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Aspects of Likelihood Free /
Simulation-based Inference 
for Particle Physics
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HEP is Likelihood-Free
The data-generating process in particle physics is defined 
by a long sequence of complicated stochastic transitions
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x θ
p(zh |zp) p(zp |θ)p(x |zh)∫ dzp(x |θ) =



Traditionally, inference is done by a series of per-event 
manually derived summary statistics
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approximate inference: p(θ |x) ≈ p(θ |λϕ(x))

x θ

what’s the best way to compress the data?

HEP is Likelihood-Free



ML-driven SBI
More recently, ML techniques have changed how we think 
about this simulation-based inference workflow

7Likelihood-Ratio Trick



A catch: the data and parameters in particle physics is high-
dim. in three different ways, which impacts the SBI workflow
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𝒟 = {x1, …, xk}, k = 103,106,109, …

Three Types of High Dimension

x ∈ ℝ108

high-dimensional data extremely large datasets large(ly nuisance) 
parameter spaces

θ ∈ ℝ102−3 μ ∈ ℝ1−2



Three Types of High Dimension
In particle physics we want to do inference on the full 
set of particle events we record (potentially billions!)
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𝒟 = {x1, x2, x3…xn}
p(θ |𝒟)

where we assume the data emerges from an i.i.d process

p(𝒟) |θ)
p(𝒟 | ̂θ)

Bayes Frequentist

xi ∈ 𝒟 xi ∼ p(x |θ) potentially set cardinality depends on  
(in HEP-speak “extended likelihood”)

θ



A stymied situation
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Data event-level SBI Artifact
Data event-level SBI Artifact

Data Event-level SBI Artifact
Dataset Level 

Stats Workflow result

The SBI workflow in HEP was therefore never really fully 
“end-to-end” but always had a “Traditional Stats” component

vs.

Data Dataset-level SBI resultDataData



Example
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1) Train an event-level L’hood-ratio estimator rϕ(x, θ) =
p(x |θ)
p(x |θ0)

2) Full-dataset likelihood ratio 

R(θ) =
p(𝒟 |θ)
p(𝒟 |θ0)

= ∏
i

p(xi |θ)
p(x |θ0)

3) Run inference (MCMC, MLE, …) on the dataset-level R(θ)

Important: 
exploiting the fact that 
Lhood ratios compose

Can we get to a fully end-to-end setup?



Another Problem
A lot of inference targets the subset of the full parameter 
space: parameters of interest vs nuisance parameters

Bayes Frequentist

p(μ |𝒟) = ∫θ≠μ
p(θ |𝒟) p(𝒟 |μ, ̂ ̂ν)

p(𝒟 | ̂μ, ̂ν)
=

supθ≠μ p(…)
supθ p(…)

But to compose full-dataset likelihood-(ratio) we need to 
train SBI methods on the full parameter space → expensive!

profile likelihoods / marginal posteriors do not compose



Dataset-level SBI
With data-set level SBI you can target the low-dimensional 
inference result directly & quickly without intermediate steps
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Example: Learning to Profile
The likelihood ratio trick is a simple argument

The likelihood ratio is the optimal statistic (a function) for hypo-
testing, so function optimization (ML) for discrimination power  
must converge to it

The low-dimensional equivalent is the profile likelihood ratio

If we can find an argument why / how the profile likelihood statistic 
(a function) is optimal, we can find it with machine learning!



Example: Learning to Profile
Wald (1943) showed that there is a sense in which the profile 
likelihood is optimal (and thus findable with optimization)

pLR has best average power for hypos 
equidistant to a given POI value

NPNP

POI

average 
power of  

alternatives

<latexit sha1_base64="h1KZj3k3iKDmCGlShdzU2Kt2D0k="></latexit>

t(x|µ) = �2 log
p(x|µ, ˆ̂⌫)
p(x|µ̂, ⌫̂)



Example: Learning to Profile
For counting experiments, this was easy to show, i.e. 
sets where we ~only consider the cardinality!

main measurement side-band

f(𝒟) → c1, c2, …cn

p(c1, c2 |μ, ν) = Pois(c1 |μs + νb) Pois(c2 |ν)



Beyond Cardinalities
If we want to go beyond simple examples, the SBI workflow 
at the dataset level becomes more complicated

(𝒟, θ) ∼ p(𝒟 |θ)p(θ)

The simulator is now a simulator of variable-sized sets

θ1 N z x
N

θ2

→ some  impact the set itself, some only set membersθ



The naive approach
There is a rich literature for set embeddings in ML literature 
→ foundational method Deep Sets, then Transformers …

+

…

This structure is sufficient to model any functions of a set

𝒟 p(θ |𝒟),
p(𝒟, μ, ̂ ̂ν)
p(𝒟) | ̂μ, ̂ν)

, …



Small Diversion
We can see that Deep Sets are sufficient, because they 
are either collections of moments or essentially histograms

…
+

…

f̄i = 𝔼[ fi(x)

→ Riesz-Markov-Kakutani Theorem and related

During learning, Deep Sets choose what projection to histogram what 
expectations to measure in order to fully characterize p(x |θ)



Unsurprisingly it works
The standard SBI workflow on sets (of course) works

.. but it doesn’t scale to very large sets (thousands, millions) 
→ every forward pass processes the full set, scales with |𝒟 |



Scaling to Large Sets
To scale to large sets, we’re looking for embeddings of  
that are approximately (Bayesian) sufficient for 

𝒟

p(θ |𝒟) ≈ p(θ |Eϕ(𝒟))

Question: Can we find a training procedure that produces a 
sufficient embedding of datasets without training on full 𝒟



Scaling to Large Sets
Assumption*: for inferring  ther eis a per-sample embedder 

 whose pooling + cardinality  is minim. sufficient
θ

t⋆(x) |𝒟 |

+

…

t⋆
t⋆
t⋆

t⋆

t̄⋆

N

p(θ |N, t̄⋆)

≈ p(θ |𝒟)

(N, t̄⋆) = (N, ∑
i

t⋆(xi))
minim. sufficient

How can we efficiently find the embedder  ?t⋆(x)

* true in e.g. exponential family



PAIRS*: Small-Cardinality Pretraining
Simple result: we can find a sufficient embedder by pre-
training on small-cardinalities (N=2)

tω
tω
tω

tω

* Pretraining Aggregators for Inference at Arbitrary Set-Sizes
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Simple result: we can find a sufficient embedder by pre-
training on small-cardinalities (N=2)
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pretrain at small N 
( )N = 1,2

* Pretraining Aggregators for Inference at Arbitrary Set-Sizes
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1) pretrain at small N 2) finetune the head to re-optimize to arbitary N

finetune

🔥
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PAIRS*: Small-Cardinality Pretraining
Simple result: we can find a sufficient embedder by pre-
training on small-cardinalities (N=2)

tω
tω

N = 2

tω
tω

Ntω

tω

…
+ t̄⋆

1) pretrain at small N 2) finetune the head to re-optimize to arbitary N

finetune

🔥

* Pretraining Aggregators for Inference at Arbitrary Set-Sizes

🔥 🔥

Large-N Set Embed can be cached! Not part of forward pass



PAIRS*: Small-Cardinality Pretraining
Consequence: we can do a fully neural end-to-end 
inference pipeline with no explicit MCMC / Profiling, etc 
→ without ever training on full-scale sets

tω
tω
tω

tω

* Pretraining Aggregators for Inference at Arbitrary Set-Sizes



Applications
Very motivated by HEP, but set-level inference appears in  
many appliations in biology, astronomy, vision, ….

tω
tω
tω

tω



Summary & Outlook
SBI in Particle Physics is tough because of three “high-D”: 
→ instance size, dataset cardinality, parameter space

Problem can be generalized / formalized as “end-to-end SBI 
on large-scale i.i.d. sets” 

For a large-class of problems pretrain-finetune is an efficient 
strategy to produces an embedder that is still ~optimal

Can do dataset-level SBI without O(N) forward pass and 
without a secondary stats. step



Proof Sketch

ad i) if you know sufficiently many moments you know  (Riesz)p(x)

f̄k = ∫ fk(x)p(x) with fk = ℱ f̄k ≈
1
N ∑

k

fk(xi)

To know a iid dataset  “sufficiently” you “just” need to know 
i) know  
ii) know N

𝒟
p(x)

ergo: knowing ( 1
N ∑

k

fk(xi), N) ≈ sufficient stat f(𝒟)


