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CARNEGIE MELLON UNIVERSITY

SAMPLE BASIC EXAMINATION
DIFFERENTIAL EQUATIONS

Time allowed: 3 hours.

Problem 1

Suppose that f: R" — R" is Lipschitz continuous, i.e. there exists a constant K > 0 such that
|f(z) = f(y)l < K|z —y| for all 2,y € R".

1. Prove that the initial value problem

(IVP) {j:(t):f(x(t)) for ¢ > 0

z(0) = xg

admits a unique global solution (i.e. the solution exists for all ¢ > 0) for every choice of initial
data zo € R".

2. Define the flow map associated to f to be the map n : R" x [0, 00) — R™ given by n(y,t) = z(t),
where x solves (IVP) with zg = y. Prove that for each ¢t > 0, the map n(-,t) : R* — R" is
Lipschitz continuous.

3. Let n be the flow map associated to f. Prove that for ¢,s > 0 and y € R™ we have the identity

nn(y,s),t) =n(y,t +s).

Problem 2
1. Let u be a positive harmonic function on a ball B(0,2r) C R" for » > 0. Show that for all
x € B(0,r)
n—2 r— |l’| n—2 T+ |LIZ"
—————u(0) < u(z) <r" —————u(0).
(r =+ fa )t (r — [a])"

Hint: Use the Poisson’s formula: Let w be a harmonic function on ball B(0, R) equal to a
continuous function g on dB(0, R). Then

R? — |z? 9(y)
) = l(B0, ) R /aBm,R) EET

2. Recall that Liouville’s theorem establishes that every bounded harmonic function on R™ must
be constant. Show that in fact every positive harmonic function on R™ must be constant.



Problem 3

Suppose that u : R™ x [0,00) — R is the solution to
Owu=Au in R x (0, 00)
u('? 0) =9

for some g : R — R that is bounded and continuous. Further suppose that there exist constants
2
A, a > 0 such that we have the bound |u(z,t)| < Ae®®” for all x € R™ and ¢ > 0.

1. Let R€ O(n) ={M € R™" | MMT = I'}. We say a function f : R" — R is R—invariant if
f(Rz) = f(x) for all x € R™. Prove that if g is R—invariant, then u(-,¢) is R—invariant for
each t € [0,00).

2. Prove that if g is radial, then u(-,t) is radial for each ¢ € [0, 00).

3. Let w € R"\{0}. We say that a function f :R" — R is w—periodic if f(z + w) = f(z) for all
x € R™. Prove that if g is w—periodic, then u(-,t) is w—periodic for each ¢ € [0, c0).

4. Prove that if g is odd / even then u(-,t) is odd / even for each ¢ € [0, 00).

Problem 4

Suppose that g,h € C®(R). Let u € C*(R x [0,00)) be the solution to the wave equation
O2u(x,t) = O%u(w,t) for z € Rt >0
U(-, O) =9, atu('u O) =h.
1. Prove that
[ Mot + e o= [ (B + Dag@)]) ds
R R
for all ¢ > 0.

2. Prove that there exists 7" > 0 such that for ¢ > T we have the “equipartition of energy”
identity

/|8mu(x,t)|2da::/|8tu(x,t)|2dx.
R R

Problem 5

Suppose that f: R"™ x [0,00) — R is continuous. Solve the transport equation
Owu(z,t) + a(x,t) - Vu(x,t) = f(x,t) forx € R" ¢t >0
{U(% 0) = g(x)
for the following choices of a : R™ x [0, 00) — R".
1. a(z,t) = Az + b for A a constant n x n matrix and b € R” a constant.

2. a(z,t) = bh(t) for b € R™ a constant and h : R — R continuous.

3. n=1and a(z,t) = —tz.



