp(kvrnd~yave~houave);

endp;









@  NLINPROC.DNE calculates a change in the parameters. NLFAC determines what

   fraction of that change is actually made.  Small values of NLFAC keep

   the program from jumping to unreasonable parameter values.  Small

   values also slow convergence. Adjustment in nlinproc is designed to

   gradually increase NLFAC as it nears the optimum.  In particular,

   when the maximum function value in the vector of functions is less

   than BIGNUM, then nlfac=(bignum-.95*big)/bignum, where BIG is the

   maximum function value.  @



iwrite =0;

tol=.00000001;

maxits=600;

nlfac=1;

dh=1e-4;

iter=1000;

big=1000;

ibig=0;

bignum=.00025;

bignum=.125;

bigind=0;

nladj=1.05;





@ Options control printing.  Option1=1 prints estimates on every iteration,

 option2=1 is an automatic check for divergence, option3=1 prints time

to convergence and number of iterations, option4=1 prints heading. @



        option1=0; option2=1; option3=1; option4=1;



proc func(x);

local fun, xs, dpdg, p, g, tax, kv, zmat, ztmat, ktilde, ps;

xs=x;



fun=zeros(3*ncom,1);



@Untransform variables.@



   x=untrans(x);



p=x[1:ncom,1];

g=x[ncom+1:2*ncom,1];

tax=x[2*ncom+1:3*ncom,1];

ps=p./(1+tax);

kv=kcalc(p,g);

zmat=zproc(kv,lyvec);



popn=poproc(zmat);

incnu=inproc(zmat);



hd = (p+(ALx*p./ALh)^(1/(1-rho)))^(-1).*incnu;

dpdg = myopic(hd,popn);

ktilde=ktil(p,g,dpdg);



ztmat=zproc(ktilde,lyvec);





if iwrite <100;

iwrite=iwrite+1;

elseif iwrite>09;

iwrite=0;

nlfac=minc(1|1.05*nlfac);



endif;



hsuply=land.*ps^theta.*((1-gm)/wq)^theta;



fun[1:ncom,1]=hd-hsuply;

fun[ncom+1:2*ncom,1]=tax.*ps.*hd-g.*popn;

fun[2*ncom+1:3*ncom,1]=(voproc(zmat,ztmat)./popn)-1/2;

x=xs;



retp(fun);

endp;



@############   Begin Do Loop ##################@



fn f(x)=func(x);



@x entering nlsrch should be transformed.@

let gex[2,1]=2500 4000;







xsave=trans(x0);



x=xsave;

count=ones(rows(x),1);

icnt=0;

do while icnt<rows(count);

icnt=icnt+1;

count[icnt,1]=icnt;

endo;



allfun=abs(f(x));

maxfun=maxc(allfun);

nladj=1.05;

if maxfun<20;

nladj=1.5;

endif;

dh=.001;

nlfac=.05;









@Enter nonlinear search routine @

x = NLSRCH(x);



xsave=x;

funcout=f(x);

x=untrans(x);

format 10, 6;

pr=ncom~muy~sigy~mual~sigal~lam~alh~alx~rho~gm~theta;

"parameters: ncom muy sigy mual sigal lam alh alx rho gm theta";

pr;

?;

"result p, g t are";

p=x[1:ncom,1];

g=x[ncom+1:2*ncom,1];

tax=x[2*ncom+1:3*ncom,1];



p~g~tax;

?;

kv=kcalc(p,g);

zmat=zproc(kv,lyvec);



inc=inproc(zmat);

popn=poproc(zmat);











"Incomes, Populations, Mean Incommes ";

inc~popn~inc./popn;

?;

"Sum of Community Incomes Compared to Total Metropolitan Income";

sumc(inc)~exp(muy+sigy^2/2);



hd = (p+(ALx*p./ALh)^(1/(1-rho)))^(-1).*incnu;

hsuply=land.*(p./(1+tax))^theta*((1-gm)/wq)^theta;

?;

"Housing Demands and Supplies, housing share of income, govt share of income, Land Areas";

hd~hsuply~p.*hd./inc~(g.*popn)./inc~land;







if Montind==1;

monres=montc(p|g);

?;

"Compare Monte Carlo and quadrature";

?;

"Community Sizes";

monres[.,1]~popn;

?;

"community mean incomes"

monres[.,2]~(inc./popn);

?;

"mean housing demand";

monres[.,3]~hd./popn;



endif;

?;

cvdist = cvcalc(p|g);

"aggregate cv and % better off";

cvdist;

rentsa =gm*((1-gm)/wq)^((1-gm)/gm)*sumc(land.*(pc./(1+tc))^(1/gm));



rentsb = gm*((1-gm)/wq)^((1-gm)/gm)*sumc(land.*(p./(1+tax))^(1/gm));

?;

 " Rents a, b "; rentsa~rentsb;

?;

Rentsch= rentsb - rentsa;

" Change in Rents=" Rentsch;

?;

"aggregate cv + change in rents";

cvdist[1,1]-Rentsch ;













#include "c:\efficiency\nlinproc.dne";
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@                                                                                         
                                                                                          
   This program permits adjusting the stepsize and the convergence                        
criterion. The stepsize adjustment appears below as variable "nlfac"                      
which is a fraction in the interval (0,1] set by the calling program.                     
                                                                                          
   @                                                                                      
                                                                                          
   @ ---------------- Solution loop ---------------------------- @                        
                                                                                          
proc nlsrch(x0);                                                                          
local k, gee, fv0, dx, ts, jc, x1, fv1, tme;                                              
   k=rows(x0);                                                                            
@dh now set in calling program@                                                           
@dh=1e-4;@                                                                                
                                                                                          
fv0=f(x0);                  @ This evaluates the vector of functions at                   
                                  the initial value. @                                    
        dx=1; iter=1; big=1000; ibig=0;                                                   
                                                                                          
If option4 == 0;  @  If option4 = 1, heading will be suppressed.  @                       
@                                                                                         
                                                                                          
                                                                  ?;?;                    
" ******** Solution of Non-Linear Equation System *********** ";                          
@                                                                                         
endif;                                                                                    
                                                                                          
ts=hsec;                                                                                  
@ do until abs(dx) < tol or iter > maxits;  @                                             
   @  I added the following alternative convergence criterion that                        
   relies on the largest function having a small value.   @                               
                                                                                          
   do until  abs(dx) < tol or iter > maxits or  big < tol;                                
jc=grad1(fv0,x0,k);                                                                       
                                                                                          
 @ The program jumps to a proc that computes the matrix of numerical                      
derivatives of the vector of functions (i.e. the Jacobian matrix), at                     
the point x0.  If analytical derivatives are known, they can be                           
substituted within the subroutine. The Jacobian is called jc. @                           
                                                                                          
   x1=x0 - nlfac*fv0/jc;                                                                  
                                                                                          
@ The divide operator is used to solve for the updated vector of                          
estimates. That is, this is equivalent to: x1=x0 - inv(jc)*f(x0).                         
Use of the divide operator is substantially faster than use of the                        
inverse function here. @                                                                  
                                                                                          
 @ DNE added nlfac above. @                                                               
 fv1=f(x1);                @ This evaluates the vector of functions at                    
                                                           the new estimates. @           
                                                                                          
 big=maxc(abs(fv1));        @  This computes the largest function value in                
                                                                   the vector of function¬
s.  @                                                                                     
                                                                                          
 ibig=maxindc(abs(fv1));        @  This computes the index of the largest                 
                                   function value in  the vector of functions.  @         
                                                                                          
bigind=maxindc(abs(fv1)); @Calculates index for which function is largest. @              
                                                                   if big<bignum;         
nlfac=maxc(((bignum-.95*big)/bignum)|nlfac);  @By DNE Nov 94@                             
          endif;                                                                          
if option1 == 1;        @ The new estimate will be printed on every                       
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   iteration if option1 has been set equal to 1. @                                        
   ?;                                                                                     
format 10,6;                                                                              
"     Iteration=" iter;                                                                   
format 10,6;                                                                              
"         f(x0)=" fv0';                                                                   
" New estimates=" x1';                                                                    
                                                                                          
endif;                                                                                    
                                                                                          
if option2 == 1;        @ An automatic check for divergence will be                       
   made if option2 == 1 @                                                                 
                                                                                          
   if abs(fv1) > abs(fv0);                                                                
?;                                                                                        
"  The procedure is diverging. The current values are: ";                                 
format 10,6;                                                                              
"     Iteration=" iter;                                                                   
format 10,6;                                                                              
"         f(x0)=" fv0';                                                                   
"         f(x1)=" fv1';                                                                   
"            x0=" x0';                                                                    
"            x1=" x1';                                                                    
"  Try new starting values. ";                                                            
@     end;  @                                                                             
                                                                                          
   @ Above comment of end statemnt added by DE and following return statement             
   also added by DE on 7/27/87.   @                                                       
                                                                                          
   retp(x1);                                                                              
endif;                                                                                    
endif;                                                                                    
                                                                                          
dx=x1-x0;   x0=x1;      @ The difference in the estimates is computed                     
                           and the current estimate becomes the next                      
                           iteration's initial value. @                                   
                                                                                          
 fv0=f(x0);                  @ This evaluates the vector of functions at                  
                                   the new initial value. @                               
   iter=iter + 1;                                                                         
endo;                                                                                     
                                                                                          
big=maxc(abs(fv1));                                                                       
                                                                                          
If option4 == 0;  @  If option4 =1, print largest element only if                         
                                                                 convergence criterion no¬
t met;  @                                                                                 
                                                                                          
 " Largest element of Abs(f(x)) is: "; big;                                               
                                                                                          
endif;                                                                                    
                                                                                          
If iter >  maxits;                                                                        
                                                                                          
"Iteration limit exceeded:";                                                              
                                                                                          
" Largest element of Abs(f(x)) is: "; big;                                                
                                                                                          
?;                                                                                        
" Final estimates for x are: "; x1';                                                      
endif;                                                                                    
                                                                                          
@  Printing of final function values is suppressed here:                                  
   ?;                                                                                     
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"  Final function values are: "; fv1';                                                    
!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!   @                                 
                                                                                          
   if option3 == 1;    @  If option3 == 1, the time to convergence and number             
   of iterations will be printed. @                                                       
   tme=(hsec-ts)/100;                                                                     
format 10,6; ?;?;                                                                         
if option4==0;                                                                            
"        Total time required: " tme " seconds:";                                          
format 10,6;                                                                              
" Total number of iterations: " iter-1;                                                   
endif;                                                                                    
format 10,6;                                                                              
endif;                                                                                    
                                                                                          
@   end;   @                                                                              
                                                                                          
   @ Above comment of end statemnt added by DE and following return statement             
   also added by DE on 7/15/87.   @                                                       
                                                                                          
   retp(x1);                                                                              
endp;                                                                                     
                                                                                          
@ ++++++++++++++++++++ Procedures Follow ++++++++++++++++++++++ @                         
                                                                                          
@ ------- Procedure to compute Jacobian matrix -------- @                                 
                                                                                          
   @ Each iteration of this loop computes a column of the matrix                          
   of the partials of f(x)  with respect to the parameters. @                             
                                                                                          
proc grad1(gf0,gx0,k);                                                                    
local g, i;                                                                               
g=zeros(k,k);                                                                             
                                                                                          
i=1; do until i>k;                                                                        
                                                                                          
g[.,i]=(f(bv(gx0,1,i,k))-gf0)/dh;                                                         
                                                                                          
i=i+1;                                                                                    
endo;                                                                                     
                                                                                          
retp(g);                                                                                  
endp;                                                                                     
                                                                                          
proc bv(b,a,i,k);                                                                         
local gee;                                                                                
gee=eye(k);                                                                               
retp((b+a*gee[.,i]*dh));                                                                  
endp;                                                                                     
@ ****************** END OF PROGRAM ****************** @                                  
                                                                                          
                                                                                          
                                                                                          
                                                                                          
                                                                                          
                                                                                          
                                                                                          
                                                                                          
                                                                                          
                                                                                          
                                                                                          
                                                                                          
                                                                                          
                                                                                          





