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ABSTRACT. The origami generator problem can be described as fol-
lows: given a set U of angles, and a set S of points containing 0 and 1,
construct lines at angles in U from each point in S and from all possible
intersection points of constructed lines, the set R(U) is the closure of all
possible points (including initial points) generated by such action. Pre-
vious research has shown many properties regarding the algebraic and
geometric structures of R(U), given U and S satisfying certain condi-
tions. In particular, results have been proven for cases where 1 € U and
S = {0, 1}. In this paper, we venture beyond these restrictions to ex-
plore results for more general cases of U and S. Our main results hold
for cases where U does not contain 1, and when |S| > 2. We will state
and prove the conditions in those cases for R(U) to be a lattice or a ring.

1. INTRODUCTION

The origami generator problem was originally suggested by Erik De-
maine, drawing inspiration from reference points in paper folding. In origami,
we sometimes attempt to obtain reference points by taking the intersection
of creases. As such, we are curious about the following problem: given a
set U of angles, and a set .S of points containing O and 1, if we are allowed
to fold a plane at angles in U and from points in .S, what does the closure
set of all possible points generated in this way look like? This, translated
into mathematical language, leads us to investigate properties of a generated
point set R(U) in the complex plane C. We are particularly interested in the
geometric and algebraic structures of R(U): what kinds of mathematical
properties does R(U) does have? When is R(U) a lattice, or a ring?

Previous research on the topic has produced many important results. Buh-
ler et al. showed that if |U| > 3 and U contains angles that are equally
spaced (i.e. if |U| = n then kn/n € U, 0 < k < n,k € N), then
R(U) = ZI[(,] if [U| = n is prime; R(U) = Z[1/n,(,] if [U| = n is
not prime, where (,, = exp(2mi/n). Bahr et al. arrived at results for cases
where 1 € U, showing that when |U| = 3, R(U) is a ring if and only
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if points constructed in the first step are quadratic integers. Nedrenco ex-
plored the question of whether R(U) could still be a ring when U is not a
semi group, and proposed several examples. While these results, some of
which we will discuss in detail in the BACKGROUND section of this paper,
provide solid foundation and great insight into further research, previous
work have mainly addressed special cases of the problem, leaving out more
general cases of U and other possibilities of S. This paper attempts to
generalize certain cases of the origami generator problem, while exploring
structures generated by alternative initial conditions.

In particular, I will begin by listing the necessary definitions, notations,
and basic properties of the problem in the BACKGROUND section. In the
following section, I will state and prove the conditions under which R(U)
is a lattice in C when |U| = 3 and 1 ¢ U, and provide examples. I will also
consider the conditions where R(U) is a ring. Next, I will explore the possi-
bilities of R(U) when S contains more than two initial points. This section
will include some examples, as well as a conjecture. Finally, I will list some
possible directions for future research related to this problem. All examples
provided in this paper are produced with the help of a data visualization
algorithm I wrote with collaboration.

2. BACKGROUND

We begin by introducing some definitions and notations that will be used
throughout this paper.

Let u,v be distinct angles, and p,q be distinct points in C. Denote
I, »(p, q) as the intersection point of the lines /y : p+7ru and l5 : ¢+ sv. Re-
garding this notation, we have the following properties, proven by Buhler
et al.:

Proposition 1. Let u, v be distinct angles, and p, q be distinct points in C.
(1) (Symmetry) 1,..(p, 0)=1ou(q, D)
(II) (Reduction) I,,,(p,q) = Luw(p,0) + Lbu(q,0)
(Ill) (Linearity) I, ,(p+q,0) = L,,(p,0)+ I, .,(q,0) and forall r € R,
Lo (rp,0) = 11y (p, 0).
(IV) (Rotation) For w € T, wl, ,(p, q) = Lyyuww(wp, wq).

We define an iteration to be the construction of new lines and their inter-
sections of the existing set of generated points.
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FIGURE 1

3. WHEN 1 ¢ U

Theorem 1. (Z Generalization for |U| = 3.) Let U = {u,v,w} with
arg(u) < arg(v) < arg(w) and arg(u) # 0, then R(U) is a lattice in C of
the form 217 + 2,7 if and only if 2% . sm(w W e Q.

sinw  sin(v—u)

Proof. (<=):

We begin with some definitions of points and lengths as follows. As
shown in FIGURE 1, letp; = I, ,,(0,1),p2 = 1,,,(0,1),p3s = 1, ,(0,1); py =
Iy(0,1),ps = L,4(0,1), ps = I,,,(0, 1). Let the length of the line segment

AB where A, B € R(U) be denoted AB.
By the Law of Sines, we have p;0 = =% __ and p31 = -3 Since

sin(w—u) sin(v—u)

pi0 _ w €qQ, plo = 2 for some a, b € N where (a,b) = 1.

sinuv- szn w—

"d

3
—

3
Case 1 We ﬁrst cons1der the case where @ = b = 1. Then p;0 = ps1,
as shown in FIGURE 2.We will show that R(U) is a lattice in C of the form
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FIGURE 2

We begin by showing that R(U) is closed under addition and taking ad-
ditive inverses. First, we claim that we can obtain the points 2 and -1. We
claim that 1., ., (ps, p4) = 2 and I, ,,(p1,p6) = —1. As shown in FIGURE
2, since p;0 = psl, p1,0,1, p3 form a parallelogram, hence p30 = 2p,0.
Similarly, p,0 = 2p50. Therefore I,, ., (ps, p4)0 = 2-1 = 2. By a symmetric
argument, [, ,,(p1,ps) = —1.

Since we can obtain that k +2,k — 1 € R(U) given kand k + 1 € R(U)
using the method above, we can show that all n € N are in R(U). Moreover,
given that p and ¢ € R(U), we can obtain p + ¢ by constructing ¢ starting
from p and p+1; given that p € R(U), we can construct —p by constructing
p from 0 and -1, going in the negative direction. Therefore R(U) is closed
under addition and taking additive inverses.

Since R(U) is a subgroup of C with addition, and py,ps € R(U), it is
obvious that p1Z + poZ C R(U).

Now we will show that R(U) C p1Z + peZ. Since 0,1, py,pa, ..., D6 €
P12+ poZ., it suffices to show that p;Z + poZ is closed under intersections.
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Let z = 1, 43(p,q), where o, € {u,v,w},a # f and p,q € {ap; +
bpe|a,b € Z}. We want to show that z € p1Z + poZ. Since 1, 5(p,q) =
I, 5(p,0)+15 (g, 0) by reduction, it suffices to show that I, s(ap1+bps,0) €
PZ + poZ. By linearity, 1, 5(apy + bp2,0) = aly 5(p1,0) + b1, 5(pe, 0). It
now suffices to show that I, s(p1,0) and 1, 3(p2,0) € p1Z + poZ.

There are 4 possibilities of 1, 5(p1,0): Lyw(p1,0) = p2, Luw(p1,0) =0,
Low(P1,0) = Lyu(p1,0) = p1s Luw(P1,0) = 0, Lyu(p1,0) = p1 — po, all
of which are in p1Z + poZ. Similarly, I, s(p,q) € p1Z + poZ Therefore
z=lop(p,q) € MZ+ poZ.

The initial points in U = 0, 1 are obviously in p;Z + pyZ. Therefore we
have proven Case 1.

Case 2 We then consider the case where a > b = 1, and show that it can
be reduced, by a linear transformation, to the case where an element of U is
1.

Since @ > b = 1, p31 = ap,0 for some a > 0,a € Z. Then since p31
is parallel to p;0, p30 = (a + 1)p20 and p;1 = (a + 1)P1ps . As shown
in FIGURE 3, construct py = I, ,,(p2,0). Now we examine the highlighted
lines in FIGURE 3, as well as points 0, p;, po. Define Opy as a new ' —axis,
and ps as a new unit 1/, then we have the initial structure of a new U’ =
{1,v —u,w — u} and S’ = {0,1'}. Bahr et al. have shown that R(U")
would form a lattice in the form of 1'Z + xZ, where 1’ = p, and = = p;.
Hence R(U') = p1Z + poZ C R(U).
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FIGURE 4

We now show that R(U) C pyZ+ psZ. We resort to the points in FIGURE
3 (initial points of R(U)) that are not in R(U’), namely, 1 and p;. Since
p30 = (a + 1)p:0 and py1 = (a + 1)p1p; for some a € Z, p3 = (a +
D)ps € MZ + poZ, 1 = apy — apy € p1Z + peZ. Similarly, we can
show that py4, ps, ps € p1Z + poZ. Since the closure set obtained by taking
intersections of parallels constructed from a set of initial points in the lattice
p1Z+ poZ cannot contain points outside the lattice, points in R(U) must be
in p1Z + poZ, and hence R(U) C p1Z + poZ.

Therefore we have proven Case 2.

Case 3

Finally, we prove the theorem for the general case, i.e. a,b > 1, by
reducing it to the previous case.

Since (a,b) = 1, there exists z,y € Z such that ax + by = 1. Using
the method with which we constructed all integers n in Case I, as shown in
detail in FIGURE 4, we can construct n(p; — py) beginning from both 0 and
1, in opposite directions. Since Goq; = Pipz = #bﬁ and (a,b) = 1, we
can obtain g;, 7; such that G;7; = —qol .

Once we have a segment of length ;Gq7 = 1510, which we will set to
be a new unit length 1’, all possible segments at angle v can only be integer
multiples of 1’. Similarly, we can obtain a segment of length 7¢;0 = 3p20
at angle u. We can therefore reduce Case 3 to Case 2, where we have shown
that such structure will produce a lattice of the form %plZ + %pQZ.

=):
We claim that if 222 . $20=w 5606t in Q then R(U) is dense in C . Let

sinw  sin(v—u)
sinv sin(w—u) _p3l __

=8- = ¢ where t € QQ°, then as can be illustrated in FIGURE

stinw  sin(v—u)  p10

ﬁ - pil . - — 1 7 . .
4, qOII = ]% = t, hence pipy = q19o=1774901- Using the method described
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in the proof of Case 3, we can obtain mqyl — npipy = m(t + 1)Goq; —
ngoqi = (mt + m — n)qog; for all m,n € Z. By Kronecker’s Theorem,
given s € Q°, for any € > 0, there exists =,y € Z such that |zs — y| < e.
Lets =t+4+ 1, m = qqix,n = qoqiy, then there exists m,n € Z such
that [(mt + m — n)goq1| < e for all ¢ > 0. Similarly, we can obtain line
segments at infinitesimal length at any angle. Therefore R(U) is dense in
C.

O

Corollary 1. (Definition of z, and z, with angles) Let U = {u, v ,w} with

sin(w—u)

arg(u) < arg(v) < arg(w) and arg(u) # 0, and j;::z; s bfor
a,b € Zand (a,b) = 1, then R(U) = %wm_wz

sin(w—u) sin(w—uv)

Example. (Lattice) Here is an example of R(U) in the form of a lattice.
FIGURE 5 shows R(U) with u = tan™(1),v = tan™(2), w = tan™(-3),
after 5 iterations in (A), and after 6 iterations in (B). In this example, 2 .

stnw
sin(w—u) __

sin(v—u) — 5 € Q. Notice that both plots reveal a lattice structure, and the
iteration does not increase the “’density” of the points.

Example. (Dense) Here is another example of R(U) when it is dense in
C. FIGURE 6 shows R(U) with v = 7/4,v = 7/3,w = 27/3, after 5
iterations in (A), after 6 iterations in (B), and after 7 iterations in (C).

siny 212((15:3)) — f(lgr(?)“lj (120) & . With each iteration, the plotted

points becomes noticeably “denser.”

Theorem 2. (Ring Generalization for |U| = 3.) Let U = {u,v,w} with

arg(u) < arg(v) < arg(w) and arg(u) # 0, and 22 . % = ¢
where a,b € Z and (a,b) = 1. Then R(U) is a ring if and only if z =

sin(w—v)

vin(o—a) (cos(v — u) + isin(v — u)) is a non-real quadratic integer.

Proof. In order for R(U) to be a ring, it must first be closed under addition
and taking additive inverses, and hence must be a lattice in C. Corollary 1
gave the general form of R(U) as a lattice: R(U) = 1 Usinutcoswsinwy

b sin(w—u)
1 (i-sinv+tcosv)sinw
b sin(w—wv)

vectors: z; =

Z.. We can think of such a lattice as generated by two base

1 (i-sinu+tcosu)sinw
b sin(w—u)

Bahr et al. solved the ring conditions for the lattice R(U) = Z + 2Z,
where x is a non-real number in C. In order for Z + xZ to be a ring, x must
be a quadratic integer. We notice that our case for 217 + 297 is essentially
a change of basis from the Z + x7Z case. Therefore, if we let z; be a new

1 (i-sinvt-cosv)sinw

and 2, = b sin(w—uv)
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(B) 6th Iteration

FIGURE 5

basis vector 1/, and set z, which denotes z; with respect to z5, as a new basis
vector x’, then z1Z + 257 is a ring if the conditions for x holds for z.
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(©)

FIGURE 6
; __ 1 (i-sinutcosu)sinw __ 1 (i-sinv+cosv)sinw o sinw
Since z; = b sin(o—u) > %2 = b sin(w—v) |z1] = i e P
— sinw _z1 _ sin(w—v) q: . _
|29| = bsin(w—0)° Then |z| = T (o) Since arg(z) = v, arg(z) =
sin(w—uv)

u, arg(z) = v —u. Thus z = JEo="(cos(v — u) + i - sin(v — u)).
Therefore R(U) = z21Z + 23Z = 1"Z + zZ is a ring if and only if z =

zzzgz:zg (cos(v —u) + i - sin(v — u)) is a non-real quadratic integer.

U

4. WHEN |S| > 2

We now consider the case where the number of initial points is more than
2, beginning with the case of 3 initial points, and 2 angles. Without loss
of generality, we let two of the points be (0,0) and (1,0), and the third be
(z,y) where x,y € Rand x,y > 0. Let 0 = arctan® where 6 € (0, 7] and
v = arctan—*5 where y € (0, 7.

4.1. |UJ=2.

Example. |U|=2

Here is an example of R(U) withu = w/4,v = 27/3,and S = {(0,0), (1,0), (3,1)}.
6, ¢ U. We can see that R(U) is finite.
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FIGURE 7

FIGURE 8

42. |U|=3.

Example. Here is an example of R(U) withu = 7/9,v = 7/6,w = 71 /9,
and S = {(0,0),(1,0),(2,1)}, after 4 iterations. 6,y ¢ U. R(U) seems
to be much denser compared to when S = 2, even with few iterations.
Observe that adding a point that cannot already be generated in with initial
points (0,0) and (1, 0) can be viewed as adding a new “dimension” to R(U).

Hence, give the following conjecture:
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Conjecture If both # and 7y are not in U = {u, v, w}, then R(U) is dense
in C.

5. FUTURE WORK

There are many questions left unanswered in this problem. Here, I will
list a few, as directions for future work:

(I) For § > 2:
(a) Prove the stated conjecture on when R(U) is dense.

(b) What if we allow 1 € U, orn € S for some n € R?
(c) When is R(U) a lattice, or a ring?

(Il) For U > 3: what are the conditions of R(U) being a lattice or a
ring when 1 € U?

(IIT) What subrings of C can be origami generated, and for what S and
U?

6. ACKNOWLEDGEMENTS

I would like to thank my advisor Prof. Gregory Johnson for advising
me on this project. I would also like to thank the director, professors, TAs,
staff, and participants of SUAMI for giving me the freedom to explore and
research. Finally, I would like to thank my friends and fellow coders H. Sun
and S. Yang for their help with coding.

REFERENCES

[1] Jackson Bahr and Arielle Roth. Subrings of C Generated by Angles. Rose-Hulman
Undergraduate Mathematics Journal. Vol. 17, No. 1, Spring 2016.

[2] Joe Buhler, Steve Butler, Warwick de Launey, and Ron Graham. Origami Rings. Jour-
nal of the Australian Mathematical Society. 92:299 — 311, June 2012.

[3] D. Nedrenco. On Origami Rings. ArXiv eprints, Feb. 2015.



