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Chapter 1
Introduction

As the concept of precision medicine spreads, there is a growing need for developing better
algorithms that a) are sample e cient (i.e., require fewer samples to achieve the same accuracy
level), b) think beyond association (to identify tltausatiorhidden in the data), and c) provide
insights to medical practice. In this dissertation, we investigate various problems in precision
medicine, the topics ranging frorapioid use disordé©UD) and cancer treatment, gckle cell
diseas¢SCD). We leverage tools from stochastic learning, causal inference, and machine learning,
with the objective of reducing healthcare expenditure and improving the quality of care.

One of the US's most recent health crises is the opioid overdose epidemic, and the resource
that we have to reverse is epidemic is limited. While various OUD treatments have shown to be
e ective on a population level, individual patients react di erently to these treatments. Wearable
devices, on the other hand, can potentially revolutionize treatments for OUD by measuring patient
responses to di erent treatment regimens in real-time, enabling the development of personalized
treatments. However, before we deploy the use of wearable devices in OUD treatments, we rst
need to understand the practicality and the cost-e ectiveness of such devices. Thus motivated,
in Chapter 2, we evaluate the use of wearable devices in OUD treatments when the budget is
limited. In particular, we consider a variety of wearable devices with di erent features, sensitivities,
and costs, and model our problem using a nite-horizon, non-stationapnstrained partially
observable Markov decision pro¢€S¥OMDP). To facilitate the solution of our model, we provide
a novel budget reformulation that nds all optimal solutions lying on the original formulation's
solution's convex hull. Next, we show our reformulation can be solved using a binary search in
conjunction with an exact POMDP algorithm. We apply those elements, using extracted transition
matrices and rewards from past literature, to perform a numerical study to investigate the value
of incorporating di erent wearables in treatments for OUD under scenarios described by di erent
levels of budget, wearable precision, and patigetatment adherend¢@A). We nd that wearables
can be valuable at moderate budgets for patients with low or modefiatethis bene t increases
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as the wearable accuracy increases. Outside of these settings, either the marginal bene t of
wearables is negligible relative to their cost, or their use increases the patients' risk of overdose to
an unacceptable degree.

Chapters 3 and 4 both relate to cancer research. One of the fundamental goals in cancer research
is to identify the genetic mutations that cacausecancer. If such mutations were identi ed, then
targeted drugs can be produced to block the e ect of these mutations and hence curing cancer. Since
editing human genome is clinically unsafe at the currently stage, to derive such causal relations,
we can only usebservationatlata collected from a patient population of interest. Motivated by the
fact that the majority of patients only have a subset of genes sequehdehapter 3, we consider
the bene t of incorporating a largeconfoundeabservational datasetdnfounder unobserved
alongside a smalleconfoundedbservational datasetonfounder revealgdhen estimating the
average treatment e e¢ATE). Our theoretical results show that the inclusion of confounded data
can signi cantly reduce the quantity of deconfounded data required to estimate the ATE to within
a desired accuracy level. Moreover, in some cases say, genetics we could imagine retrospectively
selecting samples to deconfound. We demonstrate that by actively selecting these samples based
upon the (already observed) treatment and outcome, we can reduce our data dependence further.
Our theoretical results establish that the worst-case relative performance of our approach (vs.
random selection) is bounded while our best-case gains are unbounded. We perform extensive
synthetic experiments to validate our theoretical results. Finally, we demonstrate the practical
bene ts of selective deconfounding using a large real-world dataset related to genetic mutation in
cancer.

Chapter 4 focuses on liquid biopsies simple blood tests that can be used for accurate early
stage cancer detection. In particular, we study a set of problems that occur in the development
of liquid biopsies via the lens ddctive sequential hypothesis testfAGHT). In the problem of
ASHT, a learner seeks to identify theue hypothesis from among a known set of hypotheses. The
learner is given a set of actions and knows the random distribution of the outcome of any action
under any true hypothesis. Given a target error 0, the goal is to sequentially select the fewest
number of actions so as to identify the true hypothesis with probability at ledst . Motivated by
applications in which the number of hypotheses or actions is massive (e.g., genomics-based cancer
detection), we propose e cient (greedy, in fact) algorithms and provide the rst approximation
guarantees for ASHT, under two types of adaptivity. Both of our guarantees are independent of
the number of actions and logarithmic in the number of hypotheses. We numerically evaluate
the performance of our algorithms using both synthetic and real-world DNA mutation data,
demonstrating that our algorithms outperform previously proposed heuristic policies by large

10ften this subset is the same across the patient population because doctors will only order a gene to be sequenced
if there are known treatments for that gene.



margins.

Finally, Chapter 5 is an empirical chapter, where we focus on solving real-world problems
where we collaborate with physicians. This chapter is motivated by improving the gap between
machine learning research in healthcare and what has been implemented in practice. In particular,
we collaborated closely with Dr. Patel and Dr. Novelli from University of Pittsburgh Medical Center
in predicting the 30-day readmission risk for patients with sickle cell disease. Reducing preventable
hospital readmissions in SCD could potentially improve outcomes and decrease healthcare costs.
In a retrospective study of electronic health records, we hypothesizethine learningML)
algorithms may outperform standard readmission scoring systems (LACE and HOSPITAL indices).
Participants (n=446) included patients with SCD with at least one unplanned inpatient encounter
between January 1, 2013, and November 1, 2018. Patients were randomly partitioned into training
and testing groups. Unplanned hospital admissions (n=3299) were strati ed to training and testing
samples. Potential predictors (n=486), measured from the last unplanned inpatient discharge to
the current unplanned inpatient visit, were obtained via both data-driven methods and clinical
knowledge. Three standard ML algorithnmisgistic regressigiiLR),support vector machif&VM),
andrandom fores{RF) were applied. Prediction performance was assessed using the C-statistic,
sensitivity, and speci city. In this dataset, ML algorithms outperformed LACE (C-statistic 0.6,
95%CI 0.57-0.64) and HOSPITAL (C-statistic 0.69, 95%CI 0.66-0.72), with the RF (C-statistic 0.77,
95%CI 0.73-0.79) and LR (C-statistic 0.77, 95%CI 0.73-0.8) performing the best. We reported the
most important predictors in our best models, and derive clinical insights.

1.1 Review of Classical Results in Concentration Inequali-
ties for Subgaussian Random Variables

We rst state some classic results that we will use frequently in Chapters 3 and 4. We will consider
the commonly used subgaussian distributions (Vershynin 2018). Loosely speaking, a random
variable is subgaussian if its tail vanishes at a rate faster than some Gaussian distributions.

De nition 1 (subgaussian norm)LetX be a random variable, its subgaussian norm is de ned as
AXfi, ;= infA t : E[eXY] w2'. MoreoveiX is called subgaussianfi, < @.

Many commonly used distributions satisfy this assumption, e.g., Bernoulli, uniform, and
Gaussian distributions etc. We introduce a standard concentration bound for subgaussian random
variables.

Theorem 1 (Hoe ding Inequality Vershynin 2018)Let Xy; :::; % be independent subgaussian
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random variables. Then for ang O, it holds that

5 " . )2
* . x__ < .
PL§ Xi*E Ex.gx MWZexpo 3 inzlmiﬁzzl.
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1.1.1 Special Case: Bounded Random Variables

In addition to being subgaussian, if the random variable is bounded, then a stronger version of
Theorem 1 can be stated as follows:

Lemma 1 (Hoe ding's Lemma) Let X be any real-valued random variable with expected value

E[X] = 0, such tha wX whb almost surely. Then, for allER, E[exp. X /] wexp Z'bgalz :

Theorem 2 (Hoe ding's inequality for general bounded r.v.s)etXy; :::; X, be independent ran-
dom variables such tha¢ E [m;; M];Ai. Then, fot > 0, we haveP § NXi* E[Xi]/§xt W

2t2
3 i’\il-Mi*mi/Z ’
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Chapter 2

Personalized Treatment for Opioid Use
Disorder

2.1 Introduction

The national opioid use disorder crisis in the United States leads to thousands of death annu-
ally (Skolnick 2018), a ecting populations from all demographics. Since repeated opioid use can
alter how we perceive motivation and reward long-term (Humphreys et al. 2017), making a full
recovery from OUD is di cult and typically costly. In the United Statesedication assisted treat-
ment(MAT) the standard treatment for OUD includes the use of medications in combination
with counseling and behavioral therapies. E ective treatment is made di cult by the fact that
patients react to medications for OUD di erently, for example, due to genetic variations (Crist
et al. 2013), cultural or ethnic di erences (Campbell and Edwards 2012), and stress (Sinha 2008).
As a result, the treatment retention rate among patients with OUD remains low while the death
rate remains high: studies have shown that the 2-month retention rate among patients with OUD
is 57% with few staying enrolled beyond 3 months (Skolnick 2018), and the 30-year (after the
initialization of the rst treatments) death rate is 47% (Grella and Lovinger 2011). Thus, there is a
need to develop better, personalized, treatment for OUD.

One key step in developing personalized treatment for OUD is to measure patients' treatment
responses. While most outpatient programs estimate the e ectiveness of a treatment through
relapse rate (via urine testsgpcological momentary assessn{EMA) studies in which patients
respond to daily surveys nd that addressing craving episodé®fore relapsean likely help
prevent actual relapse (Serre et al. (2012, 2015), Epstein et al. (2009)). However, EMA is not reliable
in detecting cravings because it is subject to response bias: for example, adolescents tend to
provide random information (McLellan et al. 1992), and patients ashamed about cravings may
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provide falsi ed information (Kleber et al. 2006).

In this work, we provide a framework to investigate the bene t of incorporating wearable
devices in treatments for OUD, where wearable devices are de ned as smart electronic devices that
can be worn on wrists to collect data. There is an emerging trend of integrating wearable devices
in medical treatments (Cheol Jeong et al. 2018), and pilot studies demonstrate that wearables can
be useful in treating Parkinson's disease (Suzuki et al. 2017), post-discharge monitoring of ICU
patients (Kroll et al. 2017), and detecting early-stage Alzheimer's disease (Varatharajan et al. 2019).
Moreover, Fatseas et al. (2011, 2015) show that relapses and strong cravings could potentially be
captured by the sensors contained inside the wearables. As a result, many start-ups (Valant et al.
2018, Linder 2019) are integrating wearables into treatments for OUD, and there is thus an urgent
need to develop tools for assessing the value of wearable devices in those treatments. Throughout
this work, we assume there exists an algorithm that detects patient health states in real-time,
possibly with some uncertainty, using the features captured by wearables.

However, the potential advantage of wearables is constrained by the limited national budget
to ght this epidemic (NIDA 2020). Speci cally, it is unclear whether reducing the amount of
money spent on MAT in favor of buying wearables is cost-e ective. Complicating this problem,
there is a variety of wearables with di erent prices, sensors, and accuracies available. In this
work, we provide a framework to assess the cost-bene t trade-o of di erent wearables from the
perspective of the healthcare system, to help determine whether and which wearables should be
invested in by treatment programs for OUD.

Our contributions in this research are threefold. First, we provide a framework for understand-
ing the values of di erent wearable devices in OUD treatments under budget constraints. Since
patient health states are not always fully observable, we formulate a budget-constrained, discrete-
time, nite-horizon, non-stationary partially observable Markov decision process. We consider
three classes of MAT treatments in addition to counseling only and no treatment, incorporating
di erent transition matrices to model cases in which we have no wearables, have wearables that
provide di erent levels of information accuracy on patient health states, or have wearables that
provide perfect information, i.e., a full information MDP benchmark model.

Second, we provide a novel budget reformulation for our CPOMDP that could potentially be
applied to other CPOMDP models. To our knowledge, only two works have proposed methods to
solve nite-horizon CPOMDPs (Cevik et al. 2018, Undurti and How 2010). However, the former
has no feasibility guarantees, and neither have optimality guarantees. In contrast, our budget
reformulation nds all optimal solutions lying on the convex hull of the original formulation’'s
solutions. Moreover, our reformulation can be solved using a binary search in conjunction with
an exact POMDP algorithm. (Similarly, in the case of CMDP, our formulation can be solved using
a binary search in conjunction with an exact MDP algorithm.) We show that our reformulation

6



not only guarantees the feasibility of our solution, but also optimality when randomized policies
are allowed.

Third, we conduct a numerical study from the perspective of the healthcare system to provide
insights that could potentially guide future eld studies. Incorporating di erent device costs
and accuracies, our objective is to maximize the total lifetime discourgedlity-adjusted life
days(QALDSs) of patients subject to the budget constraint. We discover that the health bene t of
incorporating wearables could be signi cant when the budget is not very generous, because if
the budget is very generous, we can a ord the most expensive (and e ective) treatment in every
period, and the marginal bene t of wearables is negligible. Furthermore, assuming that wearables
do not a ect patient treatment adherence levels, di erent patient types obtain di erent levels
of bene t from wearables: patients with the highest treatment adherence bene t the least from
wearable devices at all budget levels, and patients with loWwAs bene t the most when the
budget is relatively low.

The paper is organized as follows. After a literature review in Y 2.2, we formulate our model
inY 2.4. In Y 2.5 we introduce our budget reformulation, review an exact solution method for
solving unconstrained POMDPs, and provide algorithms to solve our reformulation. In addition,
we develop and introduce a heuristic algorithm to speed up the solving time of our reformulation,
and provide a worst case error bound in Y 2.15. In Y 2.6 we compare wearables with various
features and accuracies, and discuss our numerical results. We conclude in Y 2.7. A notation table
is included in Y 2.3.

2.2 Literature Review

OUD Treatments In addition to the reasons listed in the introduction (genetics, cultural
and ethnic di erences, and stress), the e ectiveness of a treatment for OUD can be in uenced
by comorbid medical conditions (Luo and Levin 2017), age (McLellan et al. 1994), co-occurring
mental health disorders (Morse and Bride 2017), education levels, psychiatric functioning, marital
separation or social functioning (Sayre et al. 2002), treatment enroliment duration (Eastwood et al.
2017), and multi-drug usage (Williamson et al. 2006). The breath of these features highlights the
potential of personalized treatments.

Many tools have been investigated to try to reverse the opioid epidemic. These include
strengthening the regulations for opioid prescription (Kolodny and Frieden 2017), predicting
opioid overdose via machine learning (Lo-Ciganic et al. 2019), and increasing the accessibility
of OUD treatments (Marshall et al. 2015). However, none address e cient treatments. Several
studies established that some treatment for OUD is more cost-e ective than no treatment, due to
reduced hospital visits (e.g. Baser et al. (2011)), using either statistical tools or simulation models.
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None explored the use of personalized treatment.

MDP and POMDP in Personalized Treatment A few works in the Operations Research/-
Management Science literature have considered budget constraints in treatment decision models.
Ayvaci et al. (2012) and Cevik et al. (2018) used nite horizon MDP and POMDP respectively to
model the optimal breast cancer screening policy under budget constraints. Chen et al. (2018)
formulated a nite horizon POMDP to model optimal liver cancer screening policies for patients
with hepatitis C infection under the constraint that the policies can change at most a given num-
ber of times, and conducted numerical experiments using a MDP. All three papers reformulated
their problems intomixed integer linear progranfs1ILPs). Ayvaci et al. (2012) showed that the
optimal patient health outcome is strictly concave with respect to budget if randomized policies
were allowed; to enforce a deterministic optimal solution, they must add integrality constraints in
their MILP model. Since the space of reachable belief states in a POMDP model is in nite, the
reformulation proposed by Cevik et al. (2018) is computationally intractable. As a result, they
discretized their belief space and obtained an approximate solution. Chen et al. (2018) showed
that the marginal bene t of surveillance is higher in patient populations with faster disease
progressions. Furthermore, as patients' risk of developing cancer diminishes and their health
outcome improves, the frequency of surveillance should not increase.

Additional studies have used either an MDP or a POMDP to model clinical decisions, with the
majority focusing on maximizingjuality-adjusted life year&@ALYs). Zhang et al. (2012) studied
optimal prostate biopsy referral decisions using a in nite-horizon, non-stationary POMDP. Ayer
et al. (2012, 2015) and Alagoz et al. (2013) studied the optimal clinical decisions related to breast
cancer using nite-horizon POMDPs, and MDPs respectively. Erenay et al. (2014) and Suen et al.
(2017) studied optimal colonoscopy screening and optimal drug sensitivity test in tuberculosis
treatment, respectively, using nite-horizon, non-stationary POMDPs.

CPOMDPs inthe Computer Science Literature  Incorporating a cost constraint directly into a
POMDP yields a model thatis computational intractable. Two lines of work in the computer science
literature address this problem in the setting of in nite horizon CPOMDPs and nite horizon
CPOMDPs, respectively, with the majority focusing on the former. Both directions heavily rely on
reformulating the problem into either an MILP orlanear progran{LP). Within the in nite horizon
setting, Isom et al. (2008) modi ed the pruning step in an exact algorithm for solving unconstrained
POMDPs to incorporate the constraint. Kim et al. (2011) proposed a heuristic thapaseisbased
value iterationin conjunction with an LP. Poupart et al. (2015) converted the problem into an LP
and considered only a subset of belief states. To ensure optimality, they proposed an iterative
algorithm to enlarge the subset of the belief states. However, this method cannot be adopted into
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the nite-horizon setting. Lee et al. (2018) assumed unknown transition matrices and proposed
to solve an unconstrained POMDP while optimizing its LP-induced parameters that control the
trade-o between rewards and costs. None of the methods above have feasibility guarantees,
and the majority do not guarantee that the nal solution can be made su ciently close to the
optimal solution. In the nite horizon setting, Undurti and How (2010) proposed an algorithm
that combines an o ine nite lookahead and an online branch-and-bound algorithm to ensure
the feasibility of the solution, however without optimality guarantees. Furthermore, to calculate
the expected reward and cost, all methods mentioned above must either solve a system of linear
programs or conduct simulations.

In contrast, our nite-horizon budget reformulation guarantees the feasibility of the nal
solution and admits optimal solutions when randomized policies are allowed; when deterministic
solutions must be enforced, our reformulation might nd a sub-optimal solution. In addition, we
show that our reformulation can be solved using a binary search in conjunction with an exact
POMDP (or MDP) algorithm.

2.3 Notation Table

Notation Description

TA treatment adherence

MAT medication assisted treatment

EMA ecological momentary assessment

QALD quality-adjusted life days

QALY quality-adjusted life years

M methadonenaintenance treatments with counseling

B buprenorphinenaintenance treatments with counseling

NT; IN; CO no treatment; implant naltrexone with counseling; counseling only
Re, Dx, OD, Dt  states of replase, detoxi cation, overdose, and death respectively
NC, C1, C2 states of no craving, low craving, and high craving intensity, respectively
Abs absorbing state

ATD average treatment dynamics

PTD personalized treatment dynamics

uT urine test

N number of treatment periods

S the set of all information states

A the set of all actions



=

F.

t

Ata;o
A2

Ay

.l &; Q. S/
t

Xs; NCs; &;
&, 00k, o
W

AT .
To aEA

the set of all observations

transition probability under actiora at timet

transition probability matrix under actiora at time't

observation probability; matrix containingv.o & ; &

sensitivity ; 1* sensitivity

speci city ; 1* speci city

belief state; the set of all belief states

health reward and cost at stateunder actiona at timet, respectively
immediate reward at state under actiona at timet

amount of budget allocated for the rest of horizon in month

optimal expected value of the objective function at timh@nder belief ¢
probability of observingo..; after taking actiona at belief state ¢

set of all feasible policies

optimal treatment policy under budget; (in System (1))

initial belief state

expected health and cost under beligfand policy , respectively
tunable parameter that takes values between 0 and 1

expected reward under policy, belief {, and

optimal policy in System (2)

optimal in System (2)

optimal solution set to the unconstrained POMDP in System (2) under
solution with the lowest expected health in=

optimal value in System (2) under budget

optimal policy with the lowest expected health undefin Equation (2.9)
obtained by connecting the end points of the step functidahb". i/
point-wise smallest concave function whose hypograph contains thek.of/
vector containing the expected reward at each stgte

minimal representation of the -vector set for actiors;, observation .,
minimal representation of ; g A*°

minimal representation of _ gz, A&

scaled expected reward at stegegiven .5 after takinga; and observingy.;
the vector containing the expected cost at each state

probability of transitioning to Dx, NC, C2 from statg respectively
probability of transitioning to Re, OD, Dt from statg respectively
probability of withdrawing

transition matrices for ATD

10



AT aea transition matrices for PTD

2.4 Constrained Partially Observable Markov Decision Pro-
cess

In this section we describe our CPOMDP model, where a CPOMDP is de ned as a POMDP with
two additional components (Isom et al. 2008): 1) a cost incurred in each state for executing an
action, and 2) an upper bound on the cumulative cost. We consider three di erent cases: (1)
without any wearables; (2) with wearable devices that can detect cravings with various levels of
accuracy; and (3) with wearable devices that can capture craving episodes with perfect accuracy.
For each case, the objective of our model is to maximize the QALDs for an individual patient
subject to a prede ned budget constraint for the patient (which would be a fraction of the overall
budget).

Time Horizon LetN denote the number of treatment periods. Although our model can be
solved for longer horizons, to keep our model parsimonious, we use a one-year horizon to
mimic the federal budget allocation for treating OUD. We further discretize the horizon into
twelve months N = 12 the recommended change in treatments by the American Psychiatric
Association (Kleber et al. 2006) is less than once per month. Within each month, a patient can
transition between di erent states. Because the natural granularity of the clinical data makes daily
treatment transition parameters easier to de ne and estimate than monthly ones, our transition
probabilities and immediate rewards are de ned in days.

Actions  According to the American Society of Addiction Medicine (ASAM 2016), methadone,
buprenorphine, and naltrexone are three standard medical treatments for OUD; these treatments
are typically provided along with counseling and other support. Therefore, at the beginning of
each month, a care provider can decide which one of the following ve actions to taketreatment

(NT), methadone maintenance treatment with counséhfjgbuprenorphine maintenance treatment
with counselingB), implant naltrexone with counselir{tiN), or counseling onlyCO). Because
treatmentsM andB include prescribing medicine on a daily basis, their treatment outcomes are
positively correlated with patient treatment adherence levels. Treatm&htequires only monthly
implant procedures, and thus it works the same for @A groups. Several treatment constraints
mentioned by Kleber et al. (2006) are not implemented in our model but can be added easily: for
example, treatmenB is not suitable for patients with liver disease.
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States The information states$) in our models correspond to patient health states. We do
not de ne the state recovery in our model because OUD is unlikely to be cured within one year:
from our conversion with practitioners, a patient faces the risk of relapse even after 10 years of
abstinence. We assume that if a patient starts to use drugs aga&iapse$¢Re in the program,

we will allow him or her to stay in the program. If a patient relapses, he or she can either go
through adetoxi cation (Dx) program to stop using drugs or stop on his or her own (Zarkin

et al. 2005). Because our optimization problem terminates once a patient withdraws from the
program, we create aabsorbing statfAbs) representing that the patient has either withdrawn
from the program or died. In any given in-treatment day, (i.e., a day outside of sta&eBbx, or

Abs)) a patient can experience eithao craving(NC) for drugs the entire day or some craving at
certain points of the day; clinical papers have found that not all cravings lead to relapse (Marsden
et al. 2014, Serre et al. 2018). Based on conversations with practitioners, we dewnecaaving
intensity statgC1) and ahigh craving intensity statéC2); the patient is more likely to relapse

in stateC2than in C1, and in stateC1than in NC. Any renewed opioid usage after a period of
abstinence carries an increased riskaMerdos€OD) requiring medical attention due to loss of
tolerance (Chalana et al. 2016), which can lead@ath(Dt). Thus, the health of a patient falls
into one of the following eight states}Dx; NC; C1;C2 Re OD;Dt; Abs” := S,

Transition Probability Matrices The transition probabilityP .s..&; & is the transition proba-
bility from states E Sto states.; E Sunder actiona EA := ANT ;M;B;IN;CO", wheret indicates

the number of days since the last (known) drug-us€o re ect di erent wearable accuracies in
detecting cravings and estimating individual reactions to treatments, we perturb the observation
and transition matrices governing our POMDP, respectively. We describe how the transition
probabilities were estimated or generated in Y 2.6.2.

Observations and Observation Matrices Leto E O denote the observation at time In our
model, the set of feasible observatio®= ~Dx; NC; C1; C2 Rg OD;Dt; Abs 2, is the same for alll
actions at allt. At every period, we perform urine test to decide whether a patient has relapsed or
not. Since this assumption is potentially more conservative than necessary (as we could reduce the
frequency of urine tests if the wearable is su ciently accurate), we relax this assumption in Y 2.6.4.
We assume that urine tests can accurately detect drug usage within a three-day interval (Lautieri
2019). Letv.0&; a be the probability of making observatiog in states under actiona, and

1To keep the our model Markovian, the transition probability out of the state detoxi cation was modeled as a

geometric distribution as indicated by Table 2.6.
2Note that as we will see in Y 2.6, it is important th&@dis the same agsdfor the consistency of the model

evaluation.
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let W denote the matrix containingv.q &; a/, with columns corresponding to observations and
rows to true states.

Case 1no wearables: When there is no wearable, we only observe eithrexgative urine test resplt
ut*, or apositive resujtut+. Since we do not observe patients' craving states states NC, C1,
and C2 we maintain a uniform belief over these three states if we observe a negative urine
test. However, a positive urine test result does not necessarily indicate that the patient is
in the state relapse because a patient can stop using drugs on his or her own. Thus, a care
provider can partially observe stateeand has no information about statdC, C1, andC2
in this model. Lethgy., Cly., andC2,.. denote the probability of observing a positive urine
test when the patient is in fact in stateC, C1, andC2 respectively. Then,

Dx NC C1 C2 Re OD Dt Abs

Dx Pl 0 0 0 O 0 0 og

NC ¥ 0 .1*ncye/ 3 .1*ngw/ 3 .1*ngw/ 3 ng. O O 09

¢t f 0 1%Clw/ 3 1*Clu/3 1%Clw/3 Ck O O O0g
WoC f0 17C2u/3 17C2/3 1%C2/3 C2& 0 0 0
Re }‘ 0 0 0 0 1 0 O 08

oo f 0 0 0 0 0 1 0 03

ot |0 0 0 0 o o 1 of

as T 0 0 0 0 0O 0 0 19

d e

The calculations ofc,. andCly. are included in Y 2.8. After plugging in our estimated
transition matrices derived from past literaturag,.; Cly+; C2,+ < 0:01since the probability

that a patient recovers from a relapse within 3 days is very small (Zarkin et al. 2005).
Therefore, the stat®eis fully observablén this case.

Case 2wearables with imperfect information: In this case, we assume there exists an algorithm
that takes urine test results and data collected via the wearables as inputs and returns an
estimate of the patient's current health state. However, depending on the accuracy and
dimension of the inputs, the algorithm will have di erent sensitivities and speci cities for
each partially observable state, where teensitivity( ) is the probability of observing
states E Sgiven that the patient is in stats, and thespeci city (ps) is the probability of not
observing states given that the patient is not in stats. To simplify the representation of
W, we parametrizéW as follows, where we put more weights on worse health states:

3There are many equivalent parameterization of this problem.
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o) Dx NC C1 c2 Re OD Dt Abs

Dx Pl 0 0 O 0 0 0 og

NC ¥ O Predc2Pct PrePcaBct Predcz Pre O O 08

ct f O Prdlcznci PréPc2 c1 Prddcz Pre O 0 O g

w = ]E O Prencalcs Prescoc: Precz Pre O O 09
Re ]'z 0 ,RddkcPci ~RdlcPci «Redcz2 re O O 0§

op f O 0 0 0 0O 1 O Og

o b0 0 0 o o0 o 1 0

as O 0 0 0 0 0 0 19

d e

where ,s=1*  andps =1*ps, forsE ~"ReC1C2". Asin the previous cas®eis fully
observed if monthly urine tests are present: we pgt= re=1

Case 3wearables with perfect information: In this case, wearables can correctly detect a patient's
health state. Thus, the observation matrix is the identity matrix, and the model becomes a
Markov decision process.

Belief States The belief state attime, ; =. ;.Dx/; .NC/: ,.C1/ ,.C2/ .Rel .OD/: ..Dt/; .Abs/l E
B, de nes the probabilities that the care provider believes the patient is in before any action is taken.

If the patient is in a fully observable stats, then .5/ = 1and .s/ = 0foralls gs. If a patient is

in one of the partially observable states, i.e., stat§s; C1; C2 andRe the belief vector can be rep-
resented as; = .0; {.NC/; ;.C1/, {.C2/. {.Rel0;0;0/, where {.NC/+ ;.C1l/+ {.C2/+ {.Re/=1

Immediate Rewards In our CPOMDP, the immediate reward is the QALD. In this paper, we
will use the termstreatment outcom&ALDs andhealth gaininterchangeably. To represent the
QALDs, we assign a valub2./ E [0 1], in every period to every action and health state padr, 5.

That is, the immediate reward;.a; 9, that a patient gains at stateunder treatment decisiom at

timet ish2.¢/, fort E ~Q:::; N*1" . We denote the terminal rewarty.a; g, which equals tdy.s/

in our model. Therefore, the belief state immediate health reward under treatraatttimet is

3 & ri.a;9 .9/, and we denote this valubf. /. To avoid an overly myopic optimal policy, we
calculate the expected health gain for the patient under no treatment from day 360 to day 420 and
add it as the terminal reward. We discuss the signi cance and sensitivity of the terminal reward
inY 2.6.4.

4In our model the immediate health rewarti2.s/, is independent of. That is/t; h3.s/ = h3.¢/. We include the
parametert here for generality.
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Costs The expected cost at timeunder treatmenta at states, ¢2.¢/, is always negativé. When

t E~Q:;;N* 17, . includes the cost of detoxi cation if the patient is in the staf@x, the cost

of hospital visits if a patient overdoses (see Y 2.9), and the cost of treatment if the patient is not
in the states Dx and Abs. Note that there is no terminal expected cost under this formulation,
i.e.cd.g = Ofor all statess E Sand actionsa E A, since the cost that will incur next year should

be separated from the cost that will incur this year. Thus, the belief state expected cost under
treatmenta attimet E 2Q::;;N* 1" is3 429 .5/, and we denote this quantitg?. /.

Budget Constraint  The budget constraint is incorporated via an open-loop optimization for-
mulation. Let { > 0 denote the amount of budget that is allocated for the patient for the rest
of the horizon, in montht. In each month, we solve a new optimize problem using the budget

t. To re ect the costs of wearable devices, we deduct the cost of the speci c wearable from the
annual budget before solving the optimization problem.

Optimality Equations  The optimal treatment action sequence maximizes the expected re-
ward gained throughout the planning horizon. The optimal solution can be solved using dy-
namic programming techniques (for example, see Cassandra et al. (1997)," Létdenote

the optimal expected value of the objective function at timender belief ;. LetP.q.1@&; +/

be the probability of making observation.; after taking actiona at belief state {, that is
P.oi@; o/ =3 ¢ psW.01&; a3 (5 1+.8/P.5a&; d. Let 1 be the updated belief given the
old belief {, observatior.;, and actiona. Then, the optimal Bellman's equation for an uncon-
strained POMDP saitis es:

$ , %
VS d=max E r.s;d .8/+ E P.ow@®; Vi t+1/ (2.1)
akEA " ..
SB $ 0[+1EO %
=max E s/ r.§;a+ E E W.0aG;aP.sad&; alVi. vl (2.2)
akEA . .. .
sES 0+1EO s+1ES

We express 41 in terms of known model parameters, that is, the transition probabilRys.1&:; &
and observation probabilityv.0.1&+1; a/:
t41.5+1/ 1= P.S1 = S®g; @; /= quc:’l;il’t/t/ = P'q+f’oi’l;::)jal’ f
_ W03 d8 g5sP.S1=5;8= sa&; ¢/
- P.on@; +/
_ W.0B;d3 P& A (ST
- P-Ot+1al; t/ .

(2.3)

®Similarly, the expected cost?.¢/, in our model is also independent of
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The second to the last equality is because the observatiaa independent of the belief,. Note
that the belief vector in conjunction with the belief update absorb the entire history of the model
and thus achieve the Markovian property (Smallwood and Sondik 1973).

Constrained POMDP Model The goal of the constrained POMDP model is to nd the optimal
treatmentplan, . / E ,thatyields the maximum expected reward through the planning horizon
while satisfying the budget constraint,;, where denotes the set of of all feasible policies. Recall
h?. (/ is the expected health reward of taking treatmeaft timet under the clinicians' belief
about patient's health state;, and letH A denote the expected health under an initial beligfand
policy E inour CPOMDP problem, i.e.,
N*1
H =E_ E hd J+hy.  ; 2.4
0 0 Lt:O t-t N- t M ( )
Unless otherwise mentioned, we X this initial belief, throughout the rest of the paper, and note
thatH is always non-negative. Similarly, & be the expected cost under an initial belief
and the policy in our CPOMDP problem, i.e.
N*1

C =E _E & ¢/ : 2.5
0 Ot:OCt tM ( )

Note thatC  is always non-positive. We formulate the following optimization problem:
System|: . /=argmaxH (2.6)
g
st*C w (2.7)

Constraint (2.7) guarantees that the expected cost of the treatment will be less than or equal to
the budget. Since we model the problem as an open loop problem (we reoptimize the problem
using an updated budget at each time step), it is guaranteed that our nal solution would satisfy
the budget constraint if we could solve the problem using System |I.

Let™ . /° gqg be the set of optimal solutions in System | when we varyfrom 0to @.
LetH 0 «/ denote the expected health under policy. /. Before discussing the tractability of
System |, we rst list some properties that this optimal solution set satis es:

Proposition 1. Properties of the optimal solution set in System I:

1(a) The optimal policy . ./ is not necessarily unique, but the optimal expected Hd%ltht/
is unique for any xed ; and o.

1(b) The optimal expected hedithy. ./ is non-decreasing in.

16



1(c) LetH | denote the unique elements contained in the optimal solutiomset ./
Then, the sétl _ is nite.

E.0@/"

Property 1(a) follows directly from uniqueness of Equation (2.6). Property 1(b) holds because
the current optimal solution remains feasible after budget increase. Property 1(c) holds because
the number of actions we can perform is nite and the initial belief is xed.

The objective function, Equation (2.6), can be solved through exact POMDP algorithms using
Equations (2.1) (2.2). However, with Constraint (2.7), System | is numerically intractable to
solve (Poupart et al. 2015). To address this problem, we provide a novel reformulation of our
CPOMDP problem by incorporating the budget constraint into the objective function in the
next section, and show that our reformulation can be solved using exact POMDP algorithms in
conjunction with a binary search. When randomized policies are allowed, our reformulation solves
the original problem exactly, but when deterministic policies are enforced, our reformulation
might nd a suboptimal solution.

2.5 Analytical Results

In this section we present our reformulation of the CPOMDP problem. The key idea in our budget
reformulation is to integrate the budget constraint into the objective function through a tunable
parameter, and optimize over this parameter. Mathematically, the immediate reward becomes a
convex combination of the expected health and cost in our reformulation. Thus, our immediate
reward at timet under treatmenta at states, r;.a; 9, becomesh 2.s/+.1* /c®.¢/, where E [Q1],

ha.s E[01]andc?.s/ <O, fort E~Q:::;N* 1", and the terminal rewardry.a; 9, becomesh y.9/.

The belief state immediate reward under treatment,.a; /, takes the following form:

n.a, f=E r.a;9 .§= hd& J+.1*% I /,
sES
fort E ~Q:::;;N*1", and the belief state terminal rewardig. n/ = hy. n/. LetV . o / denote
the expected reward function under a policy, initial belief o, and parameter. By the linearity
of expectation, we have the following Lemma (whose proof is included in Y 2.10):

Lemma 2. If the immediate reward and terminal reward of a discrete time nite horizon POMDP
takes the formh 2. /+.1* /2. ./ for every time step, then . o; /can be writtena¥ . o; /=
H +.1* /Co.

The rest of this section is organized as follows: we rst state our CPOMDP reformulation in
Y 2.5.1 and then show the correctness of our reformulation in Y 2.5.2 by comparing the solutions
obtained in System | and our reformulation. We will then revieamcremental pruningne of the
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exact solutions for unconstrained POMDP and show how to use it in conjunction with a binary
search to solve our reformulation in Y 2.5.3.

2.5.1 CPOMDP Reformulation

For a xed initial belief o, our budget reformulation comprises the following optimization system:

Systemll: “=argmax *C :*C w . (2.8)
i < %
S=max :*C_w E[Q]] (2.9)
S=argminH (2.10)
E <
Szargmax H +.1* /C_  ; (2.11)
E

and we denote the optimal policy under budgetin System Il by = /. System Il describes a two-
step optimization problem. First, in Equation (2.11), for a xedve nd the set of optimal policies,
<, that nds the maximum expected reward throughout the planning horizon. In Equation (2.10),

we pick the =that has the smallest expected healfh;. Since the expected cost is negative,
Equation (2.10) is also equivalent to nding the that yields the largest expected cc@t;. Second,
in Equation (2.9), we nd the largest, < such that the absolute expected cost that we nd in
Equation (2.11)’EC0<, is under the budget,;. After nding = we resolve Equation (2.8) and
denote this optimal policy < inside <. with the largest absolute cost such that the cost is under
the budget constraint. Thus, we obtain the optimal solutiof /. The purpose of Equations
(2.10) and (2.8) is to handle the situations whefeand <. contain multiple optimal solutions.
Since all policies inside . have the same objective function valué, . o; 7, maximizing the
expected cost is equivalent to maximizing the expected health in Equation (2.8). In other words,
Equation (2.8) is equivalentargmax <. H :*C w

Let™ = /° oo denote the set of optimal policies in System Il when we vagyfrom Oto &,
and letH 0<. «/ denote the maximum expected health under policy /. LetV . o; / denote the
optimal value of System Il under budget. Let < be the optimal policy with the lowest expected
health under the optimal parameter®as de ned in Equation (2.9), i.e..x = argmin g < H .
Then, similar to Proposition 1, we rst list the properties that the optimal solutions in System Il
satisfy:

Proposition 2. Properties of the solution set in System II:

2(a) The optimal policy = / is not necessarily unique, but the vall:rboé. t; C;. ¢/ are
unique for any xed ;.
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Figure 2.1: Construction of the e ciency frontier of the original formulation's feasible solution
set convex hull

2(b)H 0<, *C :, and the objective functioHl o< +.1* /C 0< are all non-decreasing in Fur-
thermore, as; increases,*is non-decreasing.

2(c)H 0<. ¢/ iIs non-decreasing in.
2(d) If 5> 1andV " ¢ of >V " g A, H o >H

2(e) LetH 0< denote the unique elements contained in the H({t i/ Then, the set

H o< is nite.

(E.Q@/"

Proposition 2 shows that the optimal solution set in System Il satis es the properties of the
optimal solutions in System I. Property 2(a) is directly implied by Equation (2.8). We prove Property
2(b) via construction, and the proof is included in Y 2.11.1. Property 2(c) follows from Property 2(b),
and the proof can be found in Y 2.11.2. Property 2(d) states that under the same initial belief

o, for any budget ; that is su ciently larger than budget ; so as to obtain a strictly higher
objective value, the lowest possible expected health among the set of optimal pol'rbg;és,zl ,
is always greater than the highest expected health that we can obtain under budgldt;. 1.
Property 2(d) is implied directly by Property 2(c) and also the proof of Property 2(b). After showing
the correctness of our reformulation, Property 2(e) follows from Property 1(c) since the solutions
that we nd in System Il is a subset of that in System 1.

Note that our budget reformulation can be applied to any CPOMDP problem with one con-
straint, e.g., theoptimal breast cancer diagnose problem with budget congirapsed in Ayvaci
et al. (2012), or thgquickest change detectiproblem proposed in Isom et al. (2008). In addition, in
Y 2.13 we show that our reformulation can be extended to the case where we have multiple con-
straints. However, the running time of the current solution algorithm might grow exponentially
as the number of constraints increases. Novel algorithms to solve the extended reformulation
could be proposed, however this is beyond the scope of this paper.
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2.5.2 Correctness of Our Reformulation

Proposition 1 suggests that, in SystenH b ¢/ is a non-decreasing step function in. Figure 2.1
(left) shows a plausiblé 0 +/ function, where each solid dot represents a set of optimal solutions
that yield the same maximum expected health and the same expected cost which is under the
budget , and each solid line represents that the optimal solution set stays the same over an
interval of budget values. Note that in System | it is possible that there are multiple solid dots on
each red line segment, i.e., there exists multiple optimal solutions with di erent expected costs
but the same expected health. However, this is not allowed in our reformulation, System Il. This
is because when there are multiple sets of solution with the same expected health but di erent
expected costs, our objective function, Equation (2.11) will always prefer the solution set with the
lowest expected cost.

If we connect the end points of this step functioh, 0 ¢/, then we obtain a piecewise linear,
non-decreasing functior. /. Fig. 2.1 (middle) illustrates the constructionfef ;/ de ned on
[I; u], where each point on the solid line represents a randomize policy thatis a convex combination
of the two nearest optimal solution sets (i.e., the two nearest solid dots). However, depending on
the structure of each individual problem, this functidn ./ is not necessarily concave (as in our
illustrating example, the middle gure in Fig. 2.1). LEt {/ be the point-wise smallest concave
function whose hypograph contains the hypographlef /. Then,F. ./ is the e ciency frontier
of the convex hull of the original formulation's (System I's) feasible solution set. That is, when
randomized policies are allowed, the solutions that lielen,/ are optimal. IfF. {/ is concave,
thenF. /=F. {/, and ifitis not, then when randomized policies are allowed, we will be able to
nd solutions lying on F. / that either dominate or are equal to the solutions lie &n /. Fig. 2.1
(right) illustrates the construction oF. {/, whereF. ./ is denoted with the solid curves. Indeed,
this functionF. / is piecewise linear, concave, and strictly increasing.

Next, in Theorem 3 we show that the our formulation, System I, recovers the convex hull of
the feasible solution set in System I :

Theorem 3 (Correctness of our reformulation)LetF. / be piecewise linear, concave, and strictly
increasing offl; u]® as de ned above, theét | =H “when*C_ lies onF. /. That is, our reformu-
lation, System Il nds all solutions that lie on the e ciency frontier of the convex hull of the solutions
of System |I.

The proof of Theorem 3 can be found in Y 2.12. Theorem 3 implies that System Il recovers
the convex hull of the feasible solution set in our original formulation. That is, when randomized
policies are allowed, our reformulation nds the exact solution to the original problem. However,

6We pickl; u such thatF is*@ on[0; 1/ (i.e., infeasible) and constant ¢a; @/
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when deterministic solutions are enforced, our reformulation will miss any optimal solutions that
lie strictly within the convex hull of solutions. In our illustrating example, when deterministic
policies are enforced, our System Il will nd the optimal policies that correspond;ta; s3; 4,
andu, but it will fail to nd the optimal policy that corresponds to , in Fig 2.1 (right). Note
that Theorem 3 agrees with the ndings in Ayvaci et al. (2012) where they show that when
randomized policies are allowed, the optimal health outcome is strictly concave with respect to the
budget. Although our reformulation provides stronger theoretical guarantees when randomized
policies are allowed, to align our results with past literature on clinical decisions, we consider
only deterministic optimal policies in our experiments.

2.5.3 Solution Method for Our Reformulation

In System I, we can compute Equations (2.8), (2.10), and (2.11) using the exact POMDP algorithm
incremental pruningZhang and Liu 1996, Cassandra et al. 1997). To solve for Equation (2.9), we
observe that the monotonicity of O< and*C 0< with respect to in Property 2(b) implies that the
feasible region of E [Q 1] in Equation (2.9) is continuous, and thus we can solve fousing a
binary search in conjunction with any exact solution method for nite-horizon POMDPSs. Before

we provide a complete algorithm that solves our reformulation, we rst review one of the exact
nite-horizon POMDP solution methods that we will useincremental pruning

Review of Incremental Pruning An Exact POMDP Solution Method Theincremental
pruningalgorithm (Zhang and Liu 1996, Cassandra et al. 1997) can be applied to solve nite-horizon
POMDPs exactly using backward induction; it relies heavily on the following decomposition of
the optimal Bellman's equatio? (Equation (2.2)):

U
: . r.a;s/ - <
VAL = E sl o E woudialPsa®iaVey of 5 (212)
sES §+1ES
VE. /= E V&.0ug o (2.13)
0+1EO
Vt<' t/: I‘QEIAX Vtat. t/: (214)

In Equation (2.12), for a xed belief;, we calculate the expected reward for each xed observation
o1 after we have taken actiom;, and we denote this valug®%**. (/. In Equation (2.13), we then
sum over all possible observations and thus obtsff. /. Lastly, in Equation (2.14), we take the
maximum over the set of all possible actions, selecting the action that yields the highest expected
reward. One can easily verify that the above decomposition is equivalent to Equation (2.2).

To distinguish the belief state expected values from the expected value at each underlying
states E Sat timet, we introduce -vectos, , to represent the vector containing the expected
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reward at each statg. LetVy.s/ be the expected reward of stateat time N. Then,
N = WS LS E (2.15)

Note that since we do not make decisions in peribd  is independent of actions. Thus, the
belief state expected reward becomés. n/ =3 (g5 N-SV/Un-Sv/= N N-

Since the transformations (2.12) (2.14) preserve the piecewise linearity and convexity of the
optimal Bellman's equation with respect to the beligf (Sondik 1971, Smallwood and Sondik
1973, Cassandra et al. 1997), there exists some unique nite parsimonious representations of the
value functionsV®**; Vi*; and V= (Sondik 1971, Zhang and Liu 1996). Bef° denote the set of

-vectos under a xed actiona;, observatiom,; at timet. LetA 2 be the set of -vectos under a
xed action a; at timet summed over the set of all possible observatians E O as described
in Equation (2.13). LeA, be the set of -vectos at timet that includes all actions, EA. We
will provide the formal de nition of those three variables below in Equations (2.20) (2.22). Using
induction, for some -vectorsetsA % A2, andA; we can write

VXt /= max ¢ (2.16)
EA™

V&, /= méggf ¢ (2.17)

VAR mE?f( ¢ (2.18)

Equations (2.16) (2.18) can e ectively reduce the number of vectors that we need to keep track
of in Equations (2.12) (2.14). So the idea of the algorithm is to nd the set-afectos that are
undominated at every belief state in each backward induction step.

Let purge / be theminimal representationf a set by removing the pointwise dominated
vectors, and lefi be the Minkowski sum of two sets Let .1.5+1/ be the expected reward at state
t+1with (11 EAq, 1.€., 141541/ = Vis1.S+1/. Then, we de ne . 1.1 &; Q+1/.S/ to be the scaled
expected reward at statg after taking actiona, and making the observation,, i.e.,

r.a;s/
Dd

+ E W.0u18i;a/P.5a&; &l 1.5/ (2.19)
s+1ES

. 1 &; Qel.8/ =

Thus, the minimal representation of the seAs®% A ,2; A; at time t can be represented by

2°=purge * .;a;0/8 EAw (2.20)
A2=purge N A2° ; (2.21)
H oo., I
A =purge | A2 (2.22)
akA I

XaY="x+y: xEX,;yEY’
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Equation (2.20) corresponds to Equation (2.16), where we calculate the set of scaled expected reward
vectors for all -vectos obtained from the last iteration E A, using Equation (2.19), under

a xed observationo.; and actiona. We then remove all vectors that are pointwise dominated

by another vector inside this set as those vectors will never appear in the optimal solution.
Similarly, Equations (2.21) and (2.22) correspond to Equations (2.17) and (2.18), where we sum
over the set of all observations and combine therectos under di erent actions respectively, and
obtain the set of undominated vectors. Equation (2.21) can be solved e ciently usiaggemental
pruning (Cassandra et al. 1997), and Equations (2.20) and (2.22) can be implemented e ciently
using the algorithmLark PrungWhite 1991). The pseudocode of these two algorithms are provided
inY 2.14).

Algorithm 1 Solving unconstrained POMDP
Solve POMDP ; o

1. Ay C N = BVh.s/iiuN.ssdé oy =0 . each elementirAy is a tuple
2: for tin"N*1;:::0 do . iterate over time backwards
3: for ain A; do . iterate over actions
4 for oin Q41 do . iterate over observations
5 for vin Ay do . iterate over alpha-vector sets obtained from the last iteration
6: uC v[0], C v[1]. initialize u; to be the £'and 29 element ofv, respectively
7 UcC ¢
8 for din[29] do . calculate the expected reward and cost in the next 29 days
9: u==ér.a;s/;inra sfé+P2 u
10: =éd.gf; €.sdE+ P2
11: end for
12: U:add. .u;a;d; .. ;a;olll . calculate alpha-vector using Equations (2.19,2.23)
13: end for
14: A2°C Lark Prunel) . whether.u; /EU will be pruned depends om, i.e., reward
15: end for
16 A2 C Incremental Pruningh &; ::2A ™) . similar to Line 14
17: end for
18: A; C Lark Prune{ ;A . similar to Line 14, and we keep each ef* separate imA;
19: end for
20: EC argmax”, .€[0)/: eEAq . nd all elements inA o with maximum expected reward
21: return E, Eaction . return setE and its associated action sEtaction
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Algorithm 2 Solving System I

Main Solver. ; of

=

N N NN NDNRPRERPR PP P RP P PR
a kr 0w Mk O o 0o N g bk w N R o

0C 0 ;C 1 . keep track of the lower bound and upper bound of the current
Cug C *O0 . keeps track of the expected cost from the last iteration
; CC 1 . initialize the change in and the optimal expected co§l to some numbep
Yo; Yo:actionC Solve POMDP =0; o . check the extreme points
Y1; Yi:actionC Solve POMDP =1; o/
mo C arg max, y[1] . nd the feasible policy with lowest expected cost
my C arg mingy, y[1] . nd the feasible policy with highest expected cost
if 8¢9 .mp[1]/&> { then return problem not feasible
elseif dg .mg[1]/d= { thenreturn mg:action, o .mg[0)/; o .Mg[1)/
celseif 8¢9 .my[1l)/dw ¢ thenreturn mqaction, ¢ .mq[0)/; ¢ .mq[1)/
: end if
:while > or C> do . the loop stopsifboth w and Cw
C .o+ 1/ 2 . calculate current value
Y;YactionC Solve POMDP; o . obtain the set of optimal solutions
m C argmaxe, y[1] . nd the element with the lowest expected health
if 09 m[1]6=  then break loop . we have found the optimal <
elseif 8o m[l]o< (then oC . if feasible, update the lower boung to the current
else ;1 C . update the upper bound; to
end if
C .1* of, CC &yg*.m[1l)] o0 . update the change in andC
Cog C .m[1) o . updateCgyq
: end while
<Y< Y<actionC ;Y:Y.action . we have found <in the above while loop
:m=<C arg min e y[A]: y[A]w . solve Equation (2.8)
: return mSaction, ¢ m[0], o m[1]; < . return optimal action, expected reward, cost, and

24



The Solution to Our Reformulation To compute the expected cost as de ned in System I,
similar to the de nition of ¢, we let ; be a vector denoting the expected cost at each statd
timet. Thus, we have

e t+1 &; Qual.S/ = %a‘l' E W.0+1B+1; &/P.S1&; &/ 141.S41/: (2.23)
§+1ES

Let .u;a;d and .. ;a;o/ betwo -vectos of length®d where thei!" element of .u;a;d and

.. ;a;0l are .u;a;d.s/ and .. ;a;ol.s/, respectively. Algorithm 1 describes the complete
algorithm to solve the unconstrained POMDP problem (Equation (2.11) in System Il) aligning
the transition and reward matrices with our one-month decision period (since the transition and
reward matrices are de ned in days). Note that the inputs of the three pruning steps, in Lines
(14) (18) of Algorithm 1, are sets of tuples with length 2, and whether a tuple will be pruned in
those steps depends on the rst entry of the tuple. That is, the three pruning steps are performed
over the rst entry of each element in the input sets.

In order to solve System II, one slight modi cation to the algorithbark Prunds necessary.

In the original Lark Prunealgorithm, if there are two policies that give the same optimal objective
value, then the tie is broken arbitrarily. However, in our algorithm, we maintain all policies that
produce the same optimal objective value and only discard an optimal policy if it admits the same
expected health and cost with another policy.

Algorithm 1 includes only the necessary variables to demonstrate the solution methods of
System Il. For example, to obtain the expected health directly from the algorithm, one could add
an additional elemenhy towards the end of the tuplé  in Line 1 and update the rest of the
algorithm accordingly. Similarly, we could add variables to keep track of the expected health
coming from the terminal reward. Furthermore, this structure allows us to plug in di erent
transition matricesP2 in Lines (9) (12) when comparing di erent models. We will discuss this in
more detail in our numerical section, Y 2.6.

Algorithm 2 solves our reformulation System Il, where a binary search over tlgpace is
implemented to nd the optimal <value given the budget constraint and an initial belief state.
To obtain randomized policies, one could discretize the space ahd nd the convex hull of
the optimal solution set. The complexity of our algorithm is exponential in the numbers of states
and actions, and polynomial in the parameterin the case where all states are fully observable,
i.e., we have a MDP, Algorithm 2 can be modi ed to incorporate any exact solution methods for
nite-horizon MDPs, and the complexity of our algorithm is polynomial in the numbers of states
and actions, and.

Note that since the costs are always negative, the expected cost at asstate

.8 = E ¢ v ;0
0BGk +1
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IS non-increasing as decreases in Algorithm 1 for all actioamand states. Thus, to reduce the
run-time of our algorithm, in addition to pruning (Lines 14-18), we could remove an element in
the setA; if the expected cost evaluated aj exceeds the budget. While our reformulation can
be solved optimally within a reasonable time window when problem size is comparatively small
(as in our problem), we provide a heuristic algorithm (with a worst-case error bound) in Y 2.15 to
further reduce the run-time.

2.6 Numerical results

In this section, we numerically investigate the bene t of incorporating wearable devices in OUD
treatments using the reformulation and Algorithm 2 presented in Y 2.5. We are collaborating
with a startug?® to test the feasibility of di erent wearables (Fitbit, Garmin, and Empatica E4) in
capturing patients' craving states: thirty patients from Jade Wellness Center in Pennsylvania are
participating in this pilot study. One initial observation is that craving frequencies di er greatly
across patient§ con rming the need to study the bene ts of a personalized treatment strategy.
However, since the data that we have collected thus far is insu cient for accurate parameter
estimation, the majority of the parameters of our CPOMDP model were estimated from past
literature. (We can con rm that these are in the range of the observed pilot data.) For those that
were not available from the literature, we perform extensive sensitivity analysis. Our model is
written in Python and takes an average of 6@%) seconds to run all 7 cases (Case 1, Case 2a, Case
2b, Case 2c, Case 2d, Case 3, and the benchmark case) to completion on a 3.2 GHz Core i7-8700
machine with 64 GB Ram. All cases took on average 14 iterations to terminate.

In Y 2.6.1 we describe the various types of wearable devices. In Y 2.6.2 we describe our
transition matrices and parameter estimation. In Y 2.6.3 we describe our numerical results. We
discuss sensitivity analysis and case extensions in Y 2.6.4. We denote the average transition
probabilities of the entire patient population as tlererage treatment dynami@sTD).

2.6.1 Comparison of Cases

Table 2.2 summarizes all cases that we study. Case 1 contains only monthly urine tests (cost $360
per year), while Cases 2 and 3 additionally study three types of wearables (and two hypotheticals).
The rst type costs $120 (Fitbit); the second type costs $258 (Garmin); the third type costs $1200

8We provided them with a rst set of wearables. This startup subsequently received funding by the NSF to

complete their SBIR Phase | study.
9Also observed in various past literature (Chalana et al. 2016). A more detailed discussion on factors that could

a ect patient treatment response can be foundin Y 2.2 and Y 2.6.2.
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Case Num. Technology Device Cost Device Accuracy Device Life Span

1 uT - - -

2a wearables with UT  $120 0.6 1
2b wearables with UT  $258 0.7 1.5
2C wearables with UT  $500 0.8 2
2d wearables with UT  $800 0.9 2.5
3 wearables $1200 1 3

4 benchmark 0 1 -

Table 2.2: Costs associated with di erent cases. In Cases 1, 2, and 3, we assume the urine tests all
cost $360 per year. The device accuracy is measured in its sensitivity and speci city in detecting
patients' craving episodes, and the device life spans are measured in years. UT standséor

test

(Empatica E4). Recall that in Y 2.4, we de ned the sensitivity &nd speci city s) for every
partially observable state E S, for each type of wearable. Because our experimental results are
robust under small perturbations ins and ps, we set s = ps for all partially observable states
and = ¢ forevery partially observable states pas; s/. Henceforth, we refer to the value of;
associated with each wearable type as the device accuracy. According to the number of features
that each type of wearable collects, we set the device accuracy to be 0.6, 0.7, and 1 for types 1, 2, and
3 wearables, respectively, where a device accuracy of 0.5 is equivalent to guessing randomly. To
Il out intermediate values, we consider two additional hypothetical types of wearables: accuracy
of 0.8 and cost $500, and accuracy of 0.9 and cost $800. Because costlier wearables have longer life
spans, we spread the price over their life spans. We obtain our benchmark case, Case 4, by setting
the cost of the wearable devices and urine test in Case 3 to zero.

Wearables can also help to determine patient response to di erent treatmegogsspnalized
treatment dynamicdPTD) in Cases 2, 3, and 4 (there is no information in Case 1 that will allow us
to do that). In our experiments, we compare the scenarios where PTD is equal to or divergent
from ATD. In addition, we consider three levels of patient treatment adherence levels, where high,
medium, and low TAs represent that the patient follows the treatment above 90%, between 70%
and 90%, and below 70% of the time, respectively.

2.6.2 Transition Probability and Parameter Estimation

Transition Probability Matrices Recall thatP.s.1&; & is the transition probability from state
s E Sto states.; E Sunder actiona E A, wheret indicates the number of days since the last
drug-use. LeP? be the daily transition probability matrix in which the rows correspond &
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and columns tas+;. Since patients' treatment adherence levels can a ect the evolution of their
conditions and hence the transition probabilities, having di erent treatment adherence levels
could potentially a ect the additional health bene ts brought by wearable devices. THfsis

also a function of a patient's treatment adherence level.

Although past literature also suggests that other variables including the patient's age, jail
history, comorbid medical conditions, drug injection history, number of past overdoses, and
number of relapses could also a ect the transition probabilities, we assume that theses variables
are automatically captured in the resulting transition matrices. In addition, since the horizon
in our model is short (at most twelve months), we assume that the numbers of past overdoses
and relapses remain the same (regardless of the possibility that the patient might reach states
OD or Re in the rest of the horizon), to ensure the tractability of our model. Since the budget is
modeled as an open-loop optimization problem (i.e. at the beginning of each month, we solve a
new optimization problem with an updated budget and the patient's information), if the patient
relapsed within a month, then the transition matrices will rst be updated in the following month
to incorporate this information.

Omitting t anda, let x; ncg; &; &, andods be the probability of transitioning tdx, NC, C2,

Re andOD, from health states, respectively; letls be the probability of dying at state andw be
the probability of withdrawing from any state with any action at any tim€.We represent the
transition probability matrices as follows:

fromto Dx NC Cl cC2 Re oD Dt Abs

ox £ Xox Neow Zi B O Oty O wg

NC ¥ 0 NGuc Z>, 0O 0 0 dNC W 8

cac f O N1 Zzs &, €1 00cy doy w g

pa— c2 ¥ 0 0 Z4 CC2:2 (Sey) Odcz dcz w 9
t Re ¥ XRe 0 Zs Cée ERe OOge Ore W §
ob fl*dOD 0 0 0 0 0 dOD 0 g

> { 0 o oo o o o 1

ms T 0 o o 0 0o o0 o0 19

d e

whereZ; = 1* Xpy * NCpx * €3, * 0dpy * dpx * W;Zo = 1*NCne* One* WiZs = 1*ncey* 62, % et *
0dcs* dea* Wi Zy = 1% CE,* ec2* 0dca* deo* WiZs = 1% Xpe* CRe* €Re* OdRe™ Ore* W

Throughout our paper, we assume that if a patient reaches any of the s2ie©D,; Dt, or Abs,
clinicians will be noti ed immediately; that is, these states are always observable. Fig. 2.2 depicts
the transition diagram between our health states.

1°The assumption thatv is independent of states and action is observed by Termorshuizen et al. (2005).
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Figure 2.2: Transition diagram. States C1 and C2 share the same types of transitions, however the
transition probabilities need not to be the same.

According to Chalana et al. (2016), if patients relapse right after detoxi cation, they will
overdose with high probability due to the loss of tolerance. After experimenting with various
values, we nd that our results are robust with respect to the probability transitioning frdx to
Re ey, and thus we set it to be 0 (i.e. a patient will overdose with probability 1 if relapsing the
day after detoxi cation). Moreover, in our transition matrices, the probability of transitioning
to state OD decreases asncreases. We assume that patients either die or receive treatments
followed by detoxi cation if they overdose, and that patients must experience some craving the
day before relapse if they are not in stalx.

Parameter Estimation  We initialize two sets of transition matrice8Tg aza and” T 4ea. The
former is estimated from past literature (Y 2.16) and re ects how a patient reacts to di erent
treatments on average, i.e., the ATD. The latter matrix is randomly perturbed around the ATD to
represent the true treatment dynamics of a given patient (patient ground truth). Therefore, to nd
the optimal policy, we set the transition matrices to B&Z 4z in Case 1 (since we do not have
access to wearables and thus could not develop PTD), and set them’¥dgea in Cases 3 and 4.

In Case 2, since the wearables provide imperfect information, we assume that the accuracy of the
estimated transition probability matrices increases as the accuracy of the wearable increases. Thus,
we randomly perturb the transition matrice8T2" 44 in Case 2 with the perturbation magnitude
decreasing as the wearable accuracy incredlsa§e refer to the resulting expected health and
cost as theestimated (or observed) expected health and cost respectively.

To evaluate and compare the expected health in each case, w&TSg:s as our transition
probability matrices and the identity matrix as our observation matrix to calculate the expected
health, and we refer to these as tleie expected healind costrespectively. Past literature shows
that the treatment IN is superior to treatment M and B; therefore, we assume in our experiment

Thus the information our algorithm uses is a more accurate estimate of the true transition matrices.
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that P{N is stochastically equal to or better tha andPE. The e ects of TA are estimated from
Nosyk et al. (2009). In the rest of this section, unless otherwise statedgxpected healttefers to
the true expected health

In our experiments, we consider a patient with the following characteristics: the patient has
relapsed 5 times, overdosed once, and has just completed a 21-day detoxi cation program. (We
experimented with di erent patient characteristics, and the results are similar.) We assume that
the initial belief state is high craving intensity (C2), and that an average patient reacts to treatment
B better than to treatment M. To avoid overly myopic solutions, we calculate the expected health
gain for the patient under no treatment from day 360 to day 420, weight it byand add it as the
terminal reward.

2.6.3 Results

In our baseline scenario (Y 2.6.3), we examine the bene t of adopting wearables in OUD treatments
in the case where the patient reacts to treatments exactly as the average treatment dynamics
predict, implying that, by de nition, there is no bene t of implementing PTD. We consider three
budget levels: low ($9K), medium ($15K), and high ($21K). When the budget is low, we could not
a ord MAT in every single period; when the budget is medium, we could a ord MAT is all periods
and can a ord to treatment IN occasionally; when the budget is high, we could a ord treatment

IN in the majority of periods. Finally, we explore two possibilities within PTD: when the patient
reacts to treatment M better than to B (Y 2.6.3) and when the patient reacts to treatment B better
than to M (Y 2.6.3).

Since all cases contain monthly urine tests, we assume the state relapse is observable (at the
end of the month). Thus, in this section, we have only three partially observable states: NC, C1,
and C2, and all cases are solved using the exact algorithm. Unless stated otherwise, our results are
robust with respect to terminal rewards. Because our budget formulation nds only the points
that lie on the e ciency frontier of the health-budget curve, and we consider only deterministic
optimal policies in our numerical experiments below (as randomized policies may be problematic
in the eld), we sometimes observe that our optimal solution does not spend all the budget. The
cost gapthe gap between the observed expected cost and our budget, indicates how close our
solution is to the optimal solution when the problem is fully observable. We de ne ttadues of
wearables to be the di erence between the expected health when we incorporate wearables and
that of Case 1.
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Figure 2.3: The Baseline Scenario. Left: 9K budget with medium TA. Middle: 15K budget with
medium TA. Right: 21K budget with medium TA. Attermination, the optim&s are approximately

[0.053, 0.039, 0.077] (left), [0.294, 0.269, 0.274] (middle), and [0.301, 0.303, 0.310] (right), where
the number of digits that =contains equals to the number of iterations that took System Il to
terminate; the expected QALDSs received from treatments (excluding the terminal reward) are
[285.44, 280.98, 289.58] (left), [313.0, 316.03, 317.9] (middle), and [326.18, 329.49, 311.36] (right).

Baseline scenario

In this scenario, the patient reacts to di erent treatments in keeping with the average treatment
dynamics. Fig. 2.3 (left top) shows the true expected QALD gains under the optimal policy for
di erent cases. In Fig. 2.3 (left bottom), the estimated expected cost is represented by the triangle;
the true expected costs of di erent elements are represented by the colored bars. Since the
improvement in health between the benchmark model and Case 1 is limited, in Fig. 2.3 we omit
Case 2 for ease of illustration. As we will see later, the values of Case 2 wearables are often
dominated by that of Case 3.

When the budget is $9K (Fig. 2.3 left), the value of the wearable is negative. This is because
the bene t of observing health states with higher certainty is undermined by the fact that we are
left with less money to treat the patient. As the budget increases to $15K and $21K (Fig 2.3 middle
and right), the value of the wearables is positive but remains negligible: the health state relapse is
observable and the rewards for di erent craving states are similar, so the bene ts of wearables are
limited. Further experiments suggest that this observation holds for patients with di erent TA
levels and di erent transition matrices. In addition, we observe in Fig. 2.3 that for each case, as
the budget increases, the optimalvalue indeed increases as indicated by Proposition 2(b). In
this section, we conclude that if all patients react to treatments in accordance with the average
treatment dynamics that is, individual variability is low, then we should not adopt wearables in
OUD treatments.
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Figure 2.4: Scenario 1 where the patient reacts to treatment M better than B. Top row: 9K budget.
Middle row: 15K budget. Bottom row: 21K budget. Left column: medium TA. Middle column:

high TA. Right column: low TA. At termination, from top left to bottom right, the optimals are
approximately [0.052, 0.039, 0.030, 0.043, 0.037, 0.036, 0.040], [0.406, 0.115, 0.205], [0.099, 0.055,
0.056], [0.294, 0.187, 0.135, 0.121, 0.106, 0.102, 0.103], [0.534, 0.335, 0.339], [0.126, 0.058, 0.058]
[0.300, 0.222, 0.181, 0.165, 0.145, 0.133, 0.141], [0.551, 0.419, 0.432], and [0.146, 0.060, 0.060].
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Scenario 1

In this scenario, the patient reacts to treatment M better than to B, and PTD is implemented in Cases
2, 3, and 4. We rst assume that the patient is allocated with a $9K budget and has medium TA.
We observe in Fig. 2.4 (top left) that the expected health increases as the accuracy of the wearable
device increases. In addition, the cost gap decreases signi cantly as the device accuracy increases.
In Fig. 2.4 (top middle) we observe that the value of wearable devices decreases signi cantly. This is
because the high adherence causes the outcome of less expensive treatment (for example, treatment
M) to become comparable to that of the most expensive treatment, treatment IN. Similarly, Fig. 2.4
(top right) shows that the value of wearables decreases when comparing to Fig. 2.4 (top middle),
this time because patients with poor treatment adherence react poorly to both treatments M and B.
When comparing gures in Fig. 2.4 top row, we observe that when the budget is low, the expected
costs of overdose and detoxi cation increases as the patient treatment adherence level decreases.
This is because patients with lower adherence levels are more likely to relapse when the treatment
is inconsistent, i.e., when we cannot a ord to provide treatment in every single period.

Now, if we increase the budget from $9K to $15K, in Fig. 2.4 (middle left), we nd that the value
of more expensive wearables increases slightly when compared with Fig. 2.4 (top left) Although
the values of wearables remain positive when budget is increased to $21K in Fig. 2.4 (bottom left)
they are reduced as the more expensive treatment is utilized more frequently. Again, when TA
is high or low, we observe in Fig 2.4 (middle middle and right, bottom middle and left) that the
value of the wearable is less than that when TA is medium. Moreover, the value of the wearables
slightly decreases as the budget increases because we can a ord treatment IN more frequently.
Overall, the value of wearables increases when patients' PTD vary from the ATD.

Scenario 2

In this scenario, the patient reacts to di erent treatments in the same order as the ATD (i.e., reacts
to treatment B better than M), but with a di erent magnitude. Because many patterns we observe
in this scenario are similar to those in Scenario 1, we highlight the di erences. We observe that in
Fig. 2.5 (middle), the value of the wearable becomes negative when compared with Fig. 2.4 (top
middle). In Fig. 2.5 (left) because the cost of the urine test and wearable device is high in Case 3
when compared to our budget, although the increase in treatment outcome between Cases 4 and 1
is relatively large, the health improvement is relative minor in Case 3. In Fig. 2.5 (right) when the
patient has low treatment adherence, we observe that the value of wearables increases slightly
when compared with that of Scenario 1 in Fig. 2.4 (top right). In addition, this value is similar to
the one observed in Fig. 2.5 (top left) When we increase the budget in Scenario 2, we observe in
Fig. 2.7 (Y 2.17) that wearables can still improve patient treatment outcomes. Finally, in Y 2.6.3 and
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Figure 2.5: Scenario 2 where the patient reacts to treatment B better than M but with a di erent
magnitude than in the average treatment dynamics. Budget level equals to 9K. TA equals to
medium, high, and low from left to right. At termination, from left to right, the optimal's

are approximately [0.052, 0.034, 0.025, 0.025, 0.025, 0.027, 0.029], [0.406, 0.026, 0.106], and [0.099,
0.052, 0.053]; the expected QALDs received from treatments (excluding the terminal reward) at
termination are [200.73, 202.68, 200.19, 200.97, 172.13, 206.40, 224.61], [297.29, 293.30, 301.72], and
[125.33, 135.47, 152.74].

Y 2.6.3, we observe that when the accuracy of the wearables is low, we often observe a large gap
between the observed and actual expected cost and thus either undertreat the patients or exceed
the budget constraint.

2.6.4 Sensitivity Analysis and Case Extensions

Sensitivity to the Cost of Urine Tests  Recall that the cost of urine tests is $360 per year, which

is higher than the cost of a wearable with device accuracy less than 0.8. On the other hand, if the
wearable has high device accuracy, then monthly urine tests become less valuable. Thus, in our
experiments, we also explored the possibility of having less frequent urine tests for Case 2 (while
the state relapse remains fully observed). Similarto Y 2.6.3 and Y 2.6.3, we observe wearables with
low to medium device accuracies often underestimate the costs (e.qg., in Fig. 2.8 in Y 2.17). When
we compare Fig. 2.8 with Fig.s 2.4, 2.5, and 2.7, we nd that having less frequent urine tests often
increases the health outcome even when the device accuracy is low, as the money can be better
spent. However, under di erent matrix perturbation schemes, we sometimes observe that having
more frequent urine tests is bene cial when device accuracy is [évn contrast, having less

1?Recall that the actions in our model can only be changed once per month, and we assume that the urine test
result is obtained right before considering the change of treatment in the next period.
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frequent urine tests always increases the health outcome when device accuracy is high.

Sensitivity to Other Model Parameters  To check the robustness of our results, we exper-
imented with di erent mechanisms to perturb the transition probability matrices and observe
similar results with a few exceptions: 1) the magnitude of the value of wearables when the patient
has low treatment adherence and reacts to treatment M better than B is sensitive to di erent
matrix perturbation mechanisms (e.g., see Fig. 2.9 (left) in Y 2.17); 2) when the device accuracy
is medium, we sometimes observe that the value of wearables could also be negative (e.g., see
Fig. 2.9 (right) in Y 2.17) because the increase in the cost of the wearables exceeds the bene t of
the additional information gathered by the wearables. Both observations highlight the importance

of knowing the exact device cost-accuracy tradeo s, and could be potential research topics for
future eld studies.

We found that the rest of our insights are robust under small perturbations in the transition
matrices, as long as the stochastic order of patient reaction to di erent treatments remains the
same. This robustness also holds for immediate rewards, costs, and the initial belief state. However,
our model can be sensitive to the terminal rewards. In particular, if the terminal reward is 0 and
the budget is low, our optimal solution becomes myopic, in the sense that the patient might end up
in bad health states in the end of the horizon with high probability. On the other hand, one should
also be cautious when setting a high terminal reward, as the optimal policy might be changed:
intuitively, when the terminal reward is too large, we will treat patients with the most expensive
treatment towards the end of the horizon to try to gather the terminal reward.

Extensions We extended our cases to incorporate EMA survey devices where daily survey
responses are collected from patients. In particular, we consider the possibility that the patient
may provide truthful, random, or falsi ed information. We describe the model for this extension in

Y 2.18. In this case the transition probability matrices could be directly estimated from the survey
results. Thus, the accuracy of the transition probability matrices would decrease when the patient
provides noisy or falsi ed information more frequently. While the value of EMA survey devices
dominates that of wearables when completion frequency is high and the patient is completely
honest, we see that in our eld study that patients or their surrogates do not answer surveys very
regularly, thus reducing the feasibility of EMA devices. At the extreme, the value of EMA device
can be negative when the patient provides only noisy information.
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2.7 Summary of Findings and Concluding Remarks

In this work, we have built a POMDP model with budget constraints to evaluate the potential value
of incorporating di erent wearables in OUD treatments. We provide a novel budget reformulation
and show that it can be solved e ciently.

Our experiments with our model, incorporating parameters calibrated to literature, show that
value of wearables increases as the patient treatment dynamics deviate from the ATD. In addition,
as the budget increases, the value of wearable devices eventually decreases when compared to
our baseline model. This is because when the budget is relatively low, choosing the cost-e ective
treatment could potentially increase patient treatment outcome by a large margin. When the
budget is su ciently high, treatment IN guarantees the same treatment outcome for all patient
treatment adherence groups and is superior to all other treatments. The value of wearables thus
becomes negligible.

We also discover that wearables are more bene cial to patients with medium to low treatment
adherence levels; patients with high treatment adherence react to cheaper treatments better than
those with lower treatment adherence, and it becomes more cost-e ective to treat the patient
even without the wearables. Similarly, we observe that when the budget is xed, as the patient
treatment adherence decreases, the patient is more prone to relapse; thus, incorporating wearables
can e ectively reduce the risk of relapse. Not surprisingly, as the budget increases, the marginal
return of money spent on treatments or wearables decreases the fastest for patients with high
treatment adherence.

These observations imply that when the budget that we have is large enough to treat every
patient with treatment IN, there is no bene t of adopting wearables. On the other hand, if the
budget is smaller, to maximize the treatment outcome for the entire patient group, we should
prioritize patients with higher treatment adherence; in this case, the bene t of incorporating
wearables in OUD treatments is also limited. However, in the situation where we have enough
budget to treat every patient but cannot a ord treatment IN for everyone, to maximize the
treatment outcome for the entire patient group, we should allocate more money to patients with
lower treatment adherence and incorporate wearables for those patients. Although maximizing
treatment outcome for the entire patient population is a reasonable objective, the ethics behind
which patient we should allocate resources to is debatable. This question, however, is beyond the
scope of this paper.

Future work includes collecting data from planned eld studies in collaboration with rehab
centers and start-ups that are developing wearable devices for tackling OUD to ne tune our
models and analysis. Throughout the paper, we have assumed that the use of wearables in
OUD treatments does not a ect patient TA levels as well as treatment outcomes. It would also
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be interesting to see if there are behavioral changes attributable to wearables, even if we only
passively collect data, i.e., not sending warnings/reminders, as not all types of wearables have this
capability. We hope our work here adds to the growing literature and motivates further work to
tackle this important issue.

2.8 Case 1 Parameter Calculation

Let30C1be the event of experiencinGlon day 30. Then

P.ut+&30C1/ _P.ut+&30C1/

cly+ = P.ut + 30C1/ = P30CL/

8
3 1815 8

i=1

where ..f2/*%, 4 is the i row and 3¢ entry of .f2/*°. Because all rows af2/*%;.; sum up to 8,
which is the number of our states, we renormalize the valuer¢€1on day 30) such that it is
between 0 and 1. Furthermore,

P.ut + 830C1/ =P.30CB27ReP.27Re/ #P.30C128ReP.28Re/ +°.30C129ReP.29Re]
where 2Re 2&Re and 2Reare de ned the same way as 8, that is, experiencing relapse on day

8
27, 28, and 29, respectively. For exampl80CR7Re/ = £2/%/s; andP.27Re/ =3 ..f2/*l5 8
i=1

2.9 Values of Immediate Rewards and Costs

States Health

Dx 0.6*
NC 1£
C1 0.9
C2 0.75
Re 0.683
oD 0.1*
Dt 0
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withdraw the program from state Dx: 0.5¢ remaining horizon*

from state NC: 1+ remaining horizon
Abs from state C1: 0.9+ remaining horizon
from state C2: 0.75¢ remaining horizon
from state Re: 0.678 remaining horizon
from state Dx: 0.5+ remaining horizon

Table 2.3: Health reward associated with each state. *: assumptions that we made based on
conversations with clinicians. In sensitivity analysis, we found that our results are robust under
small perturbations of those parameters. The rest of the values are generated according to Connock
et al. (2007)E: the health reward of state NC is the baseline utility.

Item Cost type Costs

Urine tests model cost $30/month (Schackman et al. 2012)
Wearable devices model cost see Table 2.2

EMA survey device messaging cost model cost $60/year (Model in Appendix 2.18)
Physician and nursing time treatment cost $50/month (Schackman et al. 2012)
Methadone maintenance treatment treatment cost  $20/month (Barnett 2009)
Buprenorphine maintenance treatment treatment cost $200/month (Barnett 2009)
Implant Naltrexone (Vivitrol) treatment cost  $1200/month

Counseling treatment cost $600/month

oD state cost $2500/episode*

Detoxi cation state cost $1500/episode

Table 2.4: The costs considered in the model. The values without references in the table were
determined through conversations with clinicians from the perspective of the healthcare system.
*: the expected cost of overdose includes the expected cost of hospitalization and emergency room
visit.

Action/Treatment Costs
No treatment 0
Methadone maintenance treatment with counseling $670/month

Buprenorphine maintenance treatment with counseling $850/month

38



Implant Naltrexone with counseling $1800/month
Counseling $600/month

Table 2.5: Action associated costs. This table summarizes the cost of taking each action using the
values provided in Table 2.4.

2.10 Proof of Lemma 2

Lemma 2. If the immediate reward and terminal reward of a discrete time nite horizon POMDP
takes the formh 2. /+.1* /. ./ for every time step, then . o; /can be writtena¥ . o; /=
H +.1* /CO.

Proof. Proof of Lemma 2 LeN be the length of the horizon. We will proceed by induction,
and show that at each stefy the value function of an actiom, and belief , V*. ; /, can be
transformed into

Vtat. ty /= hta t/+-1* /C[a t/: (224)

First, recall that the value function of an acticeawith belief  of a general POMDP is

V@& (/=E r.s;a (.8/+ E P.oud®; Vi e/
sES 0+1EO
Note rst that our immediate reward at time& under treatmenta at states has the form
r.a;9= hag+.1* /d.s/,where E[Q1],hd.¢ E[01]andc?.s/ <0, fort E~Q::;N*1", and
our terminal reward at states at timeN isry.a;9= hy.9/+.1*% /gy.9/.58
Base case: Equation (2.24) holds whenN * 1. First, att =N fora xed , the value function

WN. N /:E hNS/ N.S/+.1* /CNS/ N.S/Z hN. N/+-1* /CN N/:
NES

Then, att =N * 1 with action a and belief y+, the value function of our POMDP satis es

Vlfll*l' N*1 5 /= E rN*l.S;d N*1.S/+ E P.o@&; N*l/VN- N /

SESur1 oEON

hﬁl*l' N*1/+-1* /C,a\‘l*l. N*l/+ E P.o@&; N*1/- hN. N/+-1* /CN N//
oEON

Hlﬁ*l' N*1/+-1* /CI"\J}*l' N*ll;

3Note that in our problemgy.s/ = 0, but we want to prove our theorem under the most general setup.
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whereHg.;. v/ andCj.,. n+«1/ are the expected health and cost at tife* 1 under actiona
and belief y+1, respectively:
Hl\al*l' N*1/: h,a\ll*l. N*1/+ E P.o&; N*lth- N/, and
OEON

Cs*l' N*l/:q‘?j*l' N*l/+ E PO@, N*l/CN- N/:
OEON

Induction step: to show Equation (2.24) holds for any stepve assume it holds for stefp+ 1,
and show that it also holds for step
V@& ; 1=E r.a;9d .+ E P.o&; V3. w1 |
sES 0EO 41

= h2 J+.1% IR J+ E PO® . HAE o +.1% GRS Gll
0EO+1

= Hta. '[/+.1* /C:[a t/,

whereH2. / andCZ. {/ are the expected health and cost at timmender actiona and belief .,
respectively:

Hta. t/: h? t/+ E PO@., t/Hta_:Jil. t+1/; and
oEQ,

Cnla. t/ZCta. t/+ E PO&, t/qa:i_l t+1/:
oEQy

2.11 The Remaining Proofs of Proposition 2
Let's rst recall Proposition 2:
Proposition 2. Properties of the solution set in System II:

2(a) The optimal policy = ./ is not necessarily unique, but the val&b(;i t; C0<. i/ are
unique for any xed ;.

2(b)H 0<, *C 0<, and the objective functioHl o< +.1* /C ; are all non-decreasing in Fur-
thermore, as; increases,*is non-decreasing.

2(c)H . ¢/ is non-decreasing in.
2(d) If 5> 1andV " o of >V " g o H S of >H S L.

2(e) LetH 0< denote the unique elements contained in the H(%i ¢/ Then, the set

H 0< is nite.

E.0@/"
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2.11.1 Proof of Property 2(b)

Recall by Lemma 2, at each timgfor a xed belief ¢, the optimal Bellman's equation for our
POMDP (Equation (2.11)) at timend belief state; can be written as a convex combination of
the expected health and expected cost:
T U
VS o /=max hd J+.1*% /@ J+ E P.o&; V5 s/
A 0EQL+1
= Tafiltx" HE +.1* ICG. ;
whereH?. / andC?. (/ are the expected health and cost at tihender actiona and belief ;
(asdenedin¥Y 2.10). L&t2. ; /= H@& /+.1* /C2 /. Note thatH?2. /andC?. ./ are xed
under the optimal value function from the last iteratioV,3,. t+1/, current belief {, and actiona,
whereV3,. t+1/ is treated as a constant in the the optimal Bellman's equation. To ease notation,
fora xed p«,letas /be the action that yields the highest expected reward at tifé 1 for
some xed parameter , that has the lowest expected health:

as /= arg min Hﬁ;l. Nl
a'Earg MaXeay ., Vi net; /
It su ces to show that attimet =N * 1, for every xed -+, the rst part of Property 2(b) holds,
that is,

Claim 1. as increasesi®:; /. ne; /*C%/. wo1; 1, andVEy'. w+1; / are non-decreasing in

This is because 1) the optimal Bellman's equation at any time stegn be written in the same
formatast =N * 1, and 2) the exact backward induction algorithms in solving POMDP relies on
xing the belief state at every searching point. (See Y 2.5.3 for detailed discussion on one of the
exact POMDP solution method)

Before proving Claim 1, we rst introduce some notation and a key concept in the prabé
e ective action setSince we x the belief \« for the rest of the proof, we abbreviaﬂd,ﬁi*l. N1/
with Hy, abbreviate(:,‘i,‘i*l. n+/ with Gy, and abbreviat®/3.,. n+1; /with V.a; /. Under a xed
belief state -+, given a set of actions at timd * 1, Ay+;, we de ne the e ective action sef .,
to be the largest subset &+, such that all actions lie on the e ciency frontier of the health-cost
curve. That is, for every pair of actions ia* anda?in A . , if Ha < He, then*Cu < *Cg. In
other words, we remove all actions that yield equal or worse treatment outcome but have higher
cost when compared with another action in sl . For a given , letG .,. / denote the set
of optimal solutions that satisf{G ,.,. / = argmaxg, - V.a; /: Then, the actions that yield the
largestV.a; / value are contained i ., :
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Lemma 3. argmaxg, ., V.a; /=G .,. /.

Proof. Proof of Lemma 3 For any xed E [Q1], leta! anda? be two actions in sef\y« . If
*Ca > *Cgz, andHa WH, thenal I A ., and we must have/.at; / <V.a% /. Thus, actiora!
will never appear in the optimal solution. . O

Recall thata™ / = arg min,; . 1 Ha: Given a set of e ective actions ,.,, without loss of
generality, we sort the actions i ., according to their expected health from the smallest to the
largest, and rename those actions frdiyt::; m wherem is the cardinality of the sef .,. That
is,H; < Hy < ::: < H,. Thus, proving the rst part of Claim 1 is equivalent to showing that. /
is non-decreasing as increases; this is because &s / increasesH,< , increases, and by the
de nition of the e ective action set C,< ; also increases. To complete the proof of the rst part of
Property 2(b), it su ces to show the following propositions:

Proposition 3. The optimal objective function valdea~ /; /, is non-decreasing with respect to

Proposition 4. For a xed yn+, given a sorted e ective action #ef., as indexed above, then the
functiona®. /is non-decreasing with respect to

Proof. Proof of Proposition 3 Becaus# > G, for a xed actiona, the value ofV.a; /is strictly
increasing in . Thus, forevery; > ;,maxV.a; i/ =V.a" i/; i/ xV.a~ jl; i/ xV.a~ j/; |/ =
max, V.a; j/. : ]

Before proving Proposition 4, we will rst introduce another key concept that we will use
throughout the rest of proof. Given two pairs of pointsi;; G/ and.H;; G/ in the e ective action
sefwithi <j, wedene j = ﬁ where E .Q1/is obtained by solving the equation

Hi+.1* /G = H;+.1* /G for . Note that ,j is well-de ned wheni < j because by
construction of the e ective action setd; > H; and thus* G > * G. By the construction of fj we
have:

Lemma4. when E[Q /,V.i; />V.; /. Similarly, when E. 5;1],V.i; /<V.; /.

To complete the proof of Proposition 4, we need the following corollary implied by Lemma 4:

Corollary 1. If we have a sequence G satisfying ., W . W:iw 2 with X, < Xes1 Pk E

712 mF 1 wherex EA |, Ak, thena® /is non-decreasing with respect to

Proof. Proof of Proposition 4 We will proceed by construction. Given a sorted e ective action set
A .., we can nd the solution toV.a; / by adding one action fronA ., at a time starting from

the smallest indices. We show constructively that adding an action with higher health does not
change the monotonicity o&~. /.
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Figure 2.6: Proof of Proposition 4 step 2 case Il.

Step 0: create an empty liktto keep track of the list of “that are needed to select the optimal
action given an input .

Step 1: addf, to L: by Lemma 4, we have monotonicity.

Step 2: add action 3 into the rst two action$]1;2", and calculate 5.

Casel 5, < 5gas /=1if E[Q ), a% /=2if E.35 5, andas /=3if E.55;1].
We add ;;to L. Note that at 5 with i < j we choose actiom by the de nition of a* /, that is,
when there are actions with equivalent objective function under the samee always pick the
one with smaller expected health.

Casell 53 < 1,(seeFigure 2.6): wher< 3, we havev.2; />V.3; /,andV.1;, />V.2; /.
Thisimpliesthatv.1; />V.2; />V.3; /. Thus,when w 35 a" /=1 Similarly, when > 3,
we haveV.2; / > V.1, /,andV.3; / > V.2; /. This implies thatv.3; / >V.2; /| > V.1, /.
Therefore, when x 1, a% /= 3. Lastly, when 53 < < 1, wehaveV.3; />V.2, /and
V.1, />V.2; /. Thisimplies thata~ /= 1or 3. Thus, we calculate;,. In this case, we add;;
to L and remove 7, from L (see Figure 2.6).

Caselll §,= 53 a% /=1if E[Q Flandas /=2if E. 5 1] We do notchangé. The
reasoning is the same as that in Case I.

In all cases, we have monotonicity.

Stepi, i x 3: add actiori + 1to the previous actions and calculatg, ;. Let 5 E L for some
j E~L2 5 . Note that this indey is in unique inL by construction.

Casel 5., > j5:when w 3., a% /is monotone by previous steps; wherr  5,;,a% /=i.
We add 5, to L.

Case Il 5,; < j5: then using the same logic as in step 2, we calculgte;, add it toL
and remove 5 from L. We will now check whether 5, violates the condition we de ned in
Corollary 1. We perform this procedure iteratively for all elementsliruntil no violation can be
found. This procedure terminates in nite time because the number of elementsis nite, and

by construction, when it terminates, we obtain dnthat satis es Corollary 1.
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Case lll 5,; = j5: similar to Case Il in step 2, we do not modify the set L, aafd / remains
monotone according to the previous step.
O

Remark 1. In the above we have shown that for every xed belief state, the rst part of Property 2(b)
holds. Just to reiterate, this su ces to show Property 2(b) because the exact backward induction
algorithms used in solving a POMDP relies on xing the belief state at every searching point. (See
Y 2.5.3 for detailed discussion on one of the exact POMDP solution methods.) Note that since an MDP
is a special case of POMDP with the belief state being standard unit vectors, this proof also applies to
MDPs.

So far, we have showed that asncreases, the value of the objective functiohi O<+ A* /C :,
the minimum optimal expected healtl 0<, and the minimum absolute expected coﬁl,(:é are
non-decreasing. The proof of Proposition 4 further implies ti@t dincreases if and only if
increases. To complete the proof of Property 2(b), it remains to show that ascreases, the
optimal <is non-decreasing. To observe this, we letand , be two budget levels with; > .
Because the set of all feasible policies under budges also feasible under budget, Equations
(2.9) (2.11) imply that the set of feasibleunder budget , is also feasible under budget. Let

1and , be the optimal “under budgets ; and , respectively. Then, we must have x , by
Equation (2.9).

2.11.2 Proof of Property 2(c)

Proof. To show thatH 0<. +/ is non-decreasing in, we proceed by contradiction. Let > ,, and
let the optimal policies of Systen?2/under = ;and = ,be 'and 2 respectively. Let;
and , be the optimal in Equation (2.9) under!and 2, respectively. Property 2(b) implies that
since 1> 5, 1X ». Forthe sake of contradiction, we assurlrha(;l <H 02. Since , is a feasible
solution when = ;, Equation (2.11) implies that

(H, +.1% 4JC > H +.1* JC:

0

(2.25)

Since we assumd ‘' <H ‘, we must haveC | x C /, thatis*C_ w*C . In other words, policy
is cheaper than policy 2 but yields worse outcomes. This implies that is also a feasible
solution when = ,. Again, by Equation (2.11), when budget equalstowe have that

2H01+.1* 2/C01< 2H02+.1* 2/C ’

0"

(2.26)

Comparing Equations (2.25) and (2.26), we must have ;. Thus we have reached a contradiction.
O
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2.12 Proof of Theorem 3

Theorem 3 (Correctness of our reformulation)LetF. / be piecewise linear, concave, and strictly
increasing offil; u]‘* as de ned above, thet | =H “when*C _ lies onF. (/. Thatis, our reformu-
lation, System Il nds all solutions that lie on the e ciency frontier of the convex hull of the solutions
of System |I.

Since the initial belief o is xed throughout this section, for a policy , we will abbreviateH
with H and abbreviat€C ~with C . Becausé is concave and strictly increasing d; u], F is
bijective. ThusF*.H -/ is well-de ned andF™*.H -/ = *C -. Before we prove Theorem 3, we rst

show the following proposition:

(o *C
Proposition 5. Let = - = L If Fis piecewise linear, concave, and strictly increasing,

0 H*H+C
. St*C <*C, <*C..In

and*C - is anon di erentiable p0|nt oﬁ then <_--_ < <A ik
Darticular, there eXIStSJ_-- s.t. H +.1* </C > <H +.1* </C for all pohcy q i

jr k

We observe that < : is 5|mply an equivalence p0|nt of, and -' in the objective function
H +.1* /C inSystem?2/; thatis, =. -H +.1* = /C : H +.1* < /C Furthermore,

i
if > < then<; H-+.1* = /C < H +1* < /C andnc < <. ., then
<--_H+1*,/C>,H+1*</C

J i
i

Proof. Proof of Proposition 5 Because'.H -/ = *C -, we rewrite <| = Fre) ,ECCHC . We
rst notice that < : is well-de ned forall ;; ;if*C- >*C-, and < E [Q 1]. Now
< << 0 C,*C; C.*C,
i ik FxC./*FxC:/+C,*C: F*C/*F*C/+C' c.
- F.*Cl:-/* F*xC:/+C:* Cj . F.*Ck/* F.*Cj/+Cj- C.
C,*C; C.*C,

. FXC/*F*C. F*C./*F*C/
U J ! > Kk .

F is piecewise linear, concave, and strictly increasing, etrtiblj-- is a non di erentiable point;
therefore, we have

F*C J:-/* FxC-/ - - 15 FxC./*F*C J:-/_
c o C. XFE*CI>FR*C[7x cCC.
i j ] k

Because this holds for all;; ¢ s.t.*C - <*C ;< *C 5 without loss of generality, let C - be the
non di erentiable point right before* C ; and*C  be the next non di erentiable point after C 0

14We pickl; u such thatF is *@ on [0; I/ (i.e., infeasible) and constant ¢a;@/
5E x/ = lim EXUEX By fjm EXAlEX
tE O my

45



then for any <, E. < ; <, L/ satis es <JH Sl <j--/C ;> <]H +.1* <]_--/C for all policy

q j... . -

Proof. Proof of Theorem 3 Let < be an optimal policy in System Il under budg&€ < such
that * C < corresponds to a non-di erentiable point oR. (/ in System | on the X-axis. To prove
Theorem 3, it su ces to show that <is the optimal policy in System | when the budget equals
*C <. In other words, we want to show that Equations (2.9)-(2.11) nd all non-di erentiable
points that lie onF. /. Once we have established this, Equation (2.8) will ensure that we nd all
solutions that lie on theF. / and are di erentiable. To complete the proof, we will proceed by
contradiction.

First, the solution pairH <; C </ is unique. For the sake of contradiction, assume that when
the budget equal¥C <, there exists another policyf s.t.*C¢=*C <. IfH; > H <, then we have
H;+.1* JC;> H<+.1* JC <. This contradicts that < is the optimal policy in System
ILIfHf<H<, then Hf+.1* 9C;< H<+.1* JC < forall . Thus, policy f is always
dominated by policy <and cannot be an optimal solution.
Second, we want to show - =H <. Toshow.H - x H </, we observe that all optimal policies
in System II: {< *C <w }, are feasible in System |. To show th&t - wH </, we again proceed
by contradiction. Note that all feasible policies in System | are still feasible in System II; however,
since feasibility does not imply optimality in System II, we need to argue more carefully. Assume
there exists an optimal solution of System I,, that satis esH - > H <.
Case I*C- w*C <: since is also feasible in System Il, we havéH - + .1 * JC- >
H < +.1* JC <. This contradicts that < is the optimal policy.
Casell  x *C- > *C <: Because < is a optimal solution toargmax H +.1* YC,
we musthave H<+.1* 9C<x H-+.1* YC-. Becaus#d - > H < and*C- > *C <,
Proposition 5 implies that there mustexidésf= <. -+ > <Ywith > 0s.t. H <+.1* fic <<
B - +.1* fic -. This contradicts that <= max”* :* C <w t . . O

2.13 Extension to Multiple Constraints

Kim et al. (2011) extends the de nition of CPOMDP proposed in Isom et al. (2008) to multiple
constraints, where a CPOMDP is de ned as a POMDP with two additional components: 1)
G.S; d < 0is the cost of typek incurred for executing actiora in states, and 2) ¢ > Ois the upper

8the existence is implied by the second statement in Proposition 5.
17f>  <isimplied by the rst statement in Proposition 5.

46



bound on the absolute cumulative cost of tyge We can formally state these constraints as

N
E E *g.s:d w, Ak
L, &S Ey

Recall that when we have only one constraint, we reformulated our CPOMDP as follows:

System |l: <:argErpax *C,i*C,w
$ < L%
<= max *C, w E[01]
<:argErpinHO

S=argmax H +.1* /C_
E

We rst illustrate how to incorporate two di erent types of cost constraints using this reformula-
tion. The extension to the case wheke> 2 is straightforward. To ease notation, we will omit

the initial belief . LetH denote the expected reward under policy LetC, andC, denote

the expected cost of type 1 and type 2 under policywhereC,; andC, are always negative. We
denote the upper bound on the absolute cumulative type 1 cost to,band similarly , is the

upper bound on the absolute cumulative type 2 cost. Furthermore,;letE [Q 1] be two tunable
parameters corresponding to the types 1 and 2 constraints, respectively. Then the idea is to solve
two separate problems using System Il, where the last steps in our budget reformulations are

S=zargmax*.1* /H + C;";
£

Szargmax.1l* /H +C,";
E

respectively. To solve our reformulation, we perform the following two steps:

Step1 We solve the problem by pretending only constraint 1 exists (using System Il) and nd
the corresponding optimal parametér and optimal solutione;. Similarly, solve the problem
using only constraint 2 and obtairs"and «5. If one of those solutions also satis es the other
constraint, then we terminate and return that policy.

Step 2 If neither of the optimal solutions ;- and «5 are feasible, then we need to incred%the
values of and iteratively by a small amount until we nd a policy that satis es both constraints
with the smallest possible values forand .

8\ote that in this new formulation, we have ipped the role ofand1* in System II: we need to increase the
value of here instead of decrease.
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The correctness of this extension follows directly from the correctness of our algorithm.
However, instead of performing a binary search over the value affhen we only have one
constraint, we now need to search over the grid of possible values;of/ pairs in Step 2 above.

As the number of constraints grows, the running time of our algorithm will grow exponentially

with respective to the number of constraints in the problem, and the problem might become

computationally intractable. A smarter search mechanism could be proposed in this scenario

(e.g., using ideals from the EM algorithm, gradient descent, or bi-objective optimization with
-constraints (Mavrotas 2009)), however this is beyond the scope of this problem.

2.14 Algorithms

Algorithms 3-5 are adopted from Cassandra et al. (1997)elle¢ the standard basis vector that
has 1 on thes" entry and 0 everywhere else.

Algorithm 3 Lark's algorithm for purging a set of vectors
Lark Prunef)
1. FC A . dirty set
22QC ¢ . Clean set
3: for sin Sdo
4: ' C argmaxg6e Vv
5 QC Qan -
6 FC F ~ -
7. end for
8
9

. while Fis not emptydo

for vin Fdo
10: x C Donimate(v,Q)
11: end for
12: if x =donimtaedthen
13: FC F N
14: else
15: ' C argmaxgX Vv
16: QC Qan~
17: FC F ~°
18: end if

19: end whilereturn Q
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Algorithm 4 An LP approach to nding an information state in a vector's witness region

Dominate ; A/
1: LC LP.variable: xi;:::; %3 ; objective: max /
2. for inA ~ " do
3 add constraintL;x x +x /
4 add constraintL;x 1=1/
5. end for
6: if Infeasible (Lthen return dominated
7. else
8 X; I C SolveLP(L)
9 if wOthenreturn Xx
10: else return dominated
11: end if
12: end if

Algorithm 5 Incremental pruning

Incremental PruningA 2:9; ;A 2%y
1: W C Lark PruneA #2 4 A ¢/
2: for iin[3: &g do
3 W C Lark PruneW aA 29/
4: end forreturn W
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Algorithm 6 GroupA *°into subsets according td,
regroup@*% d,)

1: FC A2° . dirty set; each element if is a tuple of the form {; c)
2: QC array of*1 with length &0 . store the group index that each elementihbelongs to
3: g_indexC 0 . initialize group index forQ
4: for iinrange(lenf)) do

5: if Q[i] g *1 then Continue . we have already assigned a group index to this element
6: elseQ[i] C q_index

7: end if

8: for jin range(i, len(F)xo

9: if Q[j] q*1 then Continue

10: else if AQ[i]:v* Q[j]:vii <d, then

11: Q[j] C g_index

12: end if

13: end for

14: g_index+ =1 . increment the group index
15: end for

16: return Q, g_index . return the group index of each element in F, and the total number of groups

2.15 Heuristic Algorithm for Solving Unconstrained POMDP

Algorithm 2, incorporating the removal of -vectos that exceed the budget constraint, can be
solved within several hours when the size of the problem is comparatively small. While a few
heuristic methods have been proposed to speed up the run-time of nite-horizon POMDPs (Wal-
raven and Spaan 2019), in this section we provide a heuristic algorithm to speed up the running
time of our CPOMDP, Algorithm 2, when the complexity of the problem that we are trying to solve
increases. This heuristic algorithm relies on reducing the size of theectorset,A >, described
in Equation (2.20) in the pruning step. Note that: (i) the model described in Y 2.4 of this paper
can be solved exactly, and (ii) this heuristic algorithm could also be applied to unconstrained
discrete-time nite-horizon POMDPs.

First, we observe that in our problem, when the size of the A¢t°is large, the time needed
to solve our CPOMDP increases, often because the absolute element-wise di erence between
some -vectos is very small. Since the sefs® andA are obtained by performing set operations
on A*° reducing the size oA ;*° can also e ectively reduce the size &2 andA;. Thus, the
idea of our heuristic algorithm is to remove the-vectortuples that are too close" to each other
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in the objective vector. We use the L1-norm as our distance metric, but it can be replaced with
any p-norms forp x 2in practice. In addition, since for a xed vectox its p-norms, iXf}, is
monotonically decreasing with respect (Ra ssouli and Jebril 2010), our theoretical guarantee
below holds for allp-norms wherep x 2.

Letm, be a positive tunable parameter that control the threshold distance between two
vectos. Algorithm 7 describes the heuristic that we use to reduce the siz&8f, where®,ds the
number of all possible observations that we can have in a partially observable state. The function
regroup A% d,/ clusters the elements iA,*° so that any two vectors within the same cluster
have an L1 distance that is smaller than or equabito(see Y 2.14, Algorithm 6). Algorithm 7 can
be used inside th@ncremental pruningAlgorithm 5 in Y 2.14) to reduce the running time (from
over 24 hours to 20 minutes on randomly generated instances).

Algorithm 7 Reduce the size of tha,*° set
reduceA*° m,; ®,9

1: FC A®2° . dirty set; each element if¥ is a tuple of the form{; c)
22.d,C m,_2,0 . initialize the cuto distance for the objective function
3: Q;total_groupC regroup@*°d,) . Q store the group index that each element fbelongs to
4:.UC ¢ . clean set;
5. for gin range(total_group}o

6: M C elements in F that are assigned to grogpn Q

7 add a random element iM to U

8: end for

9: return U

First, letV=be the optimal value of the objective function of an unconstrained POMDP problem
(Equation (2.11) of our reformulation) solved using the exact solution, an# lee the solution
obtained by applying Algorithm 7 to Line (14) in Algorithm 1. Lebe the number of horizons
that we apply Algorithm 7 to Algorithm 1 in Algorithm 2. Note thalt wN, whereN is the length
of horizon. First, we show that the objective value that we obtain in Equation (2.11) by applying
our heuristic algorithm (Algorithm 7) is at mogh, ¢ | away from the optimal solution:

Theorem 4. V<* ¥ wm, » I:

The proof of Theorem 4 can be found in Y 2.15.1; this result holds for all unconstrained
discrete-time, nite-horizon POMDPs.

2.15.1 Proof of Theorem 4

Theorem 4. V<* ¥ wm, » |
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Proof. Proof of Theorem 4 Recall that<and ¥ are the optimal values of an unconstrained POMDP
problem solved using the exact solution and by applyisgluceA > m,; 1/, respectively. Le¥ be
the optimal value of the POMDP problem solved by applying our heuristic algorithm, Algorithm 7,
to Line (18) of Algorithm 1, i.ereduceA; m,;1/. We rst show thatV=* ¥ wm, ¢ | by induction,
and then show thaV/<* ¥ wV<* V.
Base cask= 1 note that since the seA contains only a singleton according to Equation

(2.15), without loss of generality, assume that we reduce the siZe @tt = N * 1, that is, in
the Second To the Last Step (STLS) of the backward induction. {.ets/ be thes" entry of the

-vector that we removed fronf \+; but is used to comput® <in the exact solution, and y+;.&/
be the value that is used to comput®. By construction, we havé 8 J.,.§* ,n«.8/dwm,. This

sES
implies thatd §.,.9/ * ,n+1.98wm, As. Recall that by Equation (2.19), at tirhequals toN * 2,
any element insidé 3352 has the following form:

. N+ AN v /.S = % +sEEs N*1-SIW.ONa & AP .S &; aof;

Where% is a model speci ¢ constant, andy:; is some vector insidé ys . Let &; .3, E
A%, be the -vectos that are used to computé=andV, respectively, in the seA &, at time
N * 2. LetAy+ denote the set of -vectos that we obtained after applying Algorithm 7 to the
setAy«. Thus, we have §&, 1 Ay« and ,3., E Ays«. By Algorithm 1, % and ,3., are
obtained by some summing over the set of all possible observations aveg; ; ay«; Qy+1/, for
some -vectors y+ EA n+1. Abusing the notation a bit, let % iand”,,"; denote two sequences
of -vectos inside the sefA y« andA -+, respectively, where the indeixcorresponds to some
observationg. (Note that ; could equal ;j fori qj.) In particular, those two sequences of

-vectorswere used to generatedys,, and , 3., respectively, i.e., 3%.8/ = 3 20 . 5 a;0.9
and ,3.,.9 =3 % | -a;¢.5. Becaus® w w.o&;a/;P.s&;d w1, ?_ESP.S'&;d = 1, and

S

03

3 w.q&;a =1, we can bound the absolute di erence betweefy,.s/ and ,3.,.5 as follows:
i=1

X5 o5 .
NG % fo.98& E [ s/P.s&dw.od;ad*E E ,Yi.s;'/P.s"a;aW_qa;';a/g

=1 SES i=1 sES

=§ E ~.s/* ,yi.s/W.q&;a/P.s&;dg

£ i=1
5 )
WE E 8r.s/* ,,.5/@v.08;aP.s&;d
SES i=1
Do
WE E mw.o&:aP.s&;d=m:
SES i=1
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So far, we have shown that 3,.s/ * ,2.,.98wm, Asgiven a xed actiona. Now letaSand a
be the optimal action that is chosen at tintein our exact solution and approximate solution,
respectively.

Case las=a A E /N *3;:::;1": becausey., = ay+1, we haved 5., * ,n=dwm,. Applying
the same argument inductively, we can easily show tlga‘ta.s/* ,ta.slgw m, for all t, and this
implies that

VEr VW =E IS/ Q.g* E ,1.3/ o.S/ WE 6;5/* ,1.8/60.§Wm\,;

where .9 is the initial belief at stateswith 3 g 0.9/ = 1.

Case lla7 q & for somet E "N *3;:::;1°: recall that during the reduction process, our heuristic
algorithm only removed some elements A+ (Sincel = 1). This implies that the set of feasible
actions at every time step E "N * 3;::;;1° remains the same. Thus, the actiapis feasible at
every time stept also for our heuristic algorithm. If the actios; is indeed picked by our heuristic
algorithm, theng, = a;~. By case |, we have our desired results, M:* V wm, . If another action
is chosen instead in our heuristic algorithm, i.e;, q &, then letV be the value of the policy
where at each time, we are forced to pick the same actionas Becaus# is the optimal solution
in our heuristic algorithm, we must hav®¥ x V. Using the proof from Case |, this implies that
V<*V wm,.

Induction step: Assume that=* ¥ wm, ¢ | is valid for| =i; show that the inequality holds
whenl =i + 1 From the base case, we observe that our worst case error bound holds constant
if no additional reduction in the size of\; for t = 1;:::; N* 2 is performed. Thus without loss of
generality, we can assume that the horizon of our POMDP problem has lengjth However,
repeating the same argument as in the base case, we obtain that the worst case error increases by
an additional factor oim,.

To show thatV<* ¥ wV<* ¥ | we rst claim that when the observatiom is always observable,
A 2% = 1 (we prove this below). Wher *°0 = 1, there is no need to reduce the size of
A#° Thus, invokingreduceA *% m,; ®,d when o is observable does not produce additional
error. Consequently, the error oW is only induced by invokingeduceA *° m, ; &, for these
sets wherep is partially observable. More speci cally, recall that the construction of algorithm
reduceA *% m,; @,3 implies thatg oae .9d* a0 .s/§w 2d, = % for all statess.
Thus, indeed in the base case above, at tinwe have

7 6 7 A 6 A
3% * ,ﬁ*z.ygzg Coaeld* a0y gzg Coagld* L ynaqld g
=1 =1

my

&,0

wliézlg Gag gF rag .s/%w s OF=my:
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Following the same induction above, we obtain the desired result.

To show that®\ *°6= 1when o is observable, we notic&.o& ; & is either1 or O for A, *°. In
the case wherev.0d ; & = Owhen xing a; g thenA,*°="D"; in the case wherav.o& ;& = 1,
we are simply back to the MDP case where the optimal value of the state is unique. O

2.16 Transition probability matrix

Recall the transition probability matrix from Y 2.6.2:

fromto Dx NC C1l Cc2 Re oD Dt Abs

Dx ]p Xpx NGx 21 C%x 0 oty dox W 8

NC ][ 0 NGve Zzo 0 O 0 dyc W9

ca f O NCci Z3 G3 €1 OCby oy W 8

pa = c2 ; 0 0 Z, & e Oty U W §
Re ; XRe 0 Zs C%e €ke OCke Ore W g

oo fl*dopp O O O O 0 dop O g

o f 0 o 00 0o o o 1

ms f0 0O 0 0 0O 0 o0 19

d e

whereZ; = 1* Xpx * Nox * Gy * 0thy* Uox* W; Zo = 1*nayc* duc* WiZs = 1*ncer* & *
€1* 001 * dor* W;Z = 1% G, * @2 ® Otk * oz * W;Zs = 1% Xpe* GRe* €re* OCke® Ore* W:
De ne: Nod the number of overdoses that maps non-negative integer inputs to either O or 1.
Nr: the number of relapses that maps non-negative integer inputsto 1, 2, 3, 4, 5, or 6.
Tu: time since last use of drugs, measured in days.
TA: treatment adherence takes valuex®0%), 2(70%-90%% 3[%).
LetDL be the length of the detoxi cation program the patient chooses.

Variable Action Formula/Function of
XDx action independent 1* 5
NCox action independent 1% Xpy * 0Chy * dpy * W/« 0:1
C3, action independent A% Xpx ¥ 0thy * dpyx * W/ 0:7
if Nod >0: 0.524/2-year (Wines et al. 2007
odby action independent y ( )

if Nod=0: 0.11/2-year (Wines et al. 2007)
if Nr=0:0:001DL (Krebs et al. 2017)
if Nr >0: 0.001

dpx action independent
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0.02/year (Morral et al. (1997),

w action independent O'Toole et al. (2006),
TERMORSHUIZEN2005231)
NGyc action dependent -
dne action independent 0.005/263-day
NCcy action dependent -
G2, action dependent -
one year relapse rate of 72%
. Is obtained from (Chalana et al. 2016)
€1, &, action dependent
the e ect of treatment adherence
is estimated from (Nosyk et al. 2009)
oGy action dependent estimated from (Wines et al. 2007)
dc1 action independent 0.008/263-day
c2, action dependent -
o action dependent estimated from (Wines et al. 2007)
dc action independent 0.01/263-day
NT 0.18/month
XRe M, B, IN, C TA 1: 0.4/month;
M, B, C TA 2: 0.3/monthiTA 3: 0.2/month
NT (Zarkin et al. 2005) 0.007/month
E M, B, IN, C (Zarkin et al. 2005) TA 1: 0.018/month;
M, B, C (Zarkin et al. 2005) TA 2:0.016/monthTA 3: 0.0144/month
NT (Zarkin et al. 2005) 0.004/month
3o M, B, IN, C (Zarkin et al. 2005) TA 1: 0.012/month;
M, B, C (Zarkin et al. 2005) TA 2:0.01/monthTA 3:0.0084/month
0Cke action independent (Krebs et al. 20170:001 N od+ 0:009
dre action independent (Krebs et al. 2017) 0.021/263-day
NT (Kelty and Hulse 2017), C if Tux 29+ DL 0.158 4:01 *Nod
M (Kelty and Hulse 2017) if Tu <29+ DL 0.25+0:01 *Nod
dob M (Kelty and Hulse 2017), IN if Tux 29 + DL 0.11+0:01 * N od

B (Kelty and Hulse 2017), IN
B (Kelty and Hulse 2017)

if Tu<29+DL:015+001+Nod
if Tux29+DL : 009+ 001+Nod
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Table 2.6: The description of the parameters in the transition probability matrix. -: assumptions
that we made to |l out the transition probability matrices.

2.17 Additional Figures

Figure 2.7: Additional Figures for Scenario 2 where the patient reacts to treatBéetter than

M but with a di erent magnitude than the average treatment dynamics. Top row: budget 15K.

Bottom row: budget 21K. Left column: medium TA. Middle column: high TA. Right column:

low TA. The optimal 's, from top left to bottom right are approximately [0.294, 0.234, 0.201,

0.185, 0.162, 0.154, 0.158], [0.534, 0.421, 0.429], [0.126, 0.058, 0.058], [0.300, 0.272, 0.256, 0.23¢
0.214, 0.202, 0.216], [0.551, 0.481, 0.483], and [0.146, 0.061, 0.061]; The expected QALDs received
from treatments (excluding the terminal reward) are [284.91, 293.96, 294.88, 296.21, 296.32, 296.14,
298.78], [313.46, 315.26, 315.84], [229.57, 225.76, 237.29], [312.11, 318.27, 318.70, 318.72, 318.7:
318.80, 321.43], [320.14, 322.28, 322.86], and [297.28, 304.21, 314.31].
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Figure 2.8: Reduced urine tests the frequency of urine tests in Cases 2a 2d is reduced to one

third of the original frequency, and we remove urine tests in Case 3. In all sub gures, the patient

has medium TA. Top row: Scenario 1. Top left: 9K budget. Top right: 15K budget. Middle left:

21K budget, Scenario 1. Middle right: 9K budget, Scenario 2. Bottom left: 15K budget, Scenario

2. Bottom right: 21K budget, Scenario 2. The optimal, from top left to bottom right, are
approximately [0.052, 0.065, 0.054, 0.045, 0.038, 0.037, 0.040], [0.294, 0.187, 0.139, 0.125, 0.110, 0.103
0.103], [0.300, 0.222, 0.181, 0.165, 0.146, 0.138, 0.141], [0.052, 0.039, 0.036, 0.033, 0.026, 0.029, 0.02¢
[0.294, 0.234, 0.201, 0.185, 0.162, 0.158, 0.158], and [0.300, 0.274, 0.256, 0.239, 0.214, 0.208, 0.216].
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Figure 2.9: Additional gures for sensitivity analysis. Left: 9K budget, Scenario 1. Right: 15K
budget, Scenario 2. the frequency of urine tests in Cases 2a 2d is reduced to one third of the
original frequency, and we remove urine tests in Case 3. In both sub gures, the patient has low

TA. Left: generate with a di erent matrix perturbation magnitude than that in Fig. 2.4(top right);

right: generate with the same matrix perturbation as in Fig. 2.8. The optims|from left to right,

are approximately [121.27, 130.31, 132.77, 129.19, 113.58, 132.38, 139.45] and [0.126, 0.081, 0.069,
0.065, 0.060, 0.058, 0.059]; the expected QALDs received from treatments (excluding the terminal
reward) are [0.099, 0.065, 0.061, 0.061, 0.060, 0.056, 0.056] and [229.57, 232.98, 229.99, 212.17, 216.07
229.55, 237.29].

2.18 Case Extension A POMDP Formulation for Survey De-
vices

In this case, in addition to urine test results, we now have access to daily self-reports on cravings.
However, a challenge arises because patients may not tell the truth all the time. In particular, a
patient may provide true, noisy, or falsi ed information. We assume that monetary incentives
are provided to encourage patients to respond to the surveys over 80% of the time (Serre et al.
2012)1° We have the same setup for treatment dynamig, and belief update,;, as in Case
1, but a di erent observation matrixyV. Notice that if a patient tells the truth all the time, the
case will become equivalent to Case 4; if a patient provides only noisy information, this case is
equivalent to Case 1. Consequently, we are interested only in the cases where patients provide
falsi ed information or change their behaviors throughout the program.

To classify a patient's behavior, we rst map the numbers 1 to 4 to the partially observable

1Any missing entries in the self-report of a patient can be regarded as either noisy or falsi ed information as
needed in our case.
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states by a functiom: n.NC/ = 1, n.C1/ = 2n.C2/ = 3 andn.Re/ = 4 We then nd the worst
health state §,) that a patient reported up to three days before the urine test, and compare it with
the test result. Ifs, matches the urine test, we say the patient is telling the truthsjf= Re, but we

have a negative urine test result, we say the patient is providing noisy informatios, I} Re, but

the urine test result is positive, we say the patient is providing falsi ed informati¢hin particular,

we de ne the distanceal.s,;Re/ = 4 *n.s,/. For example, i, = NC, thend.NC;Re/=4*1=3

We also maintain an average distance and map the patient self-report state to the two closest
stateg! accordingly: if the input label is NC and the average distance is 2.3, then we will map NC
to C2 with a probability of 0.7 and to Re with a probability of 0.3,

We use the tuplel;; |;; I/ to keep track of the likelihood that a patient is telling the truth,
providing noisy reports, or giving falsi ed information, wherg +1, +1s = 1. After plugging in our
estimated transition probability matrix in Case 1,* ng;+ > 0:99with ng,+ de ned in Case 1, so
we assume that Re is fully observable in this case. The set of observations thus becomes patients'
self-reports, and the observation matrix W =1; ¢« Wt +1, « Wr + g ¢ Ws, whereWr = lg.g is
the observation matrix when a patient is completely truthfulvg and Ws are the observation
matrices when a patient is providing random information and strategic information, respectively,
and they are de ned as follows:

SO Dx NC C1 C2 Re OD Dt Abs
Dx]pl 0O 0 0 0 0 O og
v {0 13131300 080
c1f0 13131300 0¢
We e fo 13131300 0 go
Re]]:O 0O 0 0 1 0O 08
oof0O 0O 0 0O 0 1 0 Og
0 f0 0 0 0 00 1 03
Absfdo 0 0 0 0 0 O 1g

Letd be the average distancéléabe the integer part of d, andd™ = d * &abe the fractional part

20t could also be the case that the patient is providing noisy information. However, this scenario will be captured

by parametell; below.
24f the average distance is an integer, we map it to only one label.
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of d. Then

so Dx NC C1l C2 Re OD Dt Abs
o P10 0 00 0 0 0
ne FOO1 0O 00 0O 0 0g
@Yo 1 0 000 0 09
Wg.dc’iélézllzczlto " 1*7d 0 0 0 0 0%
Rego 0 0O 01 0 0 08
oo fO O 0O 00 1 0 O
nf0 0 0 000 1 03
as .00 0O 00 0 0 19
d e
Similarly, we can enumerate the cases whédé= 0;2; 3.
so Dx NC C1 Cc2 Re OD Dt Abs
o« P10 0 O 0 0 O og
ne TO 1 0 0 0O 0 0 09
¢ {0 1*Ad 0 00 0 0
Ws.dééé:O/:Cz}:O 0 A 1*Ad° 0 0 O o§
Re;o 0 0 0 1 0 0 og
oo fO O 0 0 0 1 0 0Og
o f0 0 0 o 00 1 0o
as 00 0 0O 0 0 0 19
d e
So Dx NC Cl1 C2 Re OD Dt Abs
Dx ]?1 0 00O0O0O og
NC¥O 1000 0 O 08
ctf0 1 0 0 0 0O O Og
We dodé= 2/ =W doda= = 10 1 0 0 0 0 0 0
Re¥0 0 001 0O 08
oo f0 0 0 0 O 1 0O Qg
% {0 0000 0 1 0
msfO 00 0O O 0 19
d e

To perform the belief update, we rst calculate the observation matik = |, « Wy +1, « Wr+
Is* Ws, and then follow the same procedures as in Case 1.
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Chapter 3

Causal Inference with Selectively
Deconfounded Data

3.1 Introduction

Say that we wished to determine whether sleep deprivation a ects the likelihood of developing
Alzheimer's disease. While we might easily observe that across a large population, sleep depri-
vation is highly correlatedvith Alzheimer's, this fact alone is not su cient to establish whether
sleep deprivation actuallgaused\lzheimer's. This is because the two variables might share a
common cause (eonfoundgraccounting for the observed association, e.g., a genetic mutation
that causes both sleep disorders and Alzheimer's.

The eld of causal inferende concerned with precisely this type of problem. Generally, we
wish to estimate the e ect of assigning a givdéreatmenie.g., sleep deprivation) on a giveatcome
(e.g., Alzheimer's disease) in the presence of possibigounderge.g., a genetic mutatiort)One
of the most fundamental problems in causal inference is to estimateatierage treatment e ect
(ATE), i.e., the di erence in the average outcomes thaduld beobserved if everyone in the
population did (versus did not) receive the treatment. The challenge of estimating the ATE in spite
of unobserved confounding has been formalized mathematically (Pearl 1995, Rubin 1974), making
clear that, in general, no amount of observational data is su cient to identify the ATE. Speci cally,
there can (and typically do) exist multiple models consistent with the joint distribution over the
observed variables that suggest di erent values of the ATE.

To bypass the challenge posed by confounding, research in causal inference has produced a
variety of methods that tend to fall into two broad groups. The rst group consists of performing

INote here that in the technical sense, any variable upon which we could conceivably intervene and thereby
in uence the outcome can be calledteeatment
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experiments on members of the population of interest, typically by assigning treatments randomly.
The advantage of suctandomized controlled tria(RCTS) is that they can eliminate unobserved
confounding. However, while RCTs are often regarded as the gold standard for estimating causal
e ects, active experimentation is often infeasible, e.g., for ethical or nancial reasons. The
second group consists of leveraging domain knowledge to impose structural assumptions that
render the parameter of interest identi able. For example, if we assume that a su cient set of
confounders are observed (e.g., satisfying the backdoor criterion (Pearl 1995)), then under some
mild statistical assumptions, the ATE can be estimated from observational data. Alternatively, even
with unobserved confounding, other structural assumptions (e.g., valid instrumental variables or
mediators) can render a causal e ect estimable from observational data.

All of this is to say that the academic literature typically addresses the setting in which the
confounders are either observed fall samples or fonone However, in many applications, it may
be possible to revisit individuals represented in the dataset to retrospectively observe additional
variables, such as the values of postulated confounders. For example, genetic information is stable
over time, and thus when a genetic mutation is suspected to be a confounder, we might contact
members of a study retrospectively to perform an additional test. Moreover, note that, as with
this genetic example, even when the revelation of a variable is feasible it may nevertheless be
expensive. In such settings, while it might be prohibitively expensive to reveal a confounder's
value for every sample, we might still hope to reveal its value foselected subsaft our data.
Consider the following examples:

1. Drug Repositioning: Here, drugs that have already been approved for a given disease
are applied to treat a separate disease. Since these drugs are already proven to be safe,
repositioning can be done in half the time and for a tenth of the cost when compared with
the typical drug discovery process. To generate candidates for repositioning, correlations
between drugs and diseases can easily be mined from health records. However, these
relationships could plausibly be confounded by other drugs, which could both (a) a ect the
target disease and (b) trigger a side e ect causing the candidate drug to be taken. While
existing longitudinal studies aimed at assessing a drug's e cacy for a given disease A might
have taken care to collect data on suspected confounders that might in uence both treatment
and disease A, when evaluating the drug as a candidate to treat disease B, we might need to
reveal the value of other confounders. Moreover, due to the high costs of contacting patients
and performing additional tests, such data collection e orts would be costly. Even for other
known confounders, due to the digital divide of health records across disconnected systems,
an expensive, manual e ort, might be needed to collect the required data.

2. Genetic Factors for Disease: In the process of establishing the cause of di erent diseases,
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genetic mutations are often implicated as potential confounders, such as in our initial
motivating example for Alzheimer's. Due to the cost of DNA sequencing, it might only be
possible to observe the genetic confounder for a subset of patients.

Succinctly, this paper addresses ATE estimation vadiectively deconfoundeata. We assume
that we are given a large set of confounded data. At the outset only the treatment and outcomes
are observed, but we have the ability tieconfoundny of these samples, i.e., to reveal the sample's
confounder. Naively, one could deconfound an arbitrary set of samples, and estimate the ATE
with standard methods using only the subset of data that was deconfounded. However, this would
discard a substantial amount of data. Thus motivated, we ask the following questions:

1. What s the value of confounded dag®eci cally, how much can we improve ATE estimation
by incorporating confounded data, relative to approaches that rely on deconfounded data
alone?

2. What is the additional value of selective deconfoundspgei cally, how much can we further
improve ATE estimation by intelligently selecting which confounded data to deconfound
based upon the (observed) values of the treatments and outcomes?

To our knowledge, this is the rst paper that focuses on the case where ample (cheaply-acquired)
confounded datais available, and we may select only a limited number of samples to (at considerable
cost) deconfound.

3.1.1 Our Contributions

We address these questions for a standard confounding graph where the treatment and outcome
are binary, and the confounder is categorical. More generally, we introduce a class of optimization
problems that we dulselective deconfoundjmghere the values of the confounders are initially
unobserved and can be subsequently revealed. Concretely, our ultimate goal is teangble-

e cient selection policiespolicies for deciding which samples to deconfound in order to estimate
the ATE most accurately. Our contributions are threefold:

1. The Value of Confounded Data (Y 3.3): We show (in Theorem 5) that a simple method for

incorporating confounded data achieves a constant-factor improvement in ATE estimation error
over using deconfounded data alone. Loosely, the reason for this is the following: in our non-
parametric causal inference model, estimating the ATE boils down to estimating the parameters of

2Throughout this paper, we implicitly assume that tlenfoundedata was sampled i.i.d. from the target population
of interest (but that our policy for selecting data to deconfound need not be).
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the data-generating distribution. The inclusion of (in nite) confounded data reduces the number of
free parameters to be estimated, improving our estimates of the remaining parameters. Moreover,
since the causal functional (the expression for the ATE) is non-linear in the parameters to be
estimated, the error the estimated ATE can be much greater than the individual errors in parameter
estimates. Thus, our improvements in parameter estimates yield greater bene ts in estimating
treatment e ects. For binary confounders, our numerical results show that on average, over
problem instances selected uniformly on the parameter simplex, our method achieves roughly a
2.5 factor reduction in ATE estimation error.

2. The Additional Value of Selective Deconfounding (Y 3.4): We show that selective
deconfounding can in fact reduce ATE estimation error further, and we propose our own policy
for doing so. We rst establish (in Proposition 8) that there cannot exist an optimal policy for
selective deconfounding, in the sense that no policy is universally optimal for all data-generating
distributions. Thus, instead we compare our proposed policy against two benchmark policies
(which we call A and B just for now), along di erent metrics. Assuming access to in nite
confounded data, we nd that:

1. With respect to the upper bounds on each policy's sample complexity that we show (The-
orems 6 and 7), the guarantee for our proposed policy (a) entirely dominates benchmark
policy A, and (b) is independent of (and therefore robust to) the observed distribution over
treatment and outcome.

2. With respect to the (upper bound on) sample complexity of each policy undewisst-
casalata-generating distribution (Corollary 3.4), our proposed policy (a) dominatah
benchmark policies, and (b) is independent (and again robust to) the entire data-generating
distribution.

3. Among all estimators, we show (in Theorem 8) that our proposed policy requires no more
thantwiceas many samples as benchmark policy B in the worst case, whereas benchmark
policy B may require in nitely more samples as our policy.

We extend our work to the scenario where only a nite amount of confounded data is present,
demonstrating that our qualitative insights continue to apply.

3. Experimental Evidence (Y 3.5): Our synthetic experiments suggest that our proposed
policy dominates both benchmark policies when averaging over the unknown data-generating
distributions. Moreover, our experiments also characterize those data-generating distributions
most favorable/unfavorable for our policy. We validate our methods on COSMIC (Tate et al. 2019,
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Cosmic 2019), a real-world dataset containing cancer types, genetic mutations, and other patient
features, showing that the practical bene ts of our proposed sampling policy. We show that on
average, to achieve an ATE estimation error of 0.006, our proposed selection policy reduces the
number of deconfounded samples by a factor of udtwhen compared with the two benchmark
policies.

3.1.2 Related Work

Causal Inference Without Unobserved Confounders:  Causal inference has been studied
thoroughly under the ignorability assumption, i.e., no unobserved confounding (Neyman 1923,
Rubin 1974, Holland 1986). Some approaches for estimating the ATE under ignorability include the
backdoor adjustment (Pearl 1995, Huang and Valtorta 2006), using either outcome regression (Ru-
bin 1974), inverse propensity score weighting (Rosenbaum and Rubin 1983, Hirano et al. 2003,
McCa rey et al. 2004), matching (Dehejia and Wahba 2002), or the use of instrumental variables
when causal structural models are assumed (Sargan 1958, Angrist et al. 1996). Some related papers
look to combine various sources of information, for instance from RCTs and observational data

to estimate the ATE (Stuart et al. 2011, Hartman et al. 2015, Rosenman et al. 2018). Other papers
leverage machine learning techniques, such as random forests, for estimating causal e ects (Alaa
and van der Schaar 2017, Wager and Athey 2018). Other techniques include using time-series data
to estimate the ATE (Athey et al. 2016), and targeted learning (Van der Laan and Rose 2011). In the
operations research and management science literature, several optimization problems have been
proposed. Nikolaev et al. (2013) propose a new objective for matching such that the bias of the
estimated treatment e ect is minimized. Under resource constraints, Gupta et al. (2020) propose

a new method for selecting individuals for treatment intervention to maximize the worst-case
aggregate intervention e ectiveness.

Under the ignorability assumption, missing data has also been thoroughly studied. Under the
assumption that either the missing mechanism or the distribution of the complete data is correctly
speci ed, doubly robust estimators (the estimators that remain consistent under this assumption)
have been proposed when data is missing at random and when the missing probabilities are either
known or can be parametrized (Robins et al. 1994, Hannah et al. 2010). Doubly-robust estimators
have also been studied when outcome is missing not at random (Rotnitzky et al. 1998, Scharfstein
et al. 1999), and been proposed for sequential (Robins 2000) and longitudinal (Bang and Robins
2005) missing data.

Causal Inference With Unobserved Confounders: Since an unaccounted for unobserved
confounder can invalidate an estimate of the ATE, three lines of work attempt to address/remove
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Obs./exp. data Confounders Guarantee Active

Robins et al. (1994) Observational Missing at random Asymptotic No
Kallus et al. (2018) Both Unconfounded exp. data Asymptotic No
This work Observational  Selectively deconfounded PAC Yes

Table 3.1: Literature that are closely related to our paper

the ignorability assumption: one using observational data alone, another by combining confounded
observational data wittexperimenta{and thus unconfounded) data, and nally by conducting
sensitivity analysis.

The rstline includes papers using proxies (Miao et al. 2018) and mediators (Pearl 1995). Kuroki
and Pearl (2014) identify graphical structures under which causal e ect can be identi ed. Miao et al.
(2018) propose to use two di erent types of proxies to recover causal e ects with one unobserved
confounder. Shi et al. (2018) extend the work by Miao et al. (2018) to multiple confounders.
However, both methods require knowledge of proxy categories a priori and are not robust under
misspeci cation of proxy categories. Louizos et al. (2017) use variational autoencoders to recover
the causal e ect under the model where when conditioned on the unobserved confounders,
the proxies are independent of treatment and outcome. Pearl (1995) introduces the front-door
adjustment, a procedure whereby the causal e ect can be expressed as a functional that concerns
only the (possibly confounded) treatment and outcome, and an (unconfounded) mediator that
transmits the entire e ect. This procedure was further improved by Tian and Pearl (2002) and
Shpitser and Pearl (2006a,b).

The second line combines confounded observational and experimental data to estimate the
ATE. Bareinboim and Pearl (2013) propose to combine observational and experimental data under
distribution shift, learning the treatment e ect from the experimental data and transporting it to
the confounded observational data to obtain a bias-free estimator for the causal e ect. Recently,
Kallus et al. (2018) propose a two-step process to remove hidden confounding by incorporating
experimental data, relaxing the assumption that the confounded data and experimental data have
the same support region.

Finally, to better interpret the estimated ATE and to address the possibility of unobserved
confounders, a third line of the work aims to test the robustness of the ATE estimate via sensitivity
analysis. Note that this line of work does not address the existence of unobserved confounding,
but rather examines how the estimated ATE would changed under one additional (hypothetical)
confounder. These work include Corn eld et al. (1959), Rosenbaum (1987, 2002), Rosenbaum
et al. (2010), Rosenbaum (2011, 2014), Shen et al. (2011), VanderWeele and Ding (2017), Zhao et al.
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Figure 3.1: Causal graph with treatmeit outcomeY, and confoundeZZ

(2017), Miratrix et al. (2018). Fogarty and Small (2016) extend the analysis to multiple unobserved
confounders by enforcing all unmeasured confounders to have the same impact on the treatment
assignment probabilities.

Unlike most prior work, we (i) address confounded and deconfounded (but not experimental)
observational data, (ii) perform nite sample analysis to quantify the relative bene t of additional
confounded and deconfounded data towards improving our estimate of the average treatment
e ect, and (iii) investigate sample-e cient policies for selective deconfounding.

3.2 Model and Estimator

We begin by introducing the process through which (we assume) the data is generated and
observed (Fig. 3.1). L& andY be binary random variables representing tiwatmentand
outcomerespectively. The binary values can be taken, for example, as indicating whether a
particular treatment has been applied (in the caselgfand whether the outcome was successful

(in the case ofY). We assume the existence of a (potential) confounder, dendtgtiat can take

up to k categorical values. Although there only exists a single confounder in our model, because
the variable is categorical, the model subsumes scenarios with multiple categorical confounders.
We will expand on this assumption later on in this section.

Let Py 1.z denote the joint distribution of the random vectaiY ; T; Z, the randomness corre-
sponding to draws from a given population. We will use similar subscripts to denote conditional
distributions (e.g.Pyva:z) and marginal distributions (e.gRz). Confounded datthen consists
of i.i.d. draws fromPy .+ (marginalized over the confoundet), anddeconfounded datonsists
of i.i.d. draws fromPy .t.z. Thus, the confounded and deconfounded data .gr¢/ and.y;t; z/
tuples, respectively. We use the terselective deconfounditgmean selecting a confounded data
point .y; t/, and revealing the value of its confounder this corresponds to sampling from
Pza 1. &;t/.

Our goal is to estimate thaverage treatment e e(ATE). Now there are a number of (equivalent)
formalizations of the ATE. One formalization follows the now-classical nomenclature established
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by Pearl (2000): let the so-called do-conditional expresdion = ydlo.T =t// be de ned as

P.Y =ydlo.T =t//:= E Pygz.y®;z/P;.2/:
zEK]
Intuitively, P.Y = ydlo.T =t// describes the probability gfY =y~ when we force the treatment
to take valuet, regardless of what value it would have otherwise taken. For instance, in the
Alzheimer's example, this corresponds to forcing an individual to sleep or not sleep.
The ATE then can be expressed, via the back-door adjustment (Pearl 1995), as

ATEPy.r4 = P.Y =1do.T =1//* P.Y = 1d@lo.T = 0// (3.1)
= E Pya';z.la;Z/* Pya';z.].@;Z/ Pz.Z/: (32)
ZEK]

In words, the ATE is the di erence between the average outcome in the population were we
to always administer the treatment, and the average outcome were we to never administer the
treatment.

We make the following assumptions, all of which are by now standard in the causal inference
literature3

Assumption 1. The following hold:

1. Ignorability [Rosenbaum and Rubin 1983RT &, wherey; is the outcome that would
take if the treatment were

2. Consistency[Robins 1986]: The observed outcome for an individugd treatmentt, is the
same as the one that we would observe if we were to assign treatoniexividuali.

3. Positivity [Cole and Hernan 200&)< Prg.1&/ < 1for all z such thatPz.z/ q O.

Recall our motivation we cannot calculate the ATE from confounded data albfeecisely,
even given arin nite amount of confounded data (which corresponds to knowiRg exactly),
there can exist multiple distribution®y .1.z consistent with the confounded data, with di erent
values forATE.Py.t.Z. So given confounded data alone, the only available options are to collect
new deconfounded data, or selectively deconfound existing data.

3These assumptions are minimal: the ignorability assumption ensures the identi ability of the causal e ect. The
consistency rule is so ubiquitous in causal inference as to be axiomatic at this point (Pearl 2010). Finally, positivity

ensures the estimability of the causal e ect.
“We could if we intervene or make further assumptions on the structure of the causal graph, but these options are

often unavailable, as in our motivating applications.
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Aside: Model Generalizability: Our next step, in the coming subsection, will be to de ne

the estimator for theATE that we will study. But before that, we pause in this (optional) aside to
address some of the components of our model that may appear to be restrictive at rst glance.
First, on the use ofliscretevariables: there do indeed exist applications and a rich literature,

in which the variables are instead continuous. Now such variables can of course be quantized
to t our model, but more importantly, we note that the use of categorical (even binary) data

is well-established in both theory (Bareinboim and Pearl 2013) and application (Knudson 2001,
Rayner et al. 2016), and not merely a simplifying proxy for continuous data. Moreover, models
with continuous variables, by and large, require some additional structural assumptions (e.g.,
linearity, an alternate parameterization, or smoothness). Our model requires no such assumption.

A second ostensible restriction is that we haveiagleconfounder, whereas applications may
have multiple confounders. Our model in fact subsumes these scenarios. In particular, absent
additional distributional assumptions, our model captures multiple unobserved confounders by
simple concatenatiomvithout losgsince we impose no limit on the number of classes). Now, one
could make additional assumptions (indeedjigh-dimensional setting might necessitate such
assumptions) that could render alternative algorithms applicable. However, there exist many
applications where (a) the confounder is of moderate dimension; and (b) a practitioner would be
dubious of any additional assumption (Bates et al. 2020).

Now concatenating multiple confounders into a single confounder does implicitly require that
the set of confounders is either never observed or entirely observed, but this is also without loss
so long as the costs of revealing the confounders are equal (e.g., this is the case in the genetic
example). Intuitively, because we do not impose any independence assumption on the set of
confounders, revealing all confounders o ers maximal information on the joint distribution of the
confounders. We formalize this statement in Y 3.7.1.

Lastly, we have not considered pretreatment covariates. While for simplicity we focus only on
the setting where the confounder can be retroactively observed, we show in Y 3.7.2 that our model
can be applied straightforwardly to handle additional pre-treatment covariates.

3.2.1 An ATE Estimator

We are ultimately concerned with the value of di erent sets of data: rstto contrast combined
(confounded and deconfounded) data against deconfounded data alone, and second to contrast
di erent sets of selectively deconfounded data. Now the value of any data here is measured
with respect to the accuracy with which that data can be used to estimate the ATE. It is worth
emphasizing here that we anmeot directly concerned with the question diowdata is used to
estimate the ATE the design of such ATE estimators is an active area of research (Robins et al.
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1994, Robins 2000, Bang and Robins 2005), which we view as orthogonal to the questions we seek
to answer. Our approach will be to x a particular ATE estimator to be applied on all sets of
data. We will now de ne this estimator, which is conceptually and algorithmically simple, and
corresponds to known, well-studied estimators (see Y 3.2.2).

To ease notation slightly, lepf; denote the probability of eventY =y; T =t;Z =7, leta,
denote the probability of eventY =y; T =t", and letqy, denote the conditional probability of
event’Z =z =y; T=t":

pjt = Pyrzyitiz;  aq = Pyry;t/; qjt = Pry.1.2¢;t/:

We will further compact the notation by lettingp denote the vector of akik (recall thatY and

T are binary-valued, and takes one ok categorical values) valugs,, in arbitrary order, and

similarly for aandq. As a sanity check, the ATE can be computed entirely frppbut the reason

to call out the decompositiom andq (itis a decomposition in the sense thaf; = a,:qy,) is that

it will highlight the di erent information contained in confounded datag) versus deconfounded

data ). Now on to our estimator, which di ers slightly based on the type of data being used:

1. Deconfounded data alone: Given only deconfounded data, we rst obtain empirical

estimates for eacly, using themaximum likelihood estimatdMLE), which is simply the
empirical frequency, and we denote the corresponding estimafes\We then obtain our
estimated average treatment e edkTE, by pluggingpy, directly into the de nition of ATE
in Eq. (3.2). Speci cally, IeATE.p/ : [0 ;1]* E [*1;1] denote the value of the ATE under
the distributionp:

a
A Po S =
ATEp/=E [—PLL = s E (3.3)
z r3 pszll ° p§OSH yit pytl
p’ Y q

(this is just a re-writing of Eq. (3.2)). Then our estimator under deconfounded data alone:
ATE = ATEp/: (3.4)

While this estimator is quite simple, in Y 3.2.2 we show that absent additional causal structural
assumptions, it corresponds to the well-studied doubly-robust estimation method.

2. Incorporating confounded data : To assess the value of confounded data, recall we have
decomposedPy .z into two components: (i) the confounded distributid?y .+, or a; and (ii)
the conditional distributionPz4 1, or g. The process afleconfoundingeveals the value of
Z for one (initially confounded) sample, and so we gain no additional information about
the joint distribution Py 1. Thus,a is estimated entirely using the confounded data, and the
deconfounded data can then be used exclusively to estimate the conditional distribgtion
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(a) In nite samples of confounded data : Much of our analysis concerns the case
where the amount of confounded data is e ectively in nite, so that the confounded
distribution a is known exactly. Analogous to Eq. (3.3), we EEE.a;q/ : [0;1]*
[0;1] E [*1;1] denote the value of the ATE under the distribution decomposedas

andq:
a
e T audn &y S 2 .
ATE.a;q/=E * E : (3.5)
z I':3 aqu)zfl 3 ay0q§0§H yit aytqwl
p’ ! q

We estimate each valug/, from deconfounded data using the MLE estimator, and
denote the estimates ag;. We then calculate our estimated ATE by plugging tag's
andgy,'s into Eq. (3.5):

ATE = ATEa;q/: (3.6)

(b) Finite samples of confounded data : Finally, in the case where we have a nite num-
ber of samples of confounded data, we use the confounded data to produce estimates
&, via the MLE, and calculate our estimald E by plugging theay's andqy,'s into
Eqg. (3.5):
ATE = ATEa; q/: (3.7)

3.2.2 Aside: Our Estimator as the Doubly Robust Estimator

In this (optional) subsection, we show that when incorporatidgconfounded data onlyithout
making any additional assumptions about the causal structure, our estimator, Eq. (3.4), is the same
as the one obtained by applying the well-established doubly-robust estimation method, i.e. there
is no bene t of doubly robustness under our problem setup. We do so by showing our estimator
is the same 1) as the one obtained through a generic outcome regression model, and 2) as the
one obtained via thénverse-propensity score weight{ifg\W) method. In addition, we note that
under our current problem setup, the IPW estimataiwaysyield the same estimators as the ones

in our paper, Egs. (3.4) - (3.7). Finally, in Y 3.8, we show that with in nite confounded data, a
straightforward extension of the outcome regression model leads to an optimization problem that
is not well-de ned. This motivates us to provide estimator-independent theoretical guarantees in

Y 3.3.

Our Estimator as the Outcome Regression Estimator  First, under deconfounded data only, we
observe only the tuplesy; t; zZ (and we do not know the confounded distributid®y .1). Without
making any additional causal structural assumptions, we can only estimatetmalitional average
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treatment e ect(CATE) the treatment e ect when conditioned on the value of the confounder
Z by one-hot encoding the.t; z/ tuples. We can then obtain the ATE by reweighting the CATE
by P.Z/ (which can be estimated separately). We formally state the outcome regression process
below.

we rst note that the ATE when conditioned oiZ = z equals toPyy.7.1d; Z/ * Pyy.z.1®; Z/.
Letu, be a binary random variable that takes the valig T =t andZ = z, and0 otherwise. Let
y!? to denote the values of whenT =t andZ =z, wherei = 1;:::;; N, and N is the number of
samples wherd =t andZ = z. Then, using the random variables,'s, we can estimate the value
of Pyg.z.1d; Z/ by running the following logistic regressiorPyg.2.1d; 2/ = .w, Ui, + b/, where
Wi, andb, are the weight and bias respectively, ands the logistic function. Then, the MLE for

W, Ut + b,/ can be obtained through solving the following optimization problem:

Ntz
argmaxE yZlog. WUy + b/ +. 1% y?/log.1* WUy, + b/l
i=1
and we obtain the MLE estimat¥!? = 3%"" Recall thatpgt Is our estimatedPy 1.2.y;t; 2/
(using the MLE estimator), which can be calculated by dividing the number of samples where
Y=y;T=t;Z=zbyN;. LetN be the total number of deconfounded samples. Then,

S | S
N, Np& +Npi  pR& + P4

Thus, the estimated CATE under the above logistic regression can be expressed as

3 _Nli ylz 3 .Noi y Pi, PLo
Pra 2182/ * Pyg 2182/ = L« _ =L = ’ '
vy ;z-1d, Yaz-+h [\ No, P61+ PiL PGt Pho

One could verify that the above expression is indeed the same as the estimated CATE that we
would have obtained using Eq. (3.4). Finally, to obtain the ATE, we can estiRyaseparately using
deconfounded data alone via the MLE and obtain tRatz/ =3 . pf;. Together, we conclude that
outcome regression yields the same estimator as in Eq. (3.4).

Our Estimator as the IPW Estimator ~ Next, we show that under deconfounded data alone, the
IPW estimator yields the same estimator as in Eq. (3.4).

Let , denote the estimated ATE. We de ne the propensity scer® .= P.T = 1& =2z/, and
let e.z/ be the estimated propensity score from the data. t.e¥;, andz denote the value of the
treatment, outcome, and confounder for theh sample respectively. First, we recall that the IPW

estimator takes the following form:
:1EN tiyi *1EN -1*ti/yi:
’ N . 1 e.Zi/ N - l*e.Zi/

(3.8)

1
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Note that in our problem/Z takes a nite number of discrete values. Thus, using the notation
above we can further decompose Eqg. (3.8) as follows:

1. '}‘12 y.lZ 1. I)‘02 y‘Oz

=-g g X« g Y (3.9)
N, H_ezlIl N ,H_1*ezl

—E 0_1 A (i *1 3y (3.10)
,0ez/ N 1 ~ 0O1*ez/ N 1

1 Npi; | - 1 Npip . 1 , .z 1 .

= i S = - E .——— ; 3.11

" 0ezl N1 C 0l%ed N1 = OezPa E ofsgyPor: G1D

z

where the second to the last equality is due to the fact tRgls y!z = Npz. Now, to estimate

e.z/ = Prg.1&/, we note that without making any additional causal structural assumptiopg/

can be expressed using our estimators as follogvz/ = :yyt‘%, andl* e.z/ = Pyz.0&/ = jyyﬁ.y;(:-
Plugging in these values back into Eqg. (3.11), we recover the Eqg. (3.4) exactly. Finally, we observe
that the IPW estimator can be formally stated as

Pyrz1,17

Py121,0,2/
Pre.1; z/ '

E
Prz.0; z/

z

E

z

(3.12)

Thus, under our problem setup, without making any additional assumption, Eq. (al¥&)ys
yields the same estimate as Pearl's backdoor adjustment formula Eq. (3.2).

3.3 The Value of Confounded Data

We are now prepared to answer our rst questiohow much can we improve ATE estimation by
incorporating confounded dateo that end, we rst analyze and compare tlsample complexitgf

the MLE estimator described in Y 3.2 for deconfounded data alone and for augmented with an
in nite amount of confounded data, while holding everything else the same. Throughout the
paper, we measure the sample complexity of an estim&®E as the number of samples required

for ATEto be. ; /-close to the true ATE, where the notion of ; /-close is de ned as follows:

De nition 2.  An estimatoATE is said to be ; /-close to the true ATE if it satis es

P.ATE * ATESX /< :

Deconfounded Data Alone:  We begin with thebaselineapproach of using only deconfounded
data that has been sampled according to the deconfounded distribuien,z. The following
theorem identi es a quantity of samplesi,.seWhich is su cient to estimate the ATE to within a
desired level of accuracy under the estimation process described above.
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Theorem 5. Using deconfounded data alone, the estinddtirp/ as de ned in Equatiof3.4)is
., I-close if the number of deconfounded samples is at least
*2 1
— - z — .
Mpase:= Cn?;?xHEy pytI = Cn?;?X—PT;Z.t;Z/Z’
whereC := 12:5k?In.8k_ / ™.

The proof of Theorem 5 (in Y 3.9.1) relies on an additive decomposition of the estimation error
on ATE in terms of the estimation error on thg/,'s, along with concentration via Hoe ding's
inequality.

Incorporating In nite Confounded Data: Now consider the setup in which we have decon-
founded data, along with am nite amount of confounded data, i.e., the marginal distribution
Py.ris known exactly. Analogous to Theorem 5, Theorem 6 identi es a su cient number of
deconfounded sampleBysp.°

Theorem 6. Incorporating (in nite) confounded data, the estima#dE.a;q/ is. ; /-close if the
number of deconfounded samples is at least

3
yayt - Cma PTt/

Mphsp .= CMmax X—;
nsp t;z PT;Z.t;Z/Z

nax— — (3.13)
' y QytOyt

whereC := 12:5k%In.8k_/ 2.

The proof of Theorem 6 is included in Y 3.9.5. A few observations can be made from comparing
Theorems 5 and 6:

1. mysp is less thanmy,se for any underlying distribution Py .1z highlighting the value of
confounded data. In fact, the ratim,ase Mnsp, iN addition to being strictly greater than 1,
can be arbitrarily large.

2. With respect to the accuracy parametersaand , both mpaseandm,g, Scale as. 2n. "/,
irrespective of the underlying distributiorPy .+.. Now it might be that a better scaling is
achievable, either with a smarter estimator or a tighter analysis of our estimator, but the
following minimax lower bound shows that this isotthe case:

Proposition 6. (Lower Bound with respect t@and ) Fix any confounded distribution and
assume that in nite confounded data is given (or equivalepgly,is known). For anpTE

5The subscript nsp stands fonatural selection policyrhe motivation for this name will be explained in the next
section.
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estimator, there exists an underlying distribufiynr .z, whose confounded distributiorPis,
for which the number of deconfounded sarfipézgiired for the estimator to be /-close is
atleast. "log. "/I.

The proof of Proposition 6 (Y 3.9.3) proceeds by construction. Proposition 6 states not only
that Theorems 5 and 6 are tight with respect taand , but moreover the. “2log. ™//
sample-complexity is necessary even Balectivelyleconfounded data, as we will study in

the next section.

. Even xing k, , and , bothmysseandm,g, can be arbitrarily large for certain underlying
distributions Py 1.z In fact, even xingany confounded distributiorPy.r, bothmy,seand
Mysp Canstill be arbitrarily large for distributionsPy 1.z consistent withPy 1. As in the
previous point, this is necessary fany estimator:

Proposition 7. (Lower Bound with respectR®o.t.,) Fix any confounded distribution and
assume that in nite confounded data is given (or equivalel{ly,is known). There exists

; > Osuchthatna ; /-close estimator exists. Speci cally, for any number of deconfounded
samplesn,’ there exist two underlying distributioR§ ..., and P ., with the following
properties:

"~ Both of their confounded distributions &er.

" No algorithm can correctly identify both of them with probability more th&n using
at mostm deconfounded samples.

* Their correspondin§TE's are apart: NTE.PY ./ * ATE. P+ J8x .

The proof of Proposition 7 (Y 3.9.2) is constructive, and relies baing chosen as a function
of Py.1, and the distributions?} .;., and P ., being chosen as a function ofandm. The
construction relies on values of the conditional distributid®y & .1 approaching 0 and 1, and
so later on, we will state certain guarantees with respect to a parametesuch that all
values ofP;y .1 are bounded within an interval ; 1 * 1.

3.4 The Additional Value of Selective Deconfounding

Having established the potential value of confounded data, we turn now to the second question:
what is the additional value of selective deconfoundifig® path we will take to answering

5This applies when the deconfounded samples are generated accordig+g as in this section, or are selectively

deconfounded as in the following section.
’See footnote 6
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this question is to analyze di erent policies for selective deconfounding, and compare their
performances via instance-dependent sample complexity lower and upper bounds, and the instance-
independent worst-case sample complexity upper bounds when incorporating an in nite amount
of confounded data. Incidentally, this will yield a policy which we propose for use in practice.
Lastly, we extend our analysis to the scenario where we have access only to a nite amount of
confounded data.

Selective Deconfounding: One important consequence of our procedure for estimating the
ATE in Y 3.2 is that the four conditional distributions are estimated separately: the deconfounded
data is partitioned into four groups, one for eaci; t/ E ~Q1°2, and then the quantitiesy, are
estimated separately. This means that the procedure amegely on the fact that the deconfounded
data is drawn from the exact distributioRy .tz In particular, the draws might as well have been
made directly from the conditional distributionBs 1.

Suppose now that we can draw directly from these conditional distributid®g, .t. This
situation may arise when the confounder is xed (like a genetic trait) and can be observed ret-
rospectively. This leaves us with four sample selection options, namely selecting confounded
samples from the four groupsy; t/ E ~Q 12, to deconfound. The problem sklective deconfound-
ing formally can be stated as: given a budget for selectively deconfounded samples, how should
we allocate our samples among the four groupg;t/ E ~Q1°2?

Selection Policies: A sample selection polikpows the confounded distribution (assuming

in nite confounded data), and selects the number of samples to deconfound from each of the four
groups.y;t/ E ~Q1°2. Equivalently, it is a mapping from confounded distributioagrecall that

ayr = Py.1.y;t/) to vectorsx := . Xog; Xo1; X10; X11/, Wherexy, indicates theproportionof samples
allocated to each group. We will consider the following three sample selection policies:

1. Natural (NSP): x,: = ay: = Py.1.y;t/. Thisis natural in the sense that it is equivalent to
drawing directly fromPy.r.z as we did in the previous section. Since it can be implemented
by deconfounding samples at random, it corresponds to non-selective deconfounding.

2. Uniform (USP)xy; = 1_4This splits the samples evenly across all four groups. While this
policy does not depend oa, it requires selective deconfounding to implemént.

3. Outcome-weighted (OWSP): xy: = a,t_ 2% & = Pyg.yd/_2 This splits the samples
evenly across treatment group3 (= Ovs. 1), but within each treatment group, the number
of samples is proportional to the outcom# & Ovs. 1).

8\We also observe that USP with 4X number of samples (we simply select data from all 4 categories to deconfound
at each step) lower bounds the estimation error of the optimal selection policy in our problem.
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While the particular form of OWSP appears to be the least intuitive, we will soon show that
it provides an instance-independent guarantee when considering the worst-case conditional
distributionsq.

As a sanity check, note that Theorem 6 corresponds to the sample complexity upper bound
for NSP.

3.4.1 Non-existence of an Optimal Policy

Before we analyze the sample complexities of the remaining sample selection policies, we rst
establish that there doesot exist a sample selection policy that is optimal. Now the notion of
optimality here needs to be de ned carefully for example, it should be independent of the
particular choice ofATE estimator, and it should apply acrosssatof underlying distributions. To

that end, we introduce the following de nition:

De nition 3. Fixany ; > 0. For any sample selection pok¢yany confounded distributi@) and
any set of conditional distributio® de ne ,.a;Q/ to be the minimum number of deconfounded
samples such that there exists an estim&id which achieveB.&ATE*ATEdx /< forallq EQ:

$ %
«a;Q/=min mEN : CATEst.P.ATE*ATE.a,g/dx /< "AQqEQ

As another sanity check, note that Theorem 6 implies an upper boundgp for alla andQ,
nsp-&; Q/ WSUR,eq Mhsp.&; q.
Given this de nition, itis natural to call a policyx optimal for a given confounded distribution
a and a given set of confounded distributioiggif (and only if) it achieves the minimum value
«-&; Q/ across all policies. We can now formally state the non-existence of such an optimal policy
for any a:

Proposition 8. For every confounded distributianthere exists two sets of conditional distributions
Q: andQ, such that any optimal sample selection policy unatg,/ is not optimal undera; Q./.

The proof of Proposition 8 proceeds by construction (Y 3.9.4). Proposition 8 highlights the
need to compare the proposed selection policies via various performance metrics.

3.4.2 Analysis of Policies

Returning to our three de ned sampling policies, we will in this subsection show four results that
each compare the policies along di erent metrics. Table 3.2 summarizes the comparison between
the three selection policies.
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Lower Bound Upper Bound  Worst-Case Bound Independence

3 12 3 ayt c 1
NSP S max., 22y cmax. y C max 1
2 Xyt 23 yaytlzjz Xz B yaytqft/z 2 X 3 yayzt
4, B’y e/t vy 4c &
USP > ma)&,t 3 yaytlz C ma)Q,z 3 yath§t/2 2 maX 3 yaytlz

3 2 3 /2 m Opy-T
OWSP % max, 23 ocmax,, <23 % owsBTY;
l} 3 ayt L3 athyt/
g Y Mows;‘)oPY;T;Z

Table 3.2: Comparison between the instance-speci c lower bound, sample complexity upper
bound (n), and the worst-case sample complexity upper bouk).(mewsp, dominatesm,s,, but
neither myysp NOr Mysp dominates the other. Instead, Theorem 8 establishes the worst-case relative
performance of owspand nsp. The last column illustrates that with su cient samples, the sample
complexity upper bound guarantee for OWSP is independent of the confounded distribution
Py .1, and the worst-case sample complexity upper bound for OWSP is independent of the data
generating distributionPy 1.2

1. Upper Bounds on Sample Complexity:  First, we provide an upper bound of the sample
complexity of ,sp.a;Q/ and owsp.-a; Q/ for everya andQ by analyzing our algorithm (analogous
to Theorems 5 and 6):

Theorem 7. Incorporating (in nite) confounded data, the estima#®®E.a;q/ is. ; /-close if the
number of deconfounded samples, selected under the natural selection policy (NSP) is at least:

3 Pr.t/
Masp 1= Cmaxy—ayt2 =Cmax————:
tz 3 a2 tz Pr.z.t;z/?
y Syt Oyt ;

Under the uniform selection policy (USP):

43 a2 43 Pyry;t?
Mysp 1= Cm_ax%:(:m_ax ) Y’szlz :
t;z 3 yaytq)zlt t;z PT;Z-t1

Under the outcome-weighted selection policy (OWSP):

23 o, "
mowsp = CI‘T?aXy—aytz = Cnt]a.xp—za/z:
iz Z iz .

*y Aty za

HereC := 12:5k%In.8k_ / ™.

As a sanity check, note that the rst statement in Theorem 7 is a restatement of Theorem 6,
reproduced here to make comparison with the rest of the theorem easier. The proof of Theorem 7
(Y 3.9.5), which di ers from the proof of Theorem 5, requires a modi cation to Hoe ding's inequal-

ity, which we derive to bound the sample complexity of the weighted sum of two independent
random variables. Theorem 7 points to two advantages of OWSP:
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1. OWSP has the nice property that,ys, does not depend oRy .. This means that when we
have su cient data, the sample complexity upper bound guarantee of OWSP is consistent
across all confounded distributior3, ..

2. USP is entirely dominated by OWSRy,sp X Mowsp; Sincedad, + 4as, * 2.ay + ag/? = 2.8y *
a]_tlz x O:

We might hope for a similar result by comparin@ows, With myg,, but neither strictly dominates
the other, and in fact Proposition 8 rules out the possibility of nding a policy which strictly
dominates all others.

2. Worst-Case Upper Bounds: Taking a slightly di erent tack, we might consider computing
what Theorem 7 guarantees for each policy, acrabpossible values of the conditional distribution
g thisis areasonable re-interpretation of Theorem 7 since we do not know the valug of
advance. One problem with this approach is that for any confounded distributipeach of the
three valuesnysp, Mysp, andmgysp, Can be made arbitrarily large (which is consistent with the lower
bound in Proposition 7, which recall applies emy choice of estimator) by taking certain values
of q to be close to 0 or 1. So instead of considering all possible valugswé will parameterize
this entire analysis by a constantE .Q1_2/ (Worst-Case Upper Bound) FixE .Q1_2/and let

Q :="q: ¢4 E[;1* 1Ay;t;Z. Then,

. — — C .
Mhnsp := rQE%x Mhsp = — mtax3 ;

y Byt
3 2
— _ y &t .
Musp := rgl%x Musp = — mtax3—ayt/2’
Ty
2C

Mowsp := rQE%X Mowsp = — -
A few observations to make on Corollary 3.4:

1. The maximum ofmysp, Mysp, andmeysp are always obtained ay, = for somet; z. This
further justi es for our choice of parameterization by.

2. Mowspis independent oPy .+ .z This means that when data is su cient, the worst-case sample
complexity upper bound for OWSP is consistent across all data generating distributions.

3. OWSP has the lowest worst-case bound:
Mowsp WMnsp and Mowsp WMusp:

To see the rstinequality, note thaminmax 1_3 y ayi/ is achieved when yar=12so
max 1_2 , a/ X 2. To see the second inequality, note that for binary-valuédwe have

23 yaétx3 ya§t+2 yayt:.3 yayt/z.
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3. Estimator-Independent Upper Bounds:  Zooming back out to our goal of comparing the
three di erent selection policies, Theorem 7 e ectively eliminated USP since it is dominated
by OWSP ifnysp X Mowsp) fOr everydata-generating distribution. Regarding the comparison
between NSP and OWSP, Corollary 3.4 showed that OWSP dominates NSP for every confounded
distribution a, under each policy's worst-case instancegpfTo expand on the comparison between
OWSP and NSP, next we provide a stronger guarantee that holdartatrary estimators. Recall
from De nition 3 that .a; Q/ is the minimum number of deconfounded samples, collected under
policy x, such thatsomeestimator is (, )-close for allg EQ.
The following result (Proof in Y 3.9.6) establishes that.a; Q/ may be arbitrarily larger than
owsp- & Q/, but owsp.a; Q/ is never more than twice as large:

Theorem 8. Fixany E .Q1 2/Forany E .Q05*2 .1* /], there exist confounded distributions
a,andQ 1 Q, such that owsp-&; Q/_ nsp.-@; Q/ is arbitrarily close to zero. In addition, for aland

Q. owsp@; Q/ W2 ngp.a;Q/:

4. Lower Bounds on Sample Complexity:  Finally, we show lower bounds on,sp.a; Q/; ysp-@; Q/;
and qusp-a; Q/ that are analogous to Theorem 6:

Theorem 9. (Lower Bound) Fix anyE .Q1_2/and anya. Then,

. G anl pan/
nsp-a; Q1 X - rr;?xw
2
usp-@; Q1 X —max4ayt Y ay;/ :
v ay"t/
C Q.3 y ay“t/ 2
.a; Q/ x —< max :
owsp Q 2 yit 3 y ay"t

wheret,.= 1 *t andC; x .k *1/%In. "/ 2.

The proof (Y 3.9.7) proceeds by construction. When comparing the constaatsl C;, we
observe that the upper and lower bounds matchkin ; and , demonstrating the relative tightness
of our analysis.

3.4.3 Incorporating Finite Confounded Data

We have now shown thagiven an in nite amount of confounded dat@WSP outperforms the
NSP in the worst case. However, in practice, the confounded data will be nite. Recall that in this
casedeconfoundingeveals the value of for one (initially confounded) sample, and thus we gain
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no additional information abouPy .r. Thus, thesar confounded data provide us with a@stimate

of the confounded distributionPy 1.y; t/, &:. To check the robustness of OWSP, we extend our
analysis to handle nite confounded data. Witk de ned as above, we can derive a theorem
analogous to Theorems 5-7:

Theorem 10. Givenn confounded anch deconfounded samples, witlk m, ATE,.¢/is. ; /-close
when

2 N
3 z .52 a
t Oyt . Prat;z/
| .n L)z/z = m|‘n rLZZSX 4C: (314)
yit;z 1 4 Ot/ yitzr_1 4 Gyl/* g
Xytm n pXytm n g

HereC := 12:5k?In.8k_ / ™.

The proof of Theorem 10 (Y 3.9.8) requires a bound we derive for the product of two independent
random variables. A few results follow from Theorem 10. First, a quick calculation shows that
whenm is held constantP .ATE,.q/ * ATE,.q/0x / remains positive ast E @. This means
that for a certain combinations of; ;n, there does not necessarily exist a su ciently large
m s.t. P.ATE,.q/ *ATE,.q/0x / w can be satis ed. However, when there exists such an
m, thenm x max.;.X;; Prz.t;z/> &/*. g />n . Although Theorem 10 does not recover
Theorem 7 exactly whem E @.° it provides insights into the relative performance of our
sampling policies. Moreover, a conclusion that is similar to Theorem 8 hattlg;s, Masp W2, and
there exist distributionsPy 1.z such thatmgysy Mhsp is arbitrarily small. Theorem 10 also implies
that whenn | .q§t/2xytm Ay;t/ E 7qQ1°2 the majority of the estimation error comes from not
deconfounding enough data. This is because when the number of confounded data that we have
is more than. m/, the error on the ATE in Eq. (3.14) is dominated by fact that we have enough
deconfounded data. Put another way, for a givenit is su cient to have n = . m/ confounded
samples.

One new issue that arises with nite confounded data is that a sampling policy may not be
feasible because there are not enough confounded samples to deconfound. This does not happen
for NSP (assumingn wn), but can occur for USP and OWSP. When this happens, we approximate
the target sampling policy as closely as is feasible (see Y 3.5.2).

3.5 Experiments

Since the upper bounds that we derived in Y 3.3 are not necessarily tight, we rst perform synthetic
experiments to assess the tightness of our bounds. For the purpose of illustration, we focus on

SWe could apply Lemma 5 to obtain a bound that recovers Theorem 7 exactly@s@. However, this method
does not give us su cient insights into the comparative performance of our sampling policies.
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binary confounder<Z throughout this section, withgy; = Pz=15.1.y; t/ andd := .qog; Gb1; Cho; Ch/-
We rst compare the sampling policies in synthetic experiments on randomly chosen distributions
Py.t.z measuring both the average and worst-case performance of each sampling policy. In terms
of average performance, we nd that OWSP outperforms NSP and USP (Fig. 3.2), and there exists
data generating distributions in which OWSP underperforms NSP and USP (Fig. 3.3). When
averaged over the conditional distribution, OWSP outperforms both NSP and OWSP (Fig. 3.4). In
addition, we numerically investigate the data generating distributions in which OWSP outperforms
NSP and USP (Fig. 3.4). We discover that 1) the advantage of OWSP over NSP is the largest when
the treatment group is highly inbalanced, and 2) the advantage of OWSP over USP is the largest
when the outcome is highly inbalanced within each treatment group. We then measure the e ect
of having nite (vs. in nite) confounded data (Fig. 3.5), demonstrating that OWSP is robust under
nite confounded data. Finally, we test the performance of OWSP on real-world data taken from
a genetic database, COSMIC, that includes genetic mutations of cancer patients (Tate et al. 2019,
Cosmic 2019) (Fig. 3.6), showing the bene t of OWSP in real-world applications. Because this
is (to our knowledge) the rst paper to investigate the problem sélective deconfoundijrtge
methods described in Y 3.1.2 are not directly comparable to ours.

3.5.1 In nite Confounded Data: Synthetic Experiments

Assuming access to in nite confounded data, we experimentally evaluate all four sampling methods
for estimating the ATE: using deconfounded data alone, and using confounded data that has been
selected according to NSP, USP, and OWSP. We evaluate the performance of four methods in terms
of the absolute errgeTE * ATED Because the variance of our estimators cannot be analyzed in
closed form, we report the variance of tlasolute erroaveraged over di erent instances.

Performance on Randomly Generated Instances:  We rst evaluate the four methods over a
randomly-selected set of distributions. Fig. 3.2 was generated by averaging over 13,000 instances,
each with the distributionPy .tz drawn uniformly from the unit7-Simplex. Every instance consists

of 100replications, each with a random draw of 1,200 deconfounded samples. The absolute error
is measured as a function of the number of deconfounded samples in stef¥samples. Fig.

3.2 (top left) compares the use of deconfounded data along with the incorporation of confounded
data selected naturally (as in the comparison of Theorems 5 and 7). It shows that incorporating
confounded data yields a signi cant improvement in estimation error. For example, achieving
an absolute error 00:02 using deconfounded data alone requires more than 1,200 samples on
average, while by incorporating confounded data, o390samples are required. We observe
that by incorporating in nite amount of confounded dataset, the variance of our estimator has
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decreased dramatically. Having established the value of confounded data, Fig. 3.2 (top middle)
compares the three selection policies. We nd that, when averaged over joint distributions, OWSP
outperforms both NSP and USP in terms of both the average absolute error and the variance.
Fig. 3.2 (top right) compares the average squared error of the three selection policies. We nd that
OWSP outperforms NSP and USP in terms of estimation bias as well. To compare the performance
of our sampling policies on an instance level, we provide three scatter plots in Fig. 3.2 (middle),
each containing the 13,000 instances in the top gures and averaged I¥@replications. The
number of deconfounded samples is xed at 1,200. We observe that OWSP outperforms NSP and
USP in the majority of instances. Furthermore, to compare the variance of di erent sampling
policies on an instance level, we provide three additional scatter plots in Fig. 3.2 (bottom). At
each level of deconfounded samples, all gures in the bottom row of Fig. 3.2 contain the 13,000
instance in the top gures. Each dot is calculated by taking di erence between the variances
of selected sampling policies, where the variance is calculated using the same 100 replications
contained in the top gures. Fig. 3.2 (bottom left) contains the di erence between the variance of
NSP and the variance of USP on the same instances. A dot with a positive y-axis value represents
that the variance of USP on a particular instance is lower than that of NSP at the given level of
deconfounded data. We observe that the variance of USP is lower than NSP on the majority of
instances, and vice versa if the y-axis value is negative. Similarly, a dot with a positive y-axis
value on Fig. 3.2 (bottom middle and right) represents that the variance of OWSP is lower than
these of NSP and USP, respectively, on a particular instance at a given level of deconfounded data.
We observe that the variance of OWSP is lower than these of NSP and USP on the majority of
instances.

Worst-Case Instances: In Fig. 3.3, we evaluate the performance of the three selection policies
on joint distributions chosen adversarially against each. The three sub- gures (the columns)
correspond to instances where NSP, USP, and OWSP perform the worst, respectively, from the
left to the right. Each sub- gure is further subdivided: the top contains results for the single
adversarial example while the bottom is averaged 08660q's sampled uniformly fron{0; 1]*. The
absolute error is averaged over 10,000 replications in the top gures and 506 the bottom.

In all cases, we draB00deconfounded samples and measure the absolute error in step8 of
samples. Fig. 3.3 (left) validates Corollary 8. We observe that when the distributianmsdieavily
skewed towardsY = 0; T = 0/, OWSP and USP signi cantly outperform NSP. Fig. 3.3 (middle)
shows that USP can underperform NSP, but when averaged over all possible valges $P
performs better than NSP. Fig. 3.3 (right) illustrates that OWSP can underperform NSP and USP,
but, when compared with the left and middle column, the performance of OWSP is close to that of
NSP and USP. In Fig. 3.3 (bottom), when averaged over all possible valyeSWfSP outperforms
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both. Finally, OWSP's variance is the lowest across all scenarios. Y 3.10 provides representative
examples in which each of these joint distributions could appear.

Insights:  To better understand the properties of the confounded distributions in which OWSP
performs better than its counterparts, we conduct additional experiments. Fig. 3.4 is generated
with a di erent set of 13,000 data generating distributions than Fig. 3.2. In particular, the 13,000
distributions of Py .t.zis generated with 130 di erent confounded distributioras and under each
confounded distribution, we generate 100 di erent conditional distributiogpsSimilar to Fig. 3.2,
every instance consists of 100 replications, and the absolute error is measured as a function of the
number of deconfounded in steps of 100 samples. Fig. 3.4 (top row) investigate the relationship
between the performance of a pair of selected methods and the level of confoundedness in an
instance. Speci cally, Fig. 3.4 (top row) contain 13,000 dots, each representing one instance and
the number of deconfounded samples is xed at 1,200. A dot with a positive y-axis value in top left
gure represents that in this particular instance, USP yields a smaller average absolute estimation
error than NSP, and vice versa if the y-axis value is negative. Similarly, in the top middle and right
gures, a dot with a positive y-axis value represents that OWSP yields a smaller average absolute
estimation error than NSP and USP, respectively. The level of confoundedness (the y-axis) is the
absolute di erence between the true ATE of an instance and the confounded APgy (1d/ *
Pyg.1®/), i.e., the level of confoundedness equalgﬂiEa.q/ * Pyg.1d/ + Pya.l@lg Fig. 3.4 (top
row) demonstrate that there is no obvious association between the level of confoundedness and
the relative performance of our algorithms.

Next, we investigate the association between the performance of a pair of selected methods and
the level of treatment inbalance of an instance, where the latter is calculate®@Qya,; * * | a,00
Fig. 3.4 (middle row left) shows that USP works better than NSP when averaged over the (initially
unobserved) conditional distributiog on the majority of instances. In particular, the bene t of
USP over NSP increases when the treatment inbalance of an instance increases. Fig. 3.4 (middle row
middle and right) rst validate the observation that we made in Fig. 3.3 when averaged over the
conditional distributionsg, OWSP outperforms NSP and USP on almost all instances. In addition,
Fig. 3.4 (middle row middle) shows that the treatment inbalance of an instance alone explains the
scenarios in which OWSP signi cantly outperforms NSP, i.e., when the treatment is signi cantly
inbalanced in the observed confounded data. However, Fig. 3.4 (middle row right) shows that the
bene t of OWSP over USP cannot be explained using the level of treatment inbalance alone.

Finally, we investigate the relationship between the relative performance of a pair of selected
methods and the level of outcome inbalance within each treatment group in Fig. 3.4 (bottom). In
particular, the level of inbalance within each treatment group is calculated by taking the maximum
outcome inbalance of each treatment group, ireax.@y_3  a * 0:5@. Fig. 3.4 (bottom right)
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illustrates that the bene t of OWSP over USP increases when the maximum level of outcome
inbalance within each treatment group increases.

3.5.2 Finite Confounded Data

Approximate Sampling policies under nite confounded data: To deconfound according

to NSP with nite confounded data is to deconfound the rsh confounded data. For USP, we
split the samples to the four groups as evenly as possible. That is, we max out the bottleneck
group/groups and distribute the excess data as evenly as possible among the remaining groups.
Under OWSP, we have = a,: 3 , &, and when implementing OWSP, we will rst ensure that

the deconfounded samples are split as evenly as possible across treatment groups, and then within
the each group, we split the samples close as possible according to the outcome ratio.

Results:  Given onlyn confounded data, we test the performance of the OWSP against that of
NSP and USP. In Fig. 3.5, the absolute error is measured as a function of the number of confounded
samples in step sizes that increment in the log scale frb®@to 10,000 while xing the number
of deconfounded samples t®Q Fig. 3.5 (left) is generated by averaging over 13,000 instances,
each consisted dfOOreplications, and it compares three o ine sampling selection policies. Since
when we only havel00confounded samples, the three sampling policies are identical, the error
curves corresponding to NSP, USP and OWSP start at the same point on the top left corner. We
observe that as the number of confounded samples increases, OWSP quickly outperforms NSP and
USP on average, and the gaps between OWSP and the other two selection policies widen. Since
we X the number of deconfounded samples to 8Q all three sampling policies are equivalent
when there are onlyl00confounded samples in the dataset (i.e., we need to deconfouridall
confounded samples in all cases), and the average absolute errors of the three selection policies do
not converge tdin Fig. 3.5.

Fig. 3.5 (middle) contains the 13,000 instances described above averagddoraplications.
It compares the performance of OWSP with that of the NSP on an instance level. Similarly, Fig. 3.5
(right) compares the performance of OWSP with that of the USP. In both gures, we x the
number of confounded samples to B&81 We observe that OWSP dominates NSP and USP in the
majority of instances by both the absolute error and variance. Note that if we x the number of
confounded samples and increase the number of deconfounded samplesngwith), we observe
that OWSP dominates USP and NSP when the number of deconfounded samples are small, and the
gap shrinks as the number of deconfounded samples increases. Wharrat; all three methods
are equivalent.
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3.5.3 Real-World Experiments: Cancer Mutations

Data Previously, we chose the underlying distributid?, .+.z uniformly from the unit 7-Simplex.
However, real-world problems of interest may not be uniformly distributed. Since causal-inference
methods can be hard to validate as the true causal e ect is almost never observed, to illustrate
the practicality of our methods, we consider a real-world observational dataset, picking three
variables to be the outcome, treatment, and confounder, and arti cially hiding the confounder for
some examples. Finally, we evaluate our proposed sampling methods under the assumption that
we have access to in nitely many confounded samples. The Catalogue Of Somatic Mutations In
Cancer (COSMIC) is a public database of DNA sequences of tumor samples. It consists of targeted
gene-screening panels aggregated and manually curated over 25,000 peer reviewed papers. We
focus on the variablegprimary cancer site , andgene . Speci cally, for 1,350,015 cancer
patients, we observe their type of cancer, and for a subset of genes, whether or not a mutation
was observed in each gene.

Causal Models In our experiments, we designate cancer type as the outcome, a particular
mutation as the treatment, and another mutation as the confounder this setup seems reasonable
because it is well known that multiple genetic mutations are correlated with individual cancer
types (Knudson 2001), and that mutations can cause both cancer itself and other mutations. As a
concrete example, mutations in the genes that code RNA polymerases (responsible for ensuring
the accuracy of replicating RNA) are found to increase the likelihood of both other mutations
and certain cancer types (Rayner et al. 2016). The setting where the treatment mutation and
cancer outcome are observed and the confounding mutation is unobserved is plausible because
it is common that the majority of patients only have a subset of genes sequenced (e.g., from
a commercial panel). For the purpose of illustration, we assume there is no other unobserved
confounders in this subsection.

The top6 most commonly mutated genes were selected as treatment candidates. For each
combination of a cancer type and one of these genes, we removed patients for whom this gene was
not sequenced, and kept all pairs that had at leé@patients in each of the four treatment-outcome
groups (to ensure our deconfounding policies would have enough samples to deconfound). This
procedure gave ug75unique combinations of a cancer (outcome), mutation (treatment), and
another mutation (confounder). Since on average, each {cancer, mutation, mutation} tuple contains
around 25,883 patients, we took the estimated empirical distribution as the data-generating
distribution and applied the ATE formula described in Y 3.3 to obtain the true ATE. To model
the unobserved confounder, we hid the values of the confounder, only revealing the value to a
sampling policy when it requested a deconfounded sample. We compared the use of deconfounded
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data along with the incorporation of confounded data under the three sampling selection polices:
NSP, USP, and OWSP.

Results:  Fig. 3.6 (left) was generated with the2&5instances each repeated for 10,000 replica-
tions. The absolute error is measured as a function of the number of deconfounded samples in
step sizes o015 First, similar to Fig. 3.2, we observe that incorporating confounded data reduces
both the absolute estimation error and the variance of the estimator by a large margin. Note
the improvement of OWSP over NSP is larger in this case as compared to that seen in Fig. 3.2.
Furthermore, when the number of deconfounded samples is small, OWSP outperforms USP. Note
that Fig. 3.6 (left) does not start with 0 because absent any deconfounded data, the estimated ATE
is the same for all sampling policies. In Fig. 3.6 (middle, right), we x the number of deconfounded
samples to bd5and compare the performance of OWSP against that of NSP and USP, respectively.
Both gures contain the275instances in the left gure, averaged over 10,000 replications. We
observe that under this setup, OWSP dominates NSP in all instances, and outperforms USP in the
majority of instances.

3.6 Conclusion

Although extensive studies have been conducted in causal inference, none addresses the case
where revealing the value of the confounder is the only option to estimate the causal e ect. In
this paper, we propose the problem of causal inference veighectively deconfounddata, and
provide a set of non-adaptive sample selection policies. Our theoretical results upper bound the
amount of deconfounded data required under each sample selection policy and provide insights
for why the outcome-weighted selection policy works better on average than natural selection
policy. Furthermore, we conduct extensive experiments using both synthetic and real-world data
to validate our theoretical results. Note that although missing data could potentially be a limiting
factor to deconfounding samples in our problem setting, when the amount of confounded data is
ample, we can often assume that we will be able to deconfound enough samples to derive correct
causal relationships. On the other hand, if indeed our confounded data does not contain enough
samples to deconfound and intervention is not feasible on the target treatment, then one is only
left with collecting new deconfounded data (potentially in additional to the confounded data).
Note that in this setting our method of selecting new samples to collect can still be applied. Finally,
we conclude by pointing to several promising directions for potential future research:

1. In our current model, we assume that the treatment and outcome variables are binary,
and the confounders are categorical. We plan to extend our results to more general causal
problems, including the cases where the causal model is linear or semi-parametric.
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2. Although for confounders like genetics, the only option to estimate the causal e ect is to
reveal the value of the confounder, in practice, proxies and mediators might be available for
a subset of confounders. Thus, we may extend the idea of selective revelation of information
beyond confounders to incorporate other variables, such as mediators and proxies.

3. Finally, our work can be extended to an adaptive setting where we can dynamically update
the sample selection decision once more information about the conditional probalogjjty
is revealed.

3.7 The Generalization of Our Models

3.7.1 Multiple Confounders

In this section, we show that because we do not impose any independence assumption on the set
of confounder, revealing the values of all confounders o ers maximal information on the joint
distribution of the confounders. In particular, we will illustrate through the case where we have
two binary confounders. The extension to multiple categorical confounders is straight forward.

In the case where we have two binary confoundetsand Z,, we can express the ATE as
follows:

ATE=E Raz2.18;2;2/* Raz2,18,2;2/ Prz,.2:;2l:

21,22
With an in nite amount of confounded data, we are provided with the joint distributid®, 1.y; t/.
Thus, it remains to estimate the conditional distributio®s, .z, .. In our paper, we consider only
the non-adaptive policies, i.e., the number of samples to deconfound in each gyotipis xed a
priori. In the case where the costs of revealing the valueZplndZ, are the same and we do
not have any prior knowledge on the distributions @, andZ,, the variablesZ; andZ, becomes
exchangeable. In the case where the sample selection policies are completely non-adaptive (which
is the case that we consider in this paper), by the symmetry of the variaBlesnd Z,, we have
that sampling from the joint distribution oZ; andZ, yields the maximum expected information
on the value of the ATE. (Note that if the confounders take categorical values of di erent sizes
and we allow adaptive policies, then we might be able to reduce the total cost of deconfounding
to estimate the ATE to within a desired accuracy level.)

3.7.2 Pretreatment Covariates

In the case where we have known pretreatment covaria(esour model can be applied in
estimating the individual treatment e ect where we make the common ignorability assumption
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on the pretreatment covariateX and the confoundeiZ: given pretreatment covariateX and
the confoundelrZ, the values of outcome variabl¥,= 0andY = 1, are independent of treatment
assignment. In this case, the distributio®s 1.y;t/ and P¢.x/ are known and the Individual
Treatment E ect (ITE):

ITE=E Razxld;z;X* PRgzx1®,2;X Prx.z;X

Z:X

=E PRazx1dz;X¥* PRgzx1®,2;X Pry.z&/Px.X/: (3.15)

Z:X

Note that in Eq. (3.15) the only distributions we need to estimate are the conditional distributions
P& 1:x. The values ofRg.2.x and Pzx can be calculated fronk.s 1.x by rst conditioning

the confounded distribution®, .t on the values of the pretreatment covariat¥s i.e., we rst
subsample all confounded (outcome, treatment) pairs for a xed valuX pX = x, and then
within each subsample, estimate the conditional distributid®g, .+.x by applying our methods.

To obtain ITE, we weight the estimates we obtain from all subsampleBhy/.

3.8 Doubly Robust Estimator When Incorporating Confounded
Data

When incorporating (in nite) confounded data, we know the confounded distribution, ig.;.y; t/'s
(or the a,;'s) are known. Thus, to obtain the maximum likelihood estimator for the outcome
regression model, we need to add the constraint indicating that the estim&egy;t/'s, i.e.,
Py.r.y;t/'s, should equal to the known distributiony;'t. Thus, to integrate these constraints into
the estimation processes for the conditional outconi®&g.z.1d; z/'s, we need to estimate the
additional parameter®,5.zd/'s. Letz' to denote the values o whenT =t, wherei = 1;::;; N
(whereN; is the total number of samples whefe = t, and note thatN; =3 , N;;). Now, we can
write the constraint as

gt

E pya-;z.la; leza'.ZG/ = ;
z 3 y Ayt

and we will estimate thd>z5.zd/ through the MLE estimator using regressioRz g .zd/ = .w;u; +

b/, wherew; andb; are the weights and bias respectively, andis a binary random variable that
takes the value 1 i =t and O otherwise. Thus, to obtain the MLE estimator for the outcome
regression model when incorporating confounded data, we need to solve the following systems of

89



constrained MLE problem:

.Pl/forallt;z:
’}ltz
argmaxE yZlog. WU, + b/ +.1%y?/log.1* WU, + b/l
i=1

. a
s.tL.E Wi Uiz + btz/ WU + b[/ = u

3
z yayt

P2/forallt;z:

Nt
argmaxE z'log. .wu +b/+.1*z//log.1* WU +by//
i=1

SLE Wl + b/ Wit +by/ = - Bu
z y ayt

Although we can verify that our plugin estimator used in the paper (Eg. (3.6)) is feasible to
the above optimization system, a direct observation from the above optimization syseehagd
P2) is that all decision variables that share the same treatment valusghare the same feasible
region, but their objective functions are not correlated. Thus, the above optimization system is not
well-de ned. We conclude that extending the doubly-robust estimator to incorporate confounded
data isnot straight-forward and requires further research.

Checking the Feasibility of Our Estimator Recall that our plugin estimator yields the
following estimatedPy g .7.1d; z/'s and Pz .zd/'s:

———  auQj
Wiz Uz + o/ = 3 Az
y Syt
3 z
_ t Gyt
MU F b[/ = #

y

Indeed, if we plugin .w;, U, + b,/ and .w;u; + b,/ in our constraints, we have

: . anqQh @ Oy . anQh _ and ,qf ayy
E .Wtzutz+b[2/ .Wtut+b[/: E tqlt yayqy =E tqlt = ! qut = !

3 Z 3 3 3 3 !
z z y Sty y Hyt z y Syt y It y Ot

where the last equality is becau8e, ¢f, =3 , Pzy.1.zd;t/ = 1.

3.9 Proofs

To begin, recall the notation introduced in Y 3.3: we model the binary-valued treatment, the binary-
valued outcome, and the categorical confounder as the random varidble$Q1’, Y E~Q1",
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andZ E 71§ ; Kk, respectively. The underlying joint distribution of these three random variables
is represented aBy 1.z ; ; /. To save on space for terms that are used frequently, we de ne the
following shorthand notation:

oy = Rerzy 2 an =Ryt o = Py zd st

These terms appear frequently because, to estimate the entire joint distributio¥i .oh; Z(the
Pji's), it su ces to estimate the joint distribution onY ; T (the a;'s), along with the conditional
distribution of Z on Y; T (the g7,'s): pj; = ayqy,: Finally, letpy,; &), andqy, be the empirical
estimates ofyj; &,; andqy,, respectively, using the MLE.

3.9.1 Proof of Theorem5

Theorem 5. Using deconfounded data alone, the estinddtirp/ as de ned in Equatiof3.4)is
., I-close if the number of deconfounded samples is at least
*2
— - z — .
Mpase = Cn?;:;leEy pytI = Cn?;gx—PT;z.t; 2
whereC := 12:5k?In.8k_/ 2.

Proof. Proof of Theorem 5 This proof proceeds as follows: rst, we prove a su cient (deterministic)
condition, on the errors of our estimates of;'s, under which&TE * ATEdis small. Second, we
show that the errors of our estimates @f;'s are indeed small with high probability.

Step 1: First, we can write the ATE in terms of thg],'s as follows:

a a

; . Irops 'S S
ATE=E PRaz 187" P 182 P2/=E i« P2 g e 2
2 2 P PosHye "1 s

mp” Y oq q

In order for the ATE to be well-de ned, we assunde, pf, E .Q1/for all t; z throughout. We
can then decompos#TE * ATES

a ) a
L ITopf 0 S - r pi 0 S -
BTE*ATESE il » Plo 2 pope vy Pl Pio 0 ¢ e
2 B S BosHy T P T BrosH
P q p q
V4 V4 a ) V4 VA a
. P11 Po S = I Pi1 Po S =
wWE — % —S E * r—— * ——S E
z 3 p§1 3 p§OSH yit pytl r3 p)z’l 3 p§OSH yit pytl
y Y g 0’ Y g
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Thus, in order to upper boun%TE *ATEgby some , it su ces to show that

a ) a

pil piO S » z r pil piO S = z . .

i A e = e S e — Az 3.16
3 p§1 3 D;ogH y;t pytl ;3 p§1 3 piogH yit pytl k ( )
y y q py y q

Step 2: To bound the above terms, we rst derive Lemma 5 for bounding the error of the product
of two estimates in terms of their two individual errors:

Lemma 5. For anyu;uy E [*1;1], andv;V E [0 1], suppose there exists E .Q1/such that all of
the following conditions hold: (@)* yow.1* / ,(2)& * yvow ,(3)u+ wl, (4)v+ wl, and
(5) wmin.u;v/. Thendv * yyow .

Proof. Proof of Lemma 5 Sinc& * ydw.1* / ,wehavey Eu*.1* /;u+.1* /], and
similarly, from& * yvéw ,wehavey E[v* ;v + ].Thus,

aiv* yyowmax.év*.u+.1* [/ /v+ [dauv*.u*.1* [ /v* /@ (because; v x 0)
=maxQu +.1* /v +.1* /| 28Qu +.1* jv *.1* | 2§

=Qu +.1* v +.1* | 28 (becausel* / 2>0)

wo.u+ [/ +.1* /v (because 2>.1* [ ?

w (becauses + E [*1;1]; andv w1l)
[

We can apply Lemma 5 directly to the terms in Eq. (3.16) by setting
— pil * pio . — pil * pio .
Uz = 3 nZ 3 nZ '’ Z7 3 1z 3 Nz '
Py Pyo 1 o
y y y y
and noting thatu,; y, E [*1;1], andv,;V, E [0 1]. Lemma 5 implies that the upper bound in Eq.
(3.16) holds if, for some E .Q 1/, we have

V., =E pli V. =E R
y;t y;t

1 *
k
While we can apply standard concentration results to tfre * \,dterms, thed, * y,éterms will

need to be further decomposed:

&, * \y,0< K and i, * y,0<

V4
+ Pio

@, * 5= Pi1 , P . PL + Pio W P, Ph Pio

z A

Mo ° Ro
y

M1 Po > 1 * o (2R ¢ 721
Yy y y y y

y

Y
It will su ce to show that for eacht andz,

V4 Z *
pg; x 39% < (3.17)
t t

y y



Step 3: To bound these terms, we derive Lemma 6. Recall tiat p3; p% + p E .Q1/.

Lemma6. Foranyw +s;w+sE .Ql/,ifd&v+s*w* sdw.w+s anddv* wdw.w +¢ , then
gw . W
+ S W+$
Proof. Proof of Lemma 6 First, sing® +s* w * sow.w + 5 , we have that
%+S*1§\/VW+S;
+$ w+s
LWHS  W+s 1+W+s_

w w :
wW+s$s w+s$s wW+s$s
We can apply this inequality and rearrange terms as follows to conclude the proof:

ST N RO |
W%%E%@%g WL %% 3;3 %

A ST AT
o, s s s s
Breed bl e B e

The second to last inequality follows from the assumption ti&at* wow.w +g/ . O

or equivalently,

Lemma 6 implies that Eq. (3.17) is satis ed if

PR o 0 B | . PR o oV N B |
i T and B oht g

Step 4: We've shown above thalkTE * ATE&w s satis ed when

N AR LA
4K

"B BT R8s Cand B +ps* pp s g Az

Note that itA; §%, + P& * P * Pa8=§ , P * * , B 2% then

' 8 8 R N T
&, * v, 0= Z* E pLOwE 2 5 g 28yt w :
z z %n pyt i R/t%vV : %y pyt Y pyt% 4k Ak

Thus, to remove the rst constrainty, * v,0< © »We set
A
k =~ 4k

and obtain = %
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Step 5: To summarize so far, Lemmas 5 and 6 allow us to upper bound the error of our estimated
ATE in terms of upper bounds on the error of our estimates of its constituent terms:

< < =
7 7 3 Z
P ATE*ATES xP 1§ * pife yp“ R R S L LU
Ht;z t;z 5k I
or equivalently,
< <
P ATE * ATESX wPHl’ * R% 8x ypy‘ [ @5 +p%* P * pa8x ypyt .
t;Z t;Z

Applying a union bound, we have

1 .
(3.18)

P &TE*ATEX WE P85 * pilx —5 ypyt +P08)1t+pé*pi*pm8>< ypyt
t;z

Step 6: Finally, we can apply Hoe ding's inequality (Theorem 2) to obtain the upper bound for the
inequality above. LeXJ, be the random variable thatmapstheevelt=y; T =t;Z =2/ P "0;1".
Then,XJ; is a Bernoulh random variable with parametgy,. Letm denote the total number of
deconfounded samples that we have. Sipgeis estimated through the MLE, we hayg, = &
Applying Theorem 2, we obtain:

m XZ 3 z 22
PHgi pitgx L I W2exp|_|*2m%I . and (3.19)
J 'mlxlt Xor ° yp;t : ypf,t i
1= * * .
POH o pmgx 5 1 w2epo 2m—25k2 L (3.20)

Combining Eqg.s (3.18), (3.19), and (3.20), we have

s 4 A 3 v
P &TE*ATESX  WE P 8% * pidx ypyt 1 TP &% 0% * Pt paBX ékpyt

_ 1
t;z
L. B
dkmax 2e 2m———— = 8k maxe 2m———— X
w t;ZxH po 252 || t;Zx po 25 | w

where the second line follows from the fact that, sintés binary, there aretk terms in total.
Solving the above equation, we conclude tHathkTE * ATESx /< is satis ed when the sample

sizem is at least

125k2In. &/ 1
mX ————— max——:

94



3.9.2 Proof of Proposition 7

Proposition 7. (Lower Bound with respectRg.t.;) Fix any confounded distribution and assume
that in nite confounded data is given (or equivalenBy,r is known). There exists > 0such that
no.; /-close estimator exists. Speci cally, for any number of deconfounded sartfitlesre exist
two underlying distributionBy .+ , and P ; , with the following properties:

"~ Both of their confounded distributions &er.

" No algorithm can correctly identify both of them with probability more th&n using at
mostm deconfounded samples.

* Their correspondingTE's are apart: \NTE.PY ./ * ATE. P+ J8x .

Proof. Proof of Proposition 7 It su ces to show for the case where confounder takes binary value.
The extension to categorical confounder is straightforward as illustrated in the proof of Theorem 9
inY 3.9.7. Lety; = P.Z = 1& =y; T =t/. To show that Proposition 7 is true, it is su cient to
show that there exist a positive constagt(that depends ora) such that for all xeda, there
exists a pair ofj andq such thatfATE.a; g/ * ATE. a;q /fi> ¢, with g andq  close in distribution.
We proceed by construction. For xed, consider the followingg pairs: q = .0oo; 0; tho; / and

g =.0og, ;010,0/. Then, we have

anl* /
al* [+ag
a10010 a10.1* qio/

——.d +a +ay1 /% .
10010 * @oofoo oo oo 1 a0.1* quI +agy.1* Clool

ATE.a;q/ = .apgfoo + @1gtho+ @11 / + 1* agoo ™ aqodio™ an1 /*

1* apeoo* @ugtio* a1 /;

and similarly, we have

a, a10010

_ 1% * * a [

autagl® | 8oofoo ™ Qo1 10010/ 2100020+ 200 3oofoo
a0.1* o/

a10.1* Guo/ + @0.1 * Qoo

ATE.a;q/ =

1* agofoo™ @01 * uothd:

+agr +aythd *

In particular,
IiénOATE.a; q/ * ATE.a;q / = ageloo + @10010 W ago + aug; (3.21)

where we can choosgy and gy to bel.

On the other hand, we can show that the number of samples needed to distingufstm q
is at least.1_ /: sinceq andqg are the same in two of the entries and symmetric on the rest two,
to distinguishq andq is to distinguish a Bernoulli random variable with paramet@fdenoting

10see footnote 6
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this variableBy) from a Bernoulli random variable with parameter (denoting this random
variableB ). Letf be any estimator of the Bernoulli random variable, ardl:::; %, be the sequence
otf m observations. Then we havi@&y;gr[f] * Exign[f]owW BT * B w  2.In 2/KLBj'iB™ w
2 .In2/ m, where the last inequality is because when giversamplesKL.Bf'/B™/ w.2 In2 +
A1*2 /ln 11 /m w 2 m: On the other hand, any hypothesis test that takes n samples and
distinguishes betweehly : Xy, ;% | PyandH; : Xy % i Py has probability of error lower
bounded bymax.P.1/; P1.0// x & ™-R™/ whereP,.1/ indicates the probability that we identify
classHy while the true class id;. SinceR,.1/ + P,.0/ w , by contradiction, we can show that
mi .n. "1/ 1.

Note that this lower bound on m can be arbitrarily large by choosingo be su ciently
small. However their ATE values stay constant away as observed in Eq. (3.21). Thus, for every
xed confounded distribution encoded bg and xed number of deconfounded sampleg we
can always construct a pair of conditional distributions encodeddwnd q such that their
corresponding ATEs are constant away while the probability that we correctly identify the true

conditional distribution fromq and q is less thanl * . In particular, = ¢ = ag + ayg in
the above example. (Here, we implicitly assume thgf+ aq is strictly greater than zero, i.e.,
ago+ agp>0.) O

3.9.3 Proof of Theorem 6

Proposition 6. (Lower Bound with respect t@and ) Fix any confounded distribution and assume
that in nite confounded data is given (or equivalenBy,r is known). For anATE estimator, there
exists an underlying distributid®y .1.,, whose confounded distributiorPist, for which the number
of deconfounded sampfequired for the estimator to be /-close is at least 2 log. ™//.

Proof. Proof of Theorem 6 Again, it su ces to show for the case where the confounder is binary.
The extension to categorical confounder is straightforward as illustrated in the proof of Theorem 9
inY 3.9.7. Lety, = P.Z = 1& =y;T =t/. We will proceed by construction. Consider =

Ooo, Gz, ; + /andq =.0og s, + ; /, for some small . Then

ATEaqi= v */ + va tan + I+ al* * |/
a,q/ = aL + 1+ aqul-aoo%o Q01001 + Q10 11 anl* * [+ agl* God
* * * * * alo *
1% 80000 * @o1001* @10 * 1. + [/ 0+ B0k Oqoo-aoo%o"‘amCIm"'alo +ap. + [
0.1 * /

A * *a *ap. t+
20l * /+a0l* Gy Aoooo ™ 01001™ @10 " @1

1This applies when the deconfounded samples are generated accordig+g as in this section, or are selectively
deconfounded as in the following section.
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and similarly, we have

- a1 a;.1* /
ATEaq/= ——M. + +ay0 + [/+ag /+
q 211 + 201001 oo0oo + Ap1001 + 10 11 anl* [ +a0.1* qof

Ao + /
ajo. + [+ a0

.1 * apeoo*

apo1* ao. + [* gy [* .Aoofoo + @o1fo1 + &0 + [+ ayr [*

appl* * /

A * *a + [*an !l
al* * /+apl* g Aooloo ™ Ap10o1™ Q10 11

Ignoring the in the denominator, we have that

a1 + aio
a1 tapifor a0 *asoo

ann Ao
. + /.1 * * * * a1 |
a1.1* [+a0.1% Go/ @0l* /+apl* dod Sodo ™ Goxor ™ &0 A

2 2
+ all* d;1dio a]_]_* ad11a10

ATE.a;q/*ATE.a;q/ = l.800000 + B01001 + @10 + @1 /

*

* A*
a;1 +api0o1 a11.1* [+ag.1* qod/
+ a%o* andip afo* andyo %
a;o + apgloo aol* [+agl* oo
+ af, 2 af, 2, afy 2, afy 2
a1 +ai0o a1 1* [+ag.1* ooo/ aip * aoodoo ay0.1* /+ag.1* god

(3.22)

Similar to the proof above, leB; denote the Bernoulli random variable with parameterand
let B, denote the Bernoulli random variable with parameter- . Then, giverm deconfounded
samples, we havL.B'fB)' wm In.—/+m.1* /In.l%lwmln.1+l*—*lwm.l*—**2.1*—i,2/.
Thus, we havem i . ™"/, From Eq. (3.22), we observe that fATE.a;q/ * ATE. a;q /fii . /.
Combining above, we haven i . M/

]

3.9.4 Proof of Proposition 8

Proposition 8. For every confounded distributianthere exists two sets of conditional distributions
Q: andQ, such that any optimal sample selection policy unatg,/ is not optimal undera; Q./.

Proof. Proof of Proposition 8 To show Proposition 8 holds, it su ces to construct two con-
ditional distributions setsQ; and Q, such that the corresponding optimal sample selection
policies di er under particular choices of. Similar to previous proofs, it su ces to show
the case where the confounder is binary. Consid@r = “.doo, 2; 3; 4/;-Qoo; 2; 3, 4/ and
Qx=" 1 2 3. 15 2 3, ud/ , where the values; and ;,i = 1;:::;4are known, and ; q

for somei. Moreovergoo andd;; represent two unknown parameters to be estimated. In particular,
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we will chose the values of; and ; such that*ATE.a; g/ 4z, are nonconstant functions adgg
and”ATE.a;q/" 4eq, are nonconstant functions ody ;.

Observe that the optimal sample selection policy un@@ris x; = .1;0; 0; 0/ while the optimal
selection policy undef, is x, = .0;0;0; 1/. Thus, we complete the proof.

3.9.5 Proof of Theorems 6 and 7

Theorem 6. Incorporating (in nite) confounded data, the estima#dE.a;q/ is. ; /-close if the
number of deconfounded samples is at least

3 Pr.t/
Mhsp 1= Cmaxy—ayt2 = Cmax——

: X 5 —— 7, (3.13)
Bz 3 and tz Prz.t;z/?

whereC := 12:5k%In.8k_/ 2.
Theorem 7. Incorporating (in nite) confounded data, the estim#®®E.a;q/ is. ; /-close if the

number of deconfounded samples, selected under the natural selection policy (NSP) is at least:

3 Pr.t/
Musp = Cmax— 22 = Cmax— "

23 Al tz Pr.z.t;z/?

Under the uniform selection policy (USP):

43 a2 43  Py.r.y;t/?
Mysp -= Cm_axéayt2 =Cm: Y Y’szlz :
tz 3 yaytqf/t tz Pr.z.t;
Under the outcome-weighted selection policy (OWSP):
2

23 ¢
Mowsp := C max y & , = Cmax

tz 3 yath§t t;z Pza-.Za/Z:
HereC := 12:5k%In.8k_ / ™.

Proof. Proof of Theorem 7 In these theorems, we derive the concentration of¥RE assuming
in nite confounded data, and parametrizg], by pj; = a,:qy;. Since under in nite confounded
data,a,'s are known, and thus we only need to estimate tgg's. The key di erence between
Theorem 7 and Theorem 5 is that now we de ne the random variab¥sto map the event
Z =2 =y;T =t/to"0;1". Thus,XJ is distributed according to Bernoully,/. Thus, to
decompos@ﬂiﬁt +andy * anqh * amqgtgwe rst show the following lemma:

Lemma 7. LetXy; 1 X,m andYy; :3; Yom be independent random variables in [0,1]. Then for any
t > 0, we have

o B X EX], CEYEY,
H Xim Xom
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Proof. Proof of Lemma 7 First observe that

3X1mx*E[X] SI?ETYJ'*E YJ

P X t+Kk
H Xim Xom I
Xim Xom
=P E X*E[X]/+—E Y*EY/xmt+mk
Oxy X2 =1

Now, letZ; = - X; if | E [1 x.m], andZ; = GYiifi E xam+1;.X;+Xo/m]. Then applying Theorem 2,
we have

1+Xo/m 5 2 2 2
i 2m-. t + k/ 2m. t + k/
P E Z*E[Z]/gxmt +mk w2ex =2exp * —————
Hgl:l | [ |] g I po 3 IX:|-:]-+X2/I'T] M * |/21 pH X_f +X—z I
O]

As de ned in Y 3.3, lek,; denote the percentage data we sample from the grgtip
Recall that from the proof of Theorem 5, we have

P ATE*ATEX WE Pognit PRgx —5 ypyt 1 *Po &k + 5 Rk pa yg/t

1
t;z
t ] 3 a,
=E PoBudi” audix oS - B P o Buch + 2w * G * uGafX y—qy‘
° ! 0 5k 1
: , > athyt
- i Po 8. * 8 ékaqyt + Po&ltqlt +ao o * anly * athOt8X L= 1
3 z 2 2 3 . 2 ra
w4k maxI2 exp _ *2xym-— aytqytz ;2 exp*2m— X Sy
tiz I H 25(2a1t I r 25<23 i s
P 9] Y Xyt o

where the second to last line follows from applying Lemma 7 to the second half of the line above
it.
Solving the equation above, we have

oy s dx Fxe _125EnE Gy &) e

5, = _ 5. (3.23)
’ tz H 3 yaytqyt 3 ya‘/thzft ! ’ vz yavtqszlt

The last equality is becaus® x; & x; > 0. Under NSPx,: = ay. Thus, we have

_ 125k2|n.%/max Py

Mnsp -=
2 . 2
v : y ytq)z’t

99



Similarly, under USPy, = 1, and we have

_125k2In. &/ A g4

Mysp -= .
2 . 2
v s y ytq)z’t

Lastly, under OWSH; = %, and we have
y t

125k?In. &/ 23 I?
Mowsp 1= —————— Max——>—"—— L

2 t: z 2
“ 3% yanly

3.9.6 Proof of Theorem 8

Theorem 8. Fixany E .Q1 2/Forany E.Q0:5*2 .1* /], there exist confounded distributions
a,andQ 1 Q , such that owsp-&; Q/_ nsp.@; Q/ is arbitrarily close to zero. In addition, for aland

Q, owsp- &, Q/ w2 nsp- &, Q/

Proof. Proof of Theorem 8 We proceed by construction. For simplicity, we illustrate the correct-
ness of Theorem 8 for binary confounders. The extension to the multi-valued confounder is
straightforward and will be demonstrated in the proof of Theorem 9.

Consider the following exampleayg; = ajo=a;1 = , a0 =1*3 , and consider the following
pairofg's:iq=.;;:;c /andq =.::: [/, wherecw- is some constant. L&) ="q, q .
Thus, to obtain an ; /-close estimate ove®, it su ces to distinguish g from g with high
probability. To distinguishg from ¢ , it su ces to distinguish ¢ from , and thus the optimal
selection policy undef is to allocate all samples to the last (y,t) group. Then, we hAVE&.a; g/ =
C_ 4. Are Lt [y andATE.a;q/ = 1* . Thus, ATE := &ATE.a;q/*ATE.a;q /3

1+ 2%c * 172 2 1%

1. c A*c l1* /Q
ATE= & * *
% c+1 2*c * %

Note that whenc = ¥~ ATE =0:5*2 .1* /0 05. Thus, forany E [Q05*2 .1* /],

there exists some such that = ATE . Then, for any , let .Q/ denote the minimum expected

number of samples that we need to distinguigtfrom q under the best estimator and under

the optimal selection policy (described above). Note that since we only need to distinguish

from , this Then under NSP, the minimum number of samples that we need under the best

estimator equals tonsp.a;Q/ := .Q/_, and under OWSP, the minimum number of samples that
1*3 1 . l/

we need under the best estimator equals tgu,.a;Q/ = 4 . (Note thatxy: = .55 7 51577 3

under OWSP in this example.) Thuswsp8 Q/_nsp-&;Q/ = 4 . Since in this example, is at
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mostl_4 owsp-8; Q/_ nsp-a;Q/ wland can be arbitrarily close tbas E 0. (Intuitively, the rst
statement is true because whén, ay ~ 3 ; a; andag U &gy, it is equally important to estimate
0&'s andgj;'s according to the ATE expression. However, under this setup, the number of samples
allocated to groups0; t/'s decreases am's approach to 0 under NSP, while under OWSP, half of
the deconfounded samples are always dedicated to estimatejise)

Next, we show the last sentence in Theorem 8 is true. For any xpd< 1and for anyQ, we
note that whenWoysp := 2 nsp.a; Q/ max 3 y Ayt also achieve®.&TE * ATESX /< under the
outcome-weighted selection policy. The reason is that when usiRgs, number of deconfounded
samples, the number of deconfounded data allocated to gadroup is at least as much as those
under the natural selection policy. Thus, we havgsp.&; Q/ WWgwsp W2 nsp.8; Q/, Where the last
inequality is becausenax 3 yar <l

O

3.9.7 Proof of Theorem 9

Theorem 9. (Lower Bound) Fix anyE .Q1_2/and anya. Then,

. C ayt.3 y ay"tfz_
nsp-d; Q1 X — max————5~ Al
. C]_ Zt'3 y" ay”'sjz_
@ Q1 X = max =
C ayt.3 &yt
.a; Q/ x —< max :
owsp Q 2 yit 3 y“ a.y"t

wheret.= 1 *t andC; x .k *1/2In. "1/ 2.

Proof.Considerq = .05, &; o &4/ Wheregd, = ,qi, = + ,andg}, = g5, * _k*1/ for
z=2:;kwith3 , g3, =3 , %, =1 We assume that?;; &, E [; 1* ] for some suitable and
for all values ofZ. Similarly, we consider thg where the entries ofj%, andg;, are ipped, i.e.,
d = .08 Oy o O/, for some small , where theq],'s are de ned above. Then,

andi; , @i

ATE.aq/ = E E aq
z HO 3 y ay1q§1 3 y ayoqflol yit qytl
;. + |/ 1 1 a100, . .
= ) + + a +aq. + [J/* ——110 + +a N
a;.. + /+ag 8oolpo *+ Go1 106ho + A1 22001k *+ Bouhy aoodpo + Q01 10010
& +//+Ek P % 1 300050 + 0105, + a0+ A1 0% * %
11- s a q(Z)]_* T + aO]_qél OqOO lq()]_ ]_0q10 11 qu k *1

K
- a1095o

,=> Q1000 + 0000

Aoogo + 801061 + duclliot @1 Og. * 1
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and similarly, we have

S a1 1 N aloq;%o .
ATE.q; /= .do +ag. + | + a +a; | * _ g 5, +ag. + /+
q a;n tag. + / ooo * Bo1 1000 * @11 B2t + 000 oo + @o1

1 K a1105;
Ao+ [+ E B0+ Bo1 OB * gy +auoliot audg *
o =2 @106+ Q01 061 ™ o1 00 01 k=*1 10 01

K
z a1095o

,=> 10070 + Q00050

3oolgo + @01 oy * + 10070 + 1100,

k*1
Ignoring the in the denominator, we have that

EN a a 1. * a4/
ATEaq/*ATE.a,q /U0 — = a0l + 01 + o+ ass /| + 1000801 * A1

&1 taor 10010 + @odlido
K k
) ank*1 , , - Alipdo1* ad/ 1
* B L —— gt & + .91+ ag/f *E
HE 0 20l + gy 200 oo™ 2ot aulidy T B e ey KT
K
+ af 24 E af, 2
a;; t+ap 7= allqél + a01q51 k*1/2
k z z
_ a1 1 1 a10010-801 * a1/ , 1 < Aoopo t @10010
= Ayt & +
&1 tag oo *+ Bacll/ 810010 *+ 80050 k*1 ., 0 &y106; + @010, 1
K K
* 1 < alo(:ﬁO' aOl* all/ + a%l 2 + E a%l 2 (324)
K*1 _, &100fp+@odfo @1 +ao1 4= Q1106 + 80106, .K * 1/2

Since the second order terms inis dominated by the rst order terms in , thus to nd the
highest lower bound for sample complexity in this instance is to nd the largest coe cient in
front of

Assumingthat ~ k andk < 1,thenthe maximum of Eq. (3.24) is achieved witghn= g7, =
 Q3o=0ip=1*k ,andgi =.1* /_k*1/,and the coe cientin front of is

Ay 1, k* . an

1
gt agd.— * / .90t & —*Kk, :
a0t AT U e ad g Ty
Similar to the proof of Theorem 6, we have { . ™ 2*1’/. From Eq. (3.22), we observe that
= MATE.a;q/ * ATE.a;q/Aii . /. Combining above, we hava i . ™."//. In the case above,

alfiéol'aOOJ“ ag/? , thus, the number of deconfounded samples needed is approximately

* 2

mx M Yaf a0t ad® 1, K-
2,891+ ag1/? 0 1
LetC, x .k *1/2In. 1/ 2, Thenmi  &&udoodl)

2 .aqr+aol/?
If we ip the values of g3, and g?, with the values ofg3, and g%, in both g andq , then we

havem i %%. Note that this is because that the estimation error on ATE dntiATE
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is symmetric. In addition, under natural selection policy, we need at I%%sﬂ;amples; uniform
selection policy, we need at leadin deconfounded samples; under outcome-weighted selection
policy, we need at Ieaﬁ%ﬁmm deconfounded samples. Combining all of the above, we obtained
Theorem 9.

]

3.9.8 Proof of Theorem 10

Theorem 10. Givenn confounded anch deconfounded samples, witlk m, ATE,.q/is. ; /-close
when

~

. 3 yaytqf/t ; . rPT-Z.t;Z/Za

min c 7~ = minf—=——_Sx 4C: (3.14)
yitiz 1 4 Ot ytzl_1 4 %S
Xytm n pXytm nq

HereC := 12:5k%In.8k_ / ™.

Proof. Proof of Theorem 10 In this theorem, we derive the concentration for &¥€E under nite
confounded data. The di erence between Theorem 7 and Theorem 10 is that now we need to
estimateay in addition to gy,. Thus, to decomposa,d, * a,:q;;d we rst derive Lemma 8.

Lemma 8

Lemma 8. LetXy;:::; % andYa; :::; Y, be two sequences of Bernoulli random variables independently
n m

drawn from distributiorp; andp,, respectively. L& =3 X;;S =3 Y,. Then,
i=1 i=1

*2t2

HL48B
m n

P §<S{* E[S]E[S] §x nmt w2exp
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Proof. Proof of Lemma 8 The proof follows the proof of Hoe ding's inequality:

P &S/ * E[]E[S] x nmt =P expa&S, * aE[S]E[S/]// x expanmt/ (3.25)
wexp.*anmt/E [expa& S, * aE[S]E[S/)//]; (because of Markov's inequality)
(3.26)
= exp.*fanmtE[expas.S * E[S/])/ + aE[S/]. S« * E[S]/]
wexp.*anmt/E [expamax.S/.S, * E[S/])/ + aE[S/]. S * E[S]//] (because& x 0)
(3.27)
= exp.*fanmtE[expan.S, * E[S/]/ + aE[S/]. S * E[S]//]
=exp.*anmt/ E[exp.an.S, * E[S/]//] E[expaE[S/]. S * E[S]//] (becauskoY)
(3.28)
=expfanmt/C C El[expan.;* E[Y]//]E expaE[S/].X * E[X]/
i=1 j=1
wexp.*anmt/ 3 ex izn2 Y ex a—2E[S(]2 (3.29)
P ©, PPogM1 &P gHSy '
_ . aZ L, & L, . : : 4
= exp, anmt+ §mn + §nm P21 (because the minimum is achievedat —y mpg)
(3.30)
t? 2t?
wexp, - 71 =exp 1.8

Line (3.29) is becaudé* E[Y;] E ~E[Y;]; 1* E[Y;)/, and thusn.Y; * E.Y:// E [*nE[Y;]; n.1*E[Y]/].
Furthermore E[S/]. X * E[X])/ E *E[X]E[S/];.1 * E[X)J/E[S/)/. Finally, applying Hoe ding's
Lemma (Lemma 1), we obtain line (3.29). O]

Now we are ready to prove Theorem 10.

Proof of Theorem 10

In this theorem, we assume that the number of confounded data is nite. Thus, instea} of
we have estimates of them, namedy;. Letn,, denote the number of samples in the confounded
data such thatY =y; T =t/. Letmy, be the number of samples in the deconfounded data such
that.Y =y; T =t;Z =z/. Furthermore, len =3 ., ny;m=2 ... m. Then, under our setup, we

e

estimatea,; andqy, as follows:ay = - and Gyt = ﬁ: Thus, following the proof of Theorem 5,
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we have

s, N 3 pE
PATE*ATESS xP 1 @i pi8<—(F " 1 ®l+ph*pi*pe8< 5~
H t;z 5k t;z 5k I
N S T aytqzt:‘ hy . 2 aytqit:
=P 1 Sudi*audi8< " 1 Rudl +aadh * aulh * gl —~—— :
H t;z 5k t;z 5k I
Notice tha_tg_ltqft +an 0, * angh * amqét8< : y:yktq;‘ is satis ed when both
3 z 3 z
. . ayt . . ayt
Guchi * i<~ and fuch * ancifc
We have:
py %A y %At
P RTE*ATES< xP | AR Vo o S A . Ly 2 % anQh i< L1
H . @]lqlt a-ltqr[g 10( 2 &thot aOIqOI8 10( I
< =
z 7 3 V4
< aytqyt
=P | tzt*ayt Zt<—y .
i, B HGE T
Lemma 8 suggests that
2 a
P&yt Gy, * @yt G Ox t/ w2 exp;* mg
p Xytm n q
Thus, applying a union bound and Lemma 8, we have
. ; 3 z ) 3 z 22 a
* - Z % z yaytqyt r* ya'ytqyt S
P &ATE * ATEdX WE” Po@tqyt aytqyt§< k1 w 8k T;Slzxexpr 2 B 2SW
yitz 0 o T /10 q
Simplifying the equations above, we have
2
min 3y andy X5(k2|n & _
yitz 1 4 "WZ/ 2 '
Xytm n
O

3.10 Corresponding Stories

In this section, we will provide an example for each selection method such that this particular
sampling performs the worst when compared with the other two methods. For the purpose of
illustration, we consider binary confounder throughout this section. To ease notationget
denoteqy,.
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A Scenario in Which NSP Performs the Worst A drug repositioning start-up discovered that
drug T can potentially cure a disease which has no known drug cure and goes away without
treatments once a while. Since drdgis commonly used to treat another diseasethe majority
patients who has diseasedo not receive any treatment. Among the ones who received drug
T, the start-up discovered that the health outcomes of the majority of patients have improved.
The start-up proposes to bring drug to an observational study to verify whether drug could
treat disease while not controlling for patient's treatment adherence levels. As in most cases,
patient's treatment adherence levels could in uence doctors' decision of whether to prescribe
drug T and whether the treatment for diseasewill be successful. Translating this scenario into
our notations, we haveg, = 1, a10= 2, 11 = 3,andag=1*3 i3=1 i, saya =.0:9;0.02 0.0 0:07/.

Now, imagine in the clinical trial, the patients are given a drug case containing druguch that

the drug case automatically records the frequency that the patient takes the drug. Somehow
we know a priori that the patients who do not have health improvement have on average poor
treatment adherence, e.@lgo = 0:9; op; = O:7; furthermore, those who have health improvement
on average have good treatment adherence, esg.7 0.01; ¢p; = 0:3. Deconfounding according to
NSP, i.eXx = .ago; @1; &0, &4/, in this case, will select most samples from the grop=0; T = O/.
Since the ATE depends on the estimation that relies on bbth 0, andT = 1, one would expect
that NSP and OWSP will outperform NSP. The left column in Fig. 3.3 con rms this hypothesis.

A Scenario in Which USP Performs the Worst A group biostatisticians discovered that
mutations on gend is likely to cause canceY in patients with a particular type of heart disease.
In particular, they discovered that among the those heart disease patients, 79% of patients have
neither mutation onT nor cancerY; 18% patients have both mutation dhand cancery. In
other words,ag = 0:79 a;; = 0:18 Furthermore, we havey; = 001, & = 002 This group of
biostatisticians want to run a small experiment to con rm whether gefiecauses cancer. In
particular, they are interested in knowing whether those patients also have mutations on gene
which is also suspected by the same group of biostatisticians to cause can@&wmehow, we
know a priori that oo = 05; tp1 = 0:01; cho = 0:05 ¢r; = G:5. From the calculation of the ATE, it is
not di cult to observe that the error on the ATE is dominated by the estimation errors ggy; th 1.
Thus, we should sample more from the groups=0, T =0/and.Y =1, T = 1/.

A Scenario in Which OWSP Performs the Worst A team wants to reposition drud to
cure diabetes. Drugd has been used to treat a common comorbid condition of diabetes that
appears in 31% of the diabetic patient population. Among those patients who receiveldrug
about 97% has improved health, thatag = 0.01anda;; = 0:3. Among the patients who have
never received drug’, about 70% have no health improvement, thaads= 0.5, anda;o = 0:19
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Let goo = 0.05 op1 = 05; tho = 0:055 andq, = 0:4. In the ATE, it is easy to observe thgiiqf"llll+;ol1qu

11

and #&l’lw are both dominated by 1 regardless of the estimateg,@findgo;. In this case,
USP outperforms OWSP and NSP when the sample size is large2®@r©n the other hand, the
bottom gure in the third column of Fig. 3.3 shows that, when averaged over all possible values of

g, OWSP performs the best.
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Figure 3.2: Performance of the four sampling policies over 13,000 distribuBgRs, assuming

in nite confounded data. Top row (left and middle): averaged absolute error over all 13,000
distributions for varying numbers of deconfounded samples. Top row (right): averaged squared
error over all 13,000 distributions. Middle row: error comparison (each point is a single distribution
averaged ovetOOreplications) for 1,200 deconfounded samples. Bottom row: variance comparison
(each point corresponds to one of the 13,000 distributions and the variance is calculated over the
100 replications) between selected sample selection policies. Bottom row: each dot corresponds to
the di erencebetween the variance of a pair of selected methods under one instance and a xed
number of deconfounded samples. Bottom left: a positive y-axis value implies that USP yields a
smaller variance than NSP. Bottom middle: a positive y-axis value implies that OWSP yields a
smaller variance than NSP. Bottom right: a positive y-axis value represents that OWSP yields a
smaller variance than USP.
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Figure 3.3: Comparison of selection policies for adversarially chosen instances. Top row left:
a = .09,00200L007/andq = .0:9;0:7;0:01; 0:3/, where NSP performs the worst. Top row
middle:a=.0:790:010:02 0:18/andq = .0:5; 0:01; 0:05 0:5/, where USP performs the worst. Top
row right: a = .0:5;0:01;0:19 0:3/ andq = .0:05 0:5; 0:055 0:4/, where OWSP performs the worst.
Bottom row: generated with the samas but averaged oveB00q's drawn uniformly from [0; 1].
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Figure 3.4: Performance Insights of the four sampling policies over a di erent set of 13,000
distributions Py 1.z, assuming in nite confounded data. The y-axis of all gures is tla@erage
absolute erro(AAE) di erence between a pair of selected methods. Each instance is averaged
over 100 replications. Top row: contains 13,000 dots, each representing an instance. The number
of confounded data is xed at 1200. The x-axis is the level of confoundedness of an instance.
Middle and Bottom rows: at each level of deconfounded samples, each gure contains 130 dot,
each representing one confounded distributianaveraged over 100 conditional distributiogs

The x-axis is the number of deconfounded samples measured in steps of 100. Middle row: the
color map corresponds to the level of treatment inbalance of an instance. Bottom row: the color
map corresponds to the level of (maximum) outcome inbalance within each treatment group of an
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Figure 3.5: Experiment on nite confounded data over 13,000 distributi®ns.z, each averaged
over 100replications. The number of deconfounded samples is xed @@ Left: averaged over
the 13,000 distributions. Middle and Right: error comparison at 681 confounded samples.

Figure 3.6: Performance of the four sampling policies on the COSMIC dataset assuming in nite
confounded data275unique (cancer, mutation, mutation) combinations were extracted. Left:
averaged oveR75instances, and each averaged over 10,000 replications. Middle and Right: error
comparison at5deconfounded samples.
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