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This test is closed book: no notes or other aids are permitted. You may use
without proof standard results from the syllabus which are independent of the
question asked, unless explicitly instructed otherwise. You must, however, clearly
state the result you are using.

1. Let (X, ‖·‖) be a normed space and let T : X → X be a linear operator.

(a) Define what it means for T to be compact.

(b) Let T : X → X be a linear compact operator. Prove that either the homogeneous
equation

x− T (x) = 0
has a nontrivial solution x ∈ X \ {0} or for every y ∈ X the equation

x− T (x) = y

has a unique solution x ∈ X.1

2. Let (X, ‖ · ‖) be an infinite dimensional Banach space and T : X → R a linear discon-
tinuous function. Define

‖x‖T := ‖x‖+ |T (x)|, x ∈ X.

Prove that ‖ · ‖T is a norm and that (X, ‖ · ‖T ) is not a Banach space.

3. Let (X, ‖ · ‖) be a Banach space, Y ⊂ X a subspace, and L0 ∈ X ′. Prove that there
exists L1 ∈ Y ⊥ such that

inf
L∈Y ⊥

‖L− L0‖X′ = ‖L1 − L0‖X′ ,

where Y ⊥ = {L ∈ X ′ : L(x) = 0 for all x ∈ Y }.

4. Let (X, ‖ · ‖) be a reflexive Banach space and Y ⊂ X be a closed subspace. Prove that
(Y, ‖ · ‖) is reflexive.

5. Let 1 < p < ∞ and consider the space Lp([0, 1]), where the underlying measure is the
Lebesgue measure. Consider the sequence of functions

fn(x) = sin(2πnx), x ∈ [0, 1].

Prove that {fn}n converges weakly in Lp([0, 1]), but not strongly in Lp([0, 1]).

1Don’t just quote the Fredholm alternative theorem. I am asking you to prove the Fredholm alternative
theorem.


