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1. (20 points) Let 1 and v be two positive measures on a measurable space (X, M). Suppose that
for every € > 0 there exists £/ measurable such that ;(E) < € and v(E°) < e. Show that L v.



2. (20 points) Let f € L*(R) be such that f(z + 1) = f(z) and f(x) > 0 for all z € R. Let
E C R of finite Lebesgue measure. Show that

(1) lim f nx)dr = |E| / f(x

n—o0

where | E| is the Lebesgue measure of F.



3. (20 points) Let (X, M, 1) be a measure space. Assume 0 < p(X) < oo.

(i) Assume f € L>°(u). Prove that f € LP(u) for all p € [1,00) and that

lim | f{l, = [[f]]oc-
p—00

(i) Assume f € LP(u) for all p € [1,00) and that there exists M/ > 0 such that || f||, < M for
all p € [1,00). Show that f € L>(u) and that || || < M



4. (20 points) Let (X, M, ;1) be a o-finite measure space. Let f be a measurable function such that
|f|P € L'(1). Show that

mFmsz/ummsz (e (@) > 1)) de.

<mmw>gﬂmm=@—q/w4/ \fldpdt.
0 {z:|f(z)|>t})



5. (20 points) Let f,, : R — R be a sequence of (Lebesgue) measurable functions such that

(@) {fn}n=12. . convergesin measure to some function f.
(b) |fu(z)| < & foreveryn € N and z € R
(c) There exists M € R such that || f,,||» < M forall n € N.

For each statement below: Either prove the statement or provide a counterexample.

(i) fn— fin L}(R) as n — oo.

(i) f, — fin L*(R) as n — oo.



