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Motivating Science Topic: Space Weather Monitoring

Motivating Science Topic: Space Weather Monitoring

Weather within our atmosphere: rain, snow, heat, and wind. Space weather: radio blackouts,

solar radiation storms, and geomagnetic storms caused by disturbances from the Sun.
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Motivating Science Topic: Space Weather Monitoring

Motivating Case in Space Weather: The TEC

Earth’s Ionosphere: part of the upper atmosphere ionized by extreme ultraviolet

(EUV) and x-ray solar radiation. Figures: Ionospheric effects on radio

propagation and measurement of the total electron content (TEC).
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Motivating Science Topic: Space Weather Monitoring

Importance of Monitoring Total electron content (TEC)

• The change in the path and velocity of radio waves in the ionosphere greatly
impacts the accuracy of satellite navigation systems such as GPS/GNSS.

• Neglecting changes in the ionospheric TEC can introduce tens of meters of
error in the position calculations. The more electrons in the path of the

radio wave, the more the radio signal will be affected.

• For ground-to-satellite communication and satellite navigation, TEC is a
good parameter to monitor for possible space weather impacts.
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Motivating Science Topic: Space Weather Monitoring

Motivating Case in Space Weather: The TEC Data

Global total electron content (TEC) time series: TEC is an essential quantity

for space weather monitoring but is sparsely observed, especially in the oceanic

regions due to the lack of ground-based receivers.

(A) Madrigal TEC map
(~74% missing)
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(C) IGS TEC maps
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(B) Madrigal TEC map with median filter
(~47% missing)
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Figure 1.1: (A) Global Total Electron Content (TEC) Map, white pixels are missing

data; (B) Median-Filtered TEC Map. (C) The popularly used imputation of the TEC in

the geoscience community (spherical Harmonics) is typically overly smoothed.
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Motivating Science Topic: Space Weather Monitoring

Statistical Problems with TEC Data

Spatio-temporal tensor data expressed as a 3-mode tensor data X ∈ Rm×n×T :
• X consists of a time series of spatial data. Let X::t := Xt ∈ Rm×n.

• Each Xt is spatial data collected on an m × n grid, and is only
partially observed. For Xt , binary matrix Ωt denotes the missingness:

Ωt(i , j) =

{
1, if Xt(i , j) is observed,

0, if Xt(i , j) is missing.

• Statistical questions:

1 Video Completion: given the observations in X1, . . . ,XT (indexed by

Ω1, . . . ,ΩT ), can we impute the missing values?

2 Map Prediction: given the observations in X1, . . . ,Xt−1, and other (global)

vector time series predictors, can we predict Xt?

3 Proper uncertainty quantification for the two problems above.
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Imputation: Spatio-Temporal Matrix Completion Method (VISTA) Matrix Completion Literature

Imputation Problem Formulated as Matrix Completion

The Matrix Completion Problem

• Partially observed m × n matrix: X.
• Binary indicator of observed entries: Ω.
• Projection operator: PΩ(·), where

PΩ(X) =

{
X(i , j) if Ω(i , j) = 1

0 if Ω(i , j) = 0
.

The matrix completion problem seeks a matrix X̂ ∈ Rm×n such that:

X̂ = argmin
M∈Rm×n

∥PΩ (X−M) ∥2F︸ ︷︷ ︸
goodness-of-fit on the observed entries

+

penalty of matrix complexity︷ ︸︸ ︷
λg(M) .
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Imputation: Spatio-Temporal Matrix Completion Method (VISTA) Matrix Completion Literature

Matrix Completion for Spatial Data: Does it Work?

The soft-Impute algorithm in [Hastie et al., 2015] gives:

Figure 2.1: Left: Source matrix. Right: Imputed matrix based on Soft-Impute.

The result is problematic scientifically because the completed maps are:

• not spatially smooth (the blue bands); and
• not informative when missingness are spatially clustered (the red box).
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Imputation: Spatio-Temporal Matrix Completion Method (VISTA) Matrix Completion Literature

Alternative: Kernel Smoothing for Matrix Completion

Recall the matrix completion problem:

X̂ = argmin
M∈Rm×n

∥PΩ (X−M) ∥2F + λg(M).

In a kernel smoothing method, one assumes that M is a discrete evaluation of an

unknown function f on the matrix grid. Specifically,

M(i , j) = f (sij)

where sij ∈ R2 is the spatial location of the (i , j)-th entry. And g(M) is a penalty
on the functional parameter g, e.g., the functional norm in a Hilbert space.

Widely adopted kernel in space weather: spherical Harmonics.
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Imputation: Spatio-Temporal Matrix Completion Method (VISTA) Matrix Completion Literature

Alternative: Kernel Smoothing for Matrix Completion

Figure 2.2: Example of Spherical Harmonics Kernel Smoothing

The result from Spherical Harmonics fitting is:

• poorly fitted over the observed entries; and
• overly smooth locally but capture the global trend.
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Imputation: Spatio-Temporal Matrix Completion Method (VISTA) The VISTA Method

Proposed Method: The VISTA Approach

We aim to develop a method that:

• simultaneously imputes all X1, . . . ,XT ;
• fits well on the scattered missing entries in X1, . . . ,XT , and
• fits well over the large-patch missingness.

A novel tensor completion approach, named VISTA, bridges

• Soft-Impute ALS: low-rank matrix completion method, and

• Spherical Harmonics: kernel smoothing method, while

• accounting for temporal continuity & temporally varying missingness.
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Imputation: Spatio-Temporal Matrix Completion Method (VISTA) The VISTA Method

Proposed Method: The VISTA Approach

VISTA Video Imputation Method

We impute X ∈ Rm×n×T by finding the minimizer of:

min
At∈Rm×r ,Bt∈Rn×r ,∀t∈[T ]

1

2

T∑
t=1

∥PΩt
(
Xt − AtB⊤t

)
∥2F + gλ(A1, . . . ,AT ,B1, . . . ,BT )

where gλ(·) has the following three terms:

• λ1
2

∑T
t=1

(
∥At∥2F + ∥Bt∥2F

)
: the Soft-impute penalty;

• λ2
2

∑T
t=2 ∥AtB⊤t − At−1B⊤t−1∥2F: the Temporal smoothness penalty;

• λ3
2

∥∥Yt − AtB⊤t ∥∥2
F: the Auxiliary algorithm (data) penalty.

We coined the term VISTA since the method is a Video Imputation method with

Soft-impute, Temporal-smoothing and Auxiliary data.
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Imputation: Spatio-Temporal Matrix Completion Method (VISTA) Simulation & Real Data Experiment

Simulation Experiment - Design

Figure 2.3: (A) Ground Truth; (B) random+non-temporal+70%; (C)

random+temporal+70%; (E) patch+non-temporal+63× 63; (F)
patch+temporal+63× 63.
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Imputation: Spatio-Temporal Matrix Completion Method (VISTA) Simulation & Real Data Experiment

Simulation Experiment - Result

Figure 2.5: Patch+non-temporal missing (left) and Patch+temporal patch missing

(right) results. The scatter points show the average test set RSE margin over the

baseline softImpute method, positive means performance better than softImpute.

Error bar gives the 95% confidence interval.
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Imputation: Spatio-Temporal Matrix Completion Method (VISTA) Simulation & Real Data Experiment

Real Data Implementation - Result

Applying the VISTA method to the high-resolution global TEC data:

Figure 2.6: Storm day is Sept-08, 2017 and non-storm day is Sept-03, 2017.
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Imputation: Spatio-Temporal Matrix Completion Method (VISTA) Simulation & Real Data Experiment

Summary

In this project, we:

• propose a spatiotemporal video completion method VISTA by modifying
classical matrix completion method with:

1 temporal variation regularization;

2 regularization based on an auxiliary data/algorithm (kernel smoothing)

• establish the convergence guarantee of the algorithm;

• validate the method with extensive simulation & real data experiments.

Our paper: Sun, H., Hua, Z., Ren, J., Zou, S., Sun, Y., & Chen, Y. (2022).

Matrix Completion Methods for the Total Electron Content Video

Reconstruction. The Annals of Applied Statistics, 16(3), 1333-1358.
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Data Product: Constructing A Space Weather Database with VISTA

The VISTA TEC Database

Figure 3.1: The VISTA TEC Open Source Database [link].
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Data Product: Constructing A Space Weather Database with VISTA

The VISTA TEC Workflow

Figure 3.2: The Database Generating Workflow. Image source: Sun et al. [2023].
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Data Product: Constructing A Space Weather Database with VISTA

Sample of the VISTA TEC Database

Figure 3.3: TEC maps throughout the workflow. Image source: Sun et al. [2023].
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Data Product: Constructing A Space Weather Database with VISTA

Summary

In this project, we:

• create a 16-year spatiotemporal database for the global TEC with VISTA;

• achieve higher imputation accuracy and higher spatiotemporal resolution as
compared to previous open source databases;

• validate the imputed entries in the VISTA TEC maps with an independent
data source.

Our paper: Sun, H., Chen, Y., Zou, S., Ren, J., Chang, Y., Wang, Z., &

Coster, A. (2023). Complete Global Total Electron Content Map Dataset based

on a Video Imputation Algorithm VISTA. Scientific Data, 10(1), 236.
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Completion: FLOST

Motivation

• Restating the TEC Completion problem as a tensor completion problem:
T = [X1, . . . ,XT ] ∈ RM×N×T with missingness given by
Ω = {(i , j , k), ωijk = 1}, where ωijk ∼ Bernoulli(p).

• Existing approach: low-rank structures given by CPJain and Oh [2014]; Cai
et al. [2022a], Tucker Xia and Yuan [2019]; Xia et al. [2021]; Li et al.

[2023], Tensor-Train (TT) Cai et al. [2022c,b], and tubal-rank Zhang and

Aeron [2016]; Liu et al. [2019]; Jiang and Ng [2019]; Song et al. [2023].

• Unique challenge:

• stable/slow-varying TEC for many regions

• rapid fluctuations for certain regions (geomagnetic storm)
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Completion: FLOST

Definition

Definition (Fourier Low-rank and Sparse Tensor)

We say a tensor T ∈ RM×N×T is (r,K , s)-FLOST for r = (r1, · · · , rK ), if

rank(T ×3 f⊤l ) ≤ rl , l = 1, · · · ,K , ∥T ×3 F⊤1 ∥0 ≤ s,

where F1 = [fK+1, · · · , f⌈ T+1
2
⌉] and K ≤ ⌈

T+1
2 ⌉.

Figure 4.1: Structure of FLOST in the frequency domain.

Here, T ×3 f⊤l extracts the l-th frontal slice of the tensor in the frequency
domain, and T ×3 F⊤1 corresponds to the collection of high-frequency slices.

Yang Chen (U-M Stats) tensor completion 25 / 34



Completion: FLOST

Model and Loss

Let T0 ∈ RM×N×T be a tensor that is (r,K , s)-FLOST. We can obtain a
collection of partially observed and noisy entries where the sampling indicator

ωijt = 1:

Yijt = [T0]ijt + Eijt .

Here E represents the random noise independent of {ωijt}ijt . We propose:

T̂ := arg min
T ∈RM×N×T

1

2
∥T − p−1PΩ(Y)∥2F +

K∑
l=1

λ1,l∥T ×3 f⊤l ∥∗ + λ2∥T ×3 F⊤1 ∥ℓ1 .

(1)

Here the nuclear norm and ℓ1 norm are the regularizations for the low-rank and

sparse structures, respectively.
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Completion: FLOST

Computation

Parallel Implementation:

Since ∥T − p−1PΩ(Y)∥2F =
∑T
t=1 ∥

(
T − p−1PΩ(Y)

)
×3 f⊤l ∥2F, the optimization

problem in (1) can be equivalently written as K + 1 independent problems in the

Fourier domain:

T̂l = argmin
T

1

2
∥T− p−1PΩ(Y)×3 f⊤l ∥2F + λ1,l∥Tl∥∗, l = 1, · · · ,K (2a)

T̂ 1 = argmin
T

1

2
∥T − p−1PΩ(Y)×3 F⊤1 ∥2F + λ2∥T ∥ℓ1 . (2b)

Once we obtain T̂l , T̂ 1, we first concatenate these matrices/tensor, then apply
the inverse Fourier transform to recover the estimator for T0.
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Completion: FLOST

Theoretical Guarantee

Corollary

Assume the noise Eijt are independently distributed centered sub-Gaussian
random variables with proxy variance σ2, and maxijt |[T0]ijt | ≤ γ. Choose

λ1,l ≥ C1(σ ∨ γ)
(√
(N ∨M) log(M ∨ N)

√
p

+

√
log3(M ∨ N)
p
√
T

)
,

λ2 ≥ C2(σ ∨ γ)
(√
log(M ∨ N ∨ T )

√
p

+
log(M ∨ N ∨ T )√

Tp

)
.

Assume n ≥ max
{
(M ∧ N),min

{
(M ∧ N) s∑

l
rl
,MN

}}
, then

1

MNT
∥T̂ − T0∥2F ≤ C̃

∑K
l=1(M ∨ N)rl + s

n
(σ ∨ γ)2

holds with probability exceeding 1− 2(M ∨ N ∨ T )−10.
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Completion: FLOST

Numerical Performance

Method T = 100 T = 500 T = 1000

Test RMSE Time Test RMSE Time Test RMSE Time

FLoST
0.5183

± 0.0123

0.06

± 0.00

0.5216

± 0.0132

0.31

± 0.02

0.5198

± 0.0147

0.69

± 0.05

Ablation
0.5318

± 0.0004

0.16

± 0.01

0.5298

± 0.0002

0.89

± 0.08

0.5292

± 0.0001

2.03

± 0.16

RCGD
0.5785

± 0.0005

0.47

± 0.01

0.5753

± 0.0002

2.81

± 0.18

0.5743

± 0.0002

6.59

± 0.47

Alt-Min-LS
0.5423

± 0.0006

8.88

± 0.10

0.5406

± 0.0003

47.76

± 2.85

0.5399

± 0.0002

95.24

± 4.17

LRTC-TNN
0.5591

± 0.0005

9.91

± 0.52

0.5543

± 0.0002

53.14

± 4.84

0.5522

± 0.0002

121.33

± 10.52

PRGD
0.5496

± 0.0004

6.18

± 0.36

0.5475

± 0.0002

33.15

± 1.65

0.5469

± 0.0001

67.37

± 4.83

Table 1: Abalation: FLoST with no sparsity. LRTC-TNN [Lu et al., 2019], Alt-Min-LS [Liu
et al., 2019] PRGD [Zhang et al., 2025].

Yang Chen (U-M Stats) tensor completion 29 / 34



Completion: FLOST

Conclusions

• VISTA TEC Database construction [Sun et al., 2022, 2023].

• FLoST Tensor Completion Algorithm [Li et al., 2025].

• Tensor completion with uncertainty quantification (UQ):

• Conformalized tensor completion [Sun and Chen, 2024];

• UQ for low-tubal rank tensor completion [Shang et al., 2026].

• Video/tensor prediction [Wu et al., 2026; Sun et al., 2024].

• Check out our newly developed spaceweatherlab.org
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