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Abstract

Chapter 1, titled “Privacy Preserving Data Fusion”, and joint work with Longxiu
Tian and Dana Turjeman, tackles the complex problem of merging multiple datasets
while ensuring user privacy. This paper introduces a privacy-preserving data fu-
sion methodology that adheres to the principles of differential privacy, leveraging
variational autoencoders and normalizing flows to create a robust, nonparametric,
Bayesian generative modeling framework. This methodology notably accounts for
missingness in each dataset, correcting for sample selection and negating the re-
quirement for identical users across datasets when learning the joint data generating
process. Through a series of simulations and an applied case involving a novel large-
scale customer satisfaction survey and CRM database from a leading U.S. telecom
carrier, we demonstrate the potential of this privacy-preserving methodology for ro-
bust data fusion, providing insights into customer satisfaction and churn propensity
without compromising privacy.

Chapter 2, titled “Understanding Consumer Expenditure Through Gaussian Process
Choice Models”, is joint work with Alan Montgomery. This chapter challenges the
rigid structural assumptions of traditional choice models that define expenditure
elasticity and the restrictive utility functional forms these models often impose. By
introducing Gaussian process priors on utility functions, we provide a flexible, util-
ity - based model for understanding expenditure - driven changes in consumer
choices. We demonstrate that relaxing the functional form on the outside good
within the framework of constrained utility maximization leads to more flexible sub-
stitution patterns. This has implications for understanding preference for variety
and quality. This methodological advance enables the model to capture non-linear
rates of satiation and precise baseline preferences—details that traditional non - ho-
mothetic (i.e., expenditure-variant preferences) parametric models often overlook
due to their assumptions of a given utility functional form. Through its automatic
detection of non-linear consumption patterns from the data, the model provides
more flexible statistical inference, offering valuable theoretical and practical insights
for improved pricing decisions.

Chapter 3, titled “Digital Twins: A Generative Approach for Counterfactual Customer
Analytics”, proposes an innovative methodology to optimize customer surveys in
a competitive landscape. Leveraging a unique dataset of quarterly cross-sectional
survey responses from major U.S. telecommunications providers from 2020 to 2022,
this paper introduces the concept of ‘Digital Marketing Twins.” These are generative
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models of customer preferences that provide counterfactual responses under differ-
ent scenarios. Here, the concept of “generative model” means that I explicitly give
the sequence of steps describing how the data were created, i.e., the data generat-
ing process, including unknown model parameters. The methodology uses a novel
deep generative and probabilistic latent factor model, which captures individual -
level brand affinity for each brand and time period, accounting for observed het-
erogeneity and firm-side factors. Utilizing Bayesian optimization, the model offers
individual-level marketing action recommendations. It shows promising results in
identifying marketing actions most likely to increase customer satisfaction, offering

a “path of least resistance” at the individual level.
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Chapter 1

Privacy Preserving Data Fusion

joint with Longxiu Tian and Dana Turjeman

Data fusion combines multiple datasets to make inferences that are more accurate,
generalizable, and useful than those made with any single dataset alone. However,
data fusion poses a privacy hazard due to the risk of revealing user identities. We
propose a privacy preserving data fusion (PPDF) methodology intended to preserve
user-level anonymity while allowing for a robust and expressive data fusion process.
PPDF is based on variational autoencoders and normalizing ows, together enabling
a highly expressive, nonparametric, Bayesian, generative modeling framework, es-
timated in adherence to differential privacy — the state-of-the-art theory for privacy
preservation. PPDF does not require the same users to appear across datasets when
learning the joint data generating process and explicitly accounts for missingness in
each dataset to correct for sample selection. Moreover, PPDF is model-agnostic: it
allows for downstream inferences to be made on the fused data without the analyst
needing to specify a discriminative model or likelihood a priori. We undertake a se-
ries of simulations to showcase the quality of our proposed methodology. Then, we
fuse a large-scale customer satisfaction survey to the customer relationship manage-
ment (CRM) database from a leading U.S. telecom carrier. The resulting fusion yields
the joint distribution between survey satisfaction outcomes and CRM engagement
metrics at the customer level, including the likelihood of leaving the company's ser-
vices. Highlighting the importance of correcting selection bias, we illustrate the di-
vergence between the observed survey responses vs. the imputed distribution on
the customer base. Managerially, we nd a negative, nonlinear relationship between
satisfaction and future account termination across the telecom carrier's customers,
which can aid in segmentation, targeting, and proactive churn management. Over-
all, PPDF will substantially reduce the risk of compromising privacy and anonymity
when fusing different datasets.

1.1 Introduction

Data fusion consists of the combination or linkage of multiple data sources to make
inferences that are more accurate, generalizable, and useful than those made with
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any single dataset alone. Data fusion has been applied at leading technology rms,
including Facebook (Theo Ryffel et al., 2018), Microsoft (Zheng, 2015), and Google
(Papernot, 2019). Managers use data fusion to learn about common buying behav-
iors, customer preferences, and prospective needs, from physically and conceptually
distinct datasets. For example, data fusion assists in learning about customer needs
through the fusion of choice surveys and eventual purchase data (Eleanor McDon-
nell Feit, Beltramo, and Feinberg, 2010), or in making more accurate predictions of
potential market share, through the fusion of data on both customers and the general
population (McCarthy and Oblander, 2021). Despite the prevalence and advantages
of data fusion, however, whenever data fusion involves any form of customer-level
datal, the technique poses a privacy hazard of identifying individuals. For exam-
ple, Sweeney, 1997, Narayanan and Shmatikov, 2008, and S. Li et al., 2022 show
that a combination of datasets might reveal individuals' sensitive and identi able
information, in a process referred to as “linkage attacks.” The data to be fused, even
if anonymous or de-identi ed, might be re-identi ed when fused, therefore risking

the privacy of individuals in either dataset.

To reduce the risks of user identi cation, while allowing for the advantages of
data fusion, we develop a Privacy Preserving Data Fusion (PPDF) methodology,
based on differential privacy (DP) (Dwork, Kenthapadi, et al., 2006), variational
autoencoders (VAE) (Kingma and Welling, 2013), and normalizing ows (NF) (D.
Rezende and Mohamed, 2015). It fuses two or more datasets nonparametrically and
generatively, and implements differential privacy, a state-of-the-art framework and
methodology to assure privacy preservation. PPDF will allow organizations that
handle individual - level data to substantially reduce, or even eliminate, the risk of
compromising privacy and anonymity.

Beyond being a critical pillar of customer privacy, assurance of anonymity has
been shown to increase survey response rate and honesty (Bradburn et al., 1979).
Firms often hold additional data sources such as customer relationship management
(CRM) or behavioral data. The data from different sources can be fused with survey
data, in order to gather insights on the customer base.

Hence, developing privacy preserving methodologies is becoming a prominent
need. With privacy in mind, the overarching goal is to nd the balance between pri-
vacy and the great advantages provided by data and data - driven decision making.
Customers are increasingly aware and demanding of privacy (Lin, 2022). Conse-
guently, marketing efforts - previously focused on products' abilities - are now shift-
ing to protecting customers' privacy as part of a broader push towards customer -
centricity in marketing.

We exemplify the use of PPDF and illustrate its advantages by conducting anal-
yses on several different domains and datasets:

1The nouns user, customer, individual, person, and consumer will be used interchangeably to de-
scribe people whose information, some of which may be private and/or identi able, is held by com-
panies.
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1. We use the well-known MNIST image dataset of hand-written digits to visu-
ally intuit the methodology and the advantages of each building-block, includ-
ing: data fusion accuracy, scalability, and the trade-off between privacy and
accuracy. Details are provided in Section 1.1.

2. A simulation using a survey of 5.5K respondents that is split and then re-fused,
to show both the trade-off between privacy and accuracy, as above, and also
the sensitivity to other tuning parameters of PPDF. More on this in Section
1.4.2.

3. Our main illustrative application will be in fusing CRM data from a leading
U.S. telecommunications company (hereafter “telecom carrier" or “rm") to
a large-scale customer satisfaction survey of its customer base conducted by
an external surveying company. Crucially, to ascertain the accuracy of PPDF,
the telecom carrier further conducted an identical internal survey in which we
know the user-id in both the survey and the CRM data 2. This exercise allows us
to again show the trade-off between accuracy and privacy and to also illustrate
the managerial value of PPDF. Details of these analyses are provided in Section
1.5.

In the application of PPDF to the telecom carrier's CRM and survey, the fusion
allows us to assess, among other things, the relationship between self-reported cus-
tomer satisfaction metrics from the survey and the likelihood to churn from the com-
pany's services across the full customer base, yet without revealing customers' iden-
tities as being among the survey's respondents. Of note, in anonymous survey set-
tings, rms are limited to analyzing solely the sample distribution of the responses,
which can suffer from selection bias. Of particular interest to the rm's managers,
our data fusion reveals that the relationship between predicted Likelihood to Recom-
mend (LTR) and churn from the full customer base has a reverse hockey stick-shaped
relationship. Whereas one would expect a straightforward negative correlation be-
tween LTR and churn, instead, we see that those with the highest predicted LTR
(10/10) are more likely to churn than those with a predicted LTR of 6/10. Moreover,
this exercise represents the rst-ever individual-level “scoring' of the rm's existing
customers with their imputed LTR value. More generally, we quantify the distri-
butional divergence between survey respondents and the full customer base. This
highlights the well-known phenomenon of selection bias in survey outcomes and
how the proposed data fusion assists in correcting such selectivity to achieve more
accurate managerial insights and decision-making.

Our work makes several contributions: First, we propose a new, nonparametric
and scalable data fusion methodology to generate customer insights from disparate

2All CRM data and surveys were cleaned of personally identi able information, including but not
limited to names, phone numbers, street addresses, and emails. Moreover, account numbers were
re-enumerated using a random index (hereafter “user ID"), prior to data-sharing, as stipulated in the
Non-Disclosure Agreement (NDA) signed by the telecom carrier and the authors.
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data sources. We demonstrate the quality of the data fusion in multiple data types
and contexts, in terms of both accuracy and posterior predictive ability. Second,
our data fusion methodology has a built-in privacy tuning mechanism that can be
tuned by the data holders. We guantitatively show the trade-off between privacy
and accuracy. Third, we present an application where we successfully fuse anony-
mous survey data and CRM data under privacy constraints. This application allows
us not only to exemplify the method, but also to predict if a customer is at risk of
leaving the company. This adds another building block in the research on the rela-
tionship between customer satisfaction and engagement, but is only the tip of the
iceberg, and solely an example, of explorations that will become feasible with the
proposed PPDF methodology.

To the best of our knowledge, PPDF is the rst methodology that enables re-
searchers and managers who handle sensitive data to securely fuse datasets and
gather inferences that cannot be made with each dataset alone. Our data fusion
methodology comes with known and principled privacy guarantees (Dwork, Ken-
thapadi, et al., 2006; Abadi et al., 2016). Data holders can use the methodology
in collaboration with other entities, without revealing data and without risking the
privacy of individuals present in them. Our methodology does not require the same
users to appear in both datasets and explicitly accounts for missingness (e.g., sam-
ple selection bias). Moreover, PPDF is the rst fully generative data fusion tech-
nigue; that is, it is model-agnostic as the analyst need not specify the discriminative
model/analysis prior to fusing data.

As a high level description of our methodology, PPDF consists of three core com-
ponents in its speci cation and estimation: differential privacy (DP), variational au-
toencoders (VAE), and normalizing ows (NF). Differential privacy (Dwork, McSh-
erry, et al., 2006) introduces the concept of a “privacy budget” where researchers can
set an adequate level of privacy at the price of lower accuracy. The main assumption
is that privacy of users is preserved when one cannot identify any particular user
as being included in the dataset. In probabilistic terms, there is a bounded prob-
ability for any individual to be revealed. DP is a state-of-the-art technique among
privacy-preserving methodologies. More speci cally, we implement a differentially
private, doubly-stochastic variational inference algorithm, in its (#d) form (Jalko,
Dikmen, and Honkela, 2017), which is derived from differentially private version
of stochastic gradient descent (Abadi et al., 2016). This implementation is realized
in the estimation (i.e., training) of PPDF's variational autoencoders. VAEs are an
attractive approach to data fusion because they form a highly scalable and proba-
bilistic generative model designed to learn a concise data generating process in the
form of a joint distribution across features. We extend VAEs to also learn across
customer-level datasets, with the challenge that they do not have deterministic link-
ages between observations (i.e., due to anonymity in the survey). As a result, PPDF
fuses two or more datasets governed by differential privacy and allows analysts to
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substantially reduce, or even eliminate, the risk of compromising customers' pri-
vacy and anonymity. One caveat of VAEs is that they tend to be limited in their
ability to capture data generating processes. We overcome this challenge by allow-
ing the generative distribution to be nonparametrically learned from the data itself,
via a normalizing ow architecture. Normalizing ows (D. Rezende and Mohamed,
2015; Papamakarios et al., 2021) refer to a sequence ( ow) of non-linear, bijective
(volume-preserving, invertible) transformations on probability density functions. A
key computational advantage in the context of large-scale data fusions, such as those
in our application, is that these transformations are composed from simple distribu-
tions (e.g., the standard Normal distribution) and through the diffusion of ows
beget a far richer and more accurate representation of the underlying data generat-
ing process while retaining the inherent scalability of VAESs.

The rest of the chapter is organized as follows: In Section 1.2, we review the lit-
erature on data fusion and privacy preserving methodologies. Our methodology is
detailed in Section 1.3. Speci cally, we detail the variational autoencoders in Sub-
section 1.3.1, specify the privacy enhancement in Subsection 1.3.3, and discuss the
types of missing data PPDF can handle in Subsection 1.3.4. In Section 1.4, we show
our proposed methodology's abilities using several simulations. In Section 1.5, we
describe the data used and the results generated herein. Finally, we conclude with
a brief summary and a discussion on further applications and future directions in
Section 1.6.

1.2 Literature Review

Work in the domain of data fusion and record linkage can be traced back to Dunn,
1946, where multiple population datasets were combined. Contemporary record
linkage and more complex forms of data fusion have been used in multiple elds,
yielding results in economics (Berry, Levinsohn, and Pakes, 2004), geography (Liu et
al., 2020; Dias et al., 2019), and health (Dautov, Distefano, and Buyya, 2019), among
others. In the marketing domain, they have been used to handle missing data in
surveys (Bradlow and Zaslavsky, 1999), enrich parameter estimates and preference
predictability (Swait and Andrews, 2003), estimate product purchasing and media-
watching (Gilula, McCulloch, and Rossi, 2006), combine choice experiments with
CRM data (Eleanor McDonnell Feit, Beltramo, and Feinberg, 2010), detect heavy
and light users in multiple media platforms (Eleanor McDonnell Feit, P. Wang, et al.,
2013), predict users' choices based on contextual data from their phones (Unger et
al., 2018), and predict market share (McCarthy and Oblander, 2021), among other
use cases.

The proposed methodology, similarly to other data fusion methodologies in mar-
keting, is intended to enhance user- and customer-level data by fusing them with
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other datasets. However, much prior work in this area has focused on fusing de-
tailed individual (disaggregate) data with data that are aggregated across customers
(e.g., Eleanor McDonnell Feit, P. Wang, et al., 2013; McCarthy and Oblander, 2021).
For such aggregate-disaggregate uses, privacy is less of a concern because linkage
attacks are unlikely to occur. This is mostly because data that are aggregated across
customers cannot usually shed light on identities of the people who are in the disag-
gregate (individual-level) data. PPDF, on the other hand, can fuse data from differ-
ent sources while protecting individuals' privacy, whether the data are aggregated

or not.

PPDF methodology does not require that the same customers appear in both
datasets to make inferences on the joint data. Fusion occurs based on the joint distri-
bution of the shared and unique variables, and therefore, under standard assump-
tions of missingness in the data (selection bias being a speci c example of miss-
ingness in data), to be further described in Section 1.3.4, it recovers one dataset's
missingness from additional variation made available in the other dataset. In con-
trast to prior approaches, an explicit selectivity correction need not be speci ed in
the model (notably, there is no underlying model speci cation in our applications).
Instead, PPDF recovers the missingness in a nhonparametric manner, inspired by ad-
vances in Bayesian canonical correlation analysis (Klami, Virtanen, and Kaski, 2013;
Chandar et al., 2016), and treats each dataset as if it were a random sample from
a multivariate random distribution we wish to encode and fuse. As a generative
model, PPDF's imputation of missing values takes into account the joint distribu-
tion across variables and datasets. For example, if survey respondents' character-
istics are different from those of the wider customer base, then sampling from the
generative model for the wider customer base should lead to a different LTR dis-
tribution. This mechanism automatically eliminates any lack of representativeness
arising from self-selection of survey respondents. Therefore, managers who wish to
learn from a survey jointly with CRM data, or from other datasets that inherently en-
tail sample selection or other missingness, have more opportunities to do so. More
importantly, distinguished from other data fusion methods in marketing, to the best
of our knowledge, PPDF is the rst fully generative data fusion technique; that is, it
is model-agnostic as the analyst need not specify the discriminative model/analysis
prior to fusing data. Simultaneously, the generative distribution that is learned on
the fused data allows for uncertainty propagation to any downstream inference if
the analyst so chooses.

Until now, we have discussed advances in data fusion. With the great advances
of data fusion comes great progress, but on the other hand comes the risk of identi-
fying individuals. When both datasets jointly include identi ers, data fusion might
compromise customers' privacy (within either dataset) and reveal one's preferences
or values along with their identi able information. This has been illustrated by the
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seminal work of Sweeney, 1997, who relied on demographic data to reveal sen-
sitive health information of public of cials in the State of Massachusetts, and by
Narayanan and Shmatikov, 2008, who relied on inferred preferences when match-
ing de-identi ed data from Net ix with publicly available data from IMDb. Lin and
Misra, 2022 discuss how rms such as Google, Apple, and Facebook do not allow
identity matching across platforms and across devices, to prevent user identi cation,
and show how such protection may lead to an identity fragmentation bias when an
external actor aims to measure customer behaviors. The proposed PPDF methodol-
ogy allows us to learn the joint distribution of both datasets, based on their latent
constructs, without compromising anonymity of any user, and potentially alleviates
some of the concerns proposed by Lin and Misra, 2022. PPDF complements recent
work by Anand and C. Lee, 2023 who develop a deep learning method for data
sharing. As opposed to Anand and C. Lee, 2023, PPDF will enable data sharing with
the privacy guarantees of differential privacy and will also develop a full generative
model to allow for robust data fusion of the datasets.

Therefore, beyond extending the stream of work on data fusion, PPDF method-
ology also extends the growing stream of privacy preserving methodologies, such as
privacy preserving data publication, training, inference, and synthesis (e.g., Fung et
al., 2010; Shokri and Shmatikov, 2015; Ping, Stoyanovich, and Howe, 2017; Takagi et
al., 2020; Evans et al., 2019; Kaissis et al., 2021; Anand and C. Lee, 2023. See K. Kim
and Tanuwidjaja, 2021 for a recent review). Similar to many of the methods men-
tioned above, our method builds on differential privacy (Dwork, McSherry, et al.,
2006), the gold-standard method for privacy preservation, further explained in Sub-
section 1.3.3. DP relies on mathematical guarantees and allows for a pre-speci ed
“privacy budget” that can be tuned to the desired risk assessment and tolerated ac-
curacy loss.

Other privacy preserving methodologies, such as K-anonymity (Sweeney, 2002;
S. Lietal., 2022) (obscuring the data such that every person cannot be distinguished
from other K 1 people in the dataset) and L -diversity (assuring that each variable
has at leastL well-represented values, Machanavajjhala et al., 2007) have been pro-
posed to enable data publication and data synthesis. While such methods may be
relevant for datasets with a relatively small number of attributes, they fail to scale to
large datasets and might still suffer from various privacy attacks that could reveal
identities of the people represented in the data(N. Li, T. Li, and Venkatasubrama-
nian, 2007; Domingo-Ferrer and Torra, 2008). Nevertheless, they have been found
suitable for multiple uses, most notably password checkup tools such as “Have |
been Pwned” and Google's security checkup (L. Li et al., 2019). Recently, S. Li et al.,
2022 extend K-anonymity for longitudinal panel data to also protect against linkage
attacks. We rely on differential privacy due to its ability to handle richer datasets
and due to the mathematical guarantees and clear tuning parameters it enables. In
our simulation exercise, we will demonstrate the privacy preservation vs. accuracy
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trade-off visually, using the MNIST dataset of hand-written images, as well as using
data from another survey, unrelated to the main application, which we split and then

fuse back with varying tuning parameters and varying privacy guarantees. Finally,

we explore the trade-off between accuracy and privacy in the main application on
the telecom carrier data, using an internal calibration survey in which we have full

information about users' identities.

In our main application, using the telecom carrier data, we explore how “Likeli-
hood to Recommend" may assist in predicting customers' churn. The general ability
to predict churn, and the relationship between LTR and churn, has been a source
of debate, both in industry and in academic settings (e.g., Lemmens and Croux,
2006; De Haan, Verhoef, and Wiesel, 2015; Neslin et al., 2006; Ascarza et al., 2018;
Lemmens and Gupta, 2020). With PPDF, a company will be better able to predict
churn and potentially offer tools to improve the antecedents and outcomes of low
customer satisfaction. Of note, this is just a speci c illustration of a managerial use
of PPDF methodology. The generative framework underlying PPDF ensures that fu-
ture end-users may craft speci ¢ analyses based on their datasets and context, which
can extend beyond surveys and CRM data.

1.3 PPDF Methodology

In this section, we rst give an overview of the model before decomposing each
component and explaining its role in the proposed methodology: variational au-
toencoders and normalizing ows; learning mechanism of the data fusion; privacy
preservation measures and controls.

FIGURE 1.1: High level illustration of PPDF of two datasets, each

with some common variables X(9. Dataset 1 has variablesX (Y and

Dataset 2 has variablesX (2. The datasets go through differential pri-

vacy and are then fused into inferred variables X1, X(? and )2(01,2)
based on the population of the respective dataset.
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Figure 1.1 provides an overview of PPDF and illustrates the architecture on two
datasets®: Dataset 1, which is comprised of set of variables X (! (in the telecom car-
rier example, such CRM data will include, for example, number of lines for the ac-
count, customer tenure, contract status, billing information) and common (shared)
variables Xél) (e.g., engagement metrics such as purchase of a new phone or con-
nected device, reward redemption behavior, recent visits to a retail location) and
Dataset 2, which also includes the same common variables ng), but has unique
variables X(@ (e.g., various types of user satisfaction measures, such as LTR, overall
satisfaction, and more).

Importantly, while Xél) and ng) are common variables in that they have similar
structure, they might not be of the same users and do not have to be of the same
size. The two instances of these shared variables might not even be drawn from the
same distribution. For example, customers that are more extreme in their attitudes
towards the brand may be more likely to self-select into responding to a survey,
and this attitudinal difference then translates into a different distribution in terms of
common variables. Such missingness that is due to selection bias can be overcome
with our method as long as there is suf cient ability (i.e., enough information) to
recover the joint distribution of those who chose not to respond. We detail our ability
to overcome selection bias in Section 1.3.4.

Our goal is to infer the joint distribution of the fused data while reducing privacy
risks associated with such linkage of datasets. In our focal context of the telecom car-
rier's wireless customers, we fuse the two sources of data without revealing which
users responded to the external survey. Speci cally, we nd how the attributes from
the CRM database (X(Y) covarywith the response outcomes from the anonymous
customer survey (X (@) and explicitly obviate any one-to-one “matchesbetween the
two datasets.

In the following subsections, we will explain the building blocks of PPDF — start-
ing from discussing a single dataset's encoder and decoder implemented with a vari-
ational autoencoder (VAE), improving it through normalizing ow, making it differ-
entially private. Then, shifting back to discussing two datasets, we will explain how
we use the VAE's encoder and decoders as a shared learning mechanism to fuse the
two datasets.

1.3.1 Variational Autoencoders (VAES)

Variational autoencoders have been used widely to capture the generative process
of images and other data types. In this subsection, we will describe the variational
autoencoders included in PPDF. Figure 1.2 illustrates the basic setup for a VAE that

learns a joint representation for a single dataset with two sets of variables, X((;l) and

3In what follows, and for ease of notation, we assume two datasets are to be fused, though this can
be generalized.
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FIGURE 1.2: lllustration of a variational autoencoder (VAE) of a sin-
gle dataset (without loss of generality, Dataset 1). Two parts of the

dataset, variables Xgl) and X1, are encoded to the latent variable Z;
through the function ¢(.), parameterized by the variational vector of
parameters f through a neural network (1). Note that the variational
family is a function of the input and the shared variational parameters
(i.e., itis amortized). The latent vector Z; (2) is then decoded via two
decoders: Decoder 1 and Decoder C (for “common™), parameterized
by g through a neural network (3,4), to reconstruct the original data
(5). The VAE is a stochastic computational graph that simultaneously
optimizes the variational parameters f and the model parameters q.

X The VAE learns the generative model of the dataset, and has two types of
components:

* An encodefalso known as an inference or recognition model) uses the two vari-
able sets as inputsX(® and x£1> (where the cstands for common variables) and
estimates a set of latent representationsgy (.jxél)) with inference parameters f
that capture the data generating process into latent representation Z;.

« Two decodergalso known as an amortized inference or generative model) take
Z, as input and estimate two conditionally independent models pgl)(i(l)jzl)
and péc)()?(c)jzl) used to reconstruct the original data with set of parameters
g (aP,q).

The difference between the original data X (X1, X(9) and the reconstructed data
X (XM X() forms the loss objective we wish to minimize. Through minimiz-
ing this difference, the decoder and encoder can self-supervisghe learning of the
dataset's latent representation Z; and the accuracy of the reconstructed data X .

The training is optimized by simultaneously minimizing the self-reconstruction
error and the cross-reconstruction error (see Subsection 1.3.1). At its core, the learn-
ing mechanism occurs via the neural network parameterization in the encoder and
decoders.

Let py(zjx) be the posterior/decoded latent parameters z conditional on data x,
and let py(x) be the marginal likelihood, such that

X Pg(X)- (1.1)
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The marginal distribution, also referred to as the marginal likelihood, is
z
Pa(X) = pg(x,z)dz, (1.2)

where py(x,z) denotes a deep latent variable model whose prior distributions are
exibly and nonparametrically formed by normalizing ow (see Subsection 1.3.1).
We optimize the variational parameters f such that

& (zix)  Pa(zjx). (1.3)

The optimization is done with a loss function, which is derived from the log-
likelihood of the data (Kingma and Welling, 2019):

log pa(X) = Eg (zjx) [109 Pg(X)]

Pa(X, Z)

Pa(zix)

Pa(X, 2) o (zjX)

0 (2)X) Pg(zjx)

= Eq zjx Iog pq(x,-Z) + zjx) 109 qf(ZJ-X)
le(J) {qu(ZjX) } le(J) 2 pq(ZjX) }

=Lgqs(x) ELBO = Dk (o (2jx)kpqg(zjX))

= Eq (s log

= qu(ZjX) |Og (14)

We want to maximize the log-likelihood of observing the data. Thus, we derived
two terms from Equation 1.4:

« A latent loss, in the form of Kullback-Leibler (KL) divergence Dy between
the approximate posterior ¢ (zjx) and the actual posterior pq(zjx). The KL
Divergence is non-negative,

Dkw(ar (zjx) Kk pg(zix)) O, (1.5)

and in standard VAE, also known as “Vanilla VAE", is parameterized to be
“close to” the Normal distribution  N(0, 1) in order to keep the divergence suit-
ably small. However, this approximationto N(0, 1) severely limits the expres-
siveness of the encoding, and therefore we alleviate this restriction via normal-
izing ows in Section 1.3.1.

* The “variational lower bound", or “evidence lower bound" (ELBO) Ly (x).
Its name is derived from the fact that, due to the non-negativity of the KL
Divergence, the ELBO acts as a lower bound on the log-likelihood of the data:

Lgs (X) = log pa(x)  Dkw(ar (2jX) Kk pg(zjx))

(1.6)
log pq(x)
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Optimizing Evidence Lower Bound (ELBO).

Re-organizing equation 1.4 shows that maximizing the ELBO will optimize two mea-
sures of interest:

 Maximization of the marginal log-likelihood of  py(x);

« Minimization of the KL Divergence, therefore the encoded approximation
o (zjx) becomes closer to the true posterior py(zjx).

Maximizing the ELBO ( L qf (x)) will therefore be the objective function with
which each of the VAEs will be constructed. In practice, this is done by implement-
ing mini-batch stochastic gradient descent optimization in which the data are split
into mini-batches of random samples from the original dataset. In each step, the
algorithm computes the reconstruction loss on mini-batch B = f x4, ..Xng and esti-
mates the gradient gg = % a ,’1 1T gf Lgf (Xi). Thengand f are updated following
the gradient direction  gg. This will allow the model to approach the local mini-
mumof L ¢ (x), thus optimizing the VAE. Itis in the SGD that differential privacy
will be implemented; however, we rst describe the rest of the data fusion process —
improvement of VAE using normalizing ows and the fusion process with bidirec-
tional transfer-learning.

Normalizing Flows.

One challenge of tting VAEs is that they are limited in their ability to capture the
data generating process. Speci cally, VAEs perform encoding using a univariate,
Normal prior, N(O, 1), due to the construction of the loss function (speci cally, due
to Kullback-Leibler (KL) divergence Dg\).

FIGURE 1.3: lllustration of normalizing ow — a series of bijective
functions z= fx ... f, f1(zo) allowsto exibly represent the data.

To overcome this challenge, we allow the encoder of each dataset to be exibly
formed using a normalizing ow architecture. A normalizing ow (D. Rezende and
Mohamed, 2015; Papamakarios et al., 2021) forms a sequence ( ow) of non-linear, bi-
jective (volume-preserving, invertible) transformations. These transformations are
composed onto a draw from a simple distribution (e.g., the standard Normal distri-
bution), making it a more accurate (yet complex) representation of the underlying
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data generating process. Normalizing ows have been used to improve the expres-
siveness and accuracy of a multitude of deep learning methods. For recent review
papers, we refer the readers to Kobyzev, Prince, and Brubaker, 2020 and Papamakar-
ios et al., 2021.

FIGURE 1.4: lllustration of a single VAE with normalizing ow. Here,

the components (1,2,4,5,6) are identical to the ones in Figure 1.2. The

only difference is the added normalizing ow component (3) that

model allows for greater complexity in the data relationships through
bijective functions.

Figure 1.3 illustrates a normalizing ow *, whereas Figure 1.4 illustrates where
the normalizing ow will be incorporated: Instead of having a simpli ed latent en-
coding, distributed z N (0, 1), we add in an intermediate series of bijective func-
tions and a latent encoding zg  N(O, 1), such that

z=fx ... f2 fl(Zo). (1.7)

This allows the resultant latent parameters z to exibly capture data relationships
of greater complexity. In turn, this enables our encoder and decoders to represent
the joint distribution more accurately in the data fusion process.

Figure 1.5 illustrates the improvement of the reconstruction of a sample of digits
using normalizing ow. VAEs (Vanilla VAEs in this case; Kingma and Welling, 2019)
are known to create blurry images (D. J. Rezende and Viola, 2018) due to the limita-
tion described in Subsection 1.3.1. The use of a normalizing ow (in this case K = 7
layers of bijective transforms) allows a richer underlying regularization distribution
and results in much clearer images that capture the original digits well.

1.3.2 Learning Mechanism

In the description of the VAE, we detailed the creation of a single VAE for each
dataset we fuse. This explanation omitted an important part of the process, the data
fusion itself. If each dataset is encoded separately, where does the “magic" of data

4The illustration in Figure 1.3 is inspired by Lilian Weng:  https://lilianweng.github.io/
lil-log/2018/10/13/flow-based-deep-generative-models.html
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FIGURE 1.5: Results of VAEs with and without normalizing ow: re-

sults of a VAE (middle column) and a VAE with normalizing ows

(VAE + NF, right column). The rst VAE creates a blurry image,
whereas the VAE with NF is much clearer.

fusion occur? In this subsection, we further explain the learning mechanism behind
the data fusion.

To achieve the goal of learning the joint representation of the fused data while
reducing privacy risks, PPDF proceeds as follows: A unique encoder takes as in-
puts the two datasets X and X @ including their common variables X" and x{?;
the encoder is amortized only by the common variables Xél) and Xéz). The encoder
emits two sets of latent encodings, Z? and Z9, that are further modi ed through
normalizing ows (see Subsection 1.3.1). The cross-reconstruction of dataset X (2
(respectively, X (D) with respect to dataset XY (resp. X(?)) is operated by plugging
the latent enconding Z; (resp. Z,) into Decoder 2 (resp. Decoder 1). A third decoder,
Decoder C, reconstructs the common variables present in both datasets using a simi-
lar manipulation, but it is parameterized by a single set of parameters (9 that learns
the shared representation of the common variables across datasets. Conversely, De-
coder 1 and Decoder 2 are parameterized by separate sets of parametersY) and q?
that learn idiosyncratic representations of each dataset. The bottle-necking of the
architecture through the one encoder and three decoders allows us to generalize the
common learning space into the reconstructed full data.

Note that the encoding is merely a representation of the joint distribution, does
not include the raw data, which might be identi able, and is differentially private,
as will be explained in Subsection 1.3.3. The encoding and the differential privacy
mechanism assure that only differentially private latent representations of the data,
and not raw data, are passed to receiving parties.

Once the encoder and decoders are optimized, a query based on any subset of
variables can be made onto the joint distribution of the remaining variables across
both datasets, which is the primary objective of data fusion.

Figure 1.6 illustrates the full PPDF architecture. Based on the conceptual frame-
work of Bayesian canonical correlation analysis (BCCA), we treat each dataset as a
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FIGURE 1.6: Detailed architecture of PPDF — two VAEs and each
with its own normalizing ows. A single encoder (1) is amortized

only by the common variables X((:l) and Xéz). The encoder emits
two sets of latent encodings, Z? and zg (2), that are further modi-
ed through bijective transformations (3), i.e. via normalizing ows.
The cross-reconstruction of dataset X(@ (respectively, X (1) with re-
spect to dataset X(1) (resp. X(?) is operated by plugging the latent
encodings Z4 (resp. Z,) into Decoder 2 (resp. Decoder 1). A third
decoder, Decoder C, reconstructs the common variables present in
both datasets using a similar manipulation (4), but is parameterized
by a single set of parameters (9 that learns the shared representa-
tion of the common variables across datasets. Conversely, Decoder 1
and Decoder 2 are parameterized by separate sets of parametersy(?)
and @ that learn idiosyncratic representations of each dataset. The
bottle-necking of the architecture through the one encoder and three
decoders allows the induction of a common learning space. We note
that this architecture allows for differently sized datasets 1 and 2.

multivariate random variable with unknown parameters. The encoder — with the
exibility of normalizing ows — encodes each dataset into a latent representation.
The encoding task is performed using the common variables only, but the represen-
tation is of both the common and unique variables of each dataset. The common
variables allow us to construct the mapping between the two datasets in a formation
of a joint latent representation.

Using the augmented variational parameters, data fusion (i.e., cross - reconstruc-
tion) can then occur as probabilistic imputations from a joint posterior predictive dis-
tribution. In other words, by garnering the marginal posteriors  pyaorc) (X, xMjzy)
and pyeorc (X2, x{?jz,) —where Z are the common latent representations, X (™ are
the dataset-speci c variables, and X((;m) are the shared variables — we can obtain the
posterior predictive joint distribution  f(X®,x® x{ x?).

The end result of this data fusion is that, for every entry in either dataset, we
have a probabilistic reconstruction of the matching entry from the other, such that
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with p(X; (1)jX 2)) we can construct [Xltl:),xl(i),x(1 (2)] and conversely, inferring

Dataset 2 onto Dataset 1, we havep(x(z)jx(l ) begetting [XI(?, I(C),Xi(l), Xi(z)].

As another conceptual illustration, our VAE can be thought of as the writing of
a Rosetta stoney one linguist and three scribes: the reader can think about the two
datasets as two foreign languages, where the common variables act as a common
syntax, vocabulary, and grammar, but without an exact translation across the two
datasets, which would require sharing the same rows across the two datasets. The
two languages are initially unfamiliar to the linguist and the three scribes, but the
linguist's job (encoder) is to study these two languages and their common concepts
as inputs and encode a shared representation (books) as latent variablesZ, and Z,
through the common variables, parameterizing this representation with  f . This pro-
cess allows the encoding of higher levels of abstraction between the two languages,
as if the linguist was writing her interpretation of the two languages to be used by
the scribes. Normalizing ows help to reach the adequate level of abstraction. Then,
the scribes' task (the three decoders) is to go back to a lower level of abstraction and
respectively reconstruct the original two languages and their common elements us-
ing the linguist's books (the latent encodings). The three scribes decode their own
learning from the linguist's books using parameters gV, q(?,q(© for the two origi-
nal languages and their common elements, respectively. The linguist knows that her
books will be used by the scribes, so she tries to convey as much information about
the other language in each book. Once the model is trained, it is as if we wrote a
Rosetta stone that allows the analyst to go from one language to the other using the
bottle-necking via the unique encoder and the three decoders.

Using the combination of VAE, NF and the mutual learning mechanism, our
framework is capable of fusing two datasets — or more — learned as a single joint
distribution. However, as of yet, we have not described the privacy enhancing
methodology. In the next subsection, we introduce the differential privacy com-
ponent within the process.

1.3.3 Privacy Preservation Measures and Controls

One of the essential parts of the proposed methodology is the ability to preserve
users' privacy. There is an inherent tension between privacy and accuracy, when it
comes to fusing datasets. The best data fusion will match each user's variables in
a dataset to the same user's variables in the other dataset. However, such match-
ing might reveal users' full sets of attributes, and, in some cases, will allow the re-
searcher to uniquely identify them along with traits they did not choose to disclose

or that can potentially harm them. This risk is known as a “linkage attack,” and has
been demonstrated by Sweeney, 1997 and Narayanan and Shmatikov, 2008, among
others.
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On the other side of the privacy-accuracy trade-off, a completely private data
fusion might include only the summary statistics of the variables of the entire popu-
lation in one dataset and merely correlate them with those of the other dataset. This
will allow for learning of the joint distribution for the entire population but will not
allow for heterogeneity and covariance across datasets.

Consider the telecom carrier's CRM dataset, along with a detailed, anonymous
survey on attitudes and past behaviors conducted by an external company. Any
identi cation that results from data fusion might harm individuals' expectations of
privacy: they may have wished to stay anonymous, not revealing their individual
attitudes or behaviors. Moreover, intellectual property of the external survey may
demand the anonymity of the respondents. Therefore, in such cases, the data holders
(the telecom carrier in this case) may prioritize privacy over accuracy.

As another illustrative example, less privacy might be deemed necessary when
handling datasets from public sources, since it is reasonable to assume that, by the
mere presence of their data in a public dataset, individuals are not expecting privacy
guarantees’.

Therefore, it is up to the data holders to assure they are in line with customers'
expectations, intellectual property considerations, regulations, privacy policies, and
known risks when using a data fusion method.

As part of the proposed privacy preserving methodology, we offer tuning mech-
anism that will enable the data holder(s) a higher sense of control over the level
of privacy vs. accuracy. These privacy guarantees, with tuning mechanism, are
achieved using differential privacy.

Differential privacy rst introduced by Dwork, McSherry, et al., 2006, is a data
privacy mechanism used to formalize the trade-off between privacy and accuracy
through the introduction of added noise during model training. It allows the re-
searcher to tune the risk associated with identifying a person from a dataset, and
explicitly set a “privacy budget.” Differential privacy is considered state-of-the-art
among current privacy preserving methodologies and has been used for data pub-
lication or data release (Takagi et al., 2020; Fung et al., 2010; Narra and Chiyuan
Zhang, 2022), including in the release of data from the U.S. 2020 Census (see expla-
nation from U.S. Census Bureau 2021).

Differential privacy relies on the assumption that if it is impossible to ascertain
that any particular user's data were used in an analysis, then their privacy is pre-
served. From another angle, a model-based analysis is considered differentially pri-
vate if each individual has a bounded probability to be determined as included in
the analysis's training dataset, relative to another dataset that only differs in the re-
moval of their data. Differential privacy therefore relates to the assurance (up to a
bounded probability), that the inclusion of an individual in a dataset will not change

Swhile it is reasonable to assume that privacy expectations are low, the researcher might still want
to err on the side of caution and choose to de-identify individuals.
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the marginal outcomes of a model-based analysis (e.g., coef cient estimates, stan-
dard errors, posterior predictives) relative to a dataset that does not include their
data.

There are two realizations of differential privacy, #and d; we rst begin by de n-
ing #differential privacy. Consider two adjacent datasets, D and D? that are the
same except that datasetD®has one more observation, i.e.,D%= D[ x; where x; are
the data of individual i.

An algorithm M is considered #differentially private ( # 2 R and small as de-
sired), if for every output S, we receive the same output S with the dataset D?at
a probability that is at most €’ that of dataset D. A low #means that for the two
datasets that differ only in the existence of x;'s data, we have very low probability of
distinguishing between the two outputs. This makes inclusion of x; in the data very
hard to detect:

Pr(M(D)2S) €& Pr M(DY2S . (1.8)

This can also be seen as: survey respondeni cannot be revealed as an input to
our model, if they haven't responded to it. The probability of being identi ed as a
respondent, through a variation in the outputs of algorithm M, would be very low in
such a case.#differential privacy would allow us to state that even if i is a respon-
dent to the survey, the probability of their being identi ed as a data input is very
low as well; it is at most € more likely. #is therefore a measure of the privacy loss
that the marginal impact of a single customer's data onto a model can be uniquely
identi ed back to that customer. By construction, smaller values of #would lead to
lower privacy loss (i.e., higher privacy guarantees).

As another variation of differential privacy, Dwork, Kenthapadi, et al., 2006 added
an upper bound of the individual risk  d, such that:

Pr(M(D)2S) €& Pr M(DY2S +d. (1.9)

The addition of d 2 R ¢ serves as a “failure probability”, which acts as a tol-
erance to the risk associated with identi cation — allowing for the possibility that
#differential privacy is broken with probability  d. Intuitively, such failures can arise
as aresult of a data breach, whereby the dataset, partially or in its entirely, is exposed
to unauthorized parties. As such, common privacy budgets are set to have d < ﬁ
where jDj is the number of users in the dataset. Thus, in addition to the likelihood
of revealing an individual's identify from model outcomes, such exposure may also
arise from factors unrelated to M, such as data leaks.

In line with state-of-art work in this area, we implement differentially private
doubly stochastic variational inference algorithm for training, inits ~ (# d) form (Jalko,

Dikmen, and Honkela, 2017), which is derived from DP-SGD (Abadi et al., 2016).
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Practically speaking, we incorporate the d3p package for differentially-private prob-
abilistic programming (Prediger et al., 2022), which provides a reliable, high - perfor-
mance implementation of the algorithm. This open source software is usually used
for data publication and in our case is extended to data fusion.

At each step of the PPDF training, we compute the gradient of the loss function
g(x) = r gf Lgs (x), or, for arandom subset of samples B = f x4, ...,xn g, compute the
gradient of this mini-batch: gg = gi(x;) = % a1 gf Lgs (X). The parameters are
then updated following the gradient with learning rate  h;, such that the updating of
parametersq,f isfq,fg,,, = fa,fg, h . Thisisa procedure common for esti-
mating VAEs, but DP-SGD adds two more steps in the computation of the gradient,
to assure privacy.

1. Clipping the norm of each gradient g, to assure that the information of each
individual in a mini-batch is limited:

— gt (xi)
a(xi) = oK (1.10)
max 1, gt(él) 2

2. Adding noise from a Normal distribution such that

§= — A& a(x)+ N 0,s°C? . (1.11)
i

The parameters for the clipping of the norm and for the added noise are com-
puted based on the desired #and d, in a process referred to as “privacy accounting”,
detailed by Abadi et al., 2016. As noted, dis typically set to a value less than ﬁ (i.e.,
the tolerance for unexpected failures are inverse to the size of the dataset), and from
this point, lower # (i.e., a more stringent privacy budget) results from larger norm
clipping and additive noises.

Now having explicated the mathematical foundations of the three core compo-
nents of PPDF — variational autoencoders, normalizing ows, and differential pri-
vacy — we next turn our attention to how PPDF, as a data fusion technique, handles
missing data and sample selection biases across datasets.

1.3.4 Handling Missing Data and Selection Bias

Inherently, every data fusion task is intended to impute missing values; the re-
searcher is imputing the unique variables from one dataset into the other, relying
on the common variables in both. There can be several types of missingness that can
confound any exercise in the combination of datasets, including data fusion. Rubin,
1976 classi es three mechanisms of missing data: missing at random (MAR), miss-
ing completely at random (MCAR), and missing not at random (MNAR, also known
as non-ignorable). For an expanded discussion, see Appendix A.1.
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In almost all realistic datasets, there is a need to overcome the problem of missing
values within variables. Missingness is a common problem in the social sciences
and, in particular, in marketing research. Collecting data from human subjects is
highly likely to result in missing information. This occurs for a variety of reasons:
unwillingness of users to respond to some questions (Bradburn et al., 1979); changes
in experimental design over time, which might also result in missing observations
for whole variables (Graham, 2009), and aws in data collection carried out in certain
eld settings.

In line with state-of-art data fusion methods (Gilula, McCulloch, and Rossi, 2006;
Qian and Xie, 2022), PPDF handles missingness of types MAR or MCAR via impu-
tation (referred to as “cross-imputation” in our framework). Moreover, any cross-
imputation undertaken by PPDF across datasets is equivalent to a sampling-adjusting
correction (Elea M Feit and Bradlow, 2021) on data that are MNAR, assuming that
any variable that affects the non-representative missingness is observed amongst the
datasets (i.e., selection on observables). Speci cally, PPDF nonparametrically com-
pletes (augments) a latent representation of both within-variable missingness and
the obvious whole variable missingness, with observed and inferred variables from
the other dataset.

As we will show in Section 1.5.3, in the case of the telecom carrier's survey and
CRM data fusion, customers with more extreme attitudes (in terms of very high or
very low Likelihood to Recommend) were also more likely to respond to the survey
(this pattern can also be found in online reviews; see e.g., Schoenmueller, Netzer,
and Stahl, 2020). Such self-selection leads to an empirical distribution on survey
outcomes that is not necessarily representative (i.e., biased) of those of the full cus-
tomer base. This is because we aranissingresponses proportionate to the customers
who have less extreme attitudes and are therefore less likely to respond. In order to
obviate this selection bias in the survey, PPDF will nonparameterically adjust em-
pirical distribution of the survey outcomes to re ect that of the full customer base
via cross-imputation of expected survey responses. That is, PPDF infers individual-
level survey responses for the full customer base, even if these customers have not
responded to the survey.

1.4 Simulation Exercises

Before moving onto our focal managerial applications, in this section, we showcase
the ability of PPDF to fuse datasets for which we know the underlying joint distri-
bution, with varying tuning parameters and differential privacy speci cations.

1.4.1 Sensitivity Analysis 1 — MNIST Digits Data

The rst simulation is based on MNIST data. Described by Deng, 2012, the MNIST
dataset is frequently used to assess classi cation methods. It includes 60K black and
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white images of numeric digits, each with 28 28 = 784 pixels. In Figure 1.5, we
demonstrated the improvement of VAE+NF over a standard VAE in the reconstruc-
tion of the digits.

To illustrate PPDF for the purpose data fusion, in the following simulation, we
split each image into two — allocating a portion of the middle pixels as if they were
common variables — and will then fuse them back. Speci cally, we left 300 pixels
from the center of each digit to be the common variables for each observation, and
784300 = 242 pixels were considered unique variables for each datasef.

FIGURE 1.7: Reconstruction loss (the loss relative to the original im-

ages) as a function ofd and # Larger noise (smaller d and smaller

# represents lower tolerance to re-identi cation. No noise means no

privacy guarantees at all and acts as a reference. The learning rate is

h = 2 10 #and common variables are 300 of the 784 pixels in each
digit.

In order to highlight the roles of d- and # differential privacy in varying the noise
levels of the resultant fusion, Figure 1.7 shows the reconstruction loss for varying
levels of noise.

The smallest added noise was no noise at all (blue square), which acts as a ref-
erence. As we vary #from larger to smaller values, we limit the privacy budget,
increasing privacy by adding more noise. This results in higher levels of reconstruc-
tion loss. Similarly, as we vary d, we add more noise, which results in higher loss.

Following the fusion, we get the reconstructed images presented in Table 1.1:
The upper row corresponds to the basic data fusion model with no added noise, and
the rest of the rows show the resultant images with the varying levels of #and d.

As in any data fusion, the ability to reconstruct missing data depends on the
number of common variables. This is usually a given, but if a company wishes to
split a dataset in order to protect its customers, it can potentially control the number
of common variables before splitting. Figure A.2 in Appendix A.2 shows the ability
to reconstruct images with a varying number of common variables (pixels in MNIST
images). The more commonality there is between datasets, the better the reconstruc-
tion and the faster the convergence rate. Data holders who wish to split datasets
may try their split (vary not only the number of common variables, but also which

5We varied the number of common digits later, see Figure A.2.
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No noised | | | | | | | | |

10 13

10 55 2

5 13 g
(0]

5 55 S

1 13 E

1 55

TABLE 1.1: Results of data fusion — MNIST dataset: An example of
10 MNIST digits with varying levels of noise added. The left side
of each pair of digits is the original digit. The right side is the re-
constructed digit after splitting and fusing the pixels: the middle 300
pixels are common across datasets, and the rest are unique to each of
the two datasets. The upper row has no added noise. The next rows
have varying levels of #and d. A smaller #represents a lower privacy
budget; therefore, more noise is added to the DP-SGD, as explained
in Subsection 1.3.3. Conceptually, for hand-written digits, more pri-
vacy means a decreased ability to recognize the speci ¢ instance of
the digit by removing the identi ers of the it.

variables remain common) and test the reconstruction loss with varying #and dto
determine the privacy measures in different contexts.

Beyond the tuning of the DP parameters, other parameters can be tuned to im-
prove reconstruction loss. Some of these relate to the underlying structure of the
VAEs — namely the size of the vector Z of latent encoding or the size of the hidden
layer in the VAE's inference and amortization networks. This are displayed in Figure
A.2 in Appendix A.2.

1.4.2 Sensitivity Analysis 2 — Survey Data

The second simulation, which showcases sensitivity to different parameter speci -
cations, is based on data from a survey with 5.5K participants ’. The survey included
61 questions. We split the data column-wise, into two datasets, X1 and X,. There
were 28 common variables in this analysis.

We rst conducted a sensitivity analysis to the tuning parameters without dif-
ferential privacy. Figure A.3 shows the mean absolute error relative to the original
data, across all columns of the joint dataset, after running for 10K epochs, and for
various tuning parameters.

Following the selection of tuning parameters unrelated to differential privacy,
we now illustrate the sensitivity of PPDF to the addition of privacy preserving guar-
antees. For this, we used the best parameters found in the No-DP analyses and
added noise in varying scales. Figure 1.8 presents the mean absolute error of runs
with varying #values. Figure 1.8 also shows the benchmark of the No-DP model for

"This survey is taken from a customer base unrelated to the the telecom carrier data used for our
main application.
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comparison. From this gure it is apparent that as the noise gets bigger, accuracy is
reduced, as expected.

FIGURE 1.8: Mean absolute error of PPDF on simulated data, under

multiple speci cations of # In this plot, the other tuning parameters

were chosen as they performed best in the aforementioned (hon DP)

analyses: batch size = 256, learning rate = 1e-4, Z dimension = 50, and
d= 1le 4 when applicable.

A note on computational intensity based on the described sensitivity analyses:
One concern in estimating large learning models such as ours is the level of scala-
bility and length of run-times. To ease this concern, we highlight that each of the
sensitivity analyses on the 5.5K survey responses took at most 10 minutes for 20K
epochs, on a commercial GPU (Google Colab), widely available for researchers and
managers alike. The analyses on MNIST digits were conducted on a personal com-
puter with 16G RAM and took 23 minutes to complete. While this is a perfectly
reasonable run-time, progress is constantly being made on processing units, and we
expect an even further reduction in these run-times in the near future.

1.5 Application: Telecom Carrier Anonymous Survey and
CRM Data

In the previous section, we illustrated the ability of PPDF to fuse MNIST digits and
performed a synthetic simulation of survey re-fusing under varying privacy budget
constraints. We now present an application of PPDF and conduct a data fusion of
two datasets provided by a leading U.S. telecom carrier.

1. Detailed sample from CRM data randomly selected from the telecom carrier's
full customer base (3.6 million accounts, which are roughly 2.0% - 5.0% of the
full customer base, excluding pre-paid accounts). 8

8Con dentiality: the data were provided to the researchers under a strict non-disclosure agreement.
Some gures and identi ers of the telecom carrier and of their customers are removed or obscured. The
percentage range above is with respect to total customers across all three major U.S. telecom carriers
at the time of writing.
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2. The responses from an industry-standard, anonymous customer satisfaction
survey, hereafter, the “external survey". The survey was conducted by an ex-
ternal surveying company (hereafter the “surveying company") that contin-
uously conducts market research on customer satisfaction, on behalf of the
market leaders in the wireless telecom sector. In particular, survey outcomes
include measures on satisfaction with different service components, as well as
an overall Likelihood to Recommend °. We provide a set of questions in the
likeness of those in the external survey in Appendix A.3.

The external survey and the resulting measures are well-known industry stan-
dards and are being used by customers and managers to assess quality of service. It
is therefore of utmost importance for the rm and their competitors in the telecom
space to improve this customer satisfaction score to both improve their customer
well-being and to attract new customers. Our goal in this data fusion exercise is to
combine the CRM data with the survey data to gather insights on the relationship
between stated satisfaction and actual engagement with the company.

Novel to this research, for the purpose of assurance of proper fusion, an addi-
tional internal calibration survey was conducted by the telecom carrier. This survey
is identical to the “external survey” conducted by the external surveying company,
except that it was conducted by the rm itself. The email link was unique to each
recipient, and so user IDs were collected through the associated link. This internal
calibration survey provides a critical, one-of-a-kind ground-truth mechanism to en-
sure our methodology properly fuses unique dataset by allowing for retrospective
testing of fusion accuracy when user identities are de nitively known and overlap
across datasets. However, of note, this step is not necessary for future end-users of
PPDF and is presented here solely to convey the proposed methodology's accuracy.

The telecom carrier's stated goal in this process is to explore the relationship
between customer satisfaction and the likelihood to churn from the company's ser-
vices. Customer surveys, while extensive and include many engagement variables,
do not include measures of nancial outcomes, technical metrics on device and net-
work usages, nor plan and service details. For the rm's managers, the expected
outcome of dataset fusion (of the external survey outcomes with the extensive CRM
data they hold. The survey allows the detection of pitfalls in customer satisfaction
as de ned in the survey and further understood based on the respective behaviors
and detailed engagement represented in the CRM data — behaviors that may not be
well represented in the survey questions due to its length, false memory of the re-
spondents, and selection to report or not to report certain experiences, among other
reasons.

9LTR is a ubiquitous survey metric, from which Net Promoter Score (NPS) is often calculated. NPS,
while utilized at the rm, is precluded from our analysis, where we focus directly on LTR outcomes.
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Crucially, the external survey data should remain anonymous and any identi -
cation of customers as respondents of the survey, must be avoided to ensure con-
tinued customer trust and voluntary participation in the surveying process in the
future. Therefore, to avoid the risk of identi cation, we use PPDF to fuse the data
sets while preserving anonymity.

We begin by describing the survey, followed by a description the CRM data. We
then show the outcomes of PPDF with and without normalizing ows, and with
and without differential privacy. Finally, we show some insights elucidated from
the joint distribution of the fused data.

1.5.1 Internal and External Survey Protocol and Data

Both internal and external surveys were conducted in the third quarter of 2021. For
the internal survey, an email was sent to 2.1 million of the telecom carrier's cus-
tomers (randomly selected from the entire customer base, except for pre-paid cus-
tomers that were excluded). Emails were sent gradually throughout the surveying
period. Approximately 20K customers responded to the survey, corresponding to
a response rate of 0.95%. Participants did not receive compensation for completing
the survey.

The external survey was conducted by an external surveying company that con-
tinuously conducts market research on customer satisfaction on behalf of the market
leaders in the wireless telecom sector. Approximately 8K respondents responded to
the external survey, all of whom were customers of the telecom carrier at the time of
responding.

Both surveys were identical and included customer satisfaction/perception ques-
tions, questions about engagement with the rm's products and services, questions
about the customer relationship with the telecom carrier, and socio-demographic
questions. We screened out all who started but did not complete the survey but
there were few of those.

In conjunction with the telecom carrier, we delineated the survey taxonomy into
four mutually exclusive question types:

1. Identi ers (e.g., socio-demographics)
2. Relationships (e.g., plan choice, account type, devices)

3. Engagements (e.qg., times a retail store was visited, plan-switching, customer
service calls)

4. Perceptions (e.g., satisfaction with services and devices, Likelihood to Recom-
mend (LTR))
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1.5.2 CRM Data

The telecom carrier has extensive and detailed user data from the moment a user
joins. The data available for this project are one of two types: common variables
and uncommon variables. Common variables are shared between the survey data
and the CRM data, such that a common variable for a given customer will have the
same value or attribute across both datasets. Uncommon variables are idiosyncratic
to their respective datasets, that is an uncommon variable exists in one dataset but
not in the other. Uncommon variables may include variables related to detailed
engagement with the company, services used, changes to accounts, churning, and
payments. We list the common and uncommon variables in Appendix A.3.

1.5.3 Results

We rst use the internal survey (20K responses), where we can deterministically link
user ID to internal CRM records, to assess the trade-off between accuracy and pri-
vacy of the proposed PPDF method with and without differential privacy and com-
pare PPDF against extant benchmark models. Next we show the outcomes of the
data fusion of the external survey (8K responses) with a random sample of the CRM
data (3.6 million users). Here, we focus on two customer-level outcome variables,
the “Likelihood to Recommend" (LTR) response from the survey and the 12-month
forward-looking churn outcome (binary) from the CRM. We highlight two advan-
tages of PPDF: (1) a regression (i.e., discriminative) analysis that is undertaken ex
postthe generative data fusion, as an example of how PPDF enables the decoupling
of data fusion and downstream analyses while still retaining full posterior predic-
tive inference, and (2) this shows that the fused data exhibit better goodness-of- t
and explanatory power on the drivers of LTR vis-a-vis only using features from any
one dataset alone. Finally, we provide managerial applications of the data fusion by
relating the fused LTR scores and churn outcomes of the customer base, realized as
an individual-level 'scoring' of customers with their expected LTR, a task otherwise
impossible without data fusion. We also infer differences between the self-selected
survey respondents vs. the customer base without self selection. On the one hand,
from a substantive point of view, these results quantify the relationship between
LTR and potential churn and enable managers to use LTR as a potential segmenta-
tion strategy for proactive churn management. On the other hand, from a technical
point of view, these results also highlight the need to correct for selection bias in un-
derstanding customer perceptions of the company's services and other measures of
engagement.
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With Differential Privacy Without Differential Privacy

CRM Survey CRM Survey
Model Recon | Cross | Recon| Cross | Recon [ Cross | Recon | Cross
PPDF 0.0532| 0.0532| 0.1325| 0.1325| 0.0380| 0.0382| 0.0912| 0.0919
PPDF w/o NF | 0.0683| 0.0683| 0.1422| 0.1423| 0.0421| 0.0421| 0.1028| 0.1029
BCCA 0.0689| 0.0689| 0.1384| 0.1391| 0.0422| 0.0422| 0.1028| 0.1028
SUR NN 0.0544| 0.0546| 0.1343| 0.1347| 0.0407| 0.0409| 0.0996| 0.0998

TABLE 1.2: Goodness-of-t (measured by mean absolute error —
MAE) of variations of the proposed data fusion (with and with-
out normalizing ows and with and without differential privacy)
and two other benchmark models — Bayesian canonical correlation
analysis (“BCCA") and a forward-feed neural network model (“SUR
NN"). The results are split into self-reconstruction (“Recon”), namely
encoding and decoding a dataset onto itself, and cross-imputation
(“Cross™), which is data fusion, namely decoding of one dataset into
another. Data fusion with normalizing ows provides the best re-
sults, and adding privacy-preserving guarantees increases MAE only
slightly.

Model Comparison.

In Table 1.2, we provide the goodness-of-t of the test sample, between the pro-
posed PPDF model, with and without differential privacy, '° against three bench-
mark models. These benchmarks include (a) PPDF without normalizing ows, to
highlight the incremental gains from NF, (b) Bayesian canonical correlation analysis
("“BCCA") (Klami, Virtanen, and Kaski, 2013), which can be understood as a nested
linear-form of VAE, and (c) a forward-feed neural network model predicting survey
and CRM variates from the common variables, which can be understood as a sys-
tem of non-linear seemingly unrelated regressions (“SUR NN"). All models are t
on the internal calibration survey. This uniquely provides us the ground truth, one-
to-one linkage between survey responses and CRM records, as discussed above. As
all variables between the survey and CRM datasets are categorical in nature and are
encoded in a one-hot approach,** we chose to report mean absolute error (MAE)
across the model comparisons. In this context, MAE intuits the goodness-of- t in
terms of both absolute and percentage deviations in the test data (75%/25% random
split between training and test data).

For example, in the top-left cell of Table 1.2, the MAE of the self-construction of
the CRM data, is 0.0532 for the full PPDF model (i.e., trained with normalizing ows
and differential privacy). This is equivalent to an out-of-sample error of 5.32% on av-
erage across all one-hot-encoded format CRM variables. Under differential privacy,
the self-reconstruction error for the full PPDF model (0.1325) is more favorable than
those from BCCA (0.1384) and SUR NN (0.1343). While on the other hand, PPDF
without NF (0.1422) falters behind than the benchmark models, suggesting that NF

10n our empirical applications, we x differential privacy to a stringent (  # d) budget of (0.1, 5.0 ),
which is on par with leading industry standards.

LFor example, LTR is an eleven-point discrete scale from 0 to 10, which is then encoded as eleven
binary variables. Note that dropping a category to avoid multicollinearity, while typical for regression-
type model, is unnecessary in our generative modeling approach.
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is critical to the VAE architecture underpinning PPDF in order to offset the loss in
accuracy due to DP. While the full model without differential privacy is observed to
have the best goodness-of- t (0.0380 for CRM and 0.0912 for survey), the addition of
differential privacy comes at the cost on accuracy. Taken together, data fusion under
privacy is capable of generating meaningful and actionable inferences on the joint
data generating process but exhibits a trade-off on accuracy compared to conven-
tional data fusion. As we will show in the next section, despite the loss of accuracy
under differential privacy, there is a tangible information gain when using the fused
data in predictive exercises, while of course, enabling the privacy guarantees of DP.

Next, we have de ned self-reconstruction as the ability of models to encode and
decode a dataset onto itself. On the other hand, cross-imputation is the ability to de-
code a dataset into the other. In addition to MAEs on self-reconstruction, we show
MAESs on cross-imputation (“Cross") as well (Table 1.2). Cross-imputation is the key
data fusion technique used in the managerial exercises in the following sections.
Namely, cross-imputation allows the telecom carrier to impute the posterior pre-
dictive distributions in survey perception outcomes (e.g., LTR) from the CRM data
alone, and vice versa, based on common variables. While cross-imputation system-
atically results only in higher or equal MAEs across all models with or without DP,
any of the observed degradations in t are well within managerial and inferential
tolerance. Itis important to note that this degradation of tis expected by the nature
of generating new data. For example, for the CRM data, PPDF saw no change in
MAE between self-reconstruction (0.0532) and cross-imputation (0.0532) under DP,
while the increase in MAE without privacy guarantees is 0.0382 - 0.0380 = 0.0002, or
0.02%.

Having established the superior goodness-of-t of PPDF compared to extant
models, as well the accuracy-privacy trade-off of differential privacy, we next turn
to applying the generative data fusion outcomes to two discriminative regressions,
on LTR and churn, to illustrate the explanatory and predictive value that is reached
by fusing the anonymous external survey and internal CRM data, beyond analyses
on either dataset alone.

Likelihood to Recommend (LTR).

Modern customer satisfaction surveys are commonly found to be organized around
the question of LTR (Keiningham et al., 2007; F. Reichheld, 2011). From the per-
spective of inference and analysis, the conventional usage of a satisfaction survey
is to view the LTR-type perception questions as dependent variables, while other
elements of the questionnaire (i.e., identi ers, relationship, engagement and usage
elicitations) are the independent variables. However, as is in the case with our part-
ner telecom carrier, most companies are keen not only to regress LTR onto these
elements within the survey questionnaire, but also to connect LTR with CRM vari-
ables. For the telecom carrier, understanding the survey and CRM predictors of LTR
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is part of the objective of understanding their brand perception by customers as well
as to rank-order existing customers by LTR.

We highlight the applicability of our framework, which is generative in nature,
to aid in a downstream discriminative analysis of survey variables. This discrimina-
tive analysis elicits a great deal of interest from managers, who are particularly eager
to measure and use LTR. This showcases PPDF's approach to data fusion based on
VAESs: rst estimating the joint data using VAEs, and only then conduct discrim-
inative analysis. Marketing analysts are then emancipated from needing to craft
complex models that must simultaneously consider data fusion and a discrimina-
tive likelihood.

Data Type Data Source Original Data DF w/o DP PPDF
RMSE \ R? | RMSE \ R? | RMSE \ R?
Survey 3.250 | 0.179 - - - -
Original CRM - - - - - -
Combined - - - - - -
Survey - - 3.250 | 0.179| 3.268 | 0.152
Self-Reconstruction CRM - - 3.143 | 0.308| 3.156 | 0.297
Combined - - 3.100 | 0.346| 3.127 | 0.324
Survey - - 3.255 | 0.171| 3.266 | 0.155
Cross-Construction CRM - - 3.157 | 0.295| 3.159 | 0.295
Combined - - 3.140 | 0.311| 3.118 | 0.333

TABLE 1.3: Goodness-of- t of external survey and full CRM data

Original Data DF w/o DP PPDF
Data Type Data Source RMVSE ‘ RZ RMVSE ‘ R? RMVSE ‘ Rz
Survey 3.093 | 0.171 - - - -
Original CRM 2.887 | 0.393 - - - -
Combined 2.863 | 0.411 - - - -
Survey - - 3.096 | 0.167 | 3.103 | 0.152
Self-Reconstruction CRM - - 2.899 | 0.384 | 2.988 | 0.307
Combined - - 2.865| 0.409| 2.952| 0.340
Survey - - 3.099 | 0.160 | 3.100 | 0.158
Cross-Construction CRM - - 2.948 | 0.340 | 2.991 | 0.304
Combined - - 2.873 | 0.403| 2.953| 0.339

TABLE 1.4: Goodness-of-t of internal calibration survey and sur-
veyed CRM data

Broadly, we nd thatindeed incorporating CRM covariates, in addition to survey
covariates, results in better explanatory and predictive power of a regression on LTR,
in terms of two common discriminative goodness-of- t metrics, root mean squared
error (RMSE, where lower is better) and R? (where higher is better). We prefer the
use of RMSE and R? over MAE here because they offer more stringent measures of
model performance and are more sensitive to outliers. We compare RMSE and R?
for the prediction of LTR when fusing survey and CRM data, for both the external
survey (Table 1.3) and the internal calibration survey (Table 1.4). In both gures, the
top-left quadrant provides these t metrics based on the original data — that is, when
LTR is regressed onto just the survey data of the full sample, just the CRM data of
the full sample, and nally, both. Once again highlighting the value of the internal
calibration survey, note that it is only with this survey (Table 1.4) that we can provide
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t metrics for the true “original” CRM and combined datasets whereas the external
survey is anonymous, and we cannot compute these metrics for the survey data. In
Table 1.4, we nd that RMSE is the lowest and RZ? is the highest when the LTR is
regressed against the combined data.

Having established the superior goodness-of- t of the combined data, over-and-
above the individual datasets, the key question becomes — can we repeat this pattern
using the decoded self-reconstruction and cross-imputation datasets? This question
is pertinent in understanding whether the output of our proposed model, which
is ultimately generated and synthetic in nature, can indeed capture the complexity
of the underlying data generating process that begets the “sum is greater than the
parts” phenomenon. Here, we once again nd the phenomenon to be true for both
self-reconstructed and cross-imputed data, with and without differential privacy.
For the internal calibration survey (Table 1.4), combined/fused data have RMSEs of
2.865 (self-reconstruction) and 2.873 (cross-imputation), comparing favorably to the
RMSEs of the synthetic survey- and CRM- alone regressions. Moreover, while the
RMSEs are higher than for the original data (combined data RMSE 2.863), the degra-
dation is marginal: +0.002 (self-reconstruction) and +0.010 (cross-imputation). In
line with the previous section, we nd that while cross-imputation (i.e., cross-dataset
posterior predictives) results in lower goodness-of- t, it is not at a degree expected
to substantially obscure managerial insights. The pattern is more pronounced under
differential privacy, as expected, where fused-data RMSE is higher by +0.089 (self-
reconstruction) and +0.090 (cross-imputation). Moreover, it is worth noting that the
regression metrics from the combined generated data without DP also compare fa-
vorably to those of the original individual datasets (RMSE 2.865 vs. survey's 3.093
and CRM's 2.887).

Lastly, we consistently see the same pattern for the anonymous external survey,
vis-a-vis original and generated data (Table 1.3). Beyond demonstrating that the
fused data generated from PPDF lend greater explanatory and predictive power
than either dataset alone (synthetic and original), this exercise also shed light on
the inferential consistency between the internal and focal external survey data gen-
erating processes. This is an important insight for the partnering rm, as well as for
future end-users of our framework. The internal survey represents a valuable, but
ultimately costly, one-time, data collection exercise for the telecom carrier. Our evi-
dence here is meant to exemplify PPDF's ability to provide ground-truth consistent
results, but future end-users need not have an equivalent “calibration' to utilize this
framework, which is designed directly for fusion of anonymous surveys to other
data sources.

Predicting Churn with PPDF.

We now show how combining CRM and survey data can improve our understand-
ing of churn. Churn is a common variable-of-interest that managers seek to predict
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FIGURE 1.9: AUC-ROC curves measuring the accuracy of predicting

churn using the CRM data only (a), internal survey data only (b), and

fused (combined) data (c). This accuracy measure is based solely on

the internal survey because it is the only survey where we can deter-

ministically link churn to the survey response. The best goodness-of-
t comes from the combined data.

and explain. We use a binary logistic regression to study the predictors of churn.
This regression uses the data from the survey, which was conducted a year earlier
(Q3 2021) than the observed churn (Q3 2022). The challenge here is to incorporate
data from the smaller sample of anonymous survey respondents into the larger ran-
dom sample from the full customer base.

Figure 1.9 presents the AUC-ROC curves of the binary churn model for the inter-
nal (calibration) survey respondents (20K). The gure illustrates the trade-off when
the churn model is run using the original data vs. the self-reconstructed, cross-
imputed, and differentially private data.

The key pattern to observe is the relative position of these speci cations' curve. A
curve thatis pulled more towards the top-left indicates higher accuracy in predicting
churn. The purpose of once again utilizing the internal survey lies in our ability to
deterministically link the 20K respondents from Q3 2021 to their churn outcome in
Q32022. As most U.S. telecom carriers utilize a subscription model, churn is de ned
by explicit termination of contract. Figure 1.9 is organized by data source, i.e., CRM
data only (panel a), survey data only (b), and fused (combined) data (c). The original
CRM, survey, and combined data lead, unsurprisingly, to the best goodness-of- t
relative to the synthetic datasets arising from the PPDF data fusion, either with or
without differential privacy. Even without differential privacy, there is a non-zero
loss in accuracy when applying PPDF, which is true for all generative models at the
time of writing (Abadi et al., 2016; Bagdasaryan, Poursaeed, and Shmatikov, 2019)

Compared to the AUC of the regression on the original data (CRM 0.961, survey
0.956, and combined 0.971), the loss in accuracy for self-reconstruction (CRM 0.902,
survey 0.834, and combined 0.941) and cross-imputation (CRM 0.901, survey 0.840,
and combined 0.945) are comparable, and manifest as largely overlapping curves in
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Figure 1.9. Moreover, across all models, adding differential privacy negatively im-
pacts respective model predictions, as seen in the DP models' curves being pulled
towards the 45-degree “random” line. These results on forward-looking churn reaf-
rm the ndings from the LTR analysis that (1) combing the data sources lead to a
gain in predictive accuracy, (2) this phenomenon is true for both the original ground-
truth data, as well as the self-reconstructed and cross-imputed fused data, and (3) the
pattern holds true under differential privacy, albeit with a trade-off between privacy
and accuracy.

FIGURE 1.10: Left: observed churn (Y-axis redacted for con dential-
ity) as a function of observed LTR from the internal calibration sur-
vey. Right: observed churn of the “full" customer base of 3.6 million
randomly selected customers, as a function of predicted LTR, even
though these customers did not necessarily respond to the survey.

Customer Base Churn and Satisfaction Predictions.

We now present the results of PPDF in quantifying the relationship between cus-
tomer churn and satisfaction, the latter measured as LTR. Worth noting, in the ab-
sence of a data fusion method, any rm that nds itself in possession of an anony-
mous customer survey cannot systematically, and in a principled fashion, relate sat-
isfaction and churn outcomes at the individual-level. In the case of the telecom car-
rier, as we have shown in the previous section, a binary churn model on the (internal
calibration) survey responses is improved by utilizing the combined data sources.
As such, the ability to generate samples from the posterior predictive distribution of
survey responses of the wider customer base is of notable economic signi cance for
these rms. This can potentially enable greater explanatory and predictive power
for downstream exercises such as segmentation, CLV models, and churn manage-
ment. To this end, across this section and the next, we examine and describe the
cross-imputation of survey outcomes for the sample of 3.6 million of the telecom
carrier's customers. The outcomes can be understood as a counterfactual analysis
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on how these customers would have responded to the surveys had they chosen to
take them. Here, we speci cally focus on the relationship between imputed LTR and
the forward-looking churn, as de ned earlier.

Given that the external survey response rate is <0.01% of the customer base
each quarter, the cross-imputation of survey outcomes of the wider customer base
is, by de nition, a known unknown. Therefore, unlike the exercises above, where
we could rely on the calibration survey for customer-level ground-truth validation,
here we appeal to aggregate-level correlations. Figure 1.10 illustrates a generally
negative relationship between LTR and churn rate (corr=-0.32), aggregated by the
eleven LTR bins (0 to 10), for both the internal calibration survey (20K, left panel)
and for the cross-imputation to the 3.6 million sample from the customer base (right
panel). As areminder, the internal calibration survey enables direct linkage between
LTR and churn via the respondents' user ID. While such direct linkage is evidently
nonexistent for the cross-imputed customer base, our ability to recover negative cor-
relation similar to the calibration survey supports the ecological validity of PPDF's
imputations.

Importantly, unlike the calibration results, which are limited to a small subset of
respondents, managers can undertake proactive churn management based on im-
puted LTR cutoffs. At a high level, given a retention budget, the carrier can use the
imputed LTR values to de ne a cutoff (i.e., segment) for the most churn-vulnerable
customers. However, it's worthwhile to note that the relationship between imputed
LTR and churn is not a simple negative linear relationship. Of note, in Figure 1.10
(left and right), for both the ground-truth calibration survey and the imputed cus-
tomer base, we observe a “reversal' in churn propensity of customers at the highest
LTR (10/10). This is a surprising nding that merits attention. We hypothesize that
this is driven by these customers' attractiveness to competitors. In other words, the
higher churn in this LTR group may be driven by the “competition vulnerable, high
customer lifetime value” segment. This may make those with the highest predicted
LTR suitable for interventions that will make them more likely to remain customers
(Lemmens and Gupta, 2020).

Selectivity Correction.

In conclusion, although our analyses of speci ¢ covariates were focused on LTR and
churn, given their outsized importance and prevalence at most direct-to-consumer
companies, we wish to emphasize that data fusion was successfully conducted across
the entire bench of features from both the customer surveys and the CRM database.
Moreover, as noted above, counterfactual customer base cross-imputations were not
limited to just LTR. As such, it is easy to imagine that the analysis from Subsection
1.5.3 could be repeated for all of the imputed perception questions.

In lieu of postulating managerial implications of individual perception ques-
tions, we end by broadly highlighting the value of data fusion of the anonymous
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FIGURE 1.11: Predicted LTR of the 3.6 million sample from the full

customer base, in red, as imputed by PPDF, along with the observed

LTR of the 8K external survey respondents (in blue). The differences

highlight the importance of correcting for selection bias before ex-

tracting insights from this and similar surveys. Survey respondents

are more extreme in their Likelihood to Recommend (along both ex-
tremes).

external survey to the wider customer base, in particular, the resulting re-sampling
of the survey response distributions. In Figure 1.11, we present the density plots
of predicted and observed Likelihood to Recommend. More so, as seen in Figure
A.l, in all cases across thirty-four questions, there is notable deviation in the ques-
tionnaire response distribution between the external survey as-is (8K respondents)
and the customer base cross-imputations (3.6 million). As noted in the discussion
on Handling Missingness and Selection Bias, our data fusion framework corrects for
selection-on-observables under the assumption that variables that affect the decision
to respond to the survey are observed in the fused dataset.

Without data fusion, rms are left without a principled approach to reconciling
survey responses, which are known to be biased due to respondent self-selection
(Bethlehem, 2010), to a more representative distribution of perception and senti-
ments of the customer base. Equipped with PPDF, in addition to privacy guaran-
tees, rms need not to limit themselves to just the responses of those who chose to
participate, but rather, they can allow the underlying generative framework to pro-
vide an unbiased and representative imputation of likely survey outcomes of their
overall customer base to enable more robust decision making using the combined
information of customer surveys and internal CRM data.

1.6 Summary

In this research, we presented a Privacy Preserving Data Fusion framework and
demonstrated its applicability for fusing data sets across various contexts, show-
casing the scalability, expressiveness, and generalizability of our approach to future
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end-users, including a demonstrative case with a large-scale anonymous survey and
the CRM database from a leading U.S. telecom catrrier.

The challenges of marketing automation and analytics in the era of data privacy
are ongoing and multifaceted. This project aims to understand how data fusion,
a prevalent marketing analytics technique, can be better retooled to meet today's
new privacy standards and practices. Our methodology offers a practical solution
to collecting and fusing disparate datasets while protecting consumer anonymity.
We show that collecting data while protecting privacy does not mean forgoing the
advantages and insights that existing data fusion techniques allow. Using PPDF,
companies can safely fuse datasets without them “ever meeting one another”, and
potentially even split data, thus protecting customers' fundamental right to privacy
and reducing the risks associated with data breaches and leaks.

To demonstrate the managerial utility of our methodology, we show how com-
bining CRM and survey data can improve our understanding of churn. We nd a
generally negative relationship between Likelihood to Recommend (LTR) and churn
rate for both the internal calibration survey and for the cross-imputation to the 3.6
million customer random sample of the the telecom carrier's customer base. The in-
ternal calibration survey enables direct linkage between LTR and churn via respon-
dent user ID. These, and the results from the fusion between the external survey and
sample of full CRM customer base allow us to quantify the relationship between
LTR and potential churn. Our methodology enables managers to use LTR as a po-
tential segmentation strategy for proactive churn management while ensuring that
customer privacy is preserved.

Our methodology can address different contexts in marketing and beyond, out-
side the scope of this chapter. We focused our application on inferring missing cus-
tomer attributes from anonymous surveys. However, further application of PPDF
can be used by two or more rms, who wish to learn from the joint distribution of
their databases to gather market research insights, such as understanding their mar-
ket share, or assess complementarity and substitutability in their products, while
protecting their intellectual property and the privacy of their customer base.

Furthermore, PPDF can potentially enhance privacy guarantees by splitting a
sensitive dataset into two or more datasets. If a data breach were to occur, such sep-
aration ensures that data obtained will not be as harmful as the original, joint data.
The harms of severe data breaches can be dramatically reduced if names, email ad-
dresses, and other identi ers are not stored alongside sensitive choices, attitudinal,
and other individual-level data. Firms would be willing to split their data only if,
when an insight on the joint data is requested, such insight would be possible in
a secured manner, through privacy preserving data fusion. This is possible using
PPDF.

The goal of PPDF is to preserve customer anonymity and a company's intel-
lectual property, while enabling the aforementioned use-cases, among others. We
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exemplify the usage of PPDF to assist a wireless company in exploring the relation-
ships between customer satisfaction and churn. Further research can both expand
this framework to investigate causal antecedents and temporal variations of churn
from customer perceptions as well as use PPDF in other contexts to answer other
substantive questions.
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Chapter 2

Understanding Consumer
Expenditure Through Gaussian
Process Choice Models

joint with Alan Montgomery

Consumers change their choice as expenditures within a category increase. Tradi-
tional choice models usually make restrictive structural assumptions to specify the
expenditure elasticity. This imposed functional form of utility strongly in uences
the range of estimable substitution patterns across goods. Consumers with highly
nonlinear preferences may have consumption thresholds in which buying patterns
dramatically change when price or budget changes. Understanding these thresholds
with a exible utility-based model could lead to improved pricing and promotion
decisions. Using Gaussian process priors on utility functions, the functional form on
the outside good utility is estimated within the context of constrained utility max-
imization. In a rst application, we estimate a general direct utility choice model
for simultaneous purchases within a product category. In a second application, we
relax additivity and allow for complementarity in a nonhomothetic choice model,
estimating the outside good functional form. Using simulations, our model cap-
tures non-linear rates of satiation and precise baseline preferences that traditional
non-homothetic parametric models fail to capture by assuming a given functional
form of utility. The proposed model automatically detects non-linear patterns of
consumption from the data and provide a more precise statistical inference.

2.1 Introduction

Consumers change their choice as expenditures within a category increase. Tradi-
tional choice models usually make restrictive structural assumptions to specify the
expenditure elasticity. In this chapter, we show that an imposed functional form of
utility strongly in uences the range of estimable substitution patterns across goods.
Consumers with highly nonlinear preferences may have consumption thresholds
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in which buying patterns dramatically change when price or budget changes. Un-
derstanding these thresholds with a exible utility-based model should lead to im-
proved pricing decisions. For example, consumers with homogeneous preferences
who are making a choice within a category between two product tiers: the low qual-
ity yogurt tiers with two varieties, a basic vanilla yogurt and a basic strawberry
yogurt; and a high quality yogurt tiers with two varieties, a premium vanilla yogurt
and a premium strawberry yogurt. Let us suppose that consumers prefer vanilla to
strawberry when they decide on their rst unit of consumption. Consumers often
purchase more than one variety within the sub-category. For example, consumers
may purchase simultaneously a vanilla yogurt and a strawberry yogurt, rather than
two vanilla yogurts, since the marginal utility of consuming an additional vanilla
yogurt is less than the marginal utility of consuming a strawberry yogurt.

Now, we assume that consumers are facing a price reduction for the basic vanilla
yogurt, or they budget exogenously increases for a given trip. Will they buy more
basic vanilla yogurts? Due to an enlarged budget constraint, consumers may switch
to the premium vanilla yogurt and/or to the strawberry yogurt. If we keep utility
constant, and if a price reduction occurs in the low quality category product, it is
likely that the demand for the low quality product will not increase as much as if
they decided to give a price discount on the high category product. This asymmet-
ric switching has been documented in the literature, in notably Allenby and Rossi
(1991) and Allenby, Garratt, and Rossi (2010). However, consumers also seek to buy
different varieties (strawberry and vanilla) due to satiation when buying a unique
variety.

Ideally, a general utility model should be able to accommodate simultaneously
normal and superior goods, i.e. allowing non-constant marginal utility functions,
and demand for variety i.e. allowing different satiation rates for different goods.
Two separate mechanisms are at play: a satiation or substitution effect, and a trading-
up or income effect. Consumers become increasingly satiated and consume a dif-
ferent variety within the same sub-category, given a vector of prices and total ex-
penditure. Nevertheless, when expenditure increases and the budget constraint is
relaxed (either through an exogenous income increase or through price discounts),
consumers start to trade up from the low quality tiers to the high quality one. It
has often been assumed that utility for each product bought by consumers is con-
stant. This assumption is overly restrictive as we just saw in our example. Constant
utility implicitly entails that consumers should buy the same items as their expendi-
ture increases in the category, whereas trading-up is frequently observed in practice.
The literature on non-homothetic choice models has focused on parametric spec-
i cations, such as the translog model (e.g. Chiang (1991)), Stone-Geary utility (J.
Kim, Allenby, and Rossi, 2002), and rotated indifference curves (Allenby and Rossi,
1991; Allenby, Garratt, and Rossi, 2010). A nonhomothetic choice model is suitable
when goods within the category of interest have wide differences in quality or for
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specifying preferences across categories (Chintagunta and Nair, 2011). Yet, existing
nonhomothetic choice models do not capture both variety seeking behavior (driven
by satiation) and trading-up (switching from low to high quality-tiers).

We hypothesize that expansion in the category moderates variety seeking. Con-
sumers rapidly reach satiation for a low quality product, and then switch to a higher
quality product. Satiation arises because the marginal utility of consuming an ex-
tra unit of the same product will be lower than the marginal utility of consuming a
unit of a different product. However, satiation may change when consumers start
to trade up to the high quality tiers. In our example, the satiation for the premium
vanilla yogurt might be much lower than with the basic vanilla yogurt. The con-
sequence of this conjecture is that parametric forms of utility functions used in the
literature display undesirable properties that limit the range of estimable consump-
tion patterns.

The previous limitations in traditional economic models of choice leads us to
conjecture that the assumption that the random utility follows a parametric spec-

i cation is simplistic. Parametric assumptions on the utility function can induce
potentially large errors when the parameterization is misspeci ed (Gu, Bhattachar-
jya, and Subramanian, 2018). Moreover, marketers may have reasons to anticipate
highly non-linear preferences in some of the goods. Failing at modeling these non-
linearities would prevent marketers from exploiting thresholds effects in consump-
tion, and would translate into a missed opportunity to increase pro t. A general util-

ity model should be able to automatically detect non-linear patterns of consumption
from the data. Yet, no model in the marketing literature has used a general utility
speci cation to estimate demand systems for simultaneous purchases, related to the
approach of Wales and Woodland (1983) and Hanemann (1984). A corollary of that
issue is the need for a principled way of modeling the uncertainty around the shape
of utility functions inferred in a nonparametric choice model.

Gaussian Processes (GPs) are a popular tool for nonparametric function estima-
tion; they have numerous desirable properties, as they automatically produce es-
timates on prediction uncertainty, work as interpolators for a consistent decision
maker, and retain their Gaussian property when transformed by linear operators.
Moreover, GPs are also able to encode prior knowledge in a principled way. Market-
ing research has recently featured Gaussian processes to capture the individual-level
dynamics of heterogeneity and its implications for targeting, pricing and market
structure analysis (Dew, Ansari, and Y. Li, 2020). Gaussian processes can also model
latent functions that determine purchase propensity, and can be used to analyze
purchasing dynamics in which known and unknown calendar time determinants of
purchasing with individual-level predictions are joined together (Dew and Ansari,
2018).

We build a general, exible random utility framework to estimate demand for
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simultaneous purchases within and across product categories. Using Gaussian pro-
cess priors on utility functions, we relax the functional form on the outside good,
within the context of constrained utility maximization. In our rst application, we
derive a demand system where the logarithm of the rst-order derivatives of the
utility function follow a Gaussian Process. We show in numerical simulations that
misspeci ed functional form of outside good utility leads to inconsistent estimation

of preference parameters on the inside goods. We demonstrate that our proposed
framework is robust to misspeci cation and enable the modeler to recover the true
preference parameters in the category of interest. In our second application, we relax
the additivity assumption and propose a nonhomothetic choice model that can ac-
commodate complementary goods, using household production theory. We show in
numerical simulations, that the misspeci ed functional form of outside good utility
also leads to inconsistent estimation of preference parameters on each good. Simi-
larly, our proposed Gaussian process framework is robust to misspeci cation in this
context and accurately recovers the true preference parameters.

We estimate a general direct utility choice model the no-U-turn sampler (NUTS)
variant of Hamiltonian Monte Carlo. Our model captures non-linear rates of satia-
tion for inside and outside goods alike, that traditional non-homothetic parametric
models fail to capture by assuming a given functional form of utility. The proposed
model can automatically detect non-linear patterns of consumption from the data
and provide a more precise statistical inference, since it exibly models consumer
behavior and achieve a better tthan a parametric model that assumes speci ¢ func-
tional forms on the sub-utility functions.

The proposed framework detects rich patterns in the data, especially non - linear-
ities in preferences that could not be previously captured with less exible models
with speci c utility functions such as in J. Kim, Allenby, and Rossi (2002) and Al-
lenby and Rossi (1991). Pricing products using a utility model with a misspeci ed
functional form of utility has negative consequences on the rm prot. If the true
rate of satiation is much higher than the estimated rate using parametric form of
utility, then price reductions on these items arising from the estimated rate of satia-
tion are sub-optimal since consumers will not buy from the items that display high
satiation rates. Due to its structural nature, the model is able to provide us with
counterfactual predictions on pricing, promotion and expenditure elasticities.

2.2 Methodological Background

2.2.1 Literature on Non-Homothetic Choice and Demand Modeling

The literature on non-homothetic choice models has focused on parametric spec-
i cations, such as the translog model (e.g. Chiang (1991)), Stone-Geary utility (J.
Kim, Allenby, and Rossi, 2002), and rotated indifference curves (Allenby and Rossi,
1991; Allenby, Garratt, and Rossi, 2010). A nonhomothetic choice model is suitable
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when goods within the category of interest have wide differences in quality or for
specifying preferences across categories (Chintagunta and Nair, 2011). Yet, existing
nonhomothetic choice models do not capture both variety seeking behavior (driven
by satiation) and trading-up (switching from low to high quality-tiers).

Allenby and Rossi (1991) and Allenby, Garratt, and Rossi (2010) use an implic-
itly de ned utility function marginal utility. However, their model assumes linear
indifference curves, and rules out multiple discreteness, which limits its empirical
use. Allenby and Rossi (1991) were able to capture non-homothetic preferences with
their multinomial probit. But consumers only select one brand at a time and for only
one unit, so no variety is allowed. Allenby, Garratt, and Rossi (2010) mostly focus on
capture how advertising affect the rate at which consumers are willing to trade up
to higher quality brands, but its structural multinomial logit speci cation does not
incorporate multiple purchase incidence.

J. Kim, Allenby, and Rossi (2002) allow for multiple brands and units to be pur-
chased simultaneously, and focus on consumer demand for variety, with non - ho-
mothetic preferences. They propose a horizontally differentiated demand model
based on a translated additive utility structure, while allowing for the possibility of
a mixture of corner and interior solutions where more than one but not all varieties
are selected. They use the following utility parametrization:

J
U(aw -a0) = & yj(g + g))* (2.1)
j
where y; is the baseline utility parameter, a; is the parameter that ensures dimin-
ishing marginal returns and g; is a location translation parameter that translates the
utility function to accommodate both interior and corner solutions. When g; = 0,
only interior solutions are allowed for good j. When a good has a large baseline util-
ity and a value of a; close to one, purchases of large quantities of only one variety
(high baseline preference and low satiation, and small values of a imply a high-
satiation rate. However, J. Kim, Allenby, and Rossi (2002) pointed out that the dif -
culty to separately identify a and g since both parameters govern the slope of the in-
difference curves at the point of intersection with the axes, and they haveto x gto1l
for all goods. Fixing this critical parameter for all goods shows the limitations of this
model, as the patterns of substitution across goods are then substantially restricted.
When a; < 1, consumers' marginal utility diminishes with increased consumption;
consumer are then satiated and pushed toward multiple discreteness. However, the
superior or inferior nature of the good is confounded with variety seeking. Both
a and y in uence the rate of satiation as both parameter in the second derivative
of the utility function, which clearly indicates a de ciency in the parametric form.
Finally, this utility speci cation rules out the possibility of utility to be bounded, in-
cluding rapid satiation rates inducing plateaus of consumption, or sudden changes
of regimes after a certain amount of good is consumed. Furthermore, the literature
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has proposed alternative explanations, such as time varying preferences (Hasegawa,
Terui, and Allenby, 2012), in which product attributes and dynamic effects are in-
corporated in the baseline utility and satiation parameters. However, time-varying
preferences is not needed to capture nonlinearities in preferences, and as such may
lack parsimony. Moreover, Hasegawa, Terui, and Allenby (2012) assume a logarith-
mic parametric form for the outside good, which is still restrictive since the price
effects only depend on the preferences of the inside goods and not the demand of
the outside good.

2.2.2 Gaussian processes as Priors on Latent Functions

A Gaussian process (GP), denoted as a stochastic functionf( ), is established over a
domain of interest, which, for our purposes, is represented by quantity q2 R*. The
de ning characteristics of a GP are its mean function m(q) and covariance function
k(a, g9, where, given a speci ¢ set of input times q= g1, %, .. . ,qr, the function val-
ues are distributed as f(q) N (m(q),K(qg)). Here, m(qg) stands for the mean func-
tion evaluated across all inputs, yieldinga T 1 vector,and K(g) isaT T covari-
ance matrix, constructed by pairwise evaluation of the covariance function k(q, %
across the inputs. Brie y, the mean function establishes the prior mean of the pro-
cess's value for each quantity input g, while the covariance function delineates the
extent of correlation between the process values at different quantity pairs gand g°
Given that a GP con gures a probability distribution over potential outputs for any
given set of inputs, it inherently provides a exible, nonparametric prior over latent
function spaces, an aspect critically useful in Bayesian data analysis (Rasmussen,
Williams, et al., 2006), and is typically represented as f(q)  GP(m(q), k(g, d9).

In the realm of GP applications, mean functions are often considered secondary
and commonly presumed constant. This assumption allows the covariance func-
tion, or kernel, to describe the essential characteristics of the functions delineated
by the GP priors. These kernels can encapsulate various general traits of the mod-
eled functions, like smoothness, differentiability, and amplitude. A kernel, denoted
by k : R?2 ! R, ensures the generated covariance matrix K(q) is positive semidef-
inite across any inputs g. The GP literature introduces numerous kernels, with the
squared exponential (SE) kernel being the simplest and most favored. The SE ker-
nel, chosen for our discussion, is parameterized by an signal noise parameter s and
a lengthscale parameterb, described by the formula:

(a )2

S (2.2)

Kse(a, s b) = s2exp
The signal variance parameter s2 determines the potential deviation of function val-
ues from the mean, while the lengthscale parameter b accounts for the smoothness of
these deviations, also referred to as the smoothness parameter. The straightforward
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yet potent nature of the SE kernel facilitates its broad application in prior market-
ing research (Dew and Ansari, 2018; Dew, Ansari, and Y. Li, 2020; Dew and Fan,
2021; Dew, Ascarza, et al., 2023), emphasizing its capacity to impose priors on latent
functions.

2.2.3 Flexibly Modeling Quality Tiers Effects

Nonhomothetic preferences represent a departure from traditional utility models,
recognizing that the proportion of income spent on different goods can vary across
income levels. This perspective is crucial for understanding consumer behavior re-
lated to trading up, where consumers opt for higher-quality—and often more ex-
pensive—products as their income increases. The literature suggests that such pref-
erences can signi cantly in uence market dynamics, including product positioning
and the competitive landscape.

Traditional approaches to modeling quality tiers often rely on restrictive assump-
tions about the functional form of utility derived from the consumption of an outside
good. This sensitivity to functional form assumptions can lead to models that either
underestimate or overestimate the attractiveness of trading up or down between
quality tiers. The choice of utility function signi cantly impacts the inferred elas-
ticity of substitution between goods (C. Kim et al., 2023), which in turn affects pre-
dictions about consumer response to price changes, product improvements, or the
introduction of new products. The critical takeaway is that the modeling of quality
tiers requires careful consideration of these assumptions to ensure accurate repre-
sentation of consumer behavior.

In response to these challenges, our proposed approach introduces exibility
in modeling quality tiers by allowing for switching between complementarity and
substitution effects driven by expenditure. Our approach acknowledges that con-
sumers' preferences between higher and lower-quality tiers can vary based on their
expenditure levels, potentially shifting from substitution to complementarity (or
vice versa) as their budget constraints change. Such a framework is more aligned
with the empirical observations of consumer behavior, capturing the nuances of
trading up or down in response to changes in income, prices, or product attributes.

2.2.4 Outside Good in Choice Modeling

C. Kim et al. (2023) investigates the impact of outside good utility functions on sub-
stitution patterns within multiple discrete/continuous demand models. The authors
present novel results on the functional form of quantity price effects in these models,
highlighting the limitations of standard outside good utility functions. A new, more
exible outside good utility function, from the class of hyperbolic functions, is pro-
posed to accommodate broader substitution patterns and address issues of satiation.
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In their paper, the utility has the following form:

yz1+ exp(bz+ c)
b1l exp(bz+ ¢

uz(2) = (2.3)
with slope parameter b > 0 and an intercept parameter ¢ > 0. An empirical analy-
sis using household scanner data from the potato chip market supports the model's
ability to capture non-standard satiation rates for the outside good, impacting price
elasticity estimates and the effectiveness of loyalty coupon targeting programs. Their
research contributes to understanding the role of outside good utility in direct utility
models, proposing a more adaptable approach to modeling consumer choice behav-
ior. However, this utility function is still parametric and impose a functional form,
which impose strong restrictions on substitution patterns across inside goods.

2.3 Application 1: Within-Category Nonhomothetic Demand
Model

2.3.1 Random Utility Model

We are interested in performing inference on the functional form of the marginal
utility for a given consumer. At a given purchase occasion, we assume that con-
sumer's choose a vector of quantities g = ( qy, ...,q;) that maximize their direct util-
ity function, whose support is the vector of quantities consumed. We suppress the
time t and individual i subscript in this section for the moment and will introduce
them later. Our utility model is strongly separable across a vector of inside prod-
ucts at our focal store (j = 1,2,...,J). We assume that the sub-utility of the good |,
U;(q;), and the sub-utility of the outside good n,(z) are continuously differentiable,
increasing functions. Following the standard random utility approach, we introduce

a multiplicative error term into our utility model:

U(a, ....qu) = 5. uj(q) = é. n(qj) exp # (2.4)
j i
where, forall j = 1,...,J the error terms # are i.i.d. and follow a Type-1 extreme
value distribution with scale s xed, for example to unity. The random error # is
known by consumers but unobserved by the researcher. Moreover, # and n; the sub-
utility function for the good j are independent. In addition, # and % the marginal
sub-utility function for the good | are also independent. We also assume that the
outside good is always consumed, such that z > 0.

This random element represents information that is known to consumers, but

not observed by the researcher. This yields a form in which the marginal utilities
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consist of a deterministic % and a random # component:

TUj(qp) _ ()

. 2.5
19 19 eXp # 23)
which yields:
U (q5) iy (ap)
log ————~ =log —~ + # 2.6
9 g R TR 9

The logarithmic form ensures that the marginal utility remains positive. The budget
constraint is linear. Consumer maximize utility in a static fashion, such that there is
no forward-looking behavior or savings allowed.

a g = x (2.7)
i
where p; is the price of good j, and x represents the total expenditure. The corre-
sponding utility maximization problem may be written in Lagrangian form:
!
maxL = U(q) | ang x (2.8)
’ j

where | > 0, the Lagrange multiplier of the utility maximization problem. After
dividing by prices and taking logs, the Kuhn-Tucker rst-order conditions are:

log Wﬂ(q?l) +# log(pj) = log(l) ifjs.t.g >0 (2.9)
og 1”51]:11) +4 log(p) < log(l) if jst.g=0 (2.10)

Without loss of generality, we can assume that the rst good is always purchased,

and we take the difference of the rst-order conditions. This differencing ensures

that the budget constraint is satis ed (J. Kim, Allenby, and Rossi, 2002). Then the
Kuhn-Tucker conditions can be rewritten as follows:

B=V, Vi+# if jst.g >0 (2.11)
#j < Vi Vj + # if js.t. g = 0 (2.12)
where V; = log ﬂ%?") log(p;) forall j = 1,...,J.

Note that the Kuhn-Tucker rst order conditions are necessary and suf cient
when the utility function is monotonic and strictly quasi-concave (Dubé, 2019). Quasi-
convexity of the constraint function is also needed but it is automatically true since
the constraint function is linear.

Let the joint probability density function of the # terms be f(#,#%,....,#). The
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likelihood can be constructed following C. R. Bhat (2005) and C. R. Bhat (2008) by
showing that the probability that a consumer allocates on the occasion t (but omit-
ting the subscript) all expenditure to the rst M of the Jgoods at the optimum (de-
noted by o forall j=1,...,J)is:

L(cy > 0,0,>0,...,0vy > 0,Qy+1=0,...,0;= 0) (2.13)
L=y Ly vyt LV Vot Ly Vprs

= 1 H= ¥ 1= ¥ #+2= ¥ #= ¥

f(#, V1 Vot #,V1 Va+#,... Vi Vu+#, % vz .8 1 #)

a1, .. .08 (2.14)

where J is the Jacobian matrix whose elements are given by:

T(Vi Vi1t #)

= 2.15

k Ta+1 ( )

_ TVi Vied) forkl=1,2...M 1  (216)
M9+1

Using Type-1 extreme value distribution on the error term, we can write the
closed form likelihood:

1 0 1
1 ¥ 9 in 1 ¥ P
L(0h.Gr- - O:0,--..0= 5 O o-log = @= 3
S =1 Yo flg; P =4 ﬂiqjlog %
2.17
0 (2.17)
Ol exp ¢
% JJ 1 s MX(M 1)1
aliexp

where V; = log % log(p;) forall j = 1,...,J. The full derivation of the likelihood

is in Appendix B.1.

2.3.2 \ectorized notation and functional notation

For the remainder of the chapter, we also adopt the following vgctorized notation
for all occasionst = 1,...,T at the individual IeveIh Let q =i i1, ...,g7 be the
vector of optimal quantity jf%r all occasions, pj =i Pj1. - - .. PjT » the vector of prices
j for all occasions, Uj(q;) =  Uj(q1), .. .,Uj(g) , the vector %f stochastic utility ij

evaluated at the optimal quantity j for all occasions, (q;) = ny(q1),....n(qgT)
the vector of detefinistic utility | evaluated at the optimal quantity j for all oc-

casions, ﬁgjj) = “r’%") ___’ﬂﬁﬂ(;n) , the vector of deterministic marginal utility |
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2 (A 2n (O 2n (-
evaluatedhat the optimal quantity j for all occasions, T ﬂlé_g') = 1 r%;?”) ...,“ ”;k(q?n) ,
i J

and"j = #;,....#7 Isthe vector of error terms for utility ] for all occasions.

T
I* 9g;
tively the deterministic utility function, the deterministic marginal utility function,

2
We also adopt a functional notation, and use and % to denote respec-
i

and the second derivative of the deterministic utility function. Likewise, log %
and ﬂiqj log % denote respectively the logarithm of the marginal utility function

and the derivative of the logarithm of the marginal utility function.
Let L; be the likelihood of a consumer's purchase for m; alternatives at occasion
t. To evaluate the log-likelihood function

0 1

T ? g
— P1....pusA = § log(Ly) (2.18)

LL @ql,...,q y o y
ﬂqjjzl,...p] ﬂqu i=1,...J t=1

we need to construct a prior distribution for not only for the marginal utility function
. 2
for good j, % but also the second derivative of the utility function for good |, %
i
forall j = 1,...,J. But due to our reparameterization in terms of the logarithm of
1

the marginal utility function log i and the derivative of the logarithm of the

marginal utility function 'ﬂiqj log Tqu , itis more natural to place a prior on these last
two measures. A consequence of this reparameterization is that utility for each good

will always be increasing with quantities purchased.

2.3.3 Gaussian Process Priors

We model the preferences of a consumer who hasT purchase occasions. Preferences
are xed and constant over time, but are latent, and the researcher is only able to
observe the gquantities purchased for all inside and outside goods, and their corre-
sponding prices. We propose to infer the form of utility using Gaussian processes.
Speci cally, we place a Gaussian process prior on the logarithm of the deterministic
marginal utility for each good j = 1,...,J

|Og GP j,K j (219)

L}
9;

where we have the mean and covariance function de ned as follows:

j(9) = E log w (2.20)
" Ta, | I#
(q; T (ad) '
Ki(9,9)= E log M M) log —p ma) (2.21)
Tq; Ta;

)
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Thereafter we remove the subscript j on the kernel K for simplicity. When we realize
our Gaussian processes to the vectors of optimal quantities q, . . . ,q3 chosen by con-
sumers, by marginalization property, we obtain thatthe T values of the logarithm of
the marginal utility function for good | has a multivariate normal prior distribution,
with covariance de ned by the kernel K :

T i(qy) 1 ()

h it
ﬂ -
og “go " = log Mgt g BN (a).K (a0

(2.22)

which can be rewritten with as a vector of T realized log-marginal utilities at the
optimal quantities:

Olog g © 10 11
e rr](qjl) K(Gj2, G2)  K(gj, Gj2) .. K(s, Gr)
log (a2 %%m(qu)g %K(qu ) K(@262) - K(Gzan)
log %&"T) m(gr) K(gr.g1) K(gr,g2) ... K(gr,gT)
J
(2.23)

where K (g;,q;) = (K(q,gir0)) isaT T matrix with each element K(q, gjt0) and
m is a T dimensional mean vector parameter for the Gaussian process. Notice our
GP looks like a regression model in function-space view (see Rasmussen, Williams,
et al. (2006), 82.3). We use the squared exponential (SE) covariance function for the
kernel:

1
K, Gd) = sfexp  5(G o) (2.24)

where b denotes the characteristic length-scale andsf2 is the signal variance, hyper-
parameters of the GP model. The squared exponential covariance function implies
that the covariance is almost unity (when s]? = 1) between variables whose corre-
sponding inputs are very close (Rasmussen, Williams, et al., 2006}

We express the joint prior distribution of the log marginal utility log h and

fla;
its derivative, i.e. the ratio of the derivative of the marginal utility to the marginal

Lt has been shown that the squared exponential covariance function corresponds to a Bayesian lin-
ear regression model with an in nite number of basis function ( ibid), which emphasizes the exibility
of such a function. Another advantage of this covariance function is that it is in nitely differentiable,
which is useful in our context. Finally, we also choose this function for the interpretability of its hyper-
parameters. The characteristics length-scale parameterb controls the amount of information that the
Gaussian process will borrow around the test input point that needs to be evaluated. A large b means
that more information is borrowed, which will smooth the utility function; conversely, a smaller b will
make the utility function more prone to capture non-linearities in preferences and rationalize them.
The characteristic length-scaleb and the signal variance sf2 are weakly identi ed and their proportion
is more important to the predictive performance than their individual value for the Matérn class of
covariance function (Diggle, Tawn, and Moyeed, 1998; H. Zhang, 2004), to which belongs the squared
exponential covariance function.
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A
Ta;
ear operator, the derivative of a Gaussian process is another Gaussian process (Ras-
mussen, Williams, et al., 2006). Therefore,ﬂiO|j log 11171; , i.e. the derivative function
of the log-marginal utility of good |, also follows a Gaussian process prior, and the
joint distribution  log % ﬂ—ﬂh log % also follows a Gaussian process prior.

Following X. Wang and Berger (2016), we can derive the kernels associated with

utility .ﬂiqj log as a Gaussian process. Since the differentiation operator is a lin-

the joint Gaussian process for the log-marginal utility of good | and its derivative
function, for j 2 1,...,J. This joint measure also has a Gaussian process prior:
2 T[ ) 3 n # 11} #!
4 09 ,- K K o

Ya;
1JT5 GP 1T ’K]_O Kll

. J (2.25)

By marginalization property, the joint realization of the log-marginal utility for
good | at the optimal, observed vector of quantities for good j over T purchase
occasions, and its derivative function, have a multivariate normal prior distribution:

2 I 1,(q) 3 " # 01 #
4 09 B 5 N ﬂ((c(:jg K (gj,q) K *a;.q) (2.26)
o log g o Kq) K™a;q)
with K (q;,0;) = ( K(qjt,qjt0)) isaT T matrix with each element K(qj, g;t0);
K *%a,q) = ( K*(q, Giro)) (2.27)
isaT T matrix with each element K%(qj, gjto);
K *%a;,q)) = K *(g;,q)7 (2.28)
and
K *(aj, ;) = (K™(qje, Geo)) (2.29)
isaT T matrix with each element K*(qj, gjto) such that
K%q, 0 = = K(G G = s7exp —(r G2 (G o
It ™) ﬂC]jt Jts M) f 2p?2 J J b2 ] |
(2.30)

1 1 1
K% (ajo, Gjt) = WK(CIjt,qJ‘tO)=5f26XD @(tho Gjt) p(qj'to qt) (2.31)
i
2

figjt Tojto

1
1 Q(th Gjto) 2 (2.32)

1 1
K(qye, gio) = K(0jt, gjeo) = sZexp o5z (G Gjto)? =
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2.3.4 ldenti cation

Inferences about utility are made through the choices that consumers make. How-
ever, utility is not directly observed. As a consequence, our metric of utility cannot
be identi ed uniquely from the data. To illustrate this problem, consider a transfor-
mation of utility, F(U(q)), that is monotonically increasing, f; > 0. Notice that our
Lagrangian can be rewritten using this transform without altering the solution:

L=FU@)+ I (x p%) (2.33)

where gdenotes here the vector of quantities (outside good included) and p denotes
the vector of prices. Since we have assumed thatF is monotonically increasing, we
can rewrite the rst order condition as:

L _ F U

g U 1q

it _ 1 |
=0=) == __p=0 2.34

Both % and | are scalars. In the transformed space, we can think about our La-
grange multiplier being scaled by our utility transformation. This points out the
dependence of utility scale on the Lagrangian. Practically, it means that our identi-
cation problem may lead to drifting behavior in the sampler if identifying restric-
tions upon utility are not given.

We assume a cardinal utility framework. Speci cally, we can make the additional
assumption that F(.) is known up to a linear transformation:

F(U) = a+ bU (2.35)

Although we cannot identify the translation and scale parameter, we can impose
restrictions like F(0) = 0and ﬂ?‘—uu) = 1forall U to identify our transformation.

The restriction F(0) = 0 (i.e. a = 0) is achieved through the untestable condi-
tion of weak complementarity (Maler, 1974), in which consumers receive no utility
from a non-essential good's attributes if they do not consume it. In other words,
we impose U;(0) = 0 for all inside goods j = 1,...,Jand U,(0) = O for the outside
good. C. R. Bhat (2008) also makes this assumption and explains that it essentially
represents a cardinal normalization restriction on utilities, and since a cardinal re-
striction on preferences must be eventually used for welfare measurement, using
weak complementarity makes sense here.

The restriction F{U) = 1 is achieved by rewriting 1}7—5 Letthen+ 1,n+ 2,....Jh
inside goods, and the outside good z being consumed for a given purchase occasion.
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Then we have:

|Og Jijjt + |og 711 = Iog(l )+ |()g(pj) if ] s.t. qj >0 (2- )
Iog 171” + |og — < IOg(l ) |Og(pj) if ] S.t. g = 0 (2-3;)

which implies, assuming that the rst good is always consumed without loss of
generality, and after differencing:

Ui(a; U;
og 1o)UY 0y eg(p ifistg >0 (2.39)
Ui (g U;
og W) oy Wi ) og(pyifistg=0  (239)
forall j = 2,...,J Fixing the scaling of the log-marginal utility for one of the

goods allows us to removes the non-identi cation associated with log 1}7—5 . This
is achieved in the simulation exercises below by using a known functional form for
the inside goods, and setting the baseline utility parameter for one of the goods
to 1 without loss of generality. A parametric utility for inside goods is necessary
when the number of distinct price points and quantity points is small, as it is of-
ten the case in practice. In the theoretical case where the inside goods' preferences
are strongly informed by the data — large number of distinct price points and quan-
tities purchased — then the marginal utility of one of the inside goods must be set
by the analyst. The functional form for the sub-utilities are identi ed by variation

in purchase shares for each good, and the contemporaneous variation in purchase
guantities.

2.3.5 Simulation Exercises

We build two simulation studies to recover the latent preferences of an individual
consumer. Inthe rst study, we assume that the analyst knows the correct functional
form of the outside good, and estimates two models: the baseline parametric model,
and the model with Gaussian process prior on the outside good. In the second study,
we assume that the analyst does not know the correct functional form of the outside
good utility function, and estimates two models: the baseline parametric model, and
the model with Gaussian process prior on the outside good. In both studies and both
models, the inside good utility function is assumed to be correctly known: we use
the following sub-utility for each inside good = 1,...,J

y.
n(q) = 5] log(gjq; + 1) (2.40)
i

where Jis the number of inside goods. The parameter g introduces exibility in
the satiation rate (C. R. Bhat, 2005). Following the above-mentioned data generating



52 Chapter 2. Understanding Consumer Expenditure Through Gaussian Process Choice Models

process, we use synthetic data for two inside goods and one outside good. Prices
are uniformly drawn between 0.2 and 5.0, and the price of the outside good is xed
to 1 (numeraire). The total consumer budget is also drawn at each time period from
a uniform distribution between $1.0 and $20. This stochastic budget illustrates the
non-stationarity of the total budget consumers allocates at each purchase occasion.
The data is generated via an interior-point optimizer, suited for large-scale nonlinear
optimization. We consider the case of one consumer with xed preferences in 900
purchase occasions, such that we observe as many vectors of prices and quantities.
The standard deviation of the error term is assumed to be 0.1.

We estimate this model with the no-U-turn sampler (NUTS) variant of Hamil-
tonian Monte Carlo (Hoffman and Gelman, 2014), sampling simultaneously the pa-
rameters from the inside goods' subutility functions, and the latent functions from
the Gaussian process in the outside good's subutility function. The MCMC algo-
rithm is run for 2,000 iterations including 1,000 burn-in iterations, using 10 indepen-
dent chains. We make predictions on the range of the data. The model is able to
recover each subutility function and provides us with 95% credible intervals, which
are constructed from empirical 2.5™ and 97.5" percentiles.

Comparing Parametric and GP Prior With Correct Functional Form

In this study, the sub-utility associated with the outside good is assumed to be

uz(2) = yslog(2) (2.41)

such that the quantity consumed is always strictly positive. Table 2.1 shows the pos-
terior summary of parameters for correctly speci ed parametric prior placed on the
outside good's marginal utility. Table 2.2 shows the posterior summary of param-
eters for Gaussian prior placed on the outside good's marginal utility and second
derivative of utility. Figure 2.1 explains how the parametric prior compares to the
Gaussian process prior on marginal utility for the same simulated observations. Re-
sults are comparable although the Gaussian process model exhibits higher uncer-
tainty in the functional form, since it is being estimated from the data. Table 2.2 and
Figure 2.1 act as a sanity check.

Comparing Parametric and GP Prior With Misspeci ed Functional Form: Slower
Satiation

In this study, the sub-utility associated with the outside good is assumed to be

uz(2) = ys(log(2) + 2) (2.42)

such that the quantity consumed is always strictly positive. However, this time, util-
ity satiates slower, as marginal utility is higher by an additional y3. Table 2.3 shows
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Parameter Mean SD HDI3% HDI97% MCSE MCSE ESS ESS R
(Mean) (SD) (Bulk) (Tail)

Y1 1.000 0.000 1.000 1.000 0.0 0.0 10000.0 10000.0 -
Yo 1.739 0.029 1.685 1.793 0.0 0.0 3590.0 4260.0 1.0
Y3 0.823 0.009 0.807 0.840 0.0 0.0 3522.0 4210.0 1.0
g1 0.975 0.019 0.940 1.011 0.0 0.0 3419.0 3938.0 1.0
g2 0.990 0.020 0.951 1.029 0.0 0.0 4357.0 4564.0 1.0

TABLE 2.1: Posterior Summary of Parameters for correctly speci ed

parametric prior placed on outside good's marginal utility. Two in-

side goods and one outside good are used. y; is correctly set to 1

for identi cation. The ground truth for is[1,1.74,0.81and for g is

[1,1]. Mean: posterior mean; SD: posterior standard deviation; HDI:

high density posterior interval; MCSE: Monte Carlo standard error;

ESS: effective sample sizeR: R-hat statistic.
Parameter Mean SD HDI3% HDI97% MCSE MCSE ESS ESS R
(Mean) (SD) (Bulk) (Tail)

Y1 1.000 0.000 1.000 1.000 0.000 0.000 10000.0 10000.0 -
Y2 1.723 0.040 1.647 1.795 0.001 0.001 2735.0 3518.0 1.00
g1 0.975 0.043 0.893 1.055 0.001 0.000 4160.0 5500.0 1.00
g2 0.978 0.029 0.924 1.033 0.000 0.000 4340.0 6276.0 1.00
intercept  1.688 1.720  -1.145 5,592 0.062 0.058 1094.0 342.0 1.01
slope -0.076 0.066  -0.199 -0.000 0.002 0.001 1628.0 2089.0 1.00
St 4.678 4.510 0.021 12.947 0.108 0.076 1443.0 2719.0 1.00
b 8.473 2.219 4.535 12.374 0.061 0.043 1342.0 2538.0 1.01

TABLE 2.2: Posterior summary of parameters for Gaussian process

prior placed on outside good's marginal utility. Two inside goods and
one outside good are used. The ground truth for

is[1,1.74,0.81and
for g is [1, 1]. y; is correctly set to 1 for identi cation. The intercept

and slope parameters of the Gaussian process correspond to an af ne
functional form for the mean of the Gaussian process. s; is the square
root of the signal variance hyperparameter, and b is the lengthscale
hyperparameter, which are estimated. Mean: posterior mean; SD:

posterior standard deviation; HDI: high density posterior interval;

MCSE: Monte Carlo standard error; ESS: effective sample size;R: R-
hat statistic.

the posterior summary of parameters for misspeci ed parametric prior placed on
the outside good's marginal utility. Table 2.4 shows the posterior summary of pa-
rameters for Gaussian prior placed on the outside good's marginal utility and sec-
ond derivative of utility. Here we observe that the Gaussian process speci cation is
robust to misspeci cation of the functional form of the outside good's utility. Fig-

ure 2.2 shows the inability of the parametric model to correctly t the misspeci ed

marginal utility, as opposed to the Gaussian process prior that is enable to capture
the slower satiation rate.
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(a) Parametric (b) Gaussian process

FIGURE 2.1: Estimated marginal utility of the outside good when the
correctly parametric functional form u,(z) = y log(2) (i.e., u(z) =
y/ z) is imposed (a) and when a Gaussian process prior is used on
the latent utility function (b). The Gaussian process speci cation per-
forms comparatively to the correctly speci ed parametric prior, but
exhibits higher uncertainty due to an estimation more demanding of
the data. Note that the realized utility values are unobserved by the
analyst.

2.4 Application 2: Nonhomothetic Discrete Choice Model with
Household Production

2.4.1 Overcoming Separability with Household Production Theory

Separability and additive preferences are core concepts in consumer theory that sig-
ni cantly impact the modeling of consumer choice behavior. Separability refers to
the idea that the utility derived from consuming a group of goods is independent of
the consumption of other goods. In other words, the consumer's preference for one
set of goods does not in uence their preference for another set. This notion extends
to additive preferences, where the overall utility a consumer derives from consum-
ing all goods is simply the sum of the utilities derived from each good indepen-
dently. This framework simpli es the analysis by allowing economists to consider
each good or group of goods in isolation, without needing to account for complex
interactions between different consumption choices.

However, the assumption of separability poses signi cant challenges when mod-
eling consumer behavior across multiple product categories. Real-world observa-
tions frequently demonstrate that consumers' decisions about one category can be
in uenced by their choices in another, indicating a level of interdependence that
separability cannot capture. For example, the purchase of a high-end coffee maker
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Parameter Mean SD HDI3% HDI97% MCSE MCSE ESS ESS R
(Mean) (SD) (Bulk) (Tail)

Y1 1.000 0.000 1.000 1.000 0.000 0.000 10000.0 10000.0 -
Y2 1.625 0.045 1.544 1.712 0.001 0.001 3603.0 44710 1.0
Y3 9.722 0.235 9.278 10.153 0.004 0.003 3902.0 47410 1.0
do 0.811 0.052 0.717 0.912 0.001 0.001 4409.0 5505.0 1.0
01 0.709 0.029 0.654 0.764 0.000 0.000 5112.0 5551.0 1.0

TABLE 2.3: Posterior summary of parameters for misspeci ed para-

metric prior placed on outside good's marginal utility. Two inside

goods and one outside good are used. y 1 is correctly set to 1 for iden-

ti cation. The ground truth for is [1,1.74,0.81 and for g is [1,1].

Mean: posterior mean; SD: posterior standard deviation; HDI: high

density posterior interval; MCSE: Monte Carlo standard error; ESS:
effective sample size; R: R-hat statistic.

might increase a consumer's preference for premium coffee beans, suggesting a com-
plementarity that separable models overlook. This interdependence between prod-
uct categories means that consumer preferences are, in fact, nonseparable, making it
dif cult to accurately predict consumer behavior using models that rely on the as-
sumption of separability. As a result, the use of separable models can lead to incor-
rect inferences on demand, consumer welfare, and suboptimal marketing strategies.

The Household Production Theory offers a compelling framework to address
these limitations. Originally proposed by Becker (1965), this theory posits that house-
holds derive utility not directly from market goods, but from “commodities” they
produce using these goods as inputs, along with their time — although, for sim-
plicity, we do not consider time as input, in this chapter. The theory provides a
broader perspective on consumer choice, emphasizing the process by which house-
holds combine purchased goods with their labor to produce nal commodities that
directly contribute to utility. This approach has been further elaborated in the liter-
ature, with scholars such as Pollak and Wachter (1975) and Gronau (1977) exploring
its implications for labor supply, time allocation, and the valuation of non-market
activities. By focusing on the production process within the household, this theory
introduces a natural framework for considering the interactions between different
product categories and the nonseparability of preferences in a more nuanced man-
ner.

In this application, we propose a model that, while initially based on separable
preferences, is enhanced by incorporating intermediary goods, thus accommodating
nonseparability in consumer preferences across multiple product categories. Our
approach leverages the Household Production Theory to understand how the con-
sumption of intermediary goods—those used in the production of nal commodities
within the household—can create linkages between seemingly independent product
categories. By integrating these goods into our model, we demonstrate how prefer-
ences for one category of products can in uence preferences for another, overcom-
ing the limitations imposed by the traditional assumption of separability. This novel
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Parameter Mean SD HDI3% HDI97% MCSE MCSE ESS ESS R
(Mean) (SD) (Bulk) (Tail)

Y1 1.000 0.000 1.000 1.000 0.000 0.000 10000.0 10000.0 -
Y2 1.723 0.040 1.646 1798 0.001 0.001 3224.0 5195.0 1.00
g1 0.974 0.044 0.893 1.057 0.001 0.001 3731.0 5013.0 1.00
g2 0.978 0.029 0.924 1.031 0.000 0.000 4505.0 5629.0 1.00
intercept  1.667 1.664  -1.217 5.086 0.047 0.033 1332.0 2332.0 1.01
slope -0.075 0.066  -0.197 -0.000 0.001 0.001 2058.0 2359.0 1.01
St 4.485 4.451 0.013 13.014 0.102 0.072 1351.0 2176.0 1.00
b 8.394 2.302 4.352 12.464 0.069 0.049 1065.0 1627.0 1.01

TABLE 2.4: Posterior summary of parameters for Gaussian process
prior placed on outside good's marginal utility. Two inside goods and
one outside good are used. The ground truth for is [1,1.74,0.81
and for g is [1,1]. y; correctly is set to 1 for identi cation. The
ground truth for the outside good is a utility function of the follow-
ing form: uz(z) = y(log(z) + z). The intercept and slope parameters
of the Gaussian process correspond to an af ne functional form for
the mean of the Gaussian process.s; is the square root of the signal
variance hyperparameter, and b is the lengthscale hyperparameter,
which are estimated. Mean: posterior mean; SD: posterior standard
deviation; HDI: high density posterior interval; MCSE: Monte Carlo
standard error; ESS: effective sample sizejR: R-hat statistic.

contribution not only aligns our model more closely with observed consumer behav-
ior but also offers new insights into the complex interplay between different types
of goods in household production and consumption processes.

We need to better understand how complementarity between different consumer
packaged goods is moderated by expansion in the product category. Take the exam-
ple of burgers and buns, which function as both intermediary and nal goods. When
they combine to form a sandwich, the nal good — demand is expected to rise with
consumer expenditure, highlighting as complex complementarity in uenced by ex-
penditure.

The role of outside good consumption further complicates choice modeling re-
garding budget allocation and price effects. Traditional models, imposing linear util-
ity from outside goods, assume that consumers do not satiate in their outside good
consumption. This unrealistic assumption fails to account for diminishing returns
of utility in consumption — a scenario better captured by nonlinear utility models.
However, even nonlinear utility models make parametric assumptions that cannot
be justied ex ante

In this section, we relax a parametric assumption on the outside good consump-
tion, allowing the detection of more exible income effects. We formulate a struc-
tural model of household production and consumption, using constrained utility
maximization. The consumer problem is to buy the optimal volume of intermediary
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(a) Parametric (b) Gaussian process

FIGURE 2.2: Estimated marginal utility of the outside good when
the misspeci ed parametric functional form uz(z) = ylog(z) (i.e.,
ug(z) = y/ zis imposed (a) and when a Gaussian process prior is
used on the latent utility function (b). The ground truth is a marginal
utility function of the following form:  uz(z) = y(log(z) + 2) (i.e.,
ud(z) = y/ z+ y). The Gaussian process speci cation is robust to an
unknown functional form of outside good preference. Note that the
realized utility values are unobserved by the analyst.

goods g and outside good z, and use the intermediary goods to produce a utility-
maximizing nal good to consume.

V(p,E) = rpaa?u(c, z)= Inu(c)+ t In(2)

subject to:

pa+z E
q2Q
c2C(q) (2.43)

where ¢ 2 C(q) is the set of nal goods that consumers are able to produce, p is
the price vector, and E is the budget allotment and the price of the outside good is
assumed to be $1.00 without loss of generality. The production-consumption step
allows us to parameterize U(c,z) and C(q) instead of utility in terms of quantities
purchased.

Consumers always purchase some of the outside good, but purchase exactly one
product from the nal good category. Utility maximization results in a corner solu-
tion; therefore, a linear utility function is appropriate:

ui@= % (2.44)
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Because we are interested in understanding how consumers switch between dif-
ferent nal consumption goods as E increases, we need utility to be nonhomothetic
Consumers obtain higher utility by changing their demand toward a higher-quality
nal good, instead of buying more units of the same lesser-quality nal good.

The utility for the vector of demand of the nal good is de ned implicitly as:

K K

u(e)= a y(o= 4 exp(ax  kei(c,2) o (2.45)
k=1 k=1

where the marginal utility of a nal good is a function of attainable utility u. Allenby

and Rossi (1991) and Allenby, Garratt, and Rossi (2010) use a similar utility model

as it allows for superior good effect and account for expenditure effects by rotating

the indifference curves as utility increases with expenditure.

Our parameterization of utility implies the following utility for purchased goods.
The consumer problem is then rewritten as follows:

max u(c,z) = Inu(c) + t In(2)

S.t. a‘lf_ fkeck+z E (2.46)
k=1
The input-output matrix A considers intermediary goods quantities ay such that
the volume of input | is required to make one unit of nal good k. As an example,
we consider the case whereJ = 2 and K = 3, where intermediary goods are buns
and burgers, and nal goods are bun, burger, and sandwich:

A= (2.47)

In that case, there are three possible nal goods, ¢; (bun), ¢, (burger) and ¢z (sand-
wich). The set C(q) of nal good quantities that can be produced from input vol-
umes g is the set of vector ¢ with nonnegative entries and such that &, ayc, ¢ for
all j.

Under the assumption that consumers do not keep inventories, buying more in-
termediary goods only come at an extra cost; therefore the demand for intermediary
goods be such that:

K
G = & akc = axl(g = 1). (2.48)
k=1
forall j = 1,...,J We derive the full price fy of each nal good k as the dollar

amount that consumers need to pay to produce a unit of that nal good:

3
fie="& awp; (2.49)
=1
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Likelihood speci cation

Adding a multiplicative error to equation (2.45), we obtain the probability of select-
ing nal good k:

Pr(ce= 1) = Pr(ay ka®+ tIn(E f)+ #>a ku+tIn(E f)+ #) (2.50)

forall i suchthat pj E. Assuming type 1 extreme value errors with scale parameter
1(i.e., variance 1’6—2):

exp(ay kU*+tIn(E  fy)

Pr(ce=1) = — 2,51
(4= D= gceon@ KT+ thE f) (250
which we can rewrite, by changing the parametrization to intermediary goods:
exp(ay  k*+tIn(E &L, axp))
Pr(g = ax) = - = = (2.52)
aijélea,-ipj<EeXp(ai kiu'+ t In(E &i-1 8 P;))
Nonparametric speci cation
We relax the functional form on the outside good to
V(p,E) = rpggU(c,Z) = Inu(c) + uz(2)
subject to:
pg+z E
q2Q
c2C(q) (2.53)

where uz(z) is an unknown function of the outside good whose functional form is
estimated from the data. We place a Gaussian process (GP) prior onuy(.):

u(.) GP ( ,K) (2.54)
where we have the mean and covariance function de ned as follows:

(2) = E[u(2)] (2.55)
K(zz29= E (u(2) (2) u@) (&9 (2.56)

Notice our GP looks like a regression model in function-space view (see Ras-
mussen, Williams, et al. (2006), 82.3). We use the squared exponential (SE) covari-
ance function for the kernel:

1
K(zt,20) = sZexp ZTJZ(Zt Z0)? (2.57)
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where b denotes the characteristic length-scale andsf2 is the signal variance, hyper-
parameters of the GP model. The squared exponential covariance function implies
that the covariance is almost unity (when sf = 1) between variables whose corre-
sponding inputs are very close (Rasmussen, Williams, et al., 2006¥ Adding a mul-
tiplicative error to equation (2.45), we obtain the probability of selecting nal good
k:

Pricc= 1) = Pr(ax  kal¥+ U,(E  f)+ %> a kO + U (E f)+#) (258
Assuming type 1 extreme value errors with scale parameter 1 (i.e., variance %2):

exp(ax  KeUX+ u(E  fy))

Pr =1)= — 2.59
(Ck ) éijfi<Eexp(ai kiju' + UZ(E fi)) ( )
which we can rewrite, by changing the parametrization to intermediary goods:
exp(ax  keO¥+ U(E &L, ap)))
Pr(g = ay) = - T (2.60)
aijéf=1aiipj<Eexp(ai kiu'+ uz(E ajzlaji pj))

We derive below the derivative of demand and show that own and cross-price
effects all depend on the marginal utility of the outside good. Hence, misspeci ca-
tion of that marginal utility leads to inconsistent estimation of own- and cross-price
effects. We also show that using intermediary goods enable non-trivial own- and
cross-price effects, even when using an additive utility framework for nal goods.

Derivatives ofé:)emand

Pr(cc=1) _ = (I(k=1Pr(ec=1) Pr(ac=DPr(q=HuAE ) iy
Ty L0 iff,> E
(2.61)
Then, we calculate the derivative of the intermediary demand with respect to
prices. We rst consider the case where the good m and good k are used to make

2t has been shown that the squared exponential covariance function corresponds to a Bayesian lin-
ear regression model with an in nite number of basis function ( ibid), which emphasizes the exibility
of such a function. Another advantage of this covariance function is that it is in nitely differentiable,
which is useful in our context. Finally, we also choose this function for the interpretability of its hyper-
parameters. The characteristics length-scale parameterb controls the amount of information that the
Gaussian process will borrow around the test input point that needs to be evaluated. A large b means
that more information is borrowed, which will smooth the utility function; conversely, a smaller b will
make the utility function more prone to capture non-linearities in preferences and rationalize them.

The characteristic length-scaleb and the signal variance sf2 are weakly identi ed and their proportion

is more important to the predictive performance than their individual value for the Matérn class of
covariance function (Diggle, Tawn, and Moyeed, 1998; H. Zhang, 2004), to which belongs the squared
exponential covariance function.
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nal good k: We can re-parameterize this derivative:

TPr(g = &) _ & TPr(g = &) Tfw

K
3 2.62
e &, Tfe Tpg (2.62)
K _ 29 4 0n
K qPr(c = 1) Ta =1 akop;
= 2.63
kgl Mo Tpko ( )
K -
o ﬂPr(Ck = 1)
= ——a 2.64
kg—l T gjko ( )
TPr(c = 1) g TPr(c = 1)
= T+ - 2.65
TR kgl ffo 3 (2.65)
k% k
The expected optimal demand for intermediary good j is:
K !
E(g)=E a ax& (2.66)
k=1 |
p !
=E a ak& (2.67)
k=1
&
= a akPr(c,= 1) (2.68)
k=1

We can compute the derivatives of expected demand with respect to prices:

TE(q) X Pricc=1) & K Pr(c = 1)
= A —————— + e Ay 0—— ———— 2.69
o ka:.lajkalk it Slk?:.lajka{k o (2.69)
k6 k
& 1,
= kak———U;(E  f)Pr(cc= 1)(1 Pr(c=1
A AAKT 2(E - f)Pr(cc= 1)( (c= 1))
§ & 0 0
+ 3 aga————UNE  fro)Pr(cc = 1)Pr(cd = 1 2.70
A a AT 2(E f)Pr(cc = 1)Pr(g = 1) (2.70)
k6 k
In the case where| = |, the effect is non-obvious, except when ayo = 0 for all

K06 k, that is, without loss of generality, when the intermediary good j is used to
produce exclusively the nal good k and not any other nal good; in that case, de-
mand of j decreases with price of good j. Conversely, it is possible that demand of
j increases with price of good j, provided that the rst element in the sum in (2.70)

is smaller, in absolute terms, than the second element. This case may happen, e.g.,
when the intermediary good | is used to make simultaneously many nal goods;
these competing nal goods becoming relatively more attractive, and that the de-
mand of other intermediary goods becomes so high that it calls for more intermedi-
ary good j by complementarity effect.
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We estimate this model with the no-U-turn sampler (NUTS) variant of Hamil-
tonian Monte Carlo (Hoffman and Gelman, 2014), sampling simultaneously the pa-
rameters from the inside goods' subutility functions, and the latent functions from
the Gaussian process in the outside good's subutility function. The implicit utility
values in the likelihood are obtained using Newton's method at each MCMC itera-
tion (Allenby, Garratt, and Rossi, 2010).

2.4.2 ldenti cation

The outside good utility functional form is identi ed nonparametrically by variation

in purchase shares for each inside good. However, the outside good utility can be
translated by a factor a and rotated by a scale parameter b without changing the
likelihood function, which causes an identi cation issue. Let v,(.) a+ buy(.).
Assuming a type 1 extreme value error distribution with scale s:

(= 2 - exp f(ax kil + vo(E &L axp) -
j = a) = - '
: exp i(a kil + Vi(E &7 ap))

aijéleajipFE

exp é(ak kO + a+ buy(E é’ljJ:lajkpj))

o

— oJ
aijéleaﬁpj<EeXp 1(a kU + a+ bu(E &i-,8ip)+ b)
2.72)
B exp d(ax ke + u(E éi]:lajkpj)) 273

8ijal ap<e®™P D@ KT+ u(E &L ap))

where s%= s/ b. In theory, ais identi ed by setting the scale parameter of the error
term to 1, but in practice, in our experiments, ais not always well identi ed by the
data only. As a consequence,aand b need to be xed by the analyst. A convenient
way to x these values is to set the slope and the intercept by conditioning on two
observations in the prior distribution evaluated at set, assumed known utility values,
without loss of generality. The joint distribution of the training vector of utility and
the vector of utility at z is:

# " # " #!
uz(z) N (2) K(z,z) K(z,z)

: (2.74)
uz(z ) (z) K(z,z) K(z,z)

Let z be the training data that is being observed. We condition on two observations
z by conditioning the joint Gaussian prior distributions on the observations to give:

U(z) ju(z) N KO (2.75)

where

= (z2)+ K(z ,.2)K(z ,z) Yuz) (z)) (2.76)
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and
K= K(z,z) K(z ,2)K(z ,z) *K(z,z) (2.77)

2.4.3 Simulation Exercises

We build four simulation studies to recover the latent preferences of an individual
consumer. In the rst study, we assume that the analyst knows the correct functional
form of the outside good, and estimates two models: the baseline parametric model,
and the model with Gaussian process prior on the outside good. In the subsequent
studies, we assume that the analyst does not know the correct functional form of
the outside good utility function, and estimates two models: the baseline parametric
model, and the model with Gaussian process prior on the outside good.

Following the above-mentioned data generating process, we use synthetic data
for three nal goods (e.g., burgers, buns, and sandwiches) Prices are uniformly
drawn between 1.0 and 5.0, and the price of the outside good is xed to 1 (nu-
meraire). The total consumer budget is also drawn at each time period from a uni-
form distribution between $1.0 and $5, but correcting ex posto make sure that each
allocation is feasible, i.e., at least one inside good is purchased. We consider the case
of one consumer with xed preferences in 900 training purchase occasions, such that
we observe as many vectors of prices and quantities. We also set aside 100 testing
purchase occasions to understand how each speci cation generalizes. The scale of
the Type 1 extreme value error term is assumed to be small (0.1).

We estimate this model with the no-U-turn sampler (NUTS) variant of Hamil-
tonian Monte Carlo (Hoffman and Gelman, 2014), sampling simultaneously the pa-
rameters from the inside goods' subutility functions, and the latent functions from
the Gaussian process in the outside good's subutility function. The MCMC algo-
rithm is run for 1,100 iterations including 1,000 burn-in iterations, using 24 indepen-
dent chains. We make predictions on the range of the data. The model is able to
recover each subutility function and provides us with 95% credible intervals, which
are constructed from empirical 2.5" and 97.5" percentiles.

Figure 2.3 acts as a sanity check and shows that the Gaussian process model is on
par with the correctly speci ed parametric model, especially where the observations
are more dense. We note that when the data gets scare (around 15 units), the Gaus-
sian process becomes more unstable and tends to deviate from the ground truth (in
blue and green).

In a second study, we use a more exotic functional form of outside good utility
u(z) = sin(0.7z) + 0.7z which plateaus at speci c regions of the space (Figure 2.4).
We observe that the misspeci ed parametric prior struggles to capture the nonlinear
rate of satiation, as opposed to the Gaussian process prior. It's important to realize
that estimation proceeds from the vector of price, total expenditure, and quantities
(zero or one) from the nal goods. The data requirements are minimal to estimate
each model. The nonlinear rate of satiation is estimated from the sudden variations
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(a) Parametric (b) Gaussian process

FIGURE 2.3: Estimated utility of the outside good when the correct
parametric functional form is imposed (a) and when a Gaussian pro-
cess prior is used on the latent utility function (b). The ground truth

is a utility function of the power form:  u,(z) = z°7. Note that the
realized utility values are unobserved by the analyst. The hyperpa-
rameters of the Gaussian process are manually set and not estimated,
for simplicity and as it signi cantly reduces the computational bur-

den.

in probabilities of chosen goods when expenditure increases, characterized by dif-
ferent empirical choice distributions with increased expenditure.

In a third study, we use an outside good functional form u(z) = 3 exp(2
0.7z), which displays less satiation at rst, and more aggressive satiation after a
threshold is reached (Figure 2.5). Once more, the parametric functional form strug-
gles to t the change in satiation rate and compromises across the two rates. On
the other hand, the Gaussian process prior is able to t this “threshold-induced”
preference on the outside good.

In a fourth study, we use an outside good functional form u(z) = 0.7z, which dis-
plays no satiation (Figure 2.6). Once more, the parametric functional form struggles
to tthe change in satiation rate and compromises across the two rates. On the other
hand, the Gaussian process prior is able to t this “threshold-induced” preference on
the outside good.

Table 2.7, Table 2.10 and Table 2.13 show how each model (parametric baseline
and Gaussian process prior model) generalize on test observations. We use the pos-
terior predictive modal values to generate predictions for each nal good (0,1,2). The
hit probabilities are higher for each Gaussian process speci cation, and the negative
log predictive densities are also lower, suggesting that the GP-based models t the
data better.
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