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It must be possible to do this fairly…
‣ A brief history of districting 
‣ Measuring compactness 
‣ Automating districting 
‣ Measuring gerrymandering



This has been in the news of late — 
but let’s start with the history.



The Constitution
§2 The House of Representatives shall be composed of Members 

chosen every second Year by the People of the several States, and 
the Electors in each State shall have the Qualifications requisite for 
Electors of the most numerous Branch of the State Legislature. [...]  

§4 Representatives and direct Taxes shall be apportioned among the 
several States which may be included within this Union, according to 
their respective Numbers, which shall be determined by adding to the 
whole Number of free Persons, including those bound to Service for a 
Term of Years, and excluding Indians not taxed, three fifths of all 
other Persons… 
 

The Times, Places and Manner of holding Elections for Senators and 
Representatives, shall be prescribed in each State by the Legislature 
thereof; but the Congress may at any time by Law make or alter 
such Regulations... 

§5 Each House shall be the Judge of the Elections, Returns and 
Qualifications of its own Members...



The Federalist Papers and 
the Ratifying Conventions

Some states might regulate the elections on the principles of equality, and 
others might regulate them otherwise. This diversity would be obviously 

unjust. Elections are regulated now unequally in some states, 
particularly South Carolina, with respect to Charleston, which is 

represented by thirty members. Should the people of any state by any 
means be deprived of the right of suffrage, it was judged proper that it 

should be remedied by the general government. 
(Madison, Viriginia Ratifying Convention, 14 June 1788)

The moderating effect of representation: “…passing them through the 
medium of a chosen body of citizens” (Madison, Fed. 10)

The city of Philadelphia is supposed to contain between fifty and sixty 
thousand souls. It will therefore form nearly two districts for the choice of 
Foederal Representatives. It forms however but one county, in which every 

elector votes for each of its representatives in the State Legislature.  
(Madison, Fed. 57)



Apportionment by Congress

CONGRESSIONAL RECORD-HOUSE
[Applause.] I have been one of those who for the last decade
and more has observed with great solicitude the constant dis-
persion of the power of the House of Representatives, the con-
stant and reiterated abdication of our real constitutional powers
and duties to some subordinate function or functionary of the
Government. If I had the time, I could call your attention to
a great number of the phases of our constitutional duty which
we have surrendered, which we have abdicated and passed on
to bureaus and divisions.

But here, gentlemen, is a question involving the very essence,
the very sacrament, if I may call it that, of the personnel of the
House of Representatives, the popular branch of the Govern-
ment of the United States, and we, the Representatives of the
people of this country, by this character of legislation, are
abjectly admitting to the people of the country whom we
represent that the Congress itself is either too cowardly or too
impotent or too incapable to meet its constitutional duty.

I think the time has come, gentlemen-as a matter of fact,
has long since passed-when we ought to reflect a little upon
this phase of our duty. The founders of this Government look-
ing down the corridors of the future years with that prophetic
wisdom of theirs, contemplating no doubt in imagination the
character and ability of the people of this generation and the
Representatives of the people here, saw no reason to doubt that
we would be competent to deal with this question; otherwise,
they themselves would have made some specific provision about
an automatic reapportionment under the census; but they
trusted us; the people of this country trust us, and if we have
been negligent, gentlemen, in the performance of that duty for
eight years let us candidly confess that omission of duty. Let
us to go the people and say, " We have tried every two years to
pass a reapportionment bill, but because of some character of
opposition, because of some exigency of legislation, because of
the real convictions of the Representatives themselves that the
bills were not providently or wisely framed, for all these various
reasons, although we have recognized either the direct or the
imputed mandate of the Constitution, we have failed to perform
that duty."

And when this matter comes up after the census, and not
before, as contemplated by the Constitution, then let us resolve
whatever may be the result, to take some action upon this
proposal.

For these reasons, gentlemen, and many others which might be
urged if I had time to do so, and which will be presented by
others opposing the resolution, I am opposed to the adoption of
the rule and shall vote against the pending bill. [Applause.]

Mr. MICHENER. Mr. Speaker, I yield five minutes to the
gentleman from Iowa [Mr. ItAMSEYER].

Mr. RAMSEYER. Mr. Speaker, ladies and gentlemen of the
House, I am not interested in the rule, but I take it for granted
that you are going to adopt the rule and debate the question
again. I am not interested in the mechanics of this bill. In
fact, I have not had time to read the bill. I do not know what
transpired in the Census Committee or the Rules Committee
which has deemed it expedient or wise to call up a bill that was
up for consideration last May.

However, you are going to consider it. I am opposed to the
bill, on fundamental principles. As I told you last May when
I spoke on the bill, I am not opposing the bill because I am
afraid that it is going to reduce the representation of certain
States, including my own.

In the short session of the Sixty-sixth Congress I supported
and voted for the bill to fix the membership at 425, and under
that bill Iowa would have lost one Member.

I stated last May that when the time comes in the next Con-
gress to reapportion the membership of the House I should
oppose a bill to increase the Members above the present repre-
sentation-and that regardless of how it might affect my own
State. [Applause.] I think the House is large enough now,
and I think the country would disapprove any action of Congress
fixing the size of this House above the present membership.

This bill is nothing more or less than a proposition to enact
a law requiring somebody else to do in January, 1931, what will
be the plain duty of the Senate and the House of Representa-
tives of the Congress of the United States to do then. [Ap-
plause.]

You can not defend this proposition on any grounds except,
first, that you are in favor of increasing bureaucracy-that is,
let the Secretary of Commerce or somebody else do that which is
the constitutional duty of Congress to do.

The second ground on which you can defend the bill is that
you have lost faith in the intelligence, the patriotism, and the
courage of Members of Congress [applause], to perform their
constitutional duty when confronted with it. In order to get
the proper perspective of this controversy that has been before
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Congress more or less intensely since 1921, let us look into the
history of this legislation.

A bill during the short session of the Sixty-sixth Congress-
January, 1921-passed this Ilouse fixing the membershlip at 435.
That bill failed in the Senate. The House performed its full
duty in that Congress. If there is any blame it is on the Senate.
In the Sixty-seventh Congress when we had an overwhelming
Republican majority there was a proposal to put through legis-
lation to empower the governors, together with other State
officers who were Repullican, in a few States normally Demo-
cratic, to redistrict the States in case the legislatures, which
were then Democratic, would not perform that (uty, and the
States being normally Democratic-it was feared that a failure
to redistrict would result in electing all ('ongressuien at large
and consequently a solid Democratic delegation from at least one
of such States and possibly more. I know that controversy had
a great deal to do with defeating the legislation in the Sixty-
seventh Congress.

About that time no less a person than the then Secretary
of Commerce, the now President elect, in some report-I do
not know whether it emanated directly from him--I know it
came from his office-made the statement that the census of
1920 was unfair to the rural population of the country. I am
not going into the details of that report. That had a tendency
to put a damper on this legislation. There was talk that a
new census should be taken in 1925. Nothing was done along
that line. At any rate, since that time this matter has drifted
along until we have the present situation where gentlemen
are fearful that Congress will not do its plain constitutional
duty in the Seventy-first Congress, because their States are
bound to lose in representation on the present basis of 435.

I am not claiming any virtues for myself that I am not
willing to accord to my colleagues. I know in other States
similar to my own the Members are ready when the time comes
to vote for a reapportionment bill on a fair census which will
be before us in January, 1931, which will not increase the
membership above 435, but who will not vote for this bill to
abase Congress in the estimation of the people. Let us face
our duties like men when the time comes and not, as this bill
proposes, "pass the buck" to somebody else. [Applause.]

Mr. BANKHEAD. Mr. Speaker, I yield the remainder of
my time to the gentleman from Mississippi [Mr. RANKIN].
[Applause.]

The SPEAKER. The gentleman from Mississippi is recog-
nized for 15 minutes.

Mr. RANKIN. Mr. Speaker, there has been a great deal of
unjust criticism, inspired by certain Members of the House
and the Senate, and directed at those of us who have opposed
the bringing out and the passage of this bill.

I announced on this floor in 1921 that I was opposed to the
reapportionment of the House of Representatives under the
census of 1920. I gave as my reasons that that was not a just
census. It was taken at a time when our population was very
much disturbed, when America was just emerging from the
World War, and when a great many of our soldiers were away
from home, in the fields, and in camps. It was taken also at a
time when great masses of our people were crowded into the
industrial centers, working in the various enterprises that had
grown up or expanded as a result of the Great War. It was
taken in the wintertime, for the first time in the history of this
country, in the dead of winter, when the Northern States were
invariably wrapped in a sheet of snow, and during the rainy
season in the South, when it was practically impossible to go out
into the rural sections and get a just census of the farming
population. It was taken while everything was at the peak
of the high prices. Men in the fields, in every agricultural
State of the Union, found it impossible to secure people to go
out in the rural sections and take the census for the small
amount of money then allowed for such work.

That census has never been approved by the Congress. Why
do these men who criticize us, why do they not bring that
census before the Congress and get it approved? They know
they could not do it.

They say there is a constitutional mandate to take the census
every 10 years. That is true, but it is not mandatory that we
reapportion the House after the taking of each census.

We did a great many unusual things during the war. We
drafted our young men and sent them to foreign fields; we
took over our public utilities; we put on wheatless days and
meatless meals and lightless nights; limited the amount of
sugar a man could put into his coffee; and changed the time of
day, as a result of the World War; and all this without any
great hue and cry; but when it comes to failing to reapportion
the House on an unjust and incomplete census taken under
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A very slow accumulation  of district requirements 
washed away in a twinkling, after a botched census.

The 1911 Apportionment Act The Tenor of the 1929 Debate
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Indiana will have and how many we will have from your own
State. [Applause.] Then I shall support reapportionment.

Mr. Chairman, I yield back the balance of my time.
Mr. FENN. Mr. Chairman, I yield five minutes to the gen-

tlemian from Pennsylvania [Mr. GRAHAM].
Mr. GRAIIAM. Mr. Chairman, I had no intention of speak-

ing. because I feel that probably I am one of the least qualified
of the Melmbers to speak on this subject. I have never given
it any great thcugiht, because it did not come within the scope
of my work or duty. While I have read the bill and have
studied the surrounding conditions and the history of the legis-
lation for the last six or seven years, I feel that this piece of
legislation comes before the House in the form in which it can
be accepted by every Member as the initial step in making an
apport'ionment.

I (do not know that it is perfect. I might have some ques-
tion about it; but, after all, it seems to me that whether you
do it by limiting the membership to some method of fractions
or by population, it is immaterial. After all, Congress does
in that way apportion among the States the representatives
who are to represent them. It strikes me that the argument
that we are delegating our powers and duties is rather techni-
cal and does not have mulch merit. The Census Bureau gathers
all the facts and the statisticians must make up the returns,
and they ile the certilicate with the House and the House can
accept or reject it and get other staitisticians. There is no
delegation of legislative power that I can see.

I was wondering whether the third and fourth paragraphs
were really necessary, because the law itself would take care of
that. Under the Constitution the power rests with the States
to regulate except so far as Congress may enact legislation;
the whole power is with the State. It does seem to me, and
in a general way I have felt the force of the suggestion, that
our duty is to make an apportionment, and when we fail
to do it: we are not living up to our constitutional duty, and I
welcome this report from the committee giving us this formula
in which we may lake the first step to cure this situation. I
am going to give my vote in favor of the adoption of this meas-
ure, for I think it is wisely considered and presents the best
possible form in which we can now approach this subject. Let
us go alead and have an apportionment made, obeying the Con-
stitution, and cease to be a subject of censure. [Applause.]

Mr. RANKIN. Mr. Chairman, I yield 10 minutes to the gen-
tiemmina from Missouri [Mr. LOZIER].

Mr. LO)ZIERI. Mr. Chairman and gentlemen, I do not be-
lieve during my short experience as a Member of this body
so short a bill as this has ever come before Congress with so
many invalid, specious, and unconstitutional provisions as has
this bill.

Apropos Ihe suggestion of the distinguished gentleman fIom
Pennsylvania [Mr. GRAHAMJ, I have heretofore called the at-
telntion of the House, and the committee that reported the bill,
to the provisions of sections 3, 4, and 5. No man familiar
with the Constitution, no man that has even a speaking ac-
quaintance with our organic law, will contend for one moment
that sections 3, 4, and 5 have any binding force or effect
whatever. The gentleman from Pennsylvania, one of the ablest
lawyers in this body, nods his head in approval. Every law-
yer, every man that knows anything about the Constitution,
knows that these three provisions are violative of the letter and
spirit of constitutional mandate. The only power that Con-
gress is given by the Constitution with reference to appor-
tionment of Representatives is to apportion the representation
among the several States in proportion to the numbers or
population. That duty done, the power of Congress ends, and
Congress has no power to determine in what manner the several
States exercise their sovereign rights in selecting their Rep-
resentatives in Congress, and I was glad to hear the gentleman
from Pennsylvania [Mr. GRAHAM] indorse what I said on this
subject at the last session of Congress on this floor. He says
that there is no occasion or need for those provisions. I go
further and say that no man who has even a speaking ac-
quaintance with the Constitution will get on this floor and
defend tile provisions of sections 3, 4, and 5.

I recognize the right and the duty of Congress to apportion
representation, but that duty is placed primarily upon Congress,
and it is a duty and responsibility that Congress can not and
should not seek to avoid.

I would rather vote to-day for a reapportionment bill which
will allocate the representation among the several States, based
upon the census of 1920, than vote for this measure, because
while it is not probable a reapportionment measure of that kind
could become effective and operative before the next decennial
census, yet in doing that we would be carrying out the consti-
tutional mandate, but the bill before us is not a reapportionment
bill. It does not seek to correct the abuses and errors of Con-
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gress in failing to reapportion representation after the Four-
teenth Decennial Census was taken. It is a mere gesture. It
furnishes the party in power or the Congress composed of both
Democrats and Republicans with an alibi for their failure in
1921 to enact a reapportionment measure.

By this bill, if it becomes a law, you say that you are not
vesting the Secretary of Commerce with any arbitrary power.
I deny that. I say that by this bill you are placing in the hands
of the Secretary of Commerce the absolute power to defeat any
reapportionment under the provisions of this act. Section 1
does not provide for reapportionment. It provides that the
Secretary of Commerce shall transrit to Congress a statement
of the population and the number of Representatives that each
State would have on the basis of the membership of 435. But it
ends there. What does section 2 provide? Among other things
it provides that if the session of Congress to which the popula-
tion is certified fails to pass a reapportionment bill, then the
Clerk of the House shall transmit to the executives of the sev-
eral States a certificate showing the number of Representatives
that each is entitled to under the new census. So far, so good.
Then we pass to paragraph (b) of section 2, which provides
that section 2 shall have no force and effect unless the state-
ment required by section 1, in respect to such census, is trans-
mitted to Congress at the time prescribed in section 1; and
what does section 1 prescribe as the time those reports as to
population must be submitted to the Congress? Section 1 pro-
vides that this certificate must be sent to Congress on the first
day of the first session of the Congress following the taking of
the census.

If this bill becomes a law and the census is taken in 1930,
the Bureau of the Census and the Secretary of Commerce might
have all of the facts and figures as to population, and yet, pur-
posely withhold or delay the certificate, and unless he on that
particular day, not a day sooner, not a day later, transmits to
Congress the certificate showing the population, then section 2
by the terms of the act itself is not operative, and you get no
reapportionment whatever.

Mr. BURTNESS. Mr. Chairman, will the gentleman yield?
Mr. LOZIER. In a moment. Then again what does this bill

provide? It gives the Secretary of Commerce the arbitrary
power by delaying the completion and promulgation of the cen-
sus to delay sending in the certificate beyond the first day of the
session of the succeeding Congress, and whether he does that
from an unworthy or a worthy motive, he is vested with
absolute power to emasculate and destroy this law, and at no
subsequent day after that can he furnish the certificate to
Congress, and this law has no force and effect.

Think of the autocratic power you are giving to the Secretary
of Commerce. You are making it possible for a Secretary of
Commierce to arbitrarily delay the completion and promulgation
of the census. You are placing in his hands the power to play
politics and use his high office for partisan purposes. He could
have tie census in certain cities and States retaken, in an effort
to increase or decrease the population of this or that State so
as to create a major fraction for a favored State and reduce
the major fraction of another State to a minor fraction. You
are giving to the Secretary of Commerce the power to manipu-
late census statistics relating to the population of this or that
State, and by omissions or additions to deprive States of one
Representative when a slight change will convert a major frac-
tion into a minor fraction or a minor fraction into a major
fraction thereby giving a favored State a Representative to
which it is not entitled. Think of the Congress of the United
States writing into a bill that is supposed to be permanent law a
provision that makes it possible for the Secretary of Commerce,
from a worthy or an unworthy motive, actuated by partisanship
or patriotism, to delay sending this certificate to the Congress,
and if this certificate fails to reach Congress on the first day of
the short session of Congress after the taking of the census.
then by the express terms of the bill, no action can be taken
under this law for 10 years, and this act would have no force or
effect whatever I

Mr. BURTNESS. Mr. Chairman, will the gentleman yield?
Mr. LOZIER. I yield to the gentleman from North Dakota.
Mr. BURTNESS. The gentleman emphasizes a situation

where the Secretary of Commerce may voluntarily fail to do
such a thing. What about it, for example, if he has over-
looked it?

Mr. LOZIER. Yes.
Mr. BURTNESS. What would be the situation if he did

transmit it by messenger on that day and the messenger either
got sick or was waylaid and the message taken away from him
by somebody who did not want the law to go into effect?

Mr. LOZIER. The gentleman is quite right. I say that no
law has ever been placed on the statute books of this Nation
which contained a provision as loosely drawn as this one and

Ralph Lozier (MO), 
with Mr Graham 

concurring, rejects 
Congress’s authority 
over the manner of 

elections.



The 1st and 14th Ammendments
A1 Congress shall make no law [. . . ] abridging the freedom of 

speech, or of the press; or the right of the people peaceably to 
assemble, and to petition the Government for a redress of 
grievances.   

A14 §1. [. . . ] No State shall make or enforce any law which shall abridge 
the privileges or immunities of citizens of the United States; nor shall 
any State deprive any person of life, liberty, or property, without due 
process of law; nor deny to any person within its jurisdiction the 
equal protection of the laws.  

A14 §2. […] when the right to vote […] is denied to any […] the basis of 
representation therein shall be reduced in [equal] proportion […]



Baker v. Carr 1962 TN Apportionment Justiciable by Federal Courts

Gray v. Sanders 1963 GA One Person, One Vote (County Unit System)

Wesberry v. Sanders 1964 GA US Congressional Seats

Reynolds v. Sims 1964 AL Both Houses of State Legislatures

Davis v. Bandemer 1986 IN Political Gerrymandering Justiciable

Vieth v. Jubelirer 2004 PA Majority hopes against hope…

The Reapportionment Revolution

Political Gerrymandering



Traditional Districting Principles

• Contiguity 
• Compactness 
• Respect of existing political boundaries 

• Sometimes: consideration of incumbents

In practice, these are linked}



Proposed Solutions

Ultimately, you always have to draw a map.

Measures
• Partisan bias — seat share at 50% votes 
• Efficiency gap — votes wasted by each party 

• Stephanopoulos’s strategy for Wisc. case 
• Competitiveness — distance from 50% 
• Simulated maps, or “random draws” of districts.  

Judgment  
• Apply similar judgment to VRA cases 
• Independent Commissions —  

• Arkansas, Oklahoma, Colorado, Arizona …  
• And other developped nations.



What is meant by “compact!?”

Elongated

Dissected

Indented
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Metric Formula Sources Status

Intraoccular Test , [26] 3

Power Law (Minimum Distance)
∞

iPS
∞

jPS wiwjd
2

ij [23]

Isoperimeter Quotient (IPQ) 4⇡A{`2 [36,22, 40]

Detour Index 2
?

⇡A{`CH [37]

District to SCC Area Ratio A{ASCC [16]

District to LIC Area Ratio ALIC{A [36]

Moment of Inertia 2⇡
∞

i wid
2

CM,i{pA
∞

i wiq [41]

“Bizarreness” p

∞
iPS

∞
jPStdij{�ijuq{N2 [42]

Traversal Index,* for i, j P P x�ijy {p4R{⇡q [37]

Exchange Index ApS X CRq{A [37]

Width to Length: Eigenvalues Eigenvalues

Width to Length: Hull Rotation W {L or pL ´ W q{L [16, 21,43]

Width to Length: Cardinal North/South [21] b

Convex Hull Area to Area A{ACH

Convex Hull Area in State to Area A{ACH,state

Population Polygon p{pCH,state [44]

Mean Radius ⇢ (to centroid) p2R{3q

L`
p1{Aq

≥
S
⇢dA

˘
[36]

Dynamic Radius ⇢2 (to centroid) pR{

?

2q

M´b
p1{Aq

≥
S
⇢2dA

¯
[36]

Harmonic Radius 1{⇢ (to centroid) pR{2q

L`
A{

≥
S
dA{⇢

˘
[36]

Rohrbach Index p

≥
S
dP dAq{p⇡R3

{3q [36]

Split-Line Algoirthm – [32,45]

Reflexive angles – weighted by lengths? (Taylor just counts pN ´ Rq{pN ` Rq.) [21]

Table 1. Metrics proposed in the literature, with formulae. We denote the surface by S and its
area by A, perimeter by P and its length by `. Length and width (longest axis and orthogonal to
it) are L and W . Euclidean distances are d and the shortest internal path is �. The population is p
and weights are w. Further, we define the radius of the circle of equal area, R ”

a
A{⇡. We denote

the circle of radius R and centered at the weighted center of the polygon by CR. Overlap between
shapes uses the intersection, X. Averages are denoted by xxy. Subscripts represent the population
or area contained in a shape: CH is used for the convex hull of the region SCC is the smallest
circumscribing circle, and LIC is the largest inscribed circle. To the extent practicable, metrics are
normalized to 1. Thus far, blue are complete, green indicates that it’s working but could still be
tuned, and gold indicates functional but suboptimal algorithms. Red are functions I’ve thought
about but haven’t yet implemented to speed. The two circles for the power law solution correspond
to two algorithms: a complete and optimized numpy implementation and again in the Cluscious
framework. I reject metrics that are not invariant to scale or rotation. (* Careful: needs weights.)

Without doing this, the population constraint would have to be retuned for every measure. In our
work, each measure has a maximum or a reference point of 1, and higher values denote greater
compactness.

2.1.2. The Measures. We will review a few of the most common measures, to give a flavor for their
mechanics. We refrain from describing all measures in words, since the entire interest is in actually
evaluating their performance.

Isoperimeter Quotient (IPQ). The IPQ is constructed as the ratio of the ratio of area of the figure
to the area of a circle with the same perimeter. Since a circle is the most-compact shape, the
measure ranges between 0 and 1. The area of a circle is most commonly expressed as A˝ “ ⇡r2.
Since the perimeter is ` “ 2⇡r, A˝ “ ⇡ p`{2⇡q

2
“ `2{4⇡, and the IPQ is 4⇡A{`2. It is also known

…it is difficult to understand what a 
“transgression” of “compactness” would 

even entail. Compactness, like 
temperature, falls along a range, and 

there is no professional consensus about 
what degree of departure (from any of 

more than twenty measures) is enough to 
say a district is “not compact.”  
(Bethune-Hill v. Virginia Board of Elections, 2015)



Removing the Mapmaker: 
Automation for Election Counterfactuals 

and Non-Partisan Districting
The promise: an unbiased tool for generating districts and 
evaluating proposed maps. 

Is choosing a metric just a reformulated political choice? 

To use compactness, we must better define it.

-3 -2 -1 1 2 3

0.1

0.2

0.3

0.4



What good is
compactness?

Are the definitions equivalent?

How do we define it?

Can we even implement it?
What are its effects?



General Principles of Good Measures
Scale Invariant

=
Rotationally Invariant

=

Bad 
Measures

Total 
Perimeter

North-South/ 
East-West

Principle

Example

Wish list: measures 
normalized  to 1  

(easier to combine).



       Building Compactness 

Circles: 
  Smallest  
     Circumscribing 
  Largest Inscribed 
  Equal Area 
  Equal Perimeter  

Convex Hull 

Shortest Path (�)



Isoperimeter Quotient: 4π A /�²

4πA/P²
4π A /P

P/ 4π A

0.2 0.4 0.6 0.8 1.0
b/a

0.5

1.0

1.5

Metric

Ratio of the district’s area to 
a circle of equal perimeter. 

Poor discrimination, 
ambiguity in measurement.



Inscribed Circles: A(CLIC)/A(S)

Fraction of the 
district’s area 

contained in its 
largest inscribed 

circle? 

Algorithm: Voronoi

Changes here 
~irrelevant!



Circumscribing Circles
A(CSCC)/A(S)

Ratio of the 
district’s area to 

that of its smallest 
circumscribing 

circle? 

Algorithm: Miniball

Changes here 
~irrelevant!



“Exchange”: A(S∩CR)/A(S)

The proportion 
of a district’s 
surface that 
intersects a 

circle of equal 
area and center.



Distance to Perimeter 
(Rohrbach)

Compared to a 
circle of equal area, 
what is the average 
distance (dP) to the 

perimeter?
�R

S dP dA
�� �

⇡R3/3
�



“Dynamic Radius”

Compared to a 
circle of equal area, 
what is the average 
distance squared to 

the centroid?
�
R/

p
2
�.⇣q

(1/A)
R
S ⇢2dA

⌘



Path Fraction: the fraction of 
paths between citizens of a 
district that are themselves 

contained in the district.

Precompute the shortest 
path (Dijkstra): save “road 
signs” for the next step.



The 
Split-Line 
Algorithm 

Successive 
splits with equal 

seats per 
constituent.



Power Diagrams



1. Regions ri defined by 
centers ri and ‘power’ λi. 

2. Cells cj assigned to ri by 
argmini (| ri - cj |² - λi ²). 

3. Iteratively update ri and λi 
to equalize populations 
until convergence. 

• Axiomatic arguments for 
‘optimal’ definition. 

• Guaranteed convex. 
• Fast; reliable results.

Power Diagrams
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Optimal partitioning not computable!* 
Use iterative algorithms.

*NP complete: ~knapsack or traveling salesman problem.



Building Maps

Basic Cell: Census Tracts
3-5k people, variable land area 
(geometries from the Census) 

Modifications for Contiguity
Connect islands to nearest neighbor 

Subsume fully-contained enclaves

Subsume Enclaves: 
Northumberland County, PA

Connect Islands: 
Hawaii



The Population Objective Function
Optimize on compactness 
and equality of population. 

(Contiguity is built in.)

P = sign(pa � pb)

✓
|pa � pb|
ptarget�

◆↵

+ any other metric
with α ≡4 and Δ≈0.01



Iterating with Metaheuristics

Exchange Metric: A(S∩CR)/A(S)

Initialize a bad (but legal) solution. 
Reallocate census tracts to improve the objective function.  

(Greedy/GRASP with tabu lists.)



Aggregate precinct-level returns from presidential 
election into (power diagram) districts.

Rep. Seats Dem. Seats
Power Diagrams 9.7 8.3

Current  Map 12 6

Democratic
Seats

Republican
Seats

Democratic 
concentration in 
cities is naturally 
very “inefficient.”



2000 Pr 2004 Pr 2008 Pr 2012 Pr Norm
Statewide Votes 0.52 0.51 0.55 0.53 0.54

2000 Map 0.48 0.43 0.67 0.43 0.52
2008 Map 0.53 0.47 0.53 0.47 0.53
2012 Map 0.33 0.33 0.56 0.33 0.33

Power Diagram 0.48 0.42 0.64 0.46 0.56
Split-Line 0.50 0.33 0.61 0.50 0.61

Isoperimeter Quotient 0.45 0.40 0.59 0.47 0.56
Rohrbach 0.45 0.40 0.61 0.47 0.55
Exchange 0.46 0.44 0.61 0.48 0.53

Population Hull 0.46 0.40 0.61 0.49 0.54
Dynamic Radius 0.46 0.42 0.60 0.47 0.55
Inscribed Circles 0.47 0.44 0.59 0.47 0.53

Circumscribing Circles 0.46 0.41 0.61 0.47 0.56
Path Fraction 0.44 0.42 0.64 0.47 0.64

Except for “Statewide Votes,” all rows show a fraction of seats won by Democrats. 
Due to reapportionment the 2000, 2008, and 2012 maps had 21, 19, and 18 seats respectively.

Evaluating Expected Vote Shares

See Also Chen & Rodden, Unintentional Gerrymandering 



Some Foreign Perspective

After France moved to to 
independent commissions, the 

Conseil Consitutionnel declined to 
intervene, opining that they they 

lacked the“general power of 
judgment and decision” of the panel.

Basically all countries now 
use independent comissions.

              New Zealand is the only 
          other country to successfully  
    implement minority 
representation, with Māori seats.



Better Statistics  
• More-careful statements about the consistency of 

measures, and the levels of gerrymandering. 

Non-Spatial Adjacency 
• How are non-spatially contiguous regions linked? 

• Clustering on intensive variables (income, 
education, etc.) a developed field. 

• Biclustering people and communities by 
amenity use. 

• Building in more community levels (counties, etc.) 

What do citizens have a “right” to? 
• Competitive elections (between whom)? 
• Unbiased (by what measure)?



Take-aways 
• Compactness has a long legal history (both 

legislative and judicial), and a rich literature, but has 
remained somewhat nebulous. 

• That said, virtually all measures yield consistent 
results from a political perspective. 

• A clear directive could help the courts, or spur 
Congress to reassert its constitutional mandate. 

• Using compact maps, find that voter allocation and 
legislative prerogative both affect levels of 
representation. 

➡ Great variety of projects with training in physics!



Thanks for your time! 
Questions / Comments


