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1. Show that any compact metric space has a countable base of its topology.



2. Forall s € R, let (X, 75) be a topological space where the topology is not trivial. Show that the
product space
X = HSERXS

endowed with product topology is not first countable.



3. Let {f, }nen be a sequence of functions in C'*([0, 1], R) such that for all n

/01 fo(x)dx =0

and |f! (z)] < \/LE forall z € (0, 1]. Prove that { f,, } ,en has a uniformly convergent subsequence.



4. Consider RN = {{z}ren @ 21 € R}. Let {{z}}ren}nen be a sequence in RY. Show that
2™ — p in the box topology as n — oo iff

(i) forallk € N 2z} — p, asn — oo and
(ii) there exist I C N finite and ny € N, such that for all £ € N\ I and all n > ny it holds that
Tp = Pk

Show that RY with the box topology is not pathwise connected. Furthermore show that x,y
belong to the same component of pathwise connectedness iff x,, = y,, for all but finitely many
indices.



5. Consider the set of natural numbers N with the discrete topology. Let 5(N) be the Stone-Cech
compactification of N. Show that 3(N) is not sequentially compact.






