Differential Equations: Basic Exam

Tuesday, January 21, 2020, 4:30-7:30pm
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Differential Equations : Basic Exam

Notation
e Unless otherwise stated, | - | denotes the Euclidean vector norm in R"™ (n € N): For a vector
T = (1‘17 R ’xn) (S Rn7 |J}| = (Jj? _|_ e _|_ x%)l/Q.

° RZO Z{JJER‘.’L‘ZO}

e For a function y = y(t) depending on a variable ¢ € R (or a subset of R), 4/(¢) denotes the
derivative with respect to that variable

vy = 20,

e For a function u = u(t,z) = u(t,z1,...,2,) (x = (21,...,2,) € R") depending on several
variables, its partial derivatives with respect to the variables are denoted by

0 5}
—u(t,x) = Owu(t,x) = us(t, x), a—;i

= ) = . j = 1 P .
5 (t,z) = Op,u(t, ) = ug, (t, ), j R )

We use powers to indicate we apply several partial derivatives, e.g., "g% = 0?u = 0;0pu or
°u _ 93 _
925 = 05, = 0,05,0,.

e
azj

e For a scalar valued function u = u(x) (depending on space) or a function u = u(t,z) (de-
pending on space and time), we denote the gradient with respect to the spatial variables by
Du = (0z,u,...,0,,u) and the Laplace operator

n
Ay = g 92 u.
J
Jj=1

e For aset U C R", n,m € N we denote

Co(U;R™) = {u: U — R™ | u is continuous}

CH(U;R™) = {u: U — R™|u is k times continuously differentiable}
C®(U;R™) ={u: U — R™|u is infintively often continuously differentiable}
CHU;R™) = {u:U — R™|u € C*(U,R™) and compactly supported in U}
CPU;R™) ={u:U = R™|ue C°U,R™) and compactly supported in U}

We say f is smooth if f € C>(U;R™) and write C*(U) = C*(U;R) etc.

e A function f : U — R™ (U C R"™ a set, n,m € N) is Lipschitz continuous if there exists a
positive real constant K such that for all x1, x5 € U,

|f(z1) — f(22)| < K2y — 22
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Differential Equations : Basic Exam

Problem 1: ODEs

Let f : R>g x R — R be continuous and assume that its derivative 0, f(¢,y) with respect to the
variable y is continuous and satisfies 0, f (¢, y) < k(t) for a continuous function k : [0, 00) — R. We
consider the ordinary differential equation

y'(t) = fty), telo,a), y0)=uy, (1)
where yo € R and « > 0 such that the solution y of (1) exists in [0, @).

a) Show that if y; () and ya(t) for ¢ > 0 are solutions of (1) with initial data y$ and yZ respectively,
they satisfy

(8~ (8] < oo | t rs)ds ) o~ 1

b) Show that (1) has solutions defined for all positive times ¢ € [0, c0).

¢) Now consider
y'(t) = f(ty(@®) + Fty(t), tel0,00), y(0)=yo, (2)

where yo € R, f,F : R>p x R — R are continuous functions, and the y-derivative of f is
continuous and satisfies 0, f(t,y) < m < 0 and f(t,0) = 0 for all ¢, and F(¢,y) satisfies
[F(t,y)| < g(t) with [;~ g(s)ds < oco. Show that under these conditions (2) has bounded
solutions in ¢ € [0, 00).

Problem 2: Harmonic functions: A maximum principle

Suppose u € C%*(R%) N CO(Ri) is harmonic in R? and bounded in Ri. Prove the maximum
principle

Sup u = sup u.

RZ OR?

H}ere R% is the half-space R% := {(z,y) € R*|y > 0} and ﬁi its closure: Ri = {(z,y) e R? |y >
0}.

Hint: Consider for ¢ > 0 the function

ve(w,y) = u(@,y) — elog(z” + (y +1)%).

Problem 3: Explicit formula for a parabolic equation

Find an explicit formula for the solution of

du+a-Du—BAu+~yu=f, t>0,zeR"
u=g, t=0,zeR"

where c € R", R 3> 0,v€R, g€ C3R"), and f € C%(]0,00) x R").
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Differential Equations : Basic Exam

Problem 4: Wave equations

Let f € C°(R™), n > 1 and let u be a smooth solution of

O*u—Au=0, t>0,rcR"
w(0,2) =0, w(0,x)= f(x), t=0,xe€R"™

t

Let v(t,x) = [, u(s,z)ds. Prove that
/ (Av(t,z))?dr < 4/ (f(x))*dx.
Problem 5: A scalar conservation law with source term

Let f : R — R be a twice continuously differentiable convex function. Assume g
Lipschitz continuous function. Consider the balance law

Ou+ 0 f(u) =g(u), t>0,zeR, u(0,z)=uo(z), t=0,zecR.

a) Define the characteristics for (3).

:R—>Risa

(3)

b) What is the Rankine-Hugoniot (jump) condition along a discontinuity for weak solutions in this

case?

c) Set f(u) =u?/2, g(u) = u and

1, z<0,
up(x) = {1

, x>0.

Find a weak solution of (3) for this case.

d) What is an entropy condition for (3)?
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