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Basic examination: Probability

180 man.
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State the following definitions, theorems and provide full proofs (if asked). Be precise.

a) a random variable, the law (distribution) of a random variable, the cumulative distribution
function of a random variable,

b) m-system, A-system, Dynkin’s lemma,
¢) show that the cumulative distribution function determines the law,
d) convergence in distribution, the (vanilla) central limit theorem,

e) a martingale sequence, Doob’s convergence theorem.

Let X and Y be independent standard Gaussian random variables. Let 6 € [0, 27).

cos 0) X +(sin0)Y 2

a) What is the density of the random vector V = [ (sin 0) X+ (cos )Y

b) Are the components of V' independent?

¢) Find P (X < 100Y) and E[((cos 8) X + (sin6)Y)19].

Suppose that a random variable X with variance one has the following property: has

X+Xx’
2

the same distribution as X, where X’ is an independent copy of X. Show that X is standard

Gaussian.

Let (X,,)22, be a martingale with Xy = 0 and bounded increments: there is a constant C' > 0

such that for every n, | X,, — X,,—1] < C. Let u > 0 and 7 = inf{n > 0, X,, > u}.

(i) Show that 7 is a stopping time and X, n, < u+ C for every n.

(ii) Show that on the event {7 = +o00}, we have “lim X,, exists and is finite”.

(iii) Show the following dichotomy

P({lim inf X,, = —oo, limsup X,, = 400} U {lim X,, exists and is ﬁnite}) =1

Let (X&)i_y, (Y)}_o be two martingale sequences (adapted to the same filtration) such that
EX?2 < oo, EY,? < o0.

(i) Show that EX? < oo, EY;2 < oo for each 0 < k < n.
(ii) Show that
EX,Y, - EXoY, = Z]E[(Xk X)) (Vi — Y1)
k=1
Let {Xy.k}n>1,1<k<n be a family of Bernoulli random variables such that for every n > 1, the
variables X, 1,..., X, » are independent and EEZ:1 X — A for some A € (0,00) and
n—oo
maxi<k<n EXp i — 0. Show that X, 1 +---+ X, , converges in distribution to a Poisson
random variable Wlth parameter .

Let X = (X4,...,X,) be a random vector uniform in the cube [—1,1]". Show that for every
unit vector (a,...,a,) in R™ and every ¢t > 0, we have

“ 3
P § X >t] <2 —Z2
j:1aj il > < exp{ 2 }

Show that the constant % in the exponent is best possible, that is the statement fails if % is
replaced with any ¢ > %



