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SAMPLE BASIC EXAMINATION
DIFFERENTIAL EQUATIONS

Time allowed: 3 hours.

Problem 1

Let A € R™™"™ and suppose that its spectrum,
0(A)={z€C| det(A — zl,,x,) =0} C C,

is such that
0(A) C {z € C|Re(z) < 0}.

Let B :[0,00) = R™™ be a continuous matrix-valued function such that
| 1Bl it < .
0

1/2
where here we have written ||M], = (Z?Fl |Mz~j|2> for any M € R™ ™. Prove that 0 is an
asymptotically stable solution to the ODE

#(t) = (A+ B(t)z(t).

Problem 2

Let I" denote the fundamental solution to the Laplacian (a.k.a. the Newton potential).

1. State the formula for I' in R™ for n > 2. Define any constants that you use.

2. Suppose that ¢ € C%(R"), i.e. ¢ is twice differentiable and has compact support. Prove that
the function u : R®™ — R defined by

u(r) = / [z — y)p(y)dy

is well-defined and that u € C*(R™) and satisfies Au = .



Problem 3

Suppose that v : R x [0,00) — R is a bounded solution to the heat equation:

U(,O) =f

for f € C)(R) = C°(R) N L*°(R) satisfying

{@u(m,t) = 0?u(z,t) forz € Rt >0

lim f(z)=aand lim f(z)=0b.
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Show that tlim u(z,t) exists for all € R and compute its value.
—00

Problem 4

Consider the problem
O2u(x,t) = O%u(w,t) for x,t > 0,
u(z,0) = g(z forz >0
Oyu(x,0) = h(z) forz >0

Ou(0,t) + A0u(0,t) =0 for ¢t > 0,
for initial data g, h € C'*([0, 00)) satisfying g(0) = h(0) = 0.

1. Assume that A # 1. Give an explicit formula for the solution w. [Hint: You may consider the
general solution to the wave equation: F(x +t) + G(x —t).]

2. Now assume that A = 1. Present data g and A for which the problem has no solution. Prove
that there is no solution.

Problem 5

Find the entropy solution to the following problem:

Ou(x, t) + (u(z,t))*0pu(z,t) =0 forx € Rt >0
U(', 0) =0,

where g : R — R is given by



