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1. Consider RY endowed with the box topology, that is the topology with the base
B = {HUZ . U; is open in]R}.
n=1

Show that f,g € RY belong to the same connected component of RY if and only if there
exists ng such that for all n > ng, f, = gn.



2. Let (X, <) be a well-ordered uncountable set. Recall that a set is well ordered if it is linearly
ordered and every nonempty subset has a minimal element. We define the intervals

(a,b) :={r e X : a<z<b}
la,b] ={z € X :agx=x0b}

Let 0 be the smallest element of X. Let w; = min{zx € X : [0, 2] is uncountable}. Consider
the order topology on Y = [0,w), that is the topology with the basis

B={(a,b) : a,beY}U{[0,b) : beY}.
Show that

(i) Y is not compact.
(ii) Y is countably compact, that is every countable open cover has a finite subcover.
Hint: To show (ii) it is useful to show that Y does not have a closed countable infinite

subset on which the induced topology is discrete. To do so assume A is such a subset. Let
f=min{z €Y : [0,2] N A is infinite }. Show that § is a limit point of A.



3. (i) [15 points| Assume that X is a T} space such that for every C' closed and every W open
such that C' C W there exists a sequence of open sets {W,,},—1 2, such that

gooe

cclyw, and (vn)W,CW.

n=1

Show that X is Tj.
(i) [5 points| Show that any 2nd countable T3 space is Tj.



4. Let X = C([0,1],R). Define for f,g € X
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(i) Show that d is a metric on X.
(ii) Show that (X, d) is not a complete metric space.



5. Let {fn}n=12.. be a sequence of continuous functions on [0, 1] with values in R. Assume
that f,, are differentiable on (0, 1] and assume that for all n and all x € (0, 1]

Also assume fol fu(z)dz = 0. Prove that {f,},z12
quence.

has a uniformly convergent subse-
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