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Abstract

With increasing deployment of optimization and Artificial Intelligence (Al) to assist high-stake real
life decisions, fairness has become an essential factor of consideration for both the designers and
users of these tools. This dissertation studies new approaches for formulating, attaining and eliciting
fairness. Chapter one begins with a brief introduction of the background on fairness and a selection of
common fairness measures.

Chapter two studies balancing fairness and efficiency through optimization models. We propose
new social welfare functions (SWFs) as combined measures of two well-known criteria, Rawlsian
leximax fairness and utilitarianism. We then design a procedure to sequentially maximize these SWFs
with mixed integer/linear programming models to find socially optimal solutions. This approach
has practical potentials on a wide range of resource allocation applications, and is demonstrated on
realistic size applications in healthcare provision and shelter assignment for disaster preparation.

Chapter three considers an optimization task motivated by fair machine learning (ML). When
developing fair ML algorithms, it is useful to understand the computational costs of fairness in
comparison to the standard non-fair setting. For fair ML methods that utilize optimization models
for training, specialized optimization algorithms have potentials to offer better computational per-
formances than generic solvers. In this chapter, I explore this question for support vector machines
(SVMs), and design block coordinate descent type algorithms to train SVMs containing linear fairness
constraints. Numerical experiments highlight that the new specialized algorithms are more efficient
than an off-the-shelf solver for training fair SVMs.

Chapter four examines social welfare optimization as a general paradigm for formalizing welfare-
based fairness in Al systems. Contrary to commonly used statistical bias metrics in fair Al, optimizing
a social welfare objective supports broader perspective on fairness motivated by distributive justice
considerations. We propose in-processing and post-processing integration schemes between social
welfare optimization and Al, in particular, ML and rule-based Al. We implement and evaluate the
integration schemes on a simulated loan processing instance. The empirical results demonstrate the
advantages of the proposed integration strategies. We conclude this chapter by highlighting research
directions to pursue for a holistic view of welfare-based fairness.

The next two chapters explore the human-centric perspective to elicit people’s moral values
through preference learning. Chapter five studies a general preference learning framework based on
online learning (OL) from revealed preferences: a learner learns an agent’s private utility function

through interactions in a changing environment. Through designing a new convex loss function, we
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design a flexible OL framework that enables a unified treatment of usual loss functions from literature
and supports a variety of online convex optimization algorithms. This framework has advantages in
regret performance and solution time over other OL algorithms from the literature.

Lastly, chapter six explores a moral decision-making inspired task. This chapter considers
the modelling and elicitation of people’s dynamic ethical judgments in the sequential allocation
of resources. We utilize a Markov Decision Process model to represent a sequential allocation
task, where the state rewards capture people’s moral preferences, thus people’s ethical judgments
are reflected via policy rewards. We design a preference inference model which relies on active
preference-based reward learning to infer the unknown reward function. The learning framework is
applied in human-subject experiments on Amazon Mechanical Turk to understand people’s moral

reasoning in a hypothetical scenario of allocating scarce medical resources.
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Chapter 1

Introduction

1 Fairness is important to people's daily lives and society. As a key component of ethics, fairness
seeks equitable distribution of resources and opportunities to promote equality, justice and social
well-beings. In real-life decisions and policies, it is morally desirable and socially sustainable to
pursue fairness. With optimization and Arti cial intelligence (Al) tools increasingly applied to assist
high-stake decisions, such as, optimizing humanitarian operations with resource allocation models,
using machine learning models for criminal risk assessment, fairness is no longer a nice-to-have
advantage, but rather a necessary property of practical and trustworthy decision support models and
algorithms. This dissertation speaks to the rising demand of better understanding of fairness, and
develops new approaches and insights for fairness in optimization and Al.

In contrast to the widely recognized signi cance of fairness, there is no uniformly superior
interpretation and operationalization of fairness. Besides the large variety of fairness related theories
proposed across academic elds, people hold diverse fairness perceptions as in uenced by their
personal backgrounds and speci ¢ decision contexts. This dissertation explores two perspectives for
the fundamental questionshat is fairnesandhow to be fair

One perspective is the formulation of fairness optimization models in alignment with ethics
principles. Optimization has long been used to support decision making. Most practical optimization
problems involves the allocation decisions of some resources. In recent years, optimization also
has been extensively studied in arti cial intelligence, especially in machine learning (ML) where
optimization models are often core components in a ML framework. Conventionally, optimization
models have a ef ciency-driven objective function. For resource allocation decisions, the objective
describes seeking the most effective use of resources. For example, a government agency aims to
maximize the total population bene ts from healthcare provision, a company tries to minimize costs
and maximize pro ts during facility expansion. For optimization-based ML methods, the standard
objective focuses on minimizing the total prediction losses to seek high accuracy. By pursuing
ef ciency goals, these conventional optimization models may lead to unfair results, so a crucial
task is to incorporate fairness and equity into existing optimization models. While it is normally

1This chapter uses excerpts from a joint work with John Hooker



2 Introduction

straightforward to formulate an ef ciency objective, fairness can be understood in multiple ways, with
no generally accepted method for representing any of them in a mathematical idiom. Moreover, the
growth of integrated methods, such as, optimization based on ML predictions, in modern decision-
making adds to the challenge of formulating fairness models. As discussed above, this perspective
opens up interesting modeling and computational questions in the broad eld of Al. Chapter 2, 3, 4
studies such questions.

The other perspective is to elicit fairness beliefs, and more generally ethical values, from human
stakeholders. Conventional approaches to de ning and justifying fairness are driven by principles,
namely, the central planner determines what are the suitable ethical values and what should be the
resulting fairness notion. Due to the large variety of fairness concepts and the potentially different
positions held by the planner and stakeholders, the chosen fairness notion could be incompatible
with stakeholders' moral beliefs and ethics principles. The possible incompatibility has led to the
recent research thread of human-centric fairness, a bottom-up strategy aiming to learn what people
believe to be fair under different decision contexts then bring their judgments into the formulation of
fairness. While there are situations where people's perspectives should not be incorporated due to
irrationality or bias, in general, decision makers would seek to align fairness interventions with what
the people desire, so that they would be more welcoming to these interventions. A core component of
this perspective is the modeling, elicitation and learning of preferences: chapter 5 studies a general
preference learning question in an online setup, and chapter 6 explores a concrete moral preference
learning task.

1.1 Background on Fairness

Fairness has a long history of being studied across elds including philosophy, sociology, psychology
and economics. These early literature provide ethical and conceptual foundations for the more recent
discussion of fairness in operations research and Al, where the goal is to operationalize fairness via
optimization and machine learning for concrete applications. A well known framework to distinguish
fairness concepts is to perceive fairness via distributive justice versus procedural justice. The high-
level intuition is that distributive justice concerns fairness in the outcomes from a decision, whereas
procedural justice emphasizes fairness in the process of decision making. This dissertation focuses on
outcome fairness via the distributive justice perspective.

Mathematical formalization of outcome fairness can be further distinguished into utility-based
and parity-based de nitions. Utility-based fairness is broadly used in resource allocation to attain a
fair distribution of utilities, which can be pro ts, negative costs, or some other bene ts appropriate to
the application. Utilities were initially proposed as part of the theory of utilitarianism, which seeks to
maximize the overall well-beings of the population. In particular, the standard ef ciency formulation
follows utilitarianism and uses the total or average utility as a measure of the population's overall
welfare. Parity-based fairness is typically considered in machine learning to seek unbiased treatments
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towards the involved groups or individuals. There is a large number of fairness de nitions in both
types, and samples of popular choices in literature and practice are summarized below.

1.1.1 Utility-based Fairness

based fairness measuk®(u) is a function aggregating the utility values to evaluateith respect to
the selected fairness notion. We categorize utility-based fairness criteria into three types.

Inequality Measures

The rst type measures fairness via the degree of equality in the distribution of utilities, for which
several statistical metrics have been proposed (Cowell 2000, Jenkins and Van Kerm 2011). There is a
wide variety of philosophical opinion on the ethical signi cance of equality, ranging from the view
that we have an irreducible obligation to strive for equality, to the view that inequality is unfair only
when it reduces total utility (Frankfurt 2015, Par t 1997, Scanlon 2003). In any event, it is generally
acknowledged that equality is not the same concept (or cluster of concepts) as fairness, even when
the two are closely related. An equality metric can be appropriate in a context where a speci cally
egalitarian distribution is the primary goal, without regard for ef ciency or other forms of equity.
Inequality measures have been used for inequity averse optimization in a broad range of applications.
More recently, inequality measures are also considered in the growing area of algorithmic fairness.
We next introduce several commonly studied de nitions.

Measures of relative dispersiorf. Therelative rangeof utilities is an inequality metric, that,
when negated, yields the fairness measure,

W(u) = (1=U) Umax Umin

whereumax = maxf uig, Umin = minif uig, andu=( 1=n) &; u;.

Another dispersion metric is threlative mean deviatigrwhich measures inequality more compre-
hensively by considering all utilities rather than only the minimum and maximum. The corresponding
fairness measure is,

W= (Q=0aju U

The coef cient of variationis the normalized standard deviation, leading to the fairness measure
below. It may be appropriate when large deviations from the mean are disproportionately signi cant,
but it has the possible drawback of computational dif culty due to the quadratic component.

W(u) = au 0?2

1h1 i%'
. :

|l

2All of the following dispersion measures are normalized by the mean utility so as to be invariant under rescaling of
utilities.
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Gini coef cient and Hoover index. The Gini coef cientis by far the best known measure
of inequality, as it is routinely used to measure income and wealth inequality (Gini 1912). It is
proportional to the area between the Lorenz curve and a diagonal line representing perfect equality.
Lorenz curve plots the proportion of the total wealth or bene ts accumulated to the bxf#taohthe
population, thus indicating the degree of inequality via its deviation from the perfect equality line. By
de nition, Gini coef cient vanishes under perfect equality. We can use the negative Gini coef cient
as a fairness measure,

1 5. y
W(u) = 2uTnz%Ju. ujj:

TheHoover indexs also related to the Lorenz curve, as it is proportional to the maximum vertical
distance between the Lorenz curve and a diagonal line representing perfect equality (Hoover 1936). It
can be interpreted as the fraction of total utility that would have to be redistributed to achieve perfect
equality. The corresponding fairness measure is

1 5. _
W(u) = ﬁajui u:
|

Fairness for the Disadvantaged

Rather than focus solely on inequality, fairness measures can prioritize the disadvantaged. Far and
away the most famous of such measures is the difference principle of John Rawls (1999), a maximin
criterion that is based on careful philosophical argument and debated in a vast literature (surveyed in
Freeman 2003, Richardson and Weithman 1999). The difference principle can be plausibly extended
to a lexicographic maximum principle. There is also the McLoone index, which is a statistical measure
that emphasizes the lot of the less advantaged.

The Rawlsian maximin criterion has been a popular fairness measure for decades. Early works
on fair resource allocation, such as bandwidth allocation, often choose the maximin criterion to seek
the best possible performance for the worst-off service among services competing for bandwidth.
Recent research has applied the criterion to more diverse problem contexts, including peer review
paper assignment, ridesharing, etc.

Rawlsian criteria. The Rawlsiardifference principlestates that inequality should exist only to
the extent that it is necessary to improve the lot of the worst-off. It is defended with a social contract
argument that, in its simplest form, maintains that the structure of society must be negotiated in an
“original position” in which people do not yet know their station in society. Rawls argues that one
can rationally assent to the possibility of ending up on the bottom only if that person would have
been even worse off in any other social structure, whence an imperative to maximize the lot of the
worst-off. The principle is intended to apply only to the design of social institutions, and only to the
distribution of “primary goods,” which are goods that any rational person would want. Yet it can be
adopted as a general criterion for distributing utility, namelgaximincriterion that maximizes the
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smallest utility as the fairness measure,
W(u) = minf u;g:
|

The maximin criterion can be plausibly extendedexicographic maximizatiofleximax). Lex-
imax is achieved by rst maximizing the smallest utility subject to resource constraints, then the
second smallest, and so forth.

McLoone index. The McLoone indexcompares the total utility of individuals at or below the
median utility to the utility they would enjoy if all were brought up to the median utility. The index is
1 if nobody'’s utility is strictly below the median, and it approaches 0 if the utility distribution has a
very long lower tail (on the assumption that all utilities are positive). The McLoone index bene ts the
disadvantaged by rewarding equality in the lower half of the distribution, but it is unconcerned by the
existence of very rich individuals in the upper half. The de nition is,
[o]

. — Ui
J|(U)JUi2|a(u)'

W(u) =

whered( is the median of utilities it andl (u) is the set of indices of utilities at or below the median,
sothatl(u)= fiju (g

Combined Fairness and Ef ciency

The previous examples are all pure fairness measures, which are appropriate when there is no need
to balance fairness against the overall well-being of the population. However, practical situations
frequently call for both fairness and ef ciency to be explicitly considered. We next review three
common schemes for combining the two criteria and give examples of the combined measures
following each scheme. Chapter 2 provides further discussion of these measures.

Convex combination. The most obvious approach is to maximize a convex combination of
fairness and ef ciency. Suppo$e(u) is a pure fairness measure, then a combined measure is

W(u) = (1 I)éui+l F (u):

The combination strategy is applicable to both inequality indices and fairness for the disadvantaged.
For instance, Eisenhandler and Tzur (2019) and Mostajabdaveh et al. (2019) propose combined
measures with variations of the Gini coef cientiagu). Yager (1997) and Ogryczak asdiwihski

(2003) consider the combinations with the Rawlsian maximin criterion us{ugy = min;f u;g.

Alpha Fairness. Alpha fairness provides an alternative and perhaps more satisfactory means of
combing fairness and ef ciency than convex combinations. Alpha fairness regulates the combination
with a continuous parametar, where larger values @ signify a greater emphasis on fairness. It
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(Mo and Walrand 2000, Verloop et al. 2010) is represented by a family of functions having the form

8
3 1t qu? fora 0a61l
W, (u) = Loas
2 3 log(u) fora=1
i

Alpha fairness characterizes a continuum that stretches from a utilitarian critarien0f to a
maximin criterion ag ! ¥. Lan et al. (2010) provide an axiomatic treatmenaefairnessin the

context of network resource allocation, and Bertsimas et al. (2012) study worst-case fairness/ef ciency
trade-offs implied by this criterion. The paramegecan be interpreted as quantifying the trade-off as
follows: utility u; must be reduced bfu;=u;)? units to compensate for a unit increaseiirf< u;)

while maintaining constant social welfare. This gives priority to less-advantaged parties, as we desire,
with a indicating how much priority. Yet it is not obvious what kind of trade-off, and therefore what
value ofa, is appropriate for a given application. There is no apparent interpretaterinafependent

of its role in thea -fairness function.

Threshold Criteria. Williams and Cookson (2000) suggest two ways to combine utilitarian and
maximin objectives using threshold criteria for two persons. One, based on an ef ciency threshold,
begins with a maximin criterion but switches to a utilitarian criterion when the overall utility cost of
fairness becomes too great. More explicitly, Williams and Cookson uses a maximin criterion when
the two utilities are suf ciently close to each other wjth uj D, otherwise it uses a utilitarian
criterion. Hooker and Williams (2013) provide arpersonextension for this criterion. Parities
with u;  umin  Dare treated in solidarity with the worst-off through the maximin criterion, and the
remaining greater utilities are treated as themselves. The combined fairness measure is the following,

W =(n 1D+ g max u; D;Uning:
i=1
It is evident thaD = O corresponds to a purely utilitarian objective dnd ¥ to a purely maximin
objective.

Williams and Cookson also propose the reverse perspective based on a fairness threshold: a
utilitarian criterion is used wheju; upj D, then a maximin criterion is used since the inequity has
become too severe. Following the same argument from Hooker and Williams (2012), this de nition
can be extended to threpersoncase and leads to the combined measure below. The main difference
with the previous de nition is that, parities witlh uyi, Dare now counted as equalug;, and
the other utilities are counted as themselves.

n
W(u)= nD+ § minfu;  D;Uming:
i=1

Here,D= 0 corresponds to a purely maximin objective d&hd ¥ to a purely utilitarian objective.



1.1 Background on Fairness 7

In Chapter 2, we illustrate that threshold-based combinations that rely on the maximin notion for
fairness are sensitive to the utility level of only the very worst-off party. The equity situation of other
disadvantaged parties become irrelevant, so long as their utilities are Witfithe lowest. As a
result, fairness among the disadvantaged plays almost no role in the solution. This situation can be
addressed to a great degree by replacing maximin fairness with leximax fairness. We defer details on
these measures combining leximax fairness to Chapter 2.

1.1.2 Parity-based Fairness

Inthe eld of machine learning, there have been rising demands for fairness considerations to eliminate
prejudice favoritism toward an individual or a group based on their inherent or acquired characteristics.
One well-known example that motivates extensive interest in fair ML is the series of research efforts
on whether the COMPAS software, supported by a recidivism risk prediction algorithm, is biased
against African-Americans (Angwin et al. 2016, Dieterich et al. 2016). The focus of fair ML is
primarily on mitigating this kind of bias and ensuring that certain minority groups, often de ned by
law, receive fair treatment. Among ML frameworks, fairness in supervised learning has been most
widely studied. The community has seized upon traditional statistical measures of classi cation error
to detect bias, so that it can be avoided when possible.

In a typical scenario, an ML model is trained to make yes—no decisions as to who receives a
certain bene t, such as a mortgage loan, a job interview, parole, and so forth, based on various features
they possess. A fairness test compares decisions for a minority or protected group with those for
the remainder of the population. Four outcomes are possible for each individual: a true positive (the
ML model correctly selects the individual for a bene t), a false positive (it incorrectly selects), a true
negative (it correctly rejects), and a false negative (it incorrectly rejects). We will refer to the number
of individuals in these four groups, respectively, as TP, FP, TN, and FN. Various metrics involving
these four statistics are compared between the minority group and the rest of the population, each
yielding a measure of parity between the groups.

We setd, = 1 when individuali should be selected, anti= 0 otherwise, and} = 1 wheni
is selected and; = 0 otherwise. We lelN; be an index set for individuals in the protected group,
andNg for those in the remainder of the population. For simplicity of exposition, we consider the
minority group as the protected group, and the majority as the remainder. Group fairness measures
W(d) are de ned directly in terms of the decision vectbr Four of the widely studied de nitions are
summarized below. We note that fair ML literature also considers other types of de nitions, including
individual fairness, counterfactual fairness, and more recently, utility-based fairness (Chapter 4
reviews relevant literature).

Demographic parity. The simplest bias metric is based @@mographic parityalso known as
proportional/statistical parity. This metric was introduced by Dwork et al. (2012). It seeks to equalize
the fraction of minority individuals selected for bene ts and the fraction of majority individuals
selected. Itis de ned by comparing the raioP+ FP)=(TP+ FP+ TN+ FN) across the two groups.
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The demographic parity is de ned as:

1 o 1 ,
7adl

() INt iz, Il 2,

A main critic of demographic parity is its strict equality of outcomes. By seeking demographic
parity and requiring individuals in both groups receive bene ts at equal probabilities, we may
discriminate against a minority group that happens to be to be more quali ed for bene ts than the
majority on the average.

Equalized odds.Theequalized oddmetric is based on two related but distinct criteria. One is
that the fraction ofjuali ed minority persons selected is the same as the fraction of quali ed majority
persons selected (Hardt et al. 2016). The other is that the fractiomqofali ed minority persons
selected is the same as the fraction of unquali ed majority persons selected (Zafar et al. 2017). The
former is also known asquality of opportunityand is de ned by comparing the ratidP=(TP+ FN):

W(d)= éi2N1didi é-iZNOdidi:
&ion, di &izan, o

The latter criterion is based on the ratioPP+ TN):

dion (1 di)di 8ian (1 di)di
dion (1 di) Aion(1 i)

w(d) =

Accuracy parity. The two-sided evaluation in equalized odds can be obviated simply by measur-
ing the fraction of predictions that are accurate, which is the (@id+ TN)=(TP+ TN+ FP+ FN),
namely,

w(d) = _Ni.é did+(1 d)(1 d) did+(1 d)(1 d):
i2Ng

-4
JNOJ i2No
Predictive rate parity. When one wishes to compare what fraction individuals selected from
each group should have been selected, the relevant meapuediigtive rate parity This measure
aims to equalize TR TP+ FP), namely,
dion, Gidi Aion, i

w(d)= - B :
(@) dian G Bizn G

Predictive parity is primarily considered in risk assessment contexts, such as, recidivism prediction
(Dieterich et al. 2016, Chouldechova 2017), child maltreatment screening (Chouldechova et al. 2018).
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1.2 Outline and Contribution

Chapter 2 studies the trade-off between fairness and ef ciency, an important task in many practical

decisions. We propose a principled and practical method for balancing these two criteria in an

optimization model. Following an assessment of existing schemes, we de ne a set of social welfare
functions (SWFs) that combine Rawlsian leximax fairness and utilitarianism and overcome some of

the weaknesses of previous approaches. In particular, we regulate the equity/ef ciency trade-off with

a single parameter that has a meaningful interpretation in practical contexts. We formulate the SWFs
using mixed integer constraints and sequentially maximize them subject to constraints that de ne
the problem at hand. We demonstrate the method on problems of realistic size involving healthcare
resource allocation and disaster preparation, with solution times of several seconds at most.

Chapter 3 examines an optimization problem rising from training fair support vector machine
(SVM). SVM is a popular supervised learning model that constructs hyperplane(s) for tasks including
classi cation and regression. Motivated by the computational advantages of specialized algorithms
over general-purpose optimization solvers in training SVM, we propose specialized algorithms to
train SVMs with fairness constraints. We focus on fairness constraints that are linear functions of the
weight vector of the separating hyperplane in a SVM. Utilizing the structure of the dual formulation
of this particular form of fair SVM, we design a coordinate descent type subroutine to extend two dual
based standard SVM training algorithms, the dual coordinate descent (DCD) algorithm for SVM with
a linear kernel and the sequential minimal optimization (SMO) algorithm for SVM with an arbitrary
kernel, to train fair SVMs. We establish convergence properties of these new algorithms. In numerical
experiments, our training algorithms train fair SVMs much more ef ciently than an off-the-shelf
guadratic program solver. Moreover, compared to training standard SVMs, our algorithms allow
fairness constraints to be included with minor runtime increase.

Chapter 4 proposes optimization as a general paradigm for formalizing welfare-based fairness
in Al systems. We argue that optimization models allow formulation of a wide range of fairness
criteria as social welfare functions, while enabling Al to take advantage of highly advanced solution
technology. We highlight that social welfare optimization supports a broad perspective on fairness
motivated by distributive justice considerations, as literature has designed social welfare functions
capturing various concepts of equity. We formalize in-processing and post-processing integration
schemes between social welfare optimization and Al, in particular machine learning and rule-based
Al. We then present empirical results from a simulated loan processing example to demonstrate the
viability and potentials of the integration strategies. Our optimization-centric integrated decision
framework broadens the research scope of welfare-based fairness, and opens up interesting directions
to pursue a more comprehensive view of fair decision-making.

Chapter 5 studies the problem of online learning (OL) from revealed preferences: a learner
wishes to learn a non-strategic agent's private utility function through observing the agent's utility-
maximizing actions in a changing environment. We adopt an online inverse optimization setup, where
the learner observes a stream of agent's actions in an online fashion and the learning performance
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is measured by regret associated with a loss function. We design a new loss function that is convex
under relatively mild assumptions. Through establishing that the regret with respect to the new loss
bounds the regret with respect to the three classical loss functions used in literature, we provide a
exible OL framework that enables a uni ed treatment of loss functions and supports a variety of
online convex optimization algorithms. We demonstrate with theoretical and empirical evidence that
our framework based on the new loss function (coupled in particular with the online Mirror Descent)
has signi cant advantages in terms of regret performance and solution time over other OL algorithms
from the literature and bypasses the previous technical assumptions as well.

Chapter 6 investigates the modeling and inferring of people's moral preferences. We consider a
setting in which a social planner or policymaker has to make a sequence of decisions regarding the
allocation of scarce resources in high-stakes social domains. Our goal is to understand stakeholders'
moral judgments regarding such allocation policies. In particular, we evaluate the sensitivity of these
judgments to the context/history of allocations and their perceived future impact on various socially
salient groups. We propose a mathematical model to capture and infer stakeholders' potentially-
dynamic moral preferences. We illustrate our model through small-scale human-subject experiments,
which elicit crowd workers' moral judgments regarding scarce medical resource distributions during a
hypothetical viral epidemic. We observe that participants' preferences are indeed history- and impact-
dependent. Additionally, our preliminary experimental results reveal intriguing patterns speci c to
medical resources—a topic that is especially salient in the backdrop of the global covid-19 pandemic.



Chapter 2

Combining Leximax Fairness and
Ef ciency in a Mathematical
Programming Model

2.1 Introduction

! Fairness is an important consideration across a wide range of optimization models. It can be a
central issue in health care provision, disaster planning, workload allocation, public facility location,
telecommunication network management, traf ¢ signal timing, and many other contexts. While it
is normally straightforward to formulate an objective function that re ects ef ciency or cost, it is
not obvious how to express fairness in mathematical form. When both fairness and ef ciency are
desired, as is typical in practice, there is the additional challenge of mathematically integrating them
in a tractable model.

For example, when a natural disaster brings down the electric power grid, crisis managers
may dispatch crews to urban areas rst in order to restore power to more households quickly, thus
maximizing ef ciency. Yet this may cause rural areas to experience very long blackouts, which could
be seen as unfair. A more satisfactory solution might give some amount of priority to rural customers,
but without imposing too much harm on the population as a whole. Similarly, traf ¢ signal timing
that minimizes total delay may result in impracticably long wait times for traf c on minor streets that
cross a main thoroughfare. Again a balance between equity and ef ciency may be desirable. The
issue can be especially acute in health care. Expensive treatments or research programs that prolong
the life of a relatively few gravely ill patients may divert funds from preventive health measures that
would spare thousands the suffering brought by less serious diseases.

In this chapter, we develop a practical and yet principled approach to balancing ef ciency and
fairness that can be implemented with mixategerlinear programming (MILP) models. While

1This chapter is based on joint work with John Hooker, and has been published in Chen and Hooker (2020, 2022a).
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there are many possible measures of fairness, we choose a criterion based ultimately on John Rawls'
concept of justice-as-fairness (Rawls 1999). One consequence of the Rawlsian analysis is his famous
difference principle, which states roughly that a fair distribution of resources is one that maximizes
the welfare of the worst-off. Rawls defends the principle with a social contract argument that can
be plausibly extended to lexicographic maximization. That is, the welfare of the worst-off is rst
maximized subject to resource constraints, then the second worst-off, and so forth. The Rawlsian
perspective has been defended by closely reasoned philosophical arguments in a vast literature
(Richardson and Weithman 1999, Freeman 2003).

The Rawlsian argument goes roughly as follows. Let's suppose that all concerned parties adopt
an agreed-upon social policy in an original position behind a “veil of ignorance” as to their identity.

It must be a policy that all parties can rationally accept upon learning who they are. Rawls argues
that no rational decision maker will accept a policy in which she is the least advantaged, unless she
would have been even worse off under any other policy. A fair outcome should therefore maximize
the welfare of the worst-off. The argument can be employed recursively to defend a leximax criterion.
Rawls intended his principle to apply only to the design of social institutions, and to pertain only to
the distribution of “primary goods,” which are goods that any rational person would want. Yet it can
be plausibly extended to distributive justice in general, particularly if it is appropriately combined
with an ef ciency criterion.

A fundamental question that arises in the integration of equity and ef ciency is how to regulate the
trade-off between the two. We nd in a survey of existing models that it is rarely clear how trade-off
parameters can be selected and interpreted in a practical context. However, the modeling scheme
of Hooker and Williams (2012) offers a potentially appealing approach to this problem. It governs
the trade-off between a Rawlsian maximin and a utilitarian criterion with a single parabnibtatr
has the same units as utility and can be related naturally to the problem at hand. The &isie of
chosen so that parties whose utility is withrof the lowest are seen as suf ciently disadvantaged to
deserve priority. Larger values Bfresult in greater equity. The model also has a practical mixed
integer/linear programming (MILP) formulation.

The Hooker—Williams (H-W) scheme has a serious limitation, however. Because its fairness
component is the maximin criterion, the actual utility levels of disadvantaged parties other than the
very worst-off have no bearing on social welfare. As a result, the solution can be insensitive to most
equity considerations. This outcome is particularly unsatisfactory when resource limitations tightly
constrain the bene ts available to a few parties, a situation we have found to be common in practice.
The H-W model awards what utility it can to the most highly-constrained party, whereupon the welfare
of other disadvantaged parties becomes irrelevant, and all solutions become virtually indistinguishable
with respect to equity. The fairness criterion plays essentially no role in the determination of an
optimum among a potentially large number of outcomes considered equally desirable by the H-W
scheme, even for arbitrarily large valuesbf
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2.1.1 Our Approach and Results

A natural way to address this problem is to combine ef ciency with a lexicographic criterion rather
than a maximin criterion. This allows the utility levels of all disadvantaged parties to factor into social
welfare. However, it poses a dif cult modeling challenge at both a theoretical and a computational
level. We meet the challenge by maximizing a sequence of social welfare functions that, except for the
rst, are quite different from the single function used in the H-W model. Nonetheless the parameter
D has a similar interpretation, with increasiBgorresponding to greater prioritization of the fairness
criterion.

We show how to formulate these optimization problems as a set of practical MILP models. These
MILP problems have substantially different constraint sets and polyhedral properties than the H-W
formulation. We also describe a family of valid inequalities that can be added to tighten the models.
We extend these results to the common situation in which utility is distributed to groups rather than
individuals, such as organizations, regions, or demographic groups. We conclude this chapter by
demonstrating the practical applicability of our approach on a healthcare resource allocation problem
and an emergency preparedness problems. The former allows us to compare results with those
reported by Hooker and Williams (2012) on the same problem. The latter is a shelter location and
assignment problem of realistic size. We nd that our approach yields reasonable and nuanced socially
optimal solutions for both problems, with computation times ranging from a fraction of a second to
18 seconds for a givel.

2.1.2 Basic De nitions
An optimization model for integrating fairness and ef ciency can be viewed as maximizogial

welfare functionfSWF)F (u). The value of the function is interpreted as measuring the desirability of

We assume the optimization model has the general form
m%x F(u u2U (2.1)
u

whereU is the set of feasible utility vectors. In practi¢#, is de ned by a constraint set that generally
contains additional variables. We illustrate realistic models of this kind in Section 6.3.

We de ne aleximaxsolution of(2.1) with respect to a nondecreasing ordering of utilities rather
than a predetermined ordering, since the former is relevant to the Rawlsian criterion. Thus given

two feasible solutionﬂ;u02 U of (2.1), we letiy;:: ;i be any permutation df;:::;n for which
Ui, ui,, andky;:::;k, any permutation for whichfﬂ1 u) . Thenu2 U is a leximax
solution of(2.1)if for any u'2 U and any 2f 1;:::;ng such that;; = qu forj=1;:::;7 1,we
haveu. Q.

Two properties that SWFs can possess will be helpful for assessing the equity measures discussed
in the next section. ThRigou—Dalton(P—G) condition is frequently used to assess social welfare
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functions, particularly those that measure equality (Dalton 1920, Moulin 2004). It is satis ed when
any utility transfer from a better-off party to a worse-off party increases (or does not reduce) social
welfare. Given a utility vectou with u; < uj, we say that #—G transferis a transfee > 0 of utility

fromuj tou; suchthauj+ e u; e. ThenF(u) satis es the P-G condition if for any, and anyu®

that results from a P-G transfer, we h&/@9 F(u).

The Chateauneuf-Moyeg&—M) condition is a slightly weaker condition that considers certain
utility transfers from a better-off class to a worse-off class rather than from one individual to another.
We will refer to these a€—M transfers Chateauneuf and Moyes (2005) suggest that their condition
is preferable to th®-Gcondition for assessing equity measures. Their simplest argument is that
while a pairwise P—G transfer reduces inequality between two individuals, it may increase inequality
between those individuals and others. A C—M transfer does not incur this problem, because the donor
and recipient classes respectively lie completely above and below the rest of the population.

To de ne the C—M condition formally, we say that a C—M transfer deriu@&om u when
g un as well asu? ud, and for some pair of integetshwith 1 < h n, we have
u < up and i

C=ur8e 2 Ae
=1 N oh+ 15,
for somee > 0, whereg, is theith unit vector. Therf (u) satis es the C—M condition iF (u)  F(u)
for any C—M transfer that derivaf from u. Any function that satis es the P—G condition also satis es
the C—M condition.

2.1.3 Related Literature

We now survey some of the primary schemes that have been proposed for combining fairness
and ef ciency. Each can be formulated as a social welfare function that can be maximized in an
optimization model of the form (2.1).

Convex Combinations

The most obvious device for combining fairness and ef ciency is a convex combination of the two.
This corresponds to a SWF of the form

Fw=(1 1)au+!F(u (2.2)

whereF (u) is a fairness measure. A number of functién@l) have been proposed, such as inequality
metrics, the Rawlsian maximin principle, and leximax fairness (Cowell 2000, Jenkins and Van Kerm
2011, Karsu and Morton 2015).

A perennial problem with convex combinations is that it is dif cult to interdreparticularly
sinceF (u) is typically measured in units other than utility. For example, if we select the widely-used
Gini coef cient G(u) as a measure of equity, then we must combine utility with a dimensionless
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guantityF(u)y= 1 G(u), where
o . .
alju uj
Gu= L 2.3
W)= == (23)
i
Another dif culty is that fairness measures are almost always nonlinear, which can pose tractability
problems.
Eisenhandler and Tzur (2019) use a product rather than a convex combination of utility and

1 G(u), which reduces to an SWF that is easily linearized:

F(u) = é_ U }_é._juj uij
i i<j

Yet we now have a convex combination of total utility and another equality metric (negative mean
absolute difference) in which = % One may ask why this particular valuelofis suitable.

Mostajabdaveh et al. (2019) use a linear combination that is equival&@ntte m(1 G(u)) &, u;,
wherem2 [0; 1]. This at least combines quantities measured in the same units. Yet we again have the
problem of justifying a weighin In fact, this combination is equivalent to the convex combination
implied by the Eisenhandler and Tzur criterion, except kthem=(1+ 2m) rather thar%.

Since equality is often unsuitable as a fairness measure (Frankfurt 2015, Scanlon 2003), one may
wish to use the Rawlsian criteridh(u) = min;f u;g. It results in a convex combination of quantities
that are measured in the same units, but it is again unclear how to select a suitable Valtot
that if we index utilities so that, Un, the convex combination becomes simply a weighted
sumui+(1 |)3&;s1U that gives somewhat more weight to the lowest utility. It is unclear how
much more weight is appropriate.

One might also attempt to formulate a convex combination of ef ciency with a leximax rather than
a maximin criterion. Yet it is unclear how to capture leximax in a functdqu) when the utilities
cannot be ordered by size in advance. Ogryczak and Sliwinski (2006) show how to formulate leximax
in an optimization model without pre-ordering, but this requires coef cients that vary enormously
in size and can introduce numerical instability. There is also no evident means for incorporating an
ef ciency criterion into the model.

Alpha Fairness and Kalai-Smorodinsky Fairness

Alpha fairness is a parameterized combination of equity and ef ciency that does not rely on a convex

combination. It is based on an SWF of the form
8 1
3 au? fora 0a61l
1 a—
Fa(u) = o !
2 4 log(u) fora =1
i
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This SWF satis es the P-G and therefore the C—M condition foaall 0. Larger values o& imply
a greater emphasis on equity, with= 0 corresponding to a pure utilitarian criterion aamd: ¥ to
a maximin criterion. Lan et al. (2010) provide an axiomatic treatment, and Bertsimas et al. (2012)
study worst-case equity/ef ciency trade-offs. An interpretatioma$ that utility u; must be reduced
by (uj=u;)? units to compensate for a unit increaseyir{< u;) while maintaining constant social
welfare. Yet it is again unclear what kind of trade-off, and therefore what valag isfappropriate
for a given application. There is also the computational issueih@f) is nonlinear.

Another issue with alpha fairness is that it can assign equality the same social welfare as arbitrarily
extreme inequality. In a 2-player situation, for example, the distribwiier( s;s) has the same social
welfare value ast; T), where

( L=T ifa=1

osta TlaWWla) o s 1andalasTla

Thus if we hold social welfare xed, we hateé 0asT! ¥ fora = 1,andt! 2 @)gasT! ¥

for a > 1. This means that whem 1, alpha fairness can judge an egalitarian solution to be no
better than a solution in which one party has arbitrarily more wealth than the other. The same is
true of the maximin criterion, of course, since it assi¢g)s) and(s; T) the same social value for
arbitrarily largeT.

A well-known special case @t-fairness arises whean = 1. This results in proportional fairness,
which is equivalent to the Nash bargaining solution (Nash 1950). Nash (1950) showed that his
bargaining solution for two persons is implied by a set of axioms for utility theory, including a strong
and perhaps questionable axiom of cardinal noncomparability across parties (Hooker 2013). Harsanyi
(1977), Rubinstein (1982), and Binmore et al. (1986) showed that the Nash solution is the asymptotic
outcome of certain rational bargaining procedures, again based on strong assumptions.

Kalai and Smorodinsky (1975) proposed an alternative to the Nash bargaining solution that
minimizes each player's relative concession. The approach is defended by Thompson (1994) and is
consistent with the contractarian ethical philosophy of Gauthier (1983). Mathematically, the objective
isto nd the largest scaldn suchthau=(1 b)d+ bu™®is a feasible utility vector, where each
u®is the maximum oty over all feasible utility vectorsl and eacld; is the starting utility ofi.

The bargaining solution is the vectathat maximized. This can be interpreted geometrically as
the furthest feasible point from the origin on the line segment connecting the origin"&hdt is
equivalent to maximizing the SWF

(
F(u) a;u; ifu=(1 b)d+ bu™™forsomeb withO b 1
u) =

0; otherwise
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The SWEF is not only discontinuous bublatesthe C—M (and therefore the P-G) condition. For
example, if we have a 2-person utility distributiGum ; uy) = ( bul"®;bu'®) for someb with 0 <
b 1, then a utility transfer that tends to equalize the distribution reduces social welfare.

The K-S scheme provides no parameter for adjusting the equity-ef ciency trade-off. While it can
be suitable for such applications as wage or price negotiation, it can yield solutions in other contexts
that many would consider unjust. For example, it can divert treatment resources from cancer patients
to persons suffering from the common cold to provide them the same fraction of their maximum
health potential.

Threshold Models

Williams and Cookson (2000) proposed a paiegbersorSWFs based on a utility or equity threshold.
A utility-threshold model uses the maximin criterion unless the sacri ce in total utility exceeds a
threshold, in which case it switches to a utilitarian criterion. An equity-threshold model uses a
utilitarian criterion unless inequality becomes excessive, when it switches to maximin. Hooker and
Williams (2012) extended the utility-threshold model to thperson criterion described earlier, and
McElfresh and Dickerson (2018) proposed a similar scheme based on a leximax rather than maximin
criterion. Our aim in the present paper is likewise to combine leximax and ef ciency in a threshold
model, but we will argue that it offers several advantages relative to the McElfresh and Dickerson
approach.

The 2-person SWF implied by Williams and Cookson's utility-threshold model can be formulated

(

Uy it D
F (U1 Up) = up+ Uz Imju; Uy

, . (2.4)
2minf uy;upg+ D; otherwise

The function is utilitarian wheju; uW,j Dand represents a maximin criterion otherwise. Indiffer-
ence curves (contours) of the SWF are illustrated in Fig. 2.1. The maximin crit@iidni;; u,g is

modi ed in (2.4) to obtain continuous contours. We will see that maintaining continuity is a major
factor in the design of threshold-based SWFs.

The feasible set in Fig. 2.1 is the portion of the nonnegative quadrant under the curve. It represents
all feasible utility outcomes that are permitted by the resource budget and other constraints. The shape
of the curve indicates that when party 1's utility reaches a certain point, further improvement requires
extraordinary sacri ce by party 2 due to the transfer of resources. The utilitarian solution (black dot
in the gure) might therefore be viewed as preferable to the maximin solution (small open circle) and
in fact yields slightly more social welfare as indicated by the contours.

Hooker and Williams (2012) extend this social welfare function persons as follows:

Fi(uy=(n 1)D+ nUh1i+£(Ui Ugi D)7 (2.5)
i=1
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Fig. 2.1 Piecewise linear social welfare contours for 2 persons.

E U
Fi(u)= t(u) 1D+ Q Ui+ QUi

i=1  i=t(u)+1

wheret(u) is de ned so thatup;;:::; Uy are withinD of uy;; that is,uy; Uy D if and
only if i t(u). We will refer to utilitiesur;;:::; Uy as beingin the fair regionand utilities
U+ 1i5 - Ui @S beingin the utilitarian region The functionF;(u) therefore has the effect of

summing all the utilities, but with the proviso that utilities in the fair region are counted as equal to
Ui - The term(t(u) 1)Dis added to ensure continuity of the function.

The parameteb therefore has an interpretation that can be described independently of its role
in the SWF. Namely, any party with utility withil of the lowest is viewed as disadvantaged
and deserving of special consideration. The SWF then de nes the special consideration to be an
identi cation of the disadvantaged party with the worst-off party, which is given disproportionate
weight in the summation of utilities—namely, weight equal to the number of utilities widlohthe
lowest.

A problem with (2.5), however, is that the actual utility levels of the disadvantaged parties, other
than that of the very worst-off, have no effect on the value of the SWF. This is illustrated in the
3-person example of Fig. 2.2, which shows the contouis(af; up; uz) with D= 3 andu; xed to
zero. The SWF is constant in the shaded region, meaning that the utilities allocated to persons 2 and 3
have no effect on social welfare as measureéfu), so long as they remain in the fair region. As
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Fig. 2.2 Contours oF;(0; uy; u3). The function is constant in the shaded region.

aresult, there are in nitely many utility vectors that maximize social welfare, some of which differ
greatly with respect to utilities in the fair region. One can add a tie-breakinga@m+ us) to the
social welfare function, where> 0is small, so as to maximize utility as a secondary objective. Yet
this still does not account for equity considerations within the fair region.

To obtain a threshold model that is sensitive to the actual utility levels of all the disadvantaged
parties, one might combine utility with a leximax criterion rather than a maximin criterion. McElfresh
and Dickerson (2018) propose one method of doing so in the context of kidney exchange. Their
method is related to the H-W approach, but it relies on the assumption that the parties can be given
a preference ordering in advance. It rst maximizes a SWF that combines utilitarian and maximin
criteria in a way that treats the most-preferred party as the worst-off. If all optimal solutions of this
problem lie in the utilitarian region, a utilitarian criterion is used to select one of the optimal solutions.
(Here, a utility vectou is said to be in the fair region ihaxfug minifuig D, and otherwise in
the utilitarian region.) Otherwise a leximax criterion is used for all of the optimal solutions, subject to
the preference ordering. If we index the parties in order of decreasing preference, the SWF is

8
< Nug; if jui u;j Dforalli; ]

F(u=. (2.6)

A u+sgnuy u)D; otherwise
i

McElfresh and Dickerson state thiafu) has continuous contours, but this is true onlyrier 2.
For a counterexample with= 3, we note tha¥(0;0;D+ e) = e andF(0;e;D+ e) = 2e Dfor
arbitrarily smalle > 0. The discontinuity of the SWF raises questions regarding its suitability for
application, since a slight change in the utility distribution could bring about a large and unexpected
change in the measurement of social welfare. We also not& {litviolates the C—M condition and
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therefore the P-D condition when 3. For example, a C—M transfer that conves; uy; uz) from
(e;0;D+ e) to (e; e; D) reduces social welfare frone2 Dto e.

This approach has two additional limitations. It is often not possible to pre-specify a preference
ranking of parties, as was done in the kidney exchange problem. Another is that the leximax criterion
is not used until optimal solutions of the SWF are already obtained, and then applied only to the
optimal solutions. We wish to allow the leximax criterion to play a role in evaluating all the possible
solutions. These limitations are overcome by our proposal, described in the next section.

An earlier version of our scheme appears in a brief conference paper (Chen and Hooker 2020),
which uses somewhat different SWFs.

2.2 De ning the Social Welfare Functions

To combine leximax and utilitarian criteria in a threshold model, we propose to maxirsemgncef

amount of priority. The solution of this maximization problem determines the valug;of
The process terminates when maximizkgu) yields a value ofy; that lies outside the fair

We describe this sequential optimization procedure more precisely in Section 2.4, but we must
rst de ne and explain the functiongx(u) for k 2. Three main considerations govern the design of
these functions and give them a signi cantly different character thém).

¢ The fair region must be viewed as already de ned, becaysavas xed by maximizingF(U).

« The utility uy; should receive less priority &sncreases, since the it becomes less disadvantaged
relative to the xed lowest utilityuyy; .

« It turns out that the priority giveny; cannot depend on the number of utilities in the fair region,
as it does fok = 1, because this results in an irreducibly discontinuous SWF. We therefore
designF,(u) so that the priority depends only én

To develop SWFs that are somewhat analogous to the H-W furiét{a) while re ecting these

considerations, it is helpful to writg; (u) as

n
Fi(u) = t(U)ug + t(u) 1D+ 3§ uy
i=t(u)+ 1
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The function assigns weighfu) to utility uy; and weight 1 to utilities in the utilitarian region. This
is algebraically equivalent to the formulation

n
Fi(u) = Nug +(n 1)D+ 3 (Ui Uy D)

i=t(u)+1
We modify this pattern as follows:

8
& 2

% amm i+Duy+a(usi Uy D) ift(u) K

_ =1 i=t(u)+ 1
F(u) = ;g (2.7)

a Ui if t(u) < k

This SWF assigns weight k+ 1 to utility uy; and weight 1 to utilities in the utilitarian region. As
desired, the priority given ta,; depends only ok and decreases &sncreases. Whil&(u) for
k= 1 assigns weight tay;; equal to the number of utilities in the fair region, this weight is reduced
by one each tim& increases by one, to re ect the fact that one of these utilities is xed and removed
from the optimization problem. We also note that additional multiplel® afe not required to ensure
continuity of R (u) whenk 2.

Thus as the functiong(u) are sequentially maximized for increasing valuek,afach utilityuy
in the fair region receives priority at some point in the process. This scheme incorporates lexicographic
optimization in the sense that the smaller utilities are determined earlier in the sequence, although
rather than maximizingy,; in stepk, we maximize a SWF that gives priority tg. Utilitarianism in
incorporated because each maximization problem considers total utility as well as fairness.

This process yields a purely utilitarian solution whar 0. For in this case we hawéu) = 1 for
all u, andF1(u) reduces to a utilitarian criterion. The fair region is the single pojipt and we solve
the social welfare problem simply by maximizikg(u), which yields a utilitarian solution. At the
opposite extreme, wheld! ¥, maximizingF(u) is equivalent to maximizingy;. The reason is
that for suf ciently largeD, t(u) = n for all feasibleu, andF(u) is (n  k+ 1)uy; plus a constant for
k= 1;:::;n. (Recall thatuy;:::;uk 1 are xed whenk(u) is maximized.) Thus by sequentially

while holdingu; xed, and so forth. When there is a tie for the smallest utility, the resulting solution
may not be leximax, depending on how the tie is broken, but one of the solutions generated in this
manner will be leximax.

than maximizing~(u), which has the at region shown in Fig. 2.2, as noted earlier. Suppose we
determine a value far, by maximizingF1(u), sayu; = 0. Then the functioti»(u) has no at regions,
as is evident in Fig. 2.3, and the solutions in the at region of Fig. 2.2 are now distinguished.
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Fig. 2.3 Contours oF,(0; uy; uz) with D= 3 and contour interval 1.

2.3 Properties of the Social Welfare Functions

We now investigate some mathematical properties of the social welfare funEtias)s First, we note
that the contours in Fig. 2.2 are continuous, and the continuig(@f can be shown in general.

Proof. To prove continuity of(u), it suf ces to show that each term of (2.5) is continuous, because

a sum of continuous functions is continuous. The rst term of (2.5) is a constant, and the second term
is continuous because order statistics are continuous functions. Each term of of the summation is
continuous because it is the maximum of two continuous functions. To show{hBtis continuous

fork 2, itis convenient to write (2.7) as

K 1
RW= & (n i+ Lusi+(n K+ uyg ]
i=1 + o} +
! (n K(ug umi D)™+ Q (Ui Ug D)
=k 1

which simpli es to

k 1
F(u) = é (n i+ Du;
i=1 n (2.8)
+(n k+ )minfuyg + Dug+a (Uhi Uy D)7
i=k

Because order statistics are continuayg,anduy; are continuous functions of Also minf uy; +
Dusigand(uy;  Uyqi D)™ are continuous because they are the minimum or maximum of continuous
functions.
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The SWFs have a monotonicity property as well. Bec&y$a) can be written

n
Fi(uy=(n 1D+ § maxu Duyg (2.9)
i=1

the following is evident on inspection of (2.8) and (2.9).

Theorem 2. F1(u) is monotone nondecreasing. Whegy) is xed, R(u) is monotone nondecreasing
fork 2

We also note that whil&(u) can violate the P-G condition for 3, it satis es the C—M
condition. A counterexample to the P-G condition is illustrateddidu) in Fig. 2.2, where the
utility-preserving transfer from A to B reduces social welfare as measuré&g(by. However, we
have the following result.

Theorem 3. The social welfare function(u) satisfy the Chateauneuf-Moyes conditionKer

transfer is a transfer of utility frorn to u®such that un as well as? ud, and for
some pair of integers hwith1 ~< h n, we haveu < u, and

u°—u+9‘; e L‘?e.
‘Ehl n h+li§h

for somee > 0. ThenF (u) satis es the C—M condition if
F(u) F(u) (2.10)

for any C—M transfer fronu to uC.
We rst prove the theorem fok = 1. We wish to show that (2.10) holds for any C—M transfer from
utou® There are three types of C—M transfer, illustrated in Fig. 2.4 €aj  t(u), (b)" t(u) < h,

are indicated in Table 2.1. Itis clear on inspection of Fig. 2.4 that the gain is ael@astach case,
and the loss never more thanThe C-M condition is therefore satis ed.

Fig. 2.4 lllustration of C—M transfers relevantfg(u).
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Table 2.1 Verifying the Chateauneuf-Moyes conditionFgfu)

Case Gain Loss
t(u) n t(u
(b) @e >e e
(© e e

We now prove the theorem fé&r 2. It is clear that a C—M transfer satis €2.10)whenk > t(u),
because in this casg(u) is simply utilitarian. We therefore need only consider the six types of C—M
transfer illustrated in Fig. 2.5, in whidh  t(u).

It is convenient to writd+(u) in the following form:

k n
Fe(U) = t(Wug + (0 i+ Dusi + Q(usi D)
i=2 i= t(u)+ 1

In cases (b)—(f), it is clear on inspection of Fig. 2.5 that the gain is moredimmeach case, and the
loss never more tham In case (a), we note rst that the gain can be written

1 n t(u
n —-— S

To show that the loss is no greater than the gain, it suf ces to show this tween+ 1, sincen "+ 1
and the loss is nonincreasing with respedt.tdhus it suf ces to show

1 n t(u 1

k
5 . a( i+D+n t(u)

i="+1

Fig. 2.5 lllustration of C—M transfers relevantfg(u), k 2.
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Table 2.2 Verifying the Chateauneuf-Moyes conditionfgfu), k 2

Case Gain Loss
(@) 1 t(u)+ é_(n i+1) e 1 ék_(n i+1)+n t(u) e
) i=2 n h+1 2,

° . t(u) n t(u)

(b) < t(u+ i§2(n i+1) e —e>e me< e
& _ t(u) n t(u

(c) = t(u)+ igjlz(n i+1) e —e>e me< e
0 : t(u) n h+1

d < t(u+ i.':ziz(n i+1) e —e>e me— e
& t(u) n h+1 _

(e) < t(u+ i§2(n i+1) e —e>e Tle— e
k

() } t(u)+ i{;:lz(n i+ 1)+ t(u e e %e: e

Sincek t(u) and each term of the summation is at mast’, it suf ces to show

1 n t(u) tw) "~ (n )+ n t(u)
2 ) n °

) n ) 2 )

This inequality is clearly satis ed when the following is false:

1 1

We therefore assume (2.12) is true. Since (2.11) is clearly satis ed wheh we supposé 2, in
which case (2.12) implies< " ?="  1). Since’ < h n, we can state

2
+1 n< —
1

or’2 1 n( 1)< 2 Sincenand’ are positive integers, this implies= ~ + 1, in which case

(2.11) reduces to
+1 t(u) “+1
) 2
This holds becausgu)  + 1, and the theorem follows.
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Finally, we note that unlike maximin and alpha fairness, the functiQmannot assign equality
and arbitrarily extreme inequality the same social welfare value. For a given egalitarian distribution

social welfare value, for ak, by setting one utility iruto (n  k+ 1)s+ Dand the othen 1 utilities
to zero. It follows that the maximum gap between utilitiegnis k+ 1)s+ D, rather than arbitrarily
large.

2.4 The Sequential Optimization Procedure

The sequential optimization procedure combines leximax and utilitarian criteria by rst giving priority
to the worst-off party, then somewhat less priority to the second worst-off party, and so forth (the
leximax element), but while never demanding excessive sacri ce from the well-off (the utilitarian
element). This is accomplished by sequentially maximizing the SHfg; F(u);::: to determine
the utility level of the worst-off, second worst-off, etc., because the SWFs are designed to adjust the
priorities in this manner. The process continues until the utilities of all disadvantaged parties are xed,
whereupon the remaining utilities are determined in a purely utilitarian fashion. The disadvantaged
parties are those with utilities in the fair region, which the user de nes by setting the pardneter

We rst simplify notation by removing the initial constants frafa(u) for k 2, resulting in the
SWF

BW=(n k+ Dug+ & (Uy Uy D) (2.13)
i=k

This obviously has no effect on the optimal solution that results from maximizing the SWF. For
convenience, we de né;(u) = F1(u).

constraints and the condition that the un xed utilities should be no smaller than the largest utility
already xed. The un xedu; with the smallest value in the solution becomes the utility determined by
maximizingF(u).

We indicate resource limits by writing2 U . In practice, they would be formulated in a MILP
model by introducing variables and constraints that specify resource limitations and how resource
allocations to individual parties translate to utilities. This will be illustrated in our experiments in
Section 6.3.

To state the optimization procedure more precisely, we recursively de ne a sequence of maxi-
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is
max F(u)
S.t.u; u_._k a2 0k (2.14)
Ui = Uij; j=L:ank 1
u2 U
The indicedj are de ned so that; is the utility determined by solving;j. Thus
ij = argmirf ui[”g
i21;
whereulll is an optimal solution oP; andlj = f1;:::;ngnfig; 10 10. We denote by, = ui[jj] the

k for whichu,,  u;, + D. The solution of the social welfare problem is then

u fori=iqiiik 1

U = [K]
|

u fori2 Ik

As is frequently the case with optimization models, alternate optimal solutions may exist. In
particular, there may be multiple utilities with the same minimum value in the solutial! of a
given problenP. Any of these utilities may be xed when solvirig. 1, possibly (but not necessarily)
giving rise to multiple socially optimal solutions. This is illustrated in the example of the next section.

At least one optimal solution of each probldinis Pareto optimal over the set, due to the
monotonicity of each(u) (Theorem 2). Yet the nal socially optimal solution is not guaranteed
to be Pareto optimal for an arbitrary feasible set. For example3-parsorproblem has only two
feasible solutionst = ( 1;2;2);(1;3;2), then both solutions are socially optimal whers 3, but only
one is Pareto optimal. However, we will nd that the great majority of socially optimal solutions
are Pareto optimal in our experiments. Furthermore, a simple postprocessing step checks whether a
socially optimal solutioru is Pareto optimal and, if not, converts it to a Pareto optimal solution. We
need only solve the optimization problem

n
max g ui
i=1

sty u;i=1:5n (2.15)

u2 U

If the optimal solutioril hasd; > u; for somei, thenu is not Pareto optimal, buitis. We nd in the
experiments that the adjustment to achieve Pareto optimality is slight even when it is necessary.



28 Combining Leximax Fairness and Ef ciency in a Mathematical Programming Model

2.5 A Small Example

We illustrate the sequential optimization procedure on an exampledwitttities, u = ( uy; Uz; Us).
Suppose there are exacByeasible solutions, shown in the rst column of Table 2.3. The remainder
of the table displays SWF valu€s(u); F(u); F3(u) for variousD settings. OnlyF;(u) is shown for

D= 0, since onlyP; is solved in this case. Recall that for 2, F_k(u) is modi ed from R(u) by
removing constant terms.

Table 2.3 Values o (u); F(u); Fs(u) for a small example. Only
F1(u) is shown forD = 0.

u D=0| D=2 D=5
ul=(4;6;6) 16 | 16,12,6 | 22,12,6
u’=(2,6;9) 17 | 17,19,14| 18,14,11
u=(1;1;14) | 16 | 18,13,25| 21,10,22
ut=(1213 | 16 | 17,14,23| 20,11,20
u’=(2113 | 16 | 17,14,23| 20,11,20

Socially optimal solutions are found as follows.

« D= 0: ProblemP; is purely utilitarian, andu? maximizesF1(u). The process stops with
socially optimal solutioru = u = u? without solvingP> andP;, becauseui[i] == 2isin

the utilitarian region.

« D= 2: ProblemP; has optimal solution™™ = u® becauser® maximizes;(u). We can select
up or uy as the utilityu;, xed by this solution, since both are minimum . If we selectu,
then the feasible set fé® is f u3; u*g, andul? = u* maximizesr(u) over this feasible set.
This leaveas* as the only feasible solution &, and the socially optimal solution is = u®.
If we selectu, as the xed utility, P, has the feasible séu®; u®g and optimal solutiom(? = u®,
resulting in socially optimal solution = u®. Thusu* andu® are both socially optimal.

(1]

+ D= 5: ProblemP; has optimal solutiomf® = u'. Hereu; " = u[ll] = 4, and the only feasible

solution ofP, andPs is ut, which is socially optimal.

We highlight some key observations from this example. The procedtumsa utilitarian solution
whenD= 0 and a leximax solution whed = 5, while the intermediate valug = 2 yields a solution
that is neither purely utilitarian nor purely leximax. Unlike the H-W criterion, it is sensitive to the
utility of a disadvantaged player other than the very worst-off. The H-W critdfjom) prefers
solutionu? to solutionsu* andu® whenD = 2, while our method has the opposite preference because
it considers the lot of the second-worst-off player. We also prefer solutibaadu® to solutionu®
whenD= 2 because of the large sacri a¢ imposes on player 3. Whdis increased to 5, however,
the improved lot of players 1 and 2 it outweighs this sacri ce due to the greater importance of
equity.
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2.6 Mixed Integer Programming Model

For practical solution of the optimization problefs we wish to formulate them as MILP models.

wish to analyze the MILP formulations of the SWFs without the complicating factor of resource
constraints. These constraints can later be added to the optimization models before they are solved. In
addition, problem® :::; P contain innocuous auxiliary constraints that make the problems MILP
representable.

The MILP model forP?follows a different pattern than the models f:::; P{, and we therefore
treat the two cases separately. Prob@nan be written

max z;
n
stz Nug+(n D+ (Ui ug DY (a)
i=2 (2.16)
u O alli (b)
u uj  M;alli;] (c)

Constraints (c) ensure MILP representability, as explained in Hooker and Williams (2012), because
they imply that the hypograph of (2.16) is a nite union of polyhedra having the same recession
cone (Jeroslow 1987). The constraints have no practical import for suf ciently Mrgdthough for
theoretical purposes we assume oy D.

The MILP model forP{ can be written as follows:

maxz;

n
stz (n 1D+ § v (@)
i=1
u D vi uy Dd;i=1::::n (b)
w v w+(M D)d; i=1:::n (¢
u 0, d2f0;1g;i=1;:::;n

(2.17)

The following is proved in Hooker and Williams (2012).

Theorem 4. Model (2.17) is a correct formulation ofP
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Whenk 2, the expression (2.13) ch_r<(u) implies that problenP,?can be written

maxz
stz (n k+1)minfG,+ Duyg+ & (u o, D' (a)
21k (2.18)
U U g5 1210k (b)
U U M2l (©)

The constraints (2.18c) are included to ensure that the problem is MILP representablay Ssae
constant, the hypograph is a union of bounded polyhedra whose recession cones consist of the origin
only and are therefore identical.

maxz
stz (n k+Ds+ Qv (a)
21
0O vi Md; i2lg (b)
Vi U u, D+M(1 d);i2l (0
s G,+D (d)
s W (e
(2.19)
wWoou;i2 I (f)
u  w+M(@1 e);i2lg (9)
dae=1 (h)
21
wo G, ()
U Ui, Mii2lg (J)

d;g2f0;1g;i2 Ik

Proof. We rst show that given anyu; z) thatis feasible for (2.18), wherg = uj, for j= 1;:::0k 1,
there exiswv;d; e;w;s for which (u;z;v;d;e;w;s) is feasible for (2.19). Constraint (2.])¥ollows
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directly from (2.1&). To satisfy the remaining constraints in (2.19), we set

8 9
% (0;0;0); ifu u, Dandi6k E
1;0); ifu G, Dandi=k ~
(di;evi) = (0:1,0); _ ru and! Pi2 1k
§ (Lou uw, D); ifu u,>Dandi6k
(LLu G, D)y ifu G,>Dandi=k : (2.20)
W= Uk

s = minfu;, + D;ucg

wherek is an arbitrarily chosen index i such thatux = uy;. It is easily checked that these
assignments satisfy constraintd«(h). They satisfy () because (2.1§ implies thatux  u;, ,. To
show they satisfy (2.1, we note that (2.18) is implied by (2.18) becauseninf u;, + D;uxg s
and(u, U, D)* vfori2 Iy Since (2.18)is satis ed by(u; 2), it follows that (2.19) is satis ed
by (2.20).

For the converse, we show that for afw z;v;d;e;w; s ) that satis es (2.19)(u; z) satis es
(2.18). Constraint (2.1§ follows from (2.15) and (2.19), and (2.18) is identical to (2.19). To
verify that (2.1®&) is satis ed, we letk be the index for whicle = 1, which is unique due to (2.19.

It suf ces to show that (2.18) implies (2.1&) when the remaining constraints of (2.19) are satis ed.
For this it suf ces to show that
s minfu, + D;ug (2.21)

Vi (Ui Ll_il D)+; i2 Ik (2.22)

(2.21) follows from @), (e), and (f) of (2.19). (2.22) follows froml§) and €) of (2.19). This proves
the theorem.

2.7 Valid Inequalities

In this section, we identify some valid inequalities that can strengthen the MILP mo@&gffarf
k 2. The MILP model (2.17) fonis already sharp, meaning that the inequality constraints of the
model describe the convex hull of the feasible set, and there is therefore no bene t in adding valid
inequalities. The sharpness property may be lost when budget constraints are added, but the resulting
model may remain a relatively tight formulation. When 3, the model$0for k 2 become sharp
when the valid inequalities described below are added. This is not true nvheh but the valid
inequalities nonetheless tighten the formulation.

The sharpness of the MILP model (2.17) Rftis proved in Hooker and Williams (2012). We
present a simpler proof in Appendix?2.

Theorem 6. The MILP model (2.17) is a sharp representation B{216).

2The proof in Hooker and Williams (2012) can be simpli ed by using only the multipkers nMD a 1+ % for
i=1,::5;n, becauseeach 1 D=M. The multipliersbjj in their proof are unnecessary.



32 Combining Leximax Fairness and Ef ciency in a Mathematical Programming Model

We now describe a class of valid inequalities that can be added to the MILP model (2F£9) of
fork 2 to tighten the formulation.

Theorem 7. The following inequalities are valid ford®or k ~ 2:

2 u (2.23)
21y
Z (N k+Du+b (U G, ,); 02l (2.24)
j2lgnfig
where M D b _ —
U; U;
b= — =1 — 1 =X = 2.25
M (Uikl Uil) M M ( )

Proof. It suf ces to show that for anyu; z;v;d;e;w) that satis es (2.19), where;, = u;; for
j=1,::5;k 1, the vectom satis es (2.23) and (2.24). Since we know from Theorem 5 thist
feasible in (2.18), it suf ces to show that (2.18) implies (2.23) and (2.24). To derive (2.23), we write
(2.18) as

Z @ minfl,+ Dug+(u G, D) (2.26)

21

For any term in the summation, we consider two caseay;If ui, + D, thenuy; u;, + D (because
Uii  Ui), and the term reduces tgg . If uj > Ui, + D, termi becomes

minfui, + Diuggg+ (Ui U, D)= minfOjuyg U, Dg+u u

In either case, termis less than or equal tg, and (2.23) follows.

To establish (2.24), it is enough to show that (2.24) is implied by (2.18) for e2dh. We
consider the same two cases as before.

Case 1u; U, D, whichimpliesuy; U, D. Sinceu satis es (2.1&), we have

Z (n k+Dug+ @ (u G, D) (2.27)
j2lgnfig
uj LTil>D

It suf ces to show that this implies

Z (N k+Du+b A Go)+ aw Gy (2.28)
j2lgnfig j2lgnfig
uj u,; D uj u,>D

because (2.28) is equivalent to the desired inequality (2.24). But (2.27) implies (2.28) bagausa
by de nition of uy, u; U, , Oforallj2 I due to (2.18), and it can be shown that

b(uj u,,) u uw, D (2.29)
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forany | 2 lx. To show (2.29), we note that the de nition bfimplies the following identity:
G, G ,+D=(1 b)M+& G ,):
Adding(1 b)u, , to both sides, we obtain
Ui, bU ,+D=(1 b)(M+u) (1 b)ug (2.30)

where the inequality holds becaudlet u;, u; due to (2.18). We obtain (2.29) by rearranging
(2.30).

Case 2u; Uu;, > D. Itagain suf ces to show that (2.18) implies (2.28). Due to the case hypothesis,
we have from (2.18) that

Z (0 k+)minfli+ Diugg+(u G, D+ & & D
j2lgnfig
uj u_i1>D

This can be written

z (n k+rDu (n k+1) u minfur+ Duyig
Hu G, D+a(y w DY
j2lgnfig
uj u_i1>D

which can be written

z (n k+rDu (n k) uy minfu;+ Djuyqg

U+ D minfup+ Djugg +a(u; G, DY (2.31)
j2lgnfig
uj lTil>D
The second term is nonpositive because u; + D by the case hypothesis, aod uy;. The third
term is clearly nonpositive. Thus (2.31) implies (2.28) becayseu;, , 0 and (2.29) holds for
j 2 Ik as before.

2.8 Modeling Groups of Individuals

In many applications, utility is naturally allocated to groups rather than individuals, where individuals
within each group receive an equal allocation. This occurs in the examples of Section 6.3, in
which groups correspond to classes of patients with the same disease/prognosis or to neighborhood
populations. In other applications, the number of individuals may be too large for practical solution,
since problenP, must be solved for each individuial In such cases, individuals can typically be
grouped into a few classes within which the individual differences are small or irrelevant, thus making
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the problem tractable and the results easier to digest. We therefore modify the above SWFs to
accommodate groups rather than individuals.

We suppose there aregroups of possibly different sizes. We Igtdenote the utility of each
individual in groupi ands the number of individuals in the group.

We begin by derivings;(u). Let ui% be the utility ofindividuali® and letu; be the utility of each
individual in group i. There aren®individuals andh groups. Lets be the size of group so that

n

=3 s (2.32)
i=1
Then
I’IO
F(u)= nb +(n® DD+ J (up uy D
%=1
Sinceuy; = uﬂli and group has sizes, we have
o 3 3
Gi(y= as 1D+ gs ug+as(u ug, DY (2.33)
i=1 i=1 i=1

This is the formula used in Hooker and Williams (2012). Hooker and Williams prove the following.

Theorem 8. The problem f’ modi ed for groups, is equivalent to the MILP model

maxz;
o o
s.t.z as 1D+ 3Qasy
i=1 i=1
2.34
u D vi uy Dd;i=1:::;n ( )
w Vv, w+(M Dd; i=1:::;n
uy 0; g;d2f0;1g;i=1;:::;n
We now deriveék(u) fork 2. Recall that the SWF for individuals is
Ro(u)=(n® K+ Lyminfu’, + D;ulqg+ & (W 0 DY (2.35)
0= KO

To obtainék(u), we again assume the individuals in each grbbave the same utility;. The rst
individual in (2.35) that belongs to grois individual

k 1
=1+ 3 s, (2.36)
j=1
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Due to (2.32) and (2.36), the rst term on the RHS of (2.35) is

k 1 n
1 ésj‘Fl minf Uy + D; Ui g = ésh'i minf Uy + D; Uni O
j=1 i=k

nO

since all the utilities in a group are the same. Thus we have

~ o . o
G(u)= Q Si Minfug + Diujig+ @ Sii(Uhi U D)* (2.37)
i=k i=k
Theorem 9. The functionf:k(u) are continuous in ;i1 Uy fork= 1;:::;n.
Proof. It suf ces to show each term of (2.37) is a continuous functionQf, : : :; Ui, With Upgi ;223 Unie 1

to a constant time the minimum of order statistigs anduy;, which are continuous functions af
Similarly, each term of the summation is a constant times the maximum of a continuous expression
and zero.

The MILP model is very similar to the one we developed for (2.18):

maxz
stz as s+ asv (a)
21y 21k (2.38)
(2:190)~(2:19j) (b)—(})

d;e2f0;1g;i2 Ik

there exiswv;d; e;w;s for which (u; z;v;d;e;w;s) is feasible for (2.38). Constraint (2.3&ollows
directly from (2.18). To satisfy the remaining constraints in (2.38), we assign valuesge; w; s
as in (2.20), wher& is an arbitrarily chosen index iR such thauy = uy. It is easily checked that
these assignments satisfy constraints B-3@.38). They satisfy (2.3 because (2.18 implies
thatu, u, ,. To show they satisfy (2.2, we note that (2.38 is implied by (2.18) because
minfui, + D;uxkg s and(u; U, D)* v fori2 Il Since (2.18) is satis ed by(u;2), it follows
that (2.3&) is satis ed by (2.20).

For the converse, we show that for afw z;v;d; e;w; s ) that satis es (2.38)(u; z) satis es
(2.18). Constraint (2.1§ follows from (2.15) and (2.19), and (2.18) is identical to (2.38). To
verify that (2.1&) is satis ed, we letk be the index for whicle = 1, which is unique due to (2.88.
It suf ces to show that (2.38) implies (2.1&) when the remaining constraints of (2.38) are satis ed.
For this it suf ces to show that

s minfu, + D;ug (2.39)
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vi (u W, D)2l (2.40)

(2.39) follows from @), (e), and (f) of (2.38). (2.40) follows froml§) and €) of (2.38). This proves
the theorem.

Hooker and Williams prove that (2.17) is a sharp representatitﬁtﬁ,afnd (2.34) a sharp represen-
tation ofPf reformulated for groups. We present a simpler proof of both theorems. It is necessary
only to prove the latter, because the former is a special case of it.

Theorem 11. The MILP model (2.34) is a sharp representation Bféformulated for groups.

of Theorems 6 and 11We prove Theorem 11, of which Theorem 6 is a special case in vehichl
for eachi. It suf ces to show that any inequality. a'u+ b that is valid forPf is a surrogate
(nonnegative linear combination) of inequalities in (2.34). Let

3
N = as
We rst show that the following is a surrogate of (2.34) for any

D D o
zz (N 1D+ s+(N S)M u+ 1 M a sju;: (2.41)
j6i

We then show that; a'u+ bis a surrogate of the inequalities (2.41). The theorem follows.
To show that (2.41) is a surrogate of (2.34), we rst note that the following is a linear combination
of the upper bounds ow in (2.34b) and (2.34c), using multipliersand =M D), respectively:

D D
Vi Wt 1 Yk (2.42)

We also have the following from (2.34b) and (2.34c):
Vi Ui (2.43)

Wi (2.44)

We now obtain the following, for any givarandj, as a linear combination of (2.42) and (2.44), using
multipliers 1 and>=M, respectively:

D D
Vj Mvi+ 1 M uj: (2.45)

Finally, we obtain (2.41) for any giverby summing (2.34a) with multiplier 1, (2.43) with multiplier
D
s+(N S')M

and (2.45) over al| 6 i with multiplier s;.
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It remains to show that; a'u+ bis a surrogate of (2.41) far= 1;:::;n. We rst observe
that(u;2 = ( 0;(N 1)D) is feasible inPf and must therefore satisly a'u+ b, which implies
b (N 1)D. We can assume without loss of generality that( N 1) D, since otherwise we can add
an appropriate multiple of the valid inequallly b to obtain the desired inequality a'u+ b. We

which means m
aa N (2.46)
j:

Finally, we note thafu;2) = ( Me;;(N 1)D+ (M D)) is feasible fOIPf, whereg is theith unit
vector. Substituting this intey a'u+(N 1)D, we obtain

D
a 1 M S (2.47)

Due to (2.46), we can suppose without loss of generality&l‘jl_h{aj = N, since otherwise we can
add appropriate multiples of the valid inequalities @; to obtainzy a'u+ b.
To obtainz a'u+ bas a surrogate of (2.41), we sum (2.41) overj alsing the multipliers

M
a.

D

M

for eachi. Itis easily checked th& ", a; = 1, so that the linear combination has the form
z d'u+(N 1D (2.49)
We wish to show thatl = a. Note that

D D o
i = 4+ N\ - L+ 3 .
d; S NM aj 1 M sj%ia,

Using the fact tha& 1, a; = 1, this becomes

D D

which immediately reduces td = a. We conclude that (2.49) is a linear combination of the
inequalities (2.41) using multiplies. It remains to show that eaeh is nonnegative, but this follows
from (2.47) and (2.48).

Finally, we describe a set of valid inequalities for the MILP model (2.38kfor2.
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Theorem 12. The following inequalities are valid for the group probleq?uf@r k 2

Z A su (2.50)
i21y

Z o as u+tbasu G ,);i2l (2.51)
21k j2lgnfig

whereb is given by (2.25).

Proof. Recall that the group version Bffor k 2

maxz
stz Aas minfl,+Dug+ a s G, D' (a
121y i21 (252)
U U, 120 (b)
u o U, M2 (©

the vectou satis es (2.23) and (2.24). Since we know from Theorem 10 thatfeasible in (2.52), it
suf ces to show that (2.52) implies (2.50) and (2.51). To derive (2.50), we write §2 &=

Z as minfl,+Dugg+(u G, DY (2.53)
21

For any term in the summation, we consider two caseayIf ui, + D, thenuy; u;, + D (because
Uii  Ui), and the term reduces sy . If u; > u;, + D, termi becomes

s minfu, + Diugg+(u u; D) =s minfOuy W, Dg+u  su;

In either case, termis less than or equal tg, and (2.50) follows.

To establish (2.51), it is enough to show that (2.51) is implied by (2.52) for e2dh. We
consider the same two cases as before.

Case 1u; U, D, whichimpliesuy; U, D. Sinceu satis es (2.52), we have

Z  as W+ asiy G, D) (2.54)
j21g j2lgnfig
uj lTi1>D

It suf ces to show that this implies

[o] o] — [e] J—
Z as utb asiu U,)+ asu U,) ; (2.55)
j21k j2lgnfig j2lgnfig
uj LTil D uj LTil>D
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because (2.55) is equivalent to the desired inequality (2.51). But (2.54) implies (2.55) bagausa
by de nition of uy, u; u, , Oforallj2 I due to (2.5B), and (2.12) for allj 2 I.

Case 2u; Uu;, > D. Itagain suf ces to show that (2.52) implies (2.55). Due to the case hypothesis,
we have from (2.58) that

7z A&s minfii+Dug+s(u G D+ & s(u G, D
j2l j2lgnfig
UJ' LTil>D

This can be written

o o . —
Z as U asi U minfui+ Djuyg

j21g j21g
+s(u G, D+ § sy & D
j2lgnfig
uj lTil>D
which can be written
o o . —
Z as Ui a S u minfui+ Diupg
j21g j2lgnfig
S G+D minfGi+Dug + & s G, D) (2.56)
j2lgnfig
Uj Jil>D

The second term is nonpositive because u; + D by the case hypothesis, aod uy;. The third
term is clearly nonpositive. Thus (2.56) implies (2.55) becayseu;, , 0 and (2.29) holds for
j 2 Ik as before.

2.9 Applications

We now implement our approach on a healthcare resource allocation problem and a disaster manage-
ment problem. We solve all MILP instances using Gurobi 8.1.1 on a desktop PC running Windows
10.

2.9.1 Healthcare Resource Allocation

A proper balance between fairness and ef ciency is crucial in the allocation of healthcare resources.
Hooker and Williams (2012) study a problem in which treatments are made available to patients on
the basis of their disease and prognosis. In discussing this case, we caution that the results we report
should not be taken as general recommendations for the allocation of medical resources. They are
based on cost and clinical data speci c to a particular set of circumstances. We use this example
because it allows comparison with the published H-W results on the same problem instance.
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Patients are divided into groups based on their disease and prognosis. There is one treatment
potentially available to each patient group, and for policy consistency, it is provided to either all or
none of the group members. Binary variaflés 1 if groupi receives the recommended treatment and
0 otherwise. The average utility experienced by members of grouig measured in terms of quality
adjusted life years (QALYSs) is the net gain in QALYs for a member of grouprhen receiving
the recommended treatment, amds the expected QALYs experienced with medical management
without the treatment. Thus

u=a+qy; i=1::n (2.57)
The budget constraint is
n
ascy B (2.58)
i

wheres is the group sizeg; the cost of treating one patient in groupandB the total available
budget. The budget is set so as to force some hard decisions. The constraints (2.57)—(2.58), along
withwitudget
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(a) Instance cp9(= 50,m= 25) (b) Instance cpl2X(= 50,m= 50)

Fig. 2.6 Runtime in the shelter allocation example

Fig. 2.7 Utility distributions in shelter allocation instance cp82(50,m= 25)

Figs. 2.7 and 2.8 show the evolution of per capita utility in individual neighborhooDsracseases.
The shaded region indicates which utilities are in the fair region (withai the worst). We see
immediately that the problem is highly constrained, because the lowest utilities quickly reach a plateau
and remain at a low level even for lar§evalues. These neighborhoods are located at a considerable
distance from candidate shelter locations, and so they remain disadvantaged even when given high
priority. In this type of situation, it is particularly important to use a leximax rather than a maximin
criterion of fairness, so as to take into account the situation of disadvantaged neighborhoods other
than the very worst-off. If a maximin criterion is used, only the most distant neighborhood is given
special priority, and the other disadvantaged neighborhoods bene t only from tie-breaking and the
fact that maximizing the worst-off imposes a oor on their utility level. This can be seen in Fig. 2.9,
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SVM models, Zafar et al. (2017a, 2019) directly apply solvers for convex and non-convex programs,
and Olfat and Aswani (2018) devise an iterative algorithm where each iteration relies on a non-convex
program solver. As off-the-shelf solvers are designed to handle general models with only necessary
structural assumptions, they may not be ef cient for all problem instances, hence these fair SVM
training methods may encounter computational issues in complex, large-scale real applications.

3.1.1 Our Approach and Results

An overlooked opportunity in algorithmic development of fair SVM is to build connections with
standard SVM training, then make use of the extensive SVM training techniques in literature. In this
paper, we examine this opportunity and study whether algorithmic and computational techniques used
to train standard SVMs can be extended to train fair SVMs. Our main contribution is that we extend
two dual-based SVM training algorithms, the DCD algorithm for linear SVM and the SMO algorithm
for general SVM, to handle fair SVYM formulations with fairness constraints that are linear in the
weights of SVM. The extension utilizes a coordinate descent type subroutine for updating the dual
multipliers corresponding to fairness constraints. Moreover, the numerical techniques of shrinking and
caching that are effective for improving standard SVM training are valid for the modi ed algorithms
as well. We evaluate the empirical performance of these specialized training methods for fair SVM
and demonstrate that their computational costs are comparable with the corresponding standard
counterparts. Moreover, they can be more ef cient than a state-of-the-art solver on large instances.

SVM Formulations and Notations. We study the standard soft-margin C-SVM formulation
for binary classi cation. Suppose a training set containrgample points i® = f (x;;Vi;z)gL ,,
wherex; 2 X are feature vectory; 2f 1; 1gisi's true label, and; 2 f 0; 1g indicatesi's group
membership in a protected class (e.g. gender, race). Note that the group features will be used to de ne
fairness constraints. L&t(Xx;) denote a map of featusg andC be the penalty parameter, thE€hl)
and (3.2) are respectively the primal and dual SVM formulations.

min %qu2+céi”:lxi st.xi 1 vyi(ho;f (x)i+b);x 08i: (3.1)
q;0;X

. 1 .
min e’ m+ EmTQm st@rL,my=00 m CB8i (3.2)

In (3.2), m2 R" denotes the vector of dual variables ad the alll vector inR". Qisan n
matrix with Q;:; = yiyjK(xi; X;j), whereK(xi;xj) = Hf (x);f (xj)i represents the kernel function. For
notation ease, we use the abbreviatign= K(x;;x;). One notable advantage of SVM is that using
different kernel functions ir3.2) leads to a wide range of predictive models. For example, two
popular options are: linear function kern€{x;; x;) = hx;;x;i, Gaussian radial basis function (RBF)
kernelK(xi;xj) = exp( Xi X; ?=52).
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Supposen is an optimal dual solution, then the weight and biag in the optimal classi e
can be computed as follows. We usg; ysy to denote a training sample point that is a support vector,
namely its corresponding dual optimal solution satis®egs2 (0;C):

q =&, myfo)ib =ysy &L, muKxs): (3.3)

A special class of SVM that is often studied separately is the linear SVM, which uses a linear
kernel function, or equivalentliy(x;) = X;. In this case(3.1) can be simpli ed by treating the bias
termb as an additional dimension qu As shown in Hsieh et al. (2008), the dual formulation for
linear SVM does not need the equation constraint and the optimhl can be obtained together
from the optimal dual solution.

min e’ m+ %mTQm st.0 m CB8i (3.4)

a =a.,myxib=aL,my: (3.5)

3.1.2 Related Literature

There is a large number of SVM training algorithms in literature. As summarized in the survey paper
Shawe-Taylor and Sun (2011), majority of proposed methods solve the dual form@&afpmnd
well-studied methodologies include interior point method, decomposition method, active set method
and coordinate descent. We focus on reviewing literature related to decomposition method for general
SVM and coordinate descent for linear SVM, as they are more relevant to our study.

Decomposition methods solve the complete dual formulation, a quadratic program (QP), by
breaking it down into a series of smaller QP subproblems. This technique is useful for handling the
potential computational challenge rising from a large number of training samples and features. Each
subproblem optimizes the same objective function but with the restriction that only a subset of the dual
variables, typically referred to asmorking setcan be modi ed. A decomposition method iteratively
uses subproblems to search among feasible solutions until convergence to an optimal solution. Two
popular software packages for decomposition methodS%i"9™ (Joachims (1998)) and LIBSVM
(Chang and Lin (2011)).

Early works such as Osuna et al. (1997a) and Osuna et al. (1997b) consider constant size working
sets in decomposition methods. The seminal paper Joachims (1998) formalize the working set
selection as an optimization problem and desigraki#&1"9" algorithm as an ef cient implementation
of decomposition methods to train SVM with arbitrary kernel function. Later, Platt (1998) propose
the sequential minimal optimization (SMO) algorithm, a simpler and faster decomposition method
where each working set contains exactly two variables. Follow-up works have been improving SMO
algorithm with more ef cient working sets selection heuristics, e.g. Fan et al. (2005); Glasmachers
et al. (2006); Keerthi et al. (2001); List and Simon (2004); Yang et al. (2019). Some key developments
include the rst-order information basddaximum Violating Paiiselection rule from Keerthi et al.
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(2001), second-order information based heuristics from Fan et al. (2005); Glasmachers et al. (2006);
List and Simon (2004), and more recently Yang et al. (2019) incorporate higher order information to
select working sets. The LIBSVM library Chang and Lin (2011) implements SMO as described in
Fan et al. (2005) for common SVM formulations and kernel functions.

Parallel with the research on algorithm design, another stream of papers focus on theoretical
properties of various decomposition methods for SVM. Keerthi and Gilbert (2002) prove the nite
termination of the SMO algorithm stated in Keerthi et al. (2001) which set the stopping criteria as
satisfying the KKT conditions associated w{th1)and(3.2) within up tot violation. Lin (2002b)
extend the analysis to general decomposition methods with working sets of size greater than two
such asSVM'"9™ As noted in papers including Lin (2001b), these nite termination results are not
equivalent to convergence to the optimal solution due to the violation toletande (2001b) prove
the asymptotic convergence 8¥M"9™ given in Joachims (1998). Lin (2002a) extend the proof to
show asymptotic convergence of the SMO algorithm in Keerthi et al. (2001). In addition, Lin (2001a)
prove the linear convergence of both algorithms Joachims (1998); Keerthi et al. (2001) when the dual
objective function is strictly convex, which is possible for some kernel choices such as the Gaussian
RBF kernel. A comprehensive convergence analysis of general decomposition methods for SVMs can
be found in Chen et al. (2006).

Coordinate descent is another optimization technique that has been applied to train SVMs. Coordi-
nate descent is an iterative algorithm that nds an optimal solution through successive coordinate-wise
optimization. Early research on applying coordinate descent methods to the dual SVM formulations
can be found in Mangasarian and Musicant (1999, 2001). Later works explore the potentials of
this technique in large-scale linear SVMs, for example, Chang et al. (2008) and Hsieh et al. (2008)
respectively design coordinate descent methods to solve the primal and the dual linear SVM models.
The algorithms from Hsieh et al. (2008) are implemented in the LIBLINEAR (Fan et al. (2008))
library for large-scale linear classi cation. The convergence analysis can take advantage of relevant
results for general descent methods from convex programming. For instance, Hsieh et al. (2008) apply
the techniques from Luo and Tseng (1993) to prove the global convergence of their dual coordinate
descent algorithm for linear SVM, which implies both asymptotic convergence and nite termination
to a desirable accuracy level.

Numerical techniques in the implementation of these fore-mentioned specialized algorithms are
useful for further speeding up SVM training. Two best-known techniqueshaieking and caching
both initially proposed in Joachims (1998). They are routinely implemented in decomposition methods
(e.g. Fan et al. (2005); Joachims (1998)) and coordinate descent methods (e.g. Hsieh et al. (2008)).
The shrinking technique takes advantage of the fact that an optimal dual solution contains a relatively
small number of variables not at bounds, which correspond to the support vectors, and the remaining
variables are bounded, i.e3 = 0 or C. To accelerate training, we can identify dual variables that
are likely to be bounded at optimality and temporarily remove these variables to reduce the size of
the dual problem, namely, we ignore the shrunk elements when choosing working sets. The caching
technique refers to storing some recently uggdn the available memory to reduce the needed
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number of kernel function evaluations and computation time. This technique is particularly useful
for large problems wher@ is too large to be fully stored ar@; = yiy;Kj; has to be calculated as
needed.

Another related line of literature is fair machine learning (ML). Fair ML methods are typically
designed by modifying standard ML methods before, during or after the training phase, respectively
known as pre-, in-, or post-processing fair ML. Besides the variety in fairness seeking strategies, there
is also a large number of fairness de nitions, which can be categorized as group versus individual
fairness. In the contexts of SVMs, or more generally, classi cation models, group fairness de nitions
with respect to the confusion matrix of classi cation are the most common. We refer to Mehrabi et al.
(2019a) for a comprehensive survey of fair ML.

Next, we focus on a speci ¢ in-processing approach that is closely related to our study. One
can train a fair SVM using the following modi ed SVM formulation, whefiq;b; D) are fairness
measures witly denoting the respective desirable fairness levels.

min %qu2+Céin:1xis.t.xi 1 yi(hg;f(x)i+b);xi 08i;fi(q;b;D) e8l: (3.6)
q;0X

Olfat and Aswani (2018); Zafar et al. (2017a, 2019) have studied this general model. Zafar et al.
(2017a) de ne a convex proxy for the well-known demographic parity constraint using the covariance
associated with the SVM decision boundary. Their constraint eng81&ss a convex program

which can be readily solved by commercial solvers in some cases. Donini et al. (2018a) considers
SVM as a special case of empirical risk minimization, and applies a similar proxy technique to
approximate equalized opportunity constraints. A main motivation for our paper is that even though
state-of-the-art solvers are highly ef cient f(3.6) with a linear kernel, they tend to suffer noticeable
performance drop with a non-linear kernel such as RBF kernel. Specialized fair SVM algorithms,
as we demonstrate, could be more robust to kernel choices. Olfat and Aswani (2018) also focus on
demographic parity. They note that the convex proxy used in Zafar et al. (2017a) is a relatively weak
relaxation of the exact demographic parity de nition. They propose a non-convex quadratic constraint
as a more accurate proxy, then designed an iterative algorithm to(8o®y®y solving a sequence

of structured convex-concave programs with available solvers. More recently, Zafar et al. (2019)
de ne a continuous proxy for the equalized odds constraints, which require equal false positive rate
and false negative rate across groups. The new measure lg@8d8)in the form of a Disciplined
Convex-Concave Program, which are still solvable with some existing solvers. These latter two papers
are not explicitly comparable with our methods, since they work with a more dif cult non-convex
fair SVM formulation whereas we aim to design specialized algorithms to solve convex fair SVM
formulations.
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advantage of the following KKT conditions.

L J &
—=0) g amyf(x)+aagp =0
19 i=1 =1

L J

=0 =0

b ) I?.lmy

i _ _

G =0) C m Ii=o08

Given a primal optimal solutioq; b;x and a dual optimal solutioh; nt g, they must satisfy these
KKT conditions. We use the rst condition to replageby its equivalent formula in terms oft g,
and use the other two conditions to eliminate terms involNdragndx in the Lagrangian function.
In addition, we include the latter two conditions as constrainteon. Thel ; multipliers can be
eliminated by replacing the equations with inequalities. After applying simple algebra to reformulate
the objective function, we obtain (3.7) as the Lagrangian dual.

In the case when a linear kernel is used3r6), same as the standard linear SVM, we can simplify
(3.6) by treatingb as an additional dimension @, then all the above derivation steps involvingre
no longer needed. In particular, we do not need to include the KKT condition correspondingto the
term, &L, my; = 0, in the dual formulation.

Supposen ;g is an optimal solution t¢3.7), the optimalq andb for general kernel and linear
kernel respectively satisfy (3.8) and (3.9).

a = AL, myfx) &, apib =ye hq f (Xe)i: (3.8)

g =&l myx AL ,gp;b=ar mw (3.9)

We observe thaf3.7)is a quadratic program (QP) with a very similar structur€3td). In addition,

the variablesnandg are separable in the constraints, which plays a key role in the design of our
specialized methods. We also note t(&a¥)and the optimal formulas far andb simplify to their
corresponding forms in standard SVM if gll= 0.

3.2.1 Supported Fairness Constraints

We next state two examples of fairness constraints that satisfy Assumption 1. We specify these con-
straints for binary classi cation on the training dda= f (x;;yi;z)giL ;. Both examples characterize
statistical group fairness notions which seek fairness by eliminating certain disparity among the
involved groups. For simplicity of presentation, we consider a single groupad&I0; 1g indicating
whether belongs to the protected group of interest, but it is possible to extend the formulations to
handle multiple groups by comparing each pair separately.

Among group fairness de nitions proposed for fair ML, three well studied notion®arao-
graphic Parity, Equalied OddsandPredictive Rate Parityln binary classi cation, exact formula-
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tions of these fairness conditions need integer variables to denote the predicteg; lalidls 1g.

To obtain more tractable constraints, Zafar et al. (2017a) propose the technique of replacing the
discrete predictiory; with the continuous decision boundalwy;f (x;)i + b. They thereby ob-

tain the followingcovariance parityconstraint as a convex proxy for demographic parity, i.e.,
jP(¥=1jz=1) P(9= 1jz=0)j e. Wedenote= 1al,z.

LaL@ At i) e

L8N, At x)i+h) e

(3.10)

Both constraints ir§3.10)satisfy Assumption 1; more speci cally, we hape = %éin: 1z 2f (x)
andp,= pi1.

The same technique appliesdqualized oddshamelytrue positive rate paritywhich requires
jPy=1z=21y=1) P(y=1z=0;y=1)j e.Fornotation ease, I@fz ﬂzl,wi = ziy?, clearly
yi;w; 2 f 0;1g. In addition, we de ney= %é{‘zly?, w= 13, w.

lon , 0 _ .

i W yw)(haif )i+ b) e
Ton o _ _ (3.11)
ﬁaizl(yiw yw)(hg;f (x)i+b) e

Similar to the covariance parity constraint, we conclude (Bdtl)is a pair of constraintg; =
%éi”: 1(y?vV yw)f (xij) andp2= pi, satisfying Assumption 1.

We conclude this section by noting two limitations with this substitute technique. First, recent
papers Bendekgey and Sudderth (2021); Wu et al. (2019) investigate the theoretical guarantees of
these relaxed group fairness constraints and observe that they may be insuf cient to provide fairness
guarantees for certain rangeafBendekgey and Sudderth (2021) propose an alternative substitute
strategy: use a logistic surrogate instead of the simple linear surdagdtéx;)i + b. With a logistic
surrogate, we can no longer derive the exact dual fair SVM formulation, so our dual-based algorithms
are not directly applicable. Second, the substitute technique does not generalize to predictive rate
parity, which is conditional on the predicted labels instead of the true labels as in demographic
parity and equalized odds. Formulating tractable continuous surrogates of predictive rate parity is a
challenging open question in literature.

3.3 Fair SVM Training Algorithms

We develop specialized methods to train fair SVM via soliBg). As our methods extend dual-
based standard SVM algorithms, we begin with a review of specialized algorithms for standard SVM
with a general kernel and a linear kernel.
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3.3.1 Training Standard SVM
Decomposition Method: General SVM

Decomposition method solvés.2) by decomposing the complete QP into a series of smaller QP
subproblems, and relies on the Karush-Kuhn-Tucker (KKT) conditions to choose working sets, update
working set variable values and determine whether an optimal solution is found. We r&fémiy
(Joachims (1998)) as a standard implementation of decomposition method.

SvM'9t initiates with a feasible solutiom® and maintains a feasibtathroughout the procedure.
In iterationt, SVM"9" examines whether the current solutiof? is optimal based on the KKT
conditions of(3.2). The algorithm terminates and returns the optimal solution if one has been found,
otherwise it proceeds to the next subproblem. In each subproblem, the complete variatike sait
into aworking setB, of free variables to be updated, andiaactive setN, of xed variables to be
temporarily treated as constants.

Supposananddg; b are respectively feasible solutions(®2)and(3.1), then they are both optimal
when they satisfy the following KKT conditions.

m=0 ) yi(hg;f(x)i+b) 1
m2(0,C) ) vi(hf(x)i+b)=1 (3.12)
m=C ) Yilhg;f (x)i+b) 1

We denote the objective function in (3.2)l&sn), then the gradient with respectiis:
Npyh(m) = éjnzlqi,-m 1: (3.13)
Using these gradient formulas, an equivalent representation of (3.12) is:
m>0) Nyh(m+by 0;,m<C) Nh(m+by 0 (3.14)

Therefore, a feasiblmis optimal if there existb such that the KKT condition§3.14)are satis ed.
We can easily check whether a valigxists by keeping track of the following bounds:
m(m= max YiNyh(m); wherelyp(m = fi:m<Cyyi=1lorm> 0y = 19
i21yp(m)
. (3.15)
M(m)= _2P1ir(1) YiNmh(m); whereljgw(m) = fi:m<Cyyi= lorm> 0y, = 1g
1211ow(M
Sincey; 2f 1; 1g, (3.14)is satis ed when there exista(m) b M(m). In practice, decompaosition
algorithms typically do not require a perfect ful [Iment ¢8.14) SVM"9" considers the following
termination criterion allowing up tb violation to the KKT conditions.

m(m M(m t (3.16)
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If (3.16)does not hold at a givemm, then KKT conditiong3.14)are violated at somey. These indices
are the candidates for the next working set, in other words, updating these indices may improve the
solution.

In SVM"9" working set selection is performed via an optimization problért 7)solves for a
feasible directiord that leads to the steepest descent in a rst-order approximation of the objective
function.

min Nph(m)Td s.t.y'd=0;jfdi:d 6 0gj q
d (3.17)
d 0ifm=0;d 0ifm=C; 1 d 18i

Joachims (1998) show thé3.17)can be solved with a simple iterative procedure. The obtained
directiond contains at mosf nonzero components. The variables corresponding to these nonzero
indices are included in the working #8tnamely,B = fi: d; 6 Og and its size is controlled by the
choice ofq. After selecting a working se§VM"9"t proceeds to solve a new subproblem obtained
from restricting the changing variablesig .= fm :i2 Bgand xing my := fm : j 628g. Note that

N?n;rn h(m) denotes the second order derivativen@f) with respect tan; m, and we further derive
ern:m h(m = Qjj.

. o u l 2 N2
MINQ 155 Nm(MM+ 5 Q1156 Nin DM MMy (3.18)

st.nmpys+miyn=0;0 m C;82B

(3.18)is a convex quadratic program with a small number of variables, so it can be handled by
off-the-shelf solvers, for instance, SVA' use a solver based on interior-point method.

To speed up the decomposition algoritf®v,M"9" implementscachingto store recently used
Qij in the available memory to reduce the needed number of kernel evaluatiorshramdngto
reduce the problem size by temporarily neglecting variables that are likely to be boumde@ ¢r
C) at optimality. We note that both techniques are broadly applicable to SVM training methods. In
addition,SVM'"9" maintains an updatefd,h(m) along with the updates @hto eliminate unnecessary
computations. In particular, when an iteration updates the working set variablesrtomg®”, we
can easily update the gradient at an arbitrary indses

Niph(n®") = Riph(m)+ & ;,5(n{*"  m)Q; (3.19)

Sequential Minimal Optimization: General SVM

Sequential minimal optimization (SMO) is a special type of decomposition method where all working

sets have a xed size of two. Compared to a generic decomposition method sBetVEE", SMO

follows the same main steps but use simpler working set selection and variable update subproblems.
For working set selection in SMO, one approach is to aply7)with g= 2. This method is

studied in Keerthi et al. (2001) as tMaximal Violating Pair (MVP)ule. Recall that a feasiblmis
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not optimal if we cannot ndb that satis es all the KKT conditions i3.14)atm A pair of indices
fi;j:12 lyp(m); j 2 Liow(mMg leads to violation if Nph(m) > th(m). The MVP rule picks the
pair with the most violation, namely2 l,p(m) andj 2 liow(m) that respectively correspond a(m)
andM(m). Namely, at a givemn, the MVP rule selects the following working set:

B= fi; jg; wherei = argmaxep, m YiNmh(m); j = argmine,; m YiNmh(m:  (3.20)

After selecting a working set, SMO proceeds to solve the subproblem of the f8ri8) which
simpli es to the following QP.
" #e # "#] # #
min L &=nQmoomo1omo Qi Qj om

mmo 1 &nQm Mmoo 2 m Q) Q m (3.21)
stmyi+myj= d,,M0 mm C

Since this subproblem is a QP of two variables, its closed form optimal solution is easy to obtain.
SMO applies the closed form formulas to updatary. The optimal updates

8 8

20 ifm<o0 20 ifm<o0
= _c ifm>c:n®™=_c ifm>C

* m otherwise - m  otherwise

are clipped from the following unconstrained optimal solutiapsny to tin the [0;C] bounds. Note
thatd > 0 is a small constant.

bij . bij .
m=mty—im=m oy
gi aij
CSKi+Kjp o 2K if Ki+ Ky 2K >0 N :
whereajj = | ;bij = yiNma(mg)  YiNmg(mo):
- dif Kii+ij ZKij:O

(3.22)

Dual Coordinate Descent Method: Linear SVM

The previous two methods are designed to handle general kernel functions. Among all kernel choices,
the linear kernel has been studied separately in literature as the simple structure of linear SVM
provides great potentials for large-scale problems. We next review the dual coordinate descent (DCD)
algorithm that Hsieh et al. (2008) propose for linear SVMs. Note that this is one of the dual-based
algorithms implemented in the LIBLINEAR (Fan et al. (2008)) package.

Coordinate descent is a well-known optimization technique that nds an optimal solution via
coordinate-wise optimization, namely, it successively updates one variable at a time via a single-
variable subproblem until reaching certain termination criteria. The DCD method in Hsieh et al.
(2008) essentially apply this standard technique to s(dv&). The algorithm initiates with a feasible
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m9. An iteration of updatingri®  to Y consists of inner iterations, each of which solves a
single-variable optimization model to nd the optimal update along each coordinate.

Let it 1) denote the solution obtained in théh inner iteration, themf% D = pft D pfiit 1) =
[nf); i m(t); ill); ok Ylfori=1:::n 1, andmd™ D = ). Thei-th inner iteration solves
the following optimization model to updaté’™t D to pfi* 1t D:

min h(mf™* 9+ de) st: 0 ' P+d C (3.23)

Hereg is then-dimensional unit vector witke); = 1. (3.23)thereby nds the optimal feasible update
along the direction ofy. We further evaluaté to simplify (3.23) to a quadratic program:

min %Q“d% Nph(nf®t Dydst:0 nf' P+d C (3.24)
These update subproblems also provide a convenient way to check optimilitis optimal if alln
subproblems have an optimal solutiordat 0, namely, no further improvement is possible along any
coordinate. We note that= 0is an optimal solution t¢3.24)if and only if the projected gradient
Ni,h(m) = 0 for alli, where,

[ee]

g Nyh(mifo<m<cC
minf O;Nph(mgif m=0 (3.25)
maxt 0; Nph(m)gif m=C

NP h(m) =

W

Similar to decomposition methods, instead of seeking the exact optimality, Hsieh et al. (2008) use a re-
laxed stopping criteria which requiresax,f N h(m)g - ming,f NE h(m)g< t andmax,fj NE h(m)jg <

t, minyfj Nfﬁh(m)jg < t. Another implementation detail is the shrinking procedure: Hsieh et al.
(2008) demonstrate that the same shrinking techniques used in decomposition methods are valid for
the DCD algorithm.

3.3.2 Training Fair SVM

We next develop algorithms for training fair SVM with the dual formulat{8r7). The key challenge

of solving (3.7) is that we need to search the optimal values of two sets of variahlasdg. We
observe thamandg are fully separable in the constraints, and they share the same functional format
in the objective function. Given a xed, (3.7) apparently simpli es to the dual formulation&.2) or

(3.4), used in standard SVM. Given a xad, (3.7) becomes a convex quadratic program with only
non-negativity constraints on tligvariables:ming dTg+(Amg+ %gT Pg+ constantg  0;8I.

Note that a quadratic program of this form is solvable with the coordinate descent method (Luo and
Tseng (1993)). In fact, the dual formulati¢®.4) of standard linear SVM has the same format, which
allows Hsieh et al. (2008) to design the dual coordinate descent method.
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Drawing motivation from these observations, we propose to 8Ivg with separate treatment of
mandg updates; more explicitly, we apply the update subroutine from a standard SVM algorithm to
updatemand we design a coordinate descent based update subroutgedidables. Utilizing the
newg update subroutine, we extend SMO and DCD to specialized algorithms, respectively for fair
SVMs with a general kernel and a linear kernel. We note that the same extension is also applicable to
generic decomposition methods.

Main Steps and Termination Criteria

Same as standard SVM algorithms, our fair SVM algorithms initiate with a feasible solution
(m9:g@). In iterationt, we examine whether the current solution satis es the termination cri-
teria. If the termination criteria are not reached yet, we rst apply an update iteration from a standard
SVM algorithm (Section 3.3.2) to updaté! Y to mt with g ? treated as x constants, then we
updateg® P to g with mY xed using coordinate descent (Section 3.3.2).

We rely on the KKT conditions to select the stopping criteria. g(@t g) denote the objective
function in (3.7).

Proposition 2. The KKT conditions for fair SVMs de ned {8.6), (3.7) are:

m>0) Npg(mg)+ by O, m<C) Nyg(mg)+ by O

3 . (3.26)
a=0) Ngog(mg) 0;9>0) Ngg(mg)= 0;

where the gradient formulas are:

n k n k
Nmo(mg)= & Qim+ a Aig  1; Ngg(mg)= § Ajm+ & Rige (& &) (3.27)
1=1

=1 j=1 0=1

Proof. We rst derive the..grgdient fgrmulas for the dua!#objective functgfm g). Recall that
T
Q

- - A
gmg)= e'm dg+3 Z; Q r;,whereQz AT p : Qis the samen n matrix used in

the standard dual SVM witQ;; = hyif (xi);y;f (xj)i, Aisak nmatrix withA; = h p;;yif (xi)i,
andPisak kwith Bjo= hp;;pjd. Itis easy to compute the gradients as follows, which are exactly
(3.27).

n k n k
Nmo(mg) = & Qjm+ éﬁqig 1; Ngg(mg)= & Ajm+ & Rige (o @):

=1 1=1 =1 1=1
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These gradients have the following equivalent representations when we plug in the formulas for
the matrix entries.

Nma(ma) = hyif (x):& -, my;f ()i h yf ()8 ,api 1
Ngg(mg)= h &, myjf ();pii + ;& o, 0P (G @):

Supposay;b andnt g are respectively the optimal solution (8.6) and(3.7), then the KKT
conditions of this primal-dual pair are:

m>0) y(hg;f(x)i+b) 1,m<C) y(h;f(x)i+b) 1
a=0)hp;qgi+tcag<a;g>0)h p;qi+c=eg;

We recall from(3.8) that the optimal solutions satisty= &L, myif (x) &/<,;ap. When we
replaceq in the above KKT conditions with this optimal format in terms of dual variables, we obtain
the format in (3.26).

m>0) y(RlL,myf(x) &5,apif()i+b) 1 Rpg(mg)+by O
m<C) w(R L, myf(5) &1,apif(i+h) 1 Rpg(mg)+ by O
g=0)h p;a L, myf(x) d,apd+a<a RNggmg)>0;

o

g>0)h p;& L, myf(x) 8,apd+a=a Rggmg)=o:

In fair SVM algorithms, we apply the stopping criteria from standard SVM algorithms with the
only change thallg(m g) replaceNh(m). Suppose we allow up toviolation to the KKT conditions.
For training a fair SVM with a general kernel, we terminate the fair SMO algorithm when the obtained
solution(nyg) satisesm(mg) M(ntg) t where

mmg)= max yiNmg(mg); M(mg)= max yiNyg(mog): (3.28)

i21yp(m) i2ljow(m

For a linear kernel, we can further simplif¢.26) to eliminate the terms includinig through the
augmentation trick, that is, we add an additional element equatda; for all i and an additional zero
element tg, for all 1. Fair linear SVM algorithm thereby uses a similar stopping condition as the DCD
method in Section 3.3.1, that isiaxf Nf,g(mg)g  minf Nfg(mg)g t, maxfi Np,g(mg)ig< t,
min;fj N%g(m 0)jg t, where the projected gradieﬁlpmg(m g) has an analogous de nition to
NPh(m).
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Update Dual Variables for Standard SVM Constraints

In iterationt, we rst updatend? to mft* D with g xed. The update requires solving a subproblem
containing only thenvariables. Similar to the stopping criteria, compared to the subproblems used
in standard SVM algorithms, the only change needed is to substitute the gradient de nitions with
Ng(mgt ).

For fair SVMs with a general kernel, we modify the update step in the SMO algorithm. In each
iteration, we choose the working €&from mvariables by solving3.17)with N;h(m) replaced by
Nmg(mg). It suf ces to use the following modi ed maximal violation pair rule.

B= fi; jg; wherei = argmaxe), (m  Yimd(MQ); | = argmine, m YiNmd(mag): (3.29)

Then we solve for the optimal update with the following subproblem.

. 0 & 1, N2
mmlsnaiZBNnrpg(mlg)m‘F Qai;jZBNm:mg(mg)mm (3.30)

st.mys+miyn=0;0 m C;82B

For fair linear SVMs, we utilize the DCD method: the outer iteration updatifig? to m{®
consists oh coordinate-wise optimization subproblems. THa subproblem is stated below.

min %Q”d% Npg(nf® D:gt Dydst:0 nf' P+d C: (3.31)

Update Dual Variables for Fairness Constraints

We now introduce the coordinate descent updateg f@riables. Recall that there akdairness
constraints, thuk dual variables. The outer iteration of computigif) consists ok inner iterations.

g0t D= gt D gt 1):[git);:::;q(t);g(ill);:::;ggt 1)]forI= 1;::::k 1, andgt D = g®, The
I-th inner iteration optimizes the objective functigtm®;g) along the direction ofy with the
following optimization problem wherg is thek-dimensional unit vector with thieth element equal
to 1.

rrljing(m(t);g(| Bt D4de)stg' P+d 0 (3.32)

The closed form solution to (3.32) is stated in the following proposition.

(t Vg, where

solution to(3.32)is d = maxd;; g
al A+ Al Pogs MY (g @) Rgg(m;g! D)

d =
I Ai Ai
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N t).q( Lt 1)
Thereforeg(t) = maxf q(t Y %;Og for all I.

Proof. The objective function of (3.32) simpli es to the following format:

: 19
g(nft);g(l 1t 1)+da)= 5 3 m(t)yif (%) a g(I 1t 1) po  dp) (¢ @)d
i=1

%=1

We observe that the objective function is a convex functiod.dh addition, the gradient has the
following formula:

hpc &L, o ) &le,ds ¥ po dpi (@ @)

dRi+ &L A+ &5 Aegt MY (@ )
= dR + Ngo(m¥;¢" ** D)=dR dnR

Ngg(m; ¢! 1 Y+ de)

The last two equations follow directly from the de nition &qg(n?;g! * 9) andd,. Since
(3.32)contains a single bound constraint, if the stationary point of the objective function satis es the
constraint, then the stationary point is the optimal solution. Namely,

d = d wheng" Y+d O

Otherwise, ifg" '+ di < 0, which further implies thalyg(mf?;g¢" 2t V) > g* YR, 0, therefore
the objective function is minimized at the smalldsfeasible. Namely,

d = g(t Y wheng(t Vg <o

The optimal formula fod, implies thatg(t) = max g(t Y+ d;0g.

An alternative interpretation of the subproblé®32)is that in thet-th outer iteration with a given
feasiblem?, in each inner iteration fdr= 1;:::;k, we updatey to x the violatedg-related KKT
condition atm{!) and the latest updatef it 1). This is formalized in the next proposition.

Proposition 4. Supposen? is a given feasible solution iteratian andg*t D;:::: gkt D js the
sequence of updates generated by coordinate descent method with subp(Gm@mthen for all
= 1;::; 2k, (m9; gt D) satis es the following conditions Whegg) = g('t Y

the | th inner iteration:

is the update from
g(t) =0 ) Ngg(nﬂp),g(lyt 1)) 0, g(t) >0 ) Ngg(n{t),g(lyt l)) =0
Proof. We have derived that the gradientgith respect tq is:

n k
Ngog(mg)= & Ajm+ & Rige (o a):

=1 10=1
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In iterationt, given a feasibler"), the gradieniy g after thel-th inner iteration satis es:
Rgo(m®; g D)= Rgg(m®;g! 1 9)+ A ¢ :

We next discuss in two separate cases. ngfgw 0, by the derivedy update formula in Proposition 3,

N ).l 1t 1)
this happens wheg(t) = g(t Y %ﬁ’), therefore we can conclude

Rgg(m?;g™* D)= Rgg(nf%;g" ** M)+ A" o' =0

N ). Lt 1)
The second case q@ = 0, which happens WheQ(t) g(t K %ﬁu

implies

. This further

Rgg(m;g™* D)= Rgg(nf%;g" * M)+ R’ ¢ ) o

Implementation techniques

We use caching to reduce the needed kernel evaluations in both fair SMO and fair DCD. In addition,
both algorithms maintain an ef cient update of the gradidwggnt g) by updating the gradients along

with the variable updates. In Fair SMO, after computini in iterationt, we update all gradients

once with the following formulas:

Rima(mf;g¢ )= Npg(nt® V:g¢ 9)+ &7 Qy(nf" nf V)8

3.33
Rgg(nf; g )= Rgg(nt* ;g* ")+ &7 Aj(mf” nf" ¥yl o3

Then during the coordinate descent steps updafing to g, we update all gradients after each
inner iteration. Namely, after tHeth iteration computeg(t), we update new gradients as below:

ng(n,{t);g(l;t 1)): ng(n{t);g(l 1t 1))+ Au(g(t) g(t 1)) 8i

Rigoa(m®: gt D) = Rgeg(m;g 5 D)+ Rag® ¢ )81 (3.34)

In fair DCD, an iteratiort updates all gradients in each inner iteratiomudpdate with(3.33)and in
each inner iteration af update with (3.34).

3.4 Theoretical Properties of Fair SVM Algorithms

We prove that both specialized algorithms for fair SVM asymptotically converge to a optimal solution
of (3.7). In particular, we establish the stronger linear convergence property for fair DCD, which
implies that fair DCD returns a solution with up toviolation to the KKT conditions, namely reaches
the termination criteria, in nitely many iterations. Moreover, we show that the shrinking heuristic for
standard DCD is applicable to fair DCD and guarantees a nite termination.
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3.4.1 Asymptotic convergence of fair SMO for fair general SVMs

We observe that fair SMO algorithm is a block coordinate descent method, as each iteration nds
a new feasible solution by either updating a block of size two amongtyeeiables or a block of

size one among thgvariables. Tseng and Yun (2010) prove the asymptotic convergence of a block
coordinate descent method for linearly constrained smooth optimization when the block is chosen to
provide suf cient descent in the objective value. For completeness, we state the convergence result
from Tseng and Yun (2010).

Theorem 13(Theorem 4.1 Tseng and Yun (20108iven a linearly constrained smooth optimization
problem
mxinf(x) st. Ax=b;l x ux2R™

In a block coordinate descent algorithm, iteration t consists of the following steps:

1. select a nonempty blo@&" from all x coordinates and a symmetric matiik? 2 R" " with
B & Hét(f)B(t) Bgy O, whereB gy is a matrix whose columns form an orthonormal basis for
Null(Agw)-

2. updatex™ D = x0 + a®d®, with a® > 0 and d® = argmin,g.f Nf(x)Td+ JdTHOd :
AXO+d)= bl xXV+d ud=08i6BYg.

Every limit point off X! g is an optimal solution if the following conditions are satis ed:
(@) f(xO+a®d®y f(x®+ aOdW0) for all t, wheref & Vg is chosen by the Armijo rule.

(b) There exist® < v 1such that for all t,

minf Nf(x)Td + %deiag(H(t))d AKD+d)= bl xXP+d  ud=08i6BYg

vminf Nf(x)Td + %deiag(H(t))d AKD+d)= bl xXP+d  ug
(3.35)

In addition, there exisB< | | suchthatforallt] diagH®) |.

To prove the asymptotic convergence of fair SMO algorithm, it suf ces to show that fair SMO
satis es all the needed conditions in (Tseng and Yun, 2010, Theorem 4.1), thus the convergence result
applies. We rst prove the following lemma which states the degree of improvement achieved with
each update.

Lemma 1. Supposé (m?;g®)g is the sequence generated by fair SMO. In the outer iteration
supposd g(';t)gm[k] is the sequence generated by the inner iterations updatiidnen

+ 1 + 2
g(mft* D g0y g(nf?: g) o mtD ) (3.36)
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. _ . : 1 : :
g(rftrD: g0y g(nft+D: g0 19) S g* ¢ ™3 (3.37)
wheref iy; jig is the working set used in iteration t angja= f (x;,) f (x;,) 2 Moreover,
+ + 1 + 2 1 é( *
g ig D) gmiig)  Zay Y ) T 3 AE@"Y g% @39
I=1

Proof. Suppose fair SMO chooség; jig as the working set in iteration For notation ease, we
denote(i; ) = (i;; j1), then the optimal updates without the bound constraints are:

m = nf)eyd= ey him =l oyd=nfd oy
aj ajj
With the additional constraint® nft) +yid Cand0 nft) +yjd C,wesupposé d Uis
the feasible domain af. Then the optimal feasible updates are:

m Y = Y+ yid; nf"Y = y;d; whered = minf Z?;Ug:
j

Recall from the working set selection rul®; 0, so we havel 0. Since the other indices are
not modi ed in iterationt, we conclude mft* 9 = 2d2. Using the de nition ofg(m g), we
have:

+ 1 1 - . - —
g(mf*B;gM)  g(m;gM) = ( iKii + éij Kij)d?+ (yiNmg(m;9®)  yjRpo(m?;gY))d
1 1

2 2

1.._2_ aij mt D ) 2
ad™ = '

ajd® bijd=(ajd bjd Sa;d

The last inequality follows frona;jd_ bij O andd 0.
Now, to prove(3.37) we again begin with the de nition aj to simplify the function difference

N t+1) .+ Lit)
formula. Recall from Proposition 8, = max %; g(t)g.

o1 (1 . g 1 2 &
o Vig™)  g(nf*Vig! W)= CAId)? (@ o+ & A+ & goRa)d
i=1 10=1

= (Rid + Nyg(nf;g" ¥))d ZRi(dh)?

N t+1).4( Lt)
In the case whed, = %, the RHS in the above formula simpli es to%H|(d )2.

N t+1).4( Lt)
In the other case whed = g(t) 0, we haved, M, equivalently(Rd, +

|
Ngg(mt* ;g 1)) 0. Togetherwitrd, 0, we conclude thag(m**V; glV)  g(mft* ;g 1)
PRi(d, )? in this case.
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thel-th coordinate ofy reduces the value gfby at least %H| (d,)2. Therefore, considering all the
updates,

g( r.r‘t+ 1) : g(t+ 1)) g( m(t) : g(t))
— g( r.n(t+ 1) : g(k;t)) g( n,{t+ 1) : g(k 1;t)) + + g(m(t+ 1) : g(1;t)) g(m(t+ 1) : g(O;t)) + g( r.n(t+ 1) : g(t)) g(n{t) : g(t))

1 1 1 1 . 2
Eﬂk(dl)z §R< 1 1(d)? épll(dl)z aj, M"Y Y

4

1 N 2 1 & . .
= Zag o Sg At ¢
=1

Theorem 14. Supposé (m?;g®)g is the in nite sequence generated by fair SMO with tolerance
t = 0, a limit point(m @) of f (mMY; g)g an optimal solution tq3.7).

Proof. Fair SMO solves the dual fair SVM formulatidB.7), where the objective functiog(mm g)

is smooth, and the constraint matrix i¢ a (n+ k) matrix withy; in the rst nindices and in the
remainingk indices. In iteratior, the working block is8® = fm,;m,g or BY = fgg. Then along
the descent directiod®, fair SMO solves the subprohle(@.30)or (3.32)to nd the optimal step

. . . — A . — .
sizea®. In addition, fair SMO useBl® = Q= ,ST 5 the Hessian of the objective functign
for all t. " # "p_ #

In iterationt, if BY = fm:m g, thenH® = Qi Qi qnqg o 22 g0 -
n iterationt, i = fm;mg, thenHgyg = J% I andBgo = P - =
Qlt]t QJtJt —
fag, theang)Bm = R andB gy = 1. In both cases, we derive trﬁtg(t)Hgg)B(t)B gy 0. Together

with the de nitions ofd(®, we have veri ed that fair SMO is a block coordinate descent algorithm as
stated in Theorem 13.

We next show thatt(m®;g®); BO; H®; d®;a O g from fair SMO satis es Theorem 13(a) and
(b). Since fair SMO applies a minimization rule to r&?, which is at least as well as the Armijo
rule, we immediately conclude (a) is satis ed. To verify (b), we observe that

o D:g)  g(m;g%) = Ry, o(ml** D;g0)Td + Zd " diag(H)d;

(it D g0y g(nft* Vgl )= fyg(nft* Vgl 10)Td® + %d(t)Tdiag(H(t))d(t):

Therefore, Lemma 1 implies that for allthe LHS of(3.35)is negative. Moreover, the RHS of
(3.35)is no smaller than the LHS, as the maximal objective descent when allowing all indices to
change is at least as large as the maximal descent wheB6higidices can change. Therefore, there
exists 0< v 1 such that (3.35) holds for &ll Lastly, by de nition of H®, we easily conclude that

I diag(H®) | withl = max Q;;Rigandl = minf Q;i;Rg.
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Therefore, Theorem 13 implies that a limit po{nt g) of f (n?;gV)g is an optimal solution of
to (3.7).

Another useful property is to show the nite termination of fair SMO in this general case.
Extending the nite termination proofs of standard SMO turns out to be insuf cient for this purpose:
Chen et al. (2006) prove that standard SMO terminates in nite iterations by using the continuity
of Nmh(m) and a counting argument to show that SMO will run outrdhdices to update. In fair
SMO, the counting technique is invalid because the gradigg(m g) are updated with bottmand
g value changes. In Tseng and Yun (2010), besides the asymptotic convergence result used above to
establish the asymptotic convergence of fair SMO, they also proved linear convergence for a working
set selection utilizing second order informatiEln,;m h(m®), which is computationally more costly
than the maximal violating pair rule we use but is more ef cient in reaching the optimal solution.
One possible future step is to investigate fair SMO with this alternative working set selection rule,
and utilize the linear convergence result in Tseng and Yun (2010) to establish stronger convergence
guarantees, including nite termination guarantees.

3.4.2 Linear convergence of coordinate descent for fair linear SVMs

Our algorithm for fair linear SVM is a standard coordinate descent method, with each iteration
updating one variable in the steepest descent direction. In fact, our algorithm can be viewed as a direct
extension of the coordinate descent method that Hsieh et al. (2008) proposed for training standard
linear SVMs. We therefore follow the proof techniques used in Hsieh et al. (2008) to establish
theoretical properties of our algorithm.

Theorem 15. Supposé n{?; g g s an in nite sequence generated by the coordinate descent algo-
rithm for fair linear SVMs, then the sequence globally converges to an optimal sofatjgn with a
convergence rate that is at least linear. Namely, there eRista < 1 and an iteratiortg such that
g(m* ;g M) g(m;g) a(g(nV;gV) g(m;g)) forallt to.

Proof. In Luo and Tseng (1992), they proved the linear convergence of coordinate descent method
for the following convex optimization problems with2 [ ¥;¥) andU; 2 ( ¥;¥]:

min f(Ex) + b'xs.tl x U (3.39)

The linear convergence holds when the following conditions are satis edE (fe)s no zero columns;
(b) The set of optimal solutions {8.39)is nonempty; (c)f is strongly convex and twice differentiable
everywhere. We next show that the dual fair linear SVM problem satis es all these conditions. Recall
from (3.7), fair linear SVM has the following dual formulation:
"oH" #'# " #H" B
1 m Q A m e

m
min = s.t. 0 C; 8i2[n]; 0; 8l 2 [K]:
S AN P g d g m g K
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h [ h iT h i 5
Inthe notation 0o{3.39) E= yix; i yXn p1 ::: pp andf(E m g )= % Em g

We observe that (a) holds by our assumption that there is no alkzerg, as both are trivial cases
that can be eliminated from consideration. (c) holds by the formét & addition, (b) can be shown
with strong duality. In the primal probleming .y, f %kq K2+ Cal xi:xi 1 vyi(qTx+b);x;
08i;q"p @ 8lg, we can ndq;b andx > 0 that satis es all constraints as strict inequalities,
namely, the Slater's condition is satis ed. Therefore, strong duality holds for fair SVM with a linear
kernel, implying that the dual program has a nonempty optimal solution set and the optimal dual value
is equal to the optimal primal value.

Therefore, by (Luo and Tseng, 1992, Theorem 2.1), coordinate descent method on fair linear
SVMs converges linearly to an optimal solution.

3.4.3 Finite termination of coordinate descent with shrinking for fair linear SVMs

The standard DCD from Hsieh et al. (2008) adopt the same shrinking technique used in standard
SMO, that is, removeé from the current set of active indicesrift) =0or rrft) = C. In fair DCD,

since we have botimandg variables, we can shrink the variables at bounds, nametyOorm= C

andg = 0, from both sets. We will show that fair DCD with this shrinking heuristic reaches the KKT
based termination criteria in nite iterations. We begin by observing some properties of the optimal
solutions to fair linear SVM, and the objective descent in each iteration.

Theorem 16. Letm ;g be the limit point of n{'); g g generated by coordinate descent algorithm.
(@) Ifm = 0andNy,g(m ;g ) > 0, then there exists such thai8t  t;, 8s, nft =0.
(b) Ifm = C andNy,g(m ;g ) < 0, then there exists such thai8t  t;, 8s,n7™ = C.
(c) Ifg = 0andNgg(m ;g ) > O, then there exists such thaBt t, 8m,g™ = 0.

(d) limg y maxt ma; NP g(mf); g(@0); max NP g(mf™); g1)g
= limy v minf min; KIE g(mf™; g@); miny KE g(mf™; ) g = 0.

Proof. From the global convergence proved in Theoremn%g is anopfimal solution 4o dual fair

K P

X :
' oakg o iSanop-

1
timal primal solution. Moreovey is the unique primal optimal solution since the primal problem has
a strictly convex objective function. For the sake of this proof, we re-assign the indices of the in nite
sequencénf’®; gl Mg asf mY; gg, where updating®; g® to m{**D; g+ corrgsponds to solving

Xj ok () P
a|— .
1 =19 0

linear SVM. By strong duality and optimality conditiorgg, = &{L; m y;

the sub-problem at one coordinate (eithemir g). Letq® = &0, nf'y,
From the global convergence to optimality, we have
m # n #
n

k
. o t) ) Xj o —
tl!mgéiglm( Y 1 Slg 0 t¥
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This further implies

"# "#
e . Xj . X . ~
lim Neg(mf?;g®) = lim yig©; l' i 1=yhy ; 1' i 1= Npg(m;g); (3.40)
"# "#
P ). 4Oy = i ®. P . _ . b - R
tlllrQNgg(m( ;gv) tl!lrg hq'; 0 i+d= hgqg; 0 i +d = Ngg(m;g): (3.41)

There exists; such that for alt  t;,

Nmog(m;g)> 0! Npg(m?;g®)> 0; Npg(m;g) < 0! Npg(m?;g®) < 0: (3.42)
Similarly, there existy such that for alt t;,

Ngg(m;g)> 0! Ngg(n?;g)> 0; Rgg(m;g)< 0! Rgg(m?;g®) < 0: (3.43)

When we updated?; g® to mt*D; g+ 1) by changingm, the KKT condition of the subproblem
implies:

Npg(mft* ;g D) > 01 nf" Y = 0; Npyg(mft* ;g™ D) < 01 nf* V= (3.44)

These relations imply, aftér t;, mis always0 or alwaysC. We also note that witN,,g(nf'* 1; gt* 1) 6
Oforallt t,itis impossible that 2 (0;C), because it will contradict the optimality condition.
Therefore(3.42)and(3.44)imply (a) and (b). To obtain the exact statements, we need to switch back

Similarly, when updatingr?; g® to mit* 1: g{t* ) changesgy, the KKT condition of the subprob-
lem implies:
Rgg(mt ;g Dy > 01 nf™* Y = 0 (3.45)

Aftert tj, g is always0. We now conclude (c) fronf3.43)and(3.45) and switching back to the
indexg(m;t) .....

Moreover,(3.42)and(3.43)imply that fort  t;, if Ng(m ;g ) 6 0, thenNE g(m®;g®) = 0.
The other casBipg(m ;g ) = Odirectly impliesNh g(m;g®) = 0. Similarly, fort  t;, we conclude
thatN§ g(m;g®) = 0. Changing back to the original indices, we have shown (d).

Lemma 2. Supposé (n?; g(V)g is the sequence generated by coordinate descent algorithm. In the
outer iteration t,f n{"9; g" g is the sequence generated by the inner iterations. Then

g(nfiD;g@0y  g(nfi 19 g(0D) %Q”(m(i?t) m(‘ L0y2. (3.46)
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(i g00y () g 10y %HI(Q(H) g "z (3.47)

Proof. When updatingrf +9;g(@0) to (mfiV); gl®), we solve the subprobleg8.31) From the
KKT conditions of the subproblem, we have

ng(rﬁi;t);g(o;t))>0! m(i Lt) n’p(i;t) 0: ng(n{i;t);g(o;t))<0! m(i 1t) m(i;t) 0
Therefore,

o(mf;g%) g(rf! 9;g®%) = Ny(rf™;g®O)(nf nf ¥9) Zou(nf? nf )2
%Q“(m(i;t) nf 102,

Next, when updatingm™; g{' 19) to (m{™V: g(')), we solve the subproble(.32) From the
KKT conditions of the subproblem, we have

Ngg(n{n;t);g(l;t)) >0l g(I;t) - 0: Ngg(n,{n;t);g(l;t)) = 0! g(I;t) 0:
Therefore,
. . . . - ) _ . : 1 . )
g(m(n,t);g(l,t)) g(r‘r‘f”'t);g(' l,t))= Ngg(r‘r{”'t);g("t))(g("t) g(I 1,t)) EHI(g(l,t) g(| l,t))z

1 . .
5 R (Q(I ;0 g(I l,t))z:

We next prove the nite termination of coordinate descent with the selected shrinking heuristic
amongmyvariables on fair linear SVM.

Theorem 17. Algorithm 5 terminates in nite iterations.

Proof. For the sake of contradiction, we assume Algorithm 5 does not terminate in nite iterations.
Then the algorithm will generate an in nite sequerfad?;g® : t = 1;2;:::g. Throughout the
algorithm, at an iteration, if the activaindices inl and all theg indices satisfy the stopping criteria
M m t;jMj t;jm t,we will un-shrinkl back to allmindices and go through ath in the
next outer iteration (wittn+ k inner iterations). We collect all these outer iterations with un-shrinking
as a subsequenéef?; g gr.

We rst claim thatf m?; g®gr must be in nite. Assumé m?;ggris nite, then we consider
the iterations after the last iteration in this set. Theorem 16(d) implies that these future iterations will
reach the stopping conditiohd m t;jMj t:jmj t atsome point. Thus,nV;:g®gwill be a
nite sequence, contradicting our assumption that Algorithm 5 does not terminate.

Next, consider a subsequerRe R such thaf m;g® :t 2 Rg converges t¢gm ;g ). Lemma 2
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of Theorem 13, we have thag(ni'?; g{"V)g is lower bounded by the optimal dual value. Therefore,
we conclude

lim g(n{i;t).g(o;t)) g(n,.fl 1;I).g(0;t)): 0: lim g(n,.‘n;'[).g(l;t)) g(r‘r‘fn;t)'g(l 1;t)): 0
t2R1tl ¥ ’ ’ " 2Rt ¥ ’ ’

Moreover, taking the limits of (3.46) and (3.47), we have

lim (rrf“t);g(O;t))Z lim (n{l l:t);g(O;t)): lim (n{n;t);g(l;t)): lim (n{n:t);g(l l;t))
Rit! ¥ t2Rt! ¥ 2Rit! ¥

t2Rt! ¥ t2Rt
= lim (M"Y:g" Yy =(m;g):
t2Rt! ¥

We claim that the limit poin{m ;g ) must be an optimal dual solution. Assume it is not optimal,
then there exists an indeswvhere we can solve the corresponding subproblem and obtain an optimal
descend such thag((m ;g )+ des) < g(m ;g ). Note that the variable at indescan be eithem or
d. In each outer iteratiofy the inner iteration at this indessolves the subprobleg3.31)or (3.32)
to optimality. Suppose the variable at indgis m, theng((m{™0; gO) + deg)  g(mf"* 1V g(O),
Taking the limit on both sides giveg(m ;g )+ de;) g(m ;g ). We can derive the same inequality
wheng is the variable at indeg Therefore, we have reached a contradiction. So the dlaing ) is
an optimal dual solution must be true.

We have shown that any limit point 6?; gV gr is a dual optimal solution. By Lemma 2, the
objective values are decreasing throughout all iterationsn$d; g® g for anyi andf mf™; g(i g
for anyl also converge to a dual optimal solution. We can apply the proof techniques used in Theorem
16 to conclude thallPg(m"9; g®Y) andNPg(m™; (") globally converges t0. Therefore, the
stopping conditionsd m t;jMj t;jmj t will be reached by Algorithm 5 in nite iterations.

3.5 Numerical Experiments

We implement fair SMO and fair DCD to train SVMs constrained with covariance p@ity0)and/or
true positive rate parit{3.11)constraints. We apply fair SMO to nonlinear SVMs with a Gaussian
RBF kernel, and fair DCD to linear SVMs. Our main goal is to demonstrate the practical potentials of
these specialized fair SVM algorithms. To this end, we compare the runtime of fair SVM algorithms
against their corresponding standard algorithms without fairness constraints. In addition, we also
compare the runtime of both fair SVM algorithms with an off-the-shelf quadratic program solver.
Both algorithms are coded in C++ using Visual Studio 16.11.10. In addition, we use the CVXOPT
QP solver with the default setting in Python as the off-the-shelf solver. All experiments are conducted
in Windows 10 Pro 64-bit on a machine with Intel(R) Core(TM) i7-7600U CPU @ 2.80GHz processors
and 24 GB of RAM.
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3.5.1 Datasets

We run experiments on two real-world datasets that are suitable for training and testing fair classi ca-
tion algorithms: the German credit dataset Hofmann (1994) and the Adult income dataset adu (1996).
As our implementations are based on LIBSVM/LIBLINEAR, we use both datasets in LIBSVM format
provided in Chang and Lin (2011). The German credit dataset consis@0tata points wit24
features (transformed froR0 attributes), and the labglindicates whether a person has a gopd (1)

orbad y= 1) creditrisk. For this dataset, we choose the features of housing status as the group
attribute:z= 1represents 'rent', and= 0 represents ‘own' or ‘for free'; we respectively refer to them

as renters' and 'homeowners'. In the Adult income dataset, each poirit2@features (transformed

from 24 attributes), and the labglrepresents whether a person has income ab6y@00 dollars
(y=Dornotfy= 1). We choose gender as the sensitive feature, and assignfor women and

z= 0 for men. From this dataset, we use the 'a4a’ instance with 4781 data points.

3.5.2 Implementation Details

We implement fair SMO algorithm by modifying the SMO implementation in LIBSVM (Chang
and Lin (2011)), and fair DCD by modifying the standard DCD implemented in LIBLINEAR (Fan

et al. (2008)). For both algorithms, the main modi cations include de ning functions to compute
Q_(standard SVM only requires computing the subma@)xadding theg update subroutine and
replacing all gradient formulas used in the implementation. In addition, we keep the same caching
operations provided in the standard algorithms, and extend the shrinking steps in LIBLINEAR to
handle bothmandg.

On both datasets, we test fair SMO for a RBF kernel and fair DCD for a linear kernel. We
consider three fairness settings: (a) demographic parity with covariance parity congg8diajyb)
equalized odds with true positive parity constraif®s.1) and (c) both conditions witf8.10)and
(3.11) For simplicity, we use the same thresheltbr all fairness constraints in one instance. To
compare performances at fairness constraints of different strengths, veeteét 0:01; 0:05;0:1; 1g
in each set of experiments. Since it is well