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1. Consider the following topological space. Let I = [0, 1] and let X = I x {1,2}. Let

B={(B(x,r) x {1,2)\{(z,2)} : xel,r>0}U{{(x,2)} : x €I} U{D}.

Here B(x,r) is the interval (z — r,x + r) N I. We note that 3 is a basis of topology; call it 7.
Show that

(i) (X, 7) is compact.

(ii) (X, 7) is normal.

(iii) (X, 7) is first countable, but not second countable.



2. LetY = Il ¢jo,yR (thatis Y = RI-1). Consider the product topology on Y. Consider the subset
E of Y that consists of all functions f that take value zero at a finite number of x € [0, 1] and
that take value 1 otherwise.

(i) Prove that the function f; = 0 belongs to E.
(ii) Prove that f, ¢ E (the sequential closure of F).

(ii1) Find a function @ : Y — R such that @ is sequentially lower-semicontinuous, but not lower
semicontinuous. Prove that it has the desired property.



3. Let (X, 7x) and (Y, 7y) be topological spaces and let 7 be the product topology on X x Y. Show
that if X and Y are compact spaces then the product (X x Y, 7) is compact too.



4. Let (X, 7) be a separable normal topological space and let A C X be closed. Show that if the
induced topology on A is discrete then A is at most countable.



5. Let f € C([0,1],R) be such that
1
/ f(z)z*"dxr =0
0

forall n € NU {0}. Show that f(x) = 0 for all z € [0, 1].

[Hint: Show that f can be approximated by polynomials of the form P, (z?) (so only even powers
are used). Then consider fol(f(x) — P,(2?))%dx.]






