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leading lepton pair are removed, is presented in Fig. 1.

 [GeV]34m
20 40 60 80 100

Ev
en

ts
/5

 G
eV

0

20

40

60

80

100 Data
(*)ZZ

tZ+jets,t
H(125 GeV)
Syst.Unc.

ATLAS

-1Ldt = 4.8 fb∫ = 7 TeV: s
-1Ldt = 5.8 fb∫ = 8 TeV: s

4lÆ
(*)ZZÆH

Figure 1: Invariant mass distribution of the sub-leading lepton pair
(m34) for a sample defined by the presence of a Z boson candidate and
an additional same-flavour electron or muon pair, for the combination
of
→
s = 7 TeV and

→
s = 8 TeV data in the entire phase-space of the

analysis after the kinematic selections described in the text. Isolation
and transverse impact parameter significance requirements are applied
to the leading lepton pair only. The MC is normalised to the data-
driven background estimations. The relatively small contribution of a
SM Higgs with mH = 125 GeV in this sample is also shown.

4.3. Systematic uncertainties
The uncertainties on the integrated luminosities are

determined to be 1.8% for the 7 TeV data and 3.6%
for the 8 TeV data using the techniques described in
Ref. [92].
The uncertainties on the lepton reconstruction and

identification efficiencies and on the momentum scale
and resolution are determined using samples of W,
Z and J/ψ decays [84, 85]. The relative uncertainty
on the signal acceptance due to the uncertainty on
the muon reconstruction and identification efficiency is
±0.7% (±0.5%/±0.5%) for the 4µ (2e2µ/2µ2e) chan-
nel for m4" = 600 GeV and increases to ±0.9%
(±0.8%/±0.5%) for m4" = 115 GeV. Similarly, the
relative uncertainty on the signal acceptance due to the
uncertainty on the electron reconstruction and identifi-
cation efficiency is ±2.6% (±1.7%/±1.8%) for the 4e
(2e2µ/2µ2e) channel for m4" = 600 GeV and reaches
±8.0% (±2.3%/±7.6%) for m4" = 115 GeV. The un-
certainty on the electron energy scale results in an un-
certainty of ±0.7% (±0.5%/±0.2%) on the mass scale
of the m4" distribution for the 4e (2e2µ/2µ2e) channel.
The impact of the uncertainties on the electron energy

resolution and on the muon momentum resolution and
scale are found to be negligible.
The theoretical uncertainties associated with the sig-

nal are described in detail in Section 8. For the SM
ZZ(∗) background, which is estimated from MC simula-
tion, the uncertainty on the total yield due to the QCD
scale uncertainty is ±5%, while the effect of the PDF
and αs uncertainties is ±4% (±8%) for processes initi-
ated by quarks (gluons) [53]. In addition, the depen-
dence of these uncertainties on the four-lepton invariant
mass spectrum has been taken into account as discussed
in Ref. [53]. Though a small excess of events is ob-
served for m4l > 160 GeV, the measured ZZ(∗) → 4"
cross section [93] is consistent with the SM theoreti-
cal prediction. The impact of not using the theoretical
constraints on the ZZ(∗) yield on the search for a Higgs
boson with mH < 2mZ has been studied in Ref. [87] and
has been found to be negligible . The impact of the in-
terference between a Higgs signal and the non-resonant
gg → ZZ(∗) background is small and becomes negligi-
ble for mH < 2mZ [94].
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Figure 2: The distribution of the four-lepton invariant mass, m4" , for
the selected candidates, compared to the background expectation in
the 80–250 GeV mass range, for the combination of the

→
s = 7 TeV

and
→
s = 8 TeV data. The signal expectation for a SM Higgs with

mH = 125 GeV is also shown.

4.4. Results
The expected distributions of m4" for the background

and for a Higgs boson signal with mH = 125 GeV are
compared to the data in Fig. 2. The numbers of ob-
served and expected events in a window of ±5 GeV
around mH = 125 GeV are presented for the combined
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Figure 1. Schematic diagram depicting the evaluation of the likelihood of producing a set of observed
stellar spectra by comparing it to the predicted spectra along the mass-radius curve determined by
EOS parameters ω1, ω2. Each value of the EOS parameters determines a curve in the mass-radius
plane. Integrating along the curve, the probability of observing each star is evaluated as in figure 2.

This paper is outlined as follows. In section 2, we describe the physics of neutron star
interiors. Section 3 gives an introduction to the relevant machine learning techniques. We
describe the generation of our samples of simulated stars in section 4, and the strategy for
machine-learning-derived likelihoods in section 5. Sections 6 and 7 demonstrate the likelihood
calculation and extraction of parameter estimates for mass-radius information and EOS
parameters, respectively. Sections 8 and 9 present a discussion of the results and future
directions, respectively.

2 Background

Observation of neutron stars has long served as a way to place constraints on our knowledge of
superdense matter due to the theoretical connection between features deduced from observation
(such as gravitational mass and radius) and the underlying EOS. The theoretical connection
comes from the relativistic stellar structure equations, derived from Einstein’s field equations,
where the star’s internal structure is used to derive the stellar properties of a compact object.

For spherically symmetric, non-rotating stars comprised of isotropic material in hydro-
static equilibrium, the stellar structure is compactly summarized in the Tolman-Oppenheimer-
Volko! (TOV) equation (in geometerized units G = c = 1):

dP

dr
= →

(ε + P )(m + 4ϑr3P )
r2

(
1 →

2m

r

) , (2.1)

where m is the gravitational mass enclosed within a sphere of radius r, P is the pressure,
and ε is the energy density. This equation creates a one-to-one map from the EOS to a
mass-radius relation [23], where the inverse mapping would provide constraints on the EOS
from mass and radius values. While inverting the relativistic SSEs has been demonstrated
to be numerically intractable, mass and radius values determined by observation provide
valuable constraints on EOS; observations of high-mass pulsars (such as PSR J0952-0607,

– 3 –
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Probing the interior of neutron stars 
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(a) GAAM - Inner layer - (192, 12) (b) GAAM - Middle layer - (36, 48)*

(c) GAAM - Outer layer - (24, 24) (d) Unaware - Middle layer - (36, 48)*

Figure 3: Average generated calorimeter images from GAAM in (a) inner (b) middle or (c) outer
layers, or (d) from the geometry-unaware model middle layer, each compared the true images from
Geant4.

140.5 ms/shower for the middle and 9.6 for outer layers, compared to 2058 ms/shower with Geant4
for 65 GeV photons. However, this model had not yet been optimized for speed.

5.1 Performance in uniform segmentation

Qualitative comparison of the generated images from the GAAM and the geometry-unaware model are
shown in Fig. 3 in each layer, for several example segmentations, and compared to the truth generated
by Geant4. The GAAM reproduces the features of the true images, while the geometry-unaware
model fails to do so.

Quantitative comparison are made between histograms of energy-weighted means (Fig. 4),
shower widths (Fig. 5), and inter-layer distances (Fig. 6). The Wasserstein distances between the
distributions are given in Table 3. In each case, the GAAM outperforms the geometry-unaware
model!, and achieves a small inter-layer distance. The inner layer is particularly challenging for
GAAM due to its high granularity.

5.2 Performance in non-uniform segmentation

A major challenge for implementing generative models is the non-uniform nature of the detector
segmentation, which becomes more coarse or irregular in some regions. Performance under
non-uniform cell divisions is studied in the configuration where the middle layer has segmentation
(36, 48)*, but non-uniform cell sizes along 𝐿. Demonstration of the GAAM’s ability to learn to
generate data with larger energy deposition in larger cells is shown in Fig 3b. The slight o!-set of

!The outer layer has only a single geometry so no comparisons are made to a geometry-unaware model.
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Time to modernise?
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Traditional Approach: Design one sensitive observable

• Detector has O(100 million) sensors 

‣ Reconstruction pipeline, event selection 
‣ Design one summary variable 

‣ Compression: O(100 million) → 1 
‣ Build a 1-D histogram 
‣ Calculate likelihoods with histograms 
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•  You can rely on asymptotic approximations  

• Impact of nuisance parameters can be factored 

• We have thousands of samples, live in asymptopia, and 
likelihood ratio test is optimal
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• We have thousands of samples, live in asymptopia, and 
likelihood ratio test is optimal

Claim Self-fulfilment

• We will split data into independent analyses until claim 
becomes effectively true (shrinking statistics per analysis)

Simplified Template Cross Sections (STXS)

3

Measure production modes separately, categorising each into bins of key (truth) 
quantities (pTH, Njets, mjj)

‣ Chosen as most sensitive variables for theory predictions / signal sensitivity / new physics

Degrees of freedom on analysis design:

‣ Framework provided in different stages (e.g. stage 0, stage 1, stage 1.2) with varying degrees of granularity

‣ How are events categorised into the bins?

‣ How many / which bins to target?
-> Driven by analysis sensitivity

-> Reconstructed quantities as proxy for truth quantities
   or multivariate classifier

‣ Decay mode agnostic: well-suited for combinations
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Simplified Template Cross Sections (STXS)
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‣ How are events categorised into the bins?

‣ How many / which bins to target?
-> Driven by analysis sensitivity

-> Reconstructed quantities as proxy for truth quantities
   or multivariate classifier

‣ Decay mode agnostic: well-suited for combinations

• We will only make analysis choices that let asymptotics 
kick in (sacrificing fine-grain information)
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NSBI vs (published) histogram analysis

(a) (b)

Figure 11: (a) Values of the test statistic 𝐿𝐿o!-shell assuming a single parameter of interest 𝑀o!-shell obtained with an
Asimov dataset (expected, dashed blue) and with data (observed, solid black) in the 𝑁

→
↑ 𝑂𝑂 ↑ 4𝑃 decay channel.

The values from the histogram-based analysis [17] are added in dash-dotted lines for comparison. The dotted gray
lines show the 68% and 95% confidence belt, obtained from the Neyman construction. (b) Same values obtained
with data (observed, solid black) and Asimov dataset (expected, dashed blue) compared with the statistics-only case
with all NP fixed at their best-fit values 𝑄̂.

observed and expected values of 𝐿𝐿o!-shell=0, respectively.The red dash-dotted curve in Figure 12 shows
the expected distribution of 𝐿𝐿o!-shell=0 assuming the SM hypothesis (𝑀truth

o!-shell = 1). The 𝑅-value of the
observed value of 𝐿𝐿o!-shell=0 under the SM hypothesis is 0.11, corresponding to one-sided significance of
1.2𝑆. The green solid curve shows the shows the expected distribution of 𝐿𝐿o!-shell=0 assuming 𝑀

truth
o!-shell = 0

(no o!-shell Higgs boson hypothesis). The green dotted lines show the 𝑅-value thresholds corresponding
to the one-sided significance of 1𝑆 and 2𝑆 under this hypothesis. The evidence for o!-shell Higgs boson
production has an observed (expected) significance of 2.5𝑆 (1.3𝑆) using only the 𝑁

→
↑ 𝑂𝑂 ↑ 4𝑃 decay

channel. The evidence for o!-shell Higgs boson hypothesis has a larger significance than the one observed
(expected) in the previous histogram-based analysis [17] of the same dataset, which had a value of 0.8𝑆
(0.5𝑆).

Figure 13(a) shows the distribution of the probability density ratio 𝑅(𝑇 |𝑀o!-shell = 0, 𝑄̂)/𝑅(𝑇 |𝑀o!-shell = 1, 𝑄̂),
which is a near-optimal observable for 𝑀o!-shell = 0. The lower panel shows a comparison with the
distribution from the best-fit hypothesis depicting the data behavior that leads to the observed exclusion
of the no o!-shell Higgs boson hypothesis. The di!erence between the observed and expected values of
𝐿𝐿o!-shell=0 indicates that there are regions of phase-space where the data are more interference-like than
signal-like, as can be seen by the rightmost bins in Figure 13(a) where the observed deficit of events is
larger than expect. Given the small significance of the di!erence between expected and observed values of
𝐿𝐿o!-shell=0, it is di"cult to isolate a specific region of phase-space with this behavior.

Figure 13(b) shows the distribution of the quadruplet mass 𝑈4𝑀 and, in the lower panel, the comparison
with the best-fit hypothesis indicating that only the quadruplet mass information would not be enough to
obtain evidence of o!-shell Higgs boson production in this channels and the importance of the ME-based
analysis performed with the NSBI method. Further descriptions of the optimal observables can be found in
Appendix C.

Two methods are used to estimate the sensitivity of the measurement to di!erent systematic uncertainties.

25

Obs NSBI (no NPs)
Asimov exp NSBI
Data NSBI

Data Hist
Asimov exp Hist

ATLAS Higgs width analysis paper: arXiv:2412.01548 

https://arxiv.org/abs/2412.01548
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Uncertainties on the network estimates themselves

(a) (b)

Figure 2: Calibration curves comparing ensemble estimated 𝐿(𝑀𝐿) with the expected value from binned MC simulated
samples, for the validation of the (a) 𝑁SBI1/𝑁ref and (b) 𝑁B/𝑁ref probability density ratio estimations. The residuals,
defined as the di!erence of the MC estimate and the NN estimate, are shown in the bottom panels. The error bars
indicate the uncertainty due to the finite number of simulated events in the MC estimate of the density ratio.

(a) (b)

Figure 3: The distribution of NN output for example events (in di!erent colors), calculated from an ensemble of
classifiers trained to separate B from S samples, evaluated on (a) seven example events from B and (b) seven example
events from S. A larger spread indicates a larger uncertainty in the NN score for the event from the ensemble.

13

Distribution of NN predictions for example events
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I. INTRODUCTION

Machine learning is used ubiquitously in high-energy
physics (HEP) for a wide breadth of applications, includ-
ing jet tagging [1–6], anomaly detection [7–14], super-
vised searches for new physics [15–18], unfolding [19–28],
and generative modeling [29–37]; see Ref. [38] for a more
comprehensive bibliography. At the heart of many of
these use cases is density ratio estimation (DRE), which
is the task of inferring the ratio of two probability den-
sities given samples from each density but not the func-
tional form of the densities themselves. A paradigmatic
example of DRE in HEP is for classification tasks like jet
tagging: according to the Neyman-Pearson lemma [39],
the optimal binary classifier is given by any monotonic
function of the density ratio of the two likelihoods. The
ratio of two densities can also be used to reweight sam-
ples from one density to obtain samples from the other,
as is relevant for detector unfolding (see e.g. [19]). The
primary application we consider here is for parameter es-
timation, where DRE is the foundation for various tech-
niques in simulation-based inference (SBI) [40].

In practice, DRE is performed with a finite amount of
data and compute, so the resultant point estimate of the
density ratio will not be exactly equal to the true value.
This discrepancy should be quantified as an uncertainty
and propagated to downstream applications; see Ref. [41]
for case studies where parameter estimation is unreliable
due to mismodeling of the density ratio. To the best of
our knowledge, there are no existing frequentist meth-
ods that rigorously assess uncertainties on neural density
ratios directly. Rather, the state of the art for SBI in
HEP is to perform the Neyman construction [42], where
one treats the estimated density ratio as an arbitrary test
statistic and uses bootstrapping to determine its empir-
ical distribution. While the Neyman construction pro-
duces statistically rigorous uncertainties for downstream
parameter inference, it is computationally expensive due
to the requisite bootstrapping, and it does not provide a
notion of uncertainty on the density ratio itself.

• Genuine 95% coverage, with much smaller ensembles 
• Elegant, mathematically motivated method to estimate 

uncertainties 

arXiv:2506.00113: Benevedes & Thaler
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FIG. 1. For the Gaussian case study, coverage c(z) of a zω confidence interval for the density ratio log r for the Partition and
Bootstrap training protocols from Sec. IIIA. Each quadrant corresponds to a di!erent ensemble size M → {2, 4, 8, 16}, and each
color corresponds to a di!erent training methodology. Coverage is estimated through Ntrials = 300 trials, the solid lines are
means over Ntrainings = 10 trainings, and the shaded regions correspond to the standard error over the trainings. The dashed
line corresponds to ideal coverage, c(z) = c̄(z); the region above the dashed line corresponds to overcoverage, and the region
below the dashed line corresponds to undercoverage. In each quadrant, the upper panel shows the coverage c(z) and the lower
panel shows the residual coverage c(z)↑ c̄(z).

This is consistent with the interpretation that failure to
achieve the nominal coverage comes from model misspec-
ification; as M grows, linear combinations of the fi be-
come increasingly expressive, and model misspecification
necessarily decreases. We note that it is not always the
case that coverage improves with increasing M ; when M

becomes very large, asymptotic formulae derived with
fixed M and N going to infinity are no longer applica-
ble. We show an example of this phenomenon, and de-
scribe how to correct for it with moderate values of M ,
in App. C.

We can also observe in Fig. 1 that the di!erences in
coverage between the training protocols are largely in-
significant. For M = 2, 4, and 16, the di!erence be-
tween Bootstrap and Partition is so small that we cannot
sharply distinguish their performance over Ntrainings = 10

trainings. For M = 8, Partition does clearly outperform
Bootstrap, although in absolute terms the mean di!er-
ence in coverage is never large; it is always less than 0.05.
We also find that once the coverage has converged, i.e. in
the M = 16 case, the average sizes of the resultant confi-
dence intervals are essentially identical for both methods.

For concreteness, we explicitly show one estimator for
log r(x) and its uncertainties in Fig. 2 with M = 16,
trained using the Bootstrap protocol. A word of cau-
tion: log r̂(x) = ŵifi(x) and log r̂(x→) = ŵifi(x→) are cor-
related, with covariance equal to fi(x)Cijfj(x→). This
means that we do not necessarily expect 68% of the blue
shaded region in Fig. 2 to cover the true log r for any par-
ticular instantiation of log r̂, as coverage for one value of
x is correlated with coverage for other values. Rather,
the relevant coverage property is that for each fixed x,

Idea
l

Empiric
al coverage M: Number of 

networks in ensemble

(a) (b)

Figure 2: Calibration curves comparing ensemble estimated 𝐿(𝑀𝐿) with the expected value from binned MC simulated
samples, for the validation of the (a) 𝑁SBI1/𝑁ref and (b) 𝑁B/𝑁ref probability density ratio estimations. The residuals,
defined as the di!erence of the MC estimate and the NN estimate, are shown in the bottom panels. The error bars
indicate the uncertainty due to the finite number of simulated events in the MC estimate of the density ratio.

(a) (b)

Figure 3: The distribution of NN output for example events (in di!erent colors), calculated from an ensemble of
classifiers trained to separate B from S samples, evaluated on (a) seven example events from B and (b) seven example
events from S. A larger spread indicates a larger uncertainty in the NN score for the event from the ensemble.
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Unreliable simulator ?

• Training data can come from control regions of real data  
• Data-driven background estimation techniques work with NSBI 
• Amram & Szewc uses generative models instead of classifiers for NSBI

Figure 1: Distributions of the signal (red) and background in the sideband region (blue)

and signal regions (green). In the top plot the dashed red lines denote the boundaries of

the signal region defined by mωω . The distributions of background events in the signal and

sideband regions are seen to be similar but with visible di!erences, which will be learned

by the interpolation aspect of the HI-SIGMA approach.
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Challenging a deeply-held belief in particle physics

FTS(𝒟; μ0) = − 2 log
p(𝒟 |μ0)

∫
Θ

p(𝒟 |μ)f(μ)dμ
LRS(𝒟; μ0) = − 2 log ( p(𝒟 |μ0)

supμ∈Θ p(𝒟 |μ) )

arXiv:2507.17831: Carzon, Ghosh, Izbicki, Lee, et al

• Denominator in ‘Focused Test Statistic’ (FTS) 
knows about all alternate hypotheses
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Figure 1. Construction of confidence intervals. (Top)
To construct a p1´ωq100% confidence interval using the LRT
statistic (yellow; Eq. 1), we estimate the critical values Cµ0

(grey) via quantile regression and retain those µ0 values for
which the statistic falls below the critical value. Shown are
the critical values for 68% (dark grey) and 95% (light grey)
confidence levels, with corresponding intervals displayed be-
low the figure (dark and light yellow, respectively). (Bottom)
The FTS statistic (blue; Eq. 3) for a focus function centered
at m “ 1 and with width s “ 1.2 (dashed red) is compared
against the critical values. Intervals at 68% and 95% con-
fidence level are shown (dark and light blue, respectively).
This figure corresponds to the Higgs measurement example
using the Higgs mass observable, with the test statistics are
evaluated on an Asimov data set [9]

.

A. Measurement of a Higgs coupling via its signal
strength

The goal of this case study is to measure the coupling
of the Higgs boson to tau leptons [20]. This unknown
quantity has a one-to-one correspondence with the signal
strength in the Standard Model (SM) of particle physics
and can therefore be posed as a signal strength mea-
surement. The default hypothesis for the signal strength
µ

˚
“ 1 corresponds to the SM prediction. For this study,

we let ! “ r0, 10s and set the center of the focus function
at m “ 1, the SM prediction. We define the wide focus
width to be s “ 2.4, corresponding to the 2ω expected
sensitivity of a prior measurement [21]; a narrow focus
width of s “ 1.2 is also considered.

1. Dataset

The dataset was simulated by the ATLAS experiment
for the 2014 Higgs boson machine learning challenge

(HiggsML) [22, 23]. It is comprised of a mixture of events
obtained via several Higgs decay and background pro-
cesses. For further details on the challenge, refer to [23].
In order to show the robustness of the analysis to

our experimental design choices, we examine two nat-
ural choices of observables to build template histograms
for the counting experiment setup. The first observable
is the reconstructed Higgs mass; the second is the in-
variant mass of the hadronic tau and final-state lepton
(“visible mass” for short). Both observables are known
to discriminate between signal and background.

2. Results

When measuring the Higgs coupling with the recon-
structed Higgs mass, FTS with either a wide (s “ 2.4)
or narrow (s “ 1.2) focus gives 68% confidence intervals1

that have shorter median length than LRS. Figure 2(a)
shows the median interval lengths as they vary with the
true value of µ

˚ while the focus function remains un-
changed, with center fixed at m “ 1. The improvement is
robust to a misspecification of the focus function (mean-
ing that the center of the focus function m di”ers from
the true value of the parameter µ

˚) and the confidence
intervals remain valid by construction. When µ

˚
“ 1,

the FTS intervals for a wide focus are about 13% shorter
than those obtained via LRS; see Table I. With a nar-
row focus function, they are 21% shorter than LRS inter-
vals. Using the visible mass observable to constrain the
parameter of interest, FTS shows a decrease in median
length by 13% with wide focus and 22% with narrow fo-
cus. Table I shows that the absolute reduction in median
interval length of FTS over LRS is roughly the same at
the 68% and 95% levels. However, since 95% intervals
are longer than 68% intervals, this also implies that the
proportional gain is smaller at 95% than at 68% (about
a 6% reduction for FTS-wide using the mass observable,
11% for FTS-narrow; and a 6% reduction for FTS-wide
using visible mass, 10% for FTS-narrow).
Estimation of critical values for both the LRS and

FTS is accelerated by using quantile regression. With a
low simulation budget of about 9,000 pseudo-experiments
(PEs), which for MC corresponds to 30 PEs per point
times 300 grid points, the mean-squared error (MSE) is
improved by a factor of about 6 for LRS and 3 for FTS.
See Figure 3 for an illustration of the relative speed-up.

B. Search for WIMPs

Several experiments are dedicated to the search for
dark matter candidates [24]. We design a data analy-

1 The 68% and 95% confidence intervals discussed throughout this
Letter correspond to 1ω (68.27%) and 2ω (95.45%) intervals,
which is the convention in high-energy physics.
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Shorter median length for confidence intervals with FTS even in ‘asymptotic regime’ where Wilks’ applies

https://arxiv.org/abs/2507.17831


15

Challenging a deeply-held belief in particle physics

FTS(𝒟; μ0) = − 2 log
p(𝒟 |μ0)

∫
Θ

p(𝒟 |μ)f(μ)dμ
LRS(𝒟; μ0) = − 2 log ( p(𝒟 |μ0)

supμ∈Θ p(𝒟 |μ) )

•  focuses statistical power in meaningful 
regions of parameter space  

• Particularly useful in small sample / 
small signal regime 

• Fast critical value estimation with ML

f(μ)

arXiv:2507.17831: Carzon, Ghosh, Izbicki, Lee, et al

• Denominator in ‘Focused Test Statistic’ (FTS) 
knows about all alternate hypotheses

3

68%

68%

95%

95%
LRS

FTS

Figure 1. Construction of confidence intervals. (Top)
To construct a p1´ωq100% confidence interval using the LRT
statistic (yellow; Eq. 1), we estimate the critical values Cµ0

(grey) via quantile regression and retain those µ0 values for
which the statistic falls below the critical value. Shown are
the critical values for 68% (dark grey) and 95% (light grey)
confidence levels, with corresponding intervals displayed be-
low the figure (dark and light yellow, respectively). (Bottom)
The FTS statistic (blue; Eq. 3) for a focus function centered
at m “ 1 and with width s “ 1.2 (dashed red) is compared
against the critical values. Intervals at 68% and 95% con-
fidence level are shown (dark and light blue, respectively).
This figure corresponds to the Higgs measurement example
using the Higgs mass observable, with the test statistics are
evaluated on an Asimov data set [9]

.

A. Measurement of a Higgs coupling via its signal
strength

The goal of this case study is to measure the coupling
of the Higgs boson to tau leptons [20]. This unknown
quantity has a one-to-one correspondence with the signal
strength in the Standard Model (SM) of particle physics
and can therefore be posed as a signal strength mea-
surement. The default hypothesis for the signal strength
µ

˚
“ 1 corresponds to the SM prediction. For this study,

we let ! “ r0, 10s and set the center of the focus function
at m “ 1, the SM prediction. We define the wide focus
width to be s “ 2.4, corresponding to the 2ω expected
sensitivity of a prior measurement [21]; a narrow focus
width of s “ 1.2 is also considered.

1. Dataset

The dataset was simulated by the ATLAS experiment
for the 2014 Higgs boson machine learning challenge

(HiggsML) [22, 23]. It is comprised of a mixture of events
obtained via several Higgs decay and background pro-
cesses. For further details on the challenge, refer to [23].
In order to show the robustness of the analysis to

our experimental design choices, we examine two nat-
ural choices of observables to build template histograms
for the counting experiment setup. The first observable
is the reconstructed Higgs mass; the second is the in-
variant mass of the hadronic tau and final-state lepton
(“visible mass” for short). Both observables are known
to discriminate between signal and background.

2. Results

When measuring the Higgs coupling with the recon-
structed Higgs mass, FTS with either a wide (s “ 2.4)
or narrow (s “ 1.2) focus gives 68% confidence intervals1

that have shorter median length than LRS. Figure 2(a)
shows the median interval lengths as they vary with the
true value of µ

˚ while the focus function remains un-
changed, with center fixed at m “ 1. The improvement is
robust to a misspecification of the focus function (mean-
ing that the center of the focus function m di”ers from
the true value of the parameter µ

˚) and the confidence
intervals remain valid by construction. When µ

˚
“ 1,

the FTS intervals for a wide focus are about 13% shorter
than those obtained via LRS; see Table I. With a nar-
row focus function, they are 21% shorter than LRS inter-
vals. Using the visible mass observable to constrain the
parameter of interest, FTS shows a decrease in median
length by 13% with wide focus and 22% with narrow fo-
cus. Table I shows that the absolute reduction in median
interval length of FTS over LRS is roughly the same at
the 68% and 95% levels. However, since 95% intervals
are longer than 68% intervals, this also implies that the
proportional gain is smaller at 95% than at 68% (about
a 6% reduction for FTS-wide using the mass observable,
11% for FTS-narrow; and a 6% reduction for FTS-wide
using visible mass, 10% for FTS-narrow).
Estimation of critical values for both the LRS and

FTS is accelerated by using quantile regression. With a
low simulation budget of about 9,000 pseudo-experiments
(PEs), which for MC corresponds to 30 PEs per point
times 300 grid points, the mean-squared error (MSE) is
improved by a factor of about 6 for LRS and 3 for FTS.
See Figure 3 for an illustration of the relative speed-up.

B. Search for WIMPs

Several experiments are dedicated to the search for
dark matter candidates [24]. We design a data analy-

1 The 68% and 95% confidence intervals discussed throughout this
Letter correspond to 1ω (68.27%) and 2ω (95.45%) intervals,
which is the convention in high-energy physics.

Shorter median length for confidence intervals with FTS even in ‘asymptotic regime’ where Wilks’ applies

https://arxiv.org/abs/2507.17831


15

Challenging a deeply-held belief in particle physics

FTS(𝒟; μ0) = − 2 log
p(𝒟 |μ0)

∫
Θ

p(𝒟 |μ)f(μ)dμ
LRS(𝒟; μ0) = − 2 log ( p(𝒟 |μ0)

supμ∈Θ p(𝒟 |μ) )

•  focuses statistical power in meaningful 
regions of parameter space  

• Particularly useful in small sample / 
small signal regime 

• Fast critical value estimation with ML

f(μ)

arXiv:2507.17831: Carzon, Ghosh, Izbicki, Lee, et al

• Denominator in ‘Focused Test Statistic’ (FTS) 
knows about all alternate hypotheses

3

68%

68%

95%

95%
LRS

FTS

Figure 1. Construction of confidence intervals. (Top)
To construct a p1´ωq100% confidence interval using the LRT
statistic (yellow; Eq. 1), we estimate the critical values Cµ0

(grey) via quantile regression and retain those µ0 values for
which the statistic falls below the critical value. Shown are
the critical values for 68% (dark grey) and 95% (light grey)
confidence levels, with corresponding intervals displayed be-
low the figure (dark and light yellow, respectively). (Bottom)
The FTS statistic (blue; Eq. 3) for a focus function centered
at m “ 1 and with width s “ 1.2 (dashed red) is compared
against the critical values. Intervals at 68% and 95% con-
fidence level are shown (dark and light blue, respectively).
This figure corresponds to the Higgs measurement example
using the Higgs mass observable, with the test statistics are
evaluated on an Asimov data set [9]

.

A. Measurement of a Higgs coupling via its signal
strength

The goal of this case study is to measure the coupling
of the Higgs boson to tau leptons [20]. This unknown
quantity has a one-to-one correspondence with the signal
strength in the Standard Model (SM) of particle physics
and can therefore be posed as a signal strength mea-
surement. The default hypothesis for the signal strength
µ

˚
“ 1 corresponds to the SM prediction. For this study,

we let ! “ r0, 10s and set the center of the focus function
at m “ 1, the SM prediction. We define the wide focus
width to be s “ 2.4, corresponding to the 2ω expected
sensitivity of a prior measurement [21]; a narrow focus
width of s “ 1.2 is also considered.

1. Dataset

The dataset was simulated by the ATLAS experiment
for the 2014 Higgs boson machine learning challenge

(HiggsML) [22, 23]. It is comprised of a mixture of events
obtained via several Higgs decay and background pro-
cesses. For further details on the challenge, refer to [23].
In order to show the robustness of the analysis to

our experimental design choices, we examine two nat-
ural choices of observables to build template histograms
for the counting experiment setup. The first observable
is the reconstructed Higgs mass; the second is the in-
variant mass of the hadronic tau and final-state lepton
(“visible mass” for short). Both observables are known
to discriminate between signal and background.

2. Results

When measuring the Higgs coupling with the recon-
structed Higgs mass, FTS with either a wide (s “ 2.4)
or narrow (s “ 1.2) focus gives 68% confidence intervals1

that have shorter median length than LRS. Figure 2(a)
shows the median interval lengths as they vary with the
true value of µ

˚ while the focus function remains un-
changed, with center fixed at m “ 1. The improvement is
robust to a misspecification of the focus function (mean-
ing that the center of the focus function m di”ers from
the true value of the parameter µ

˚) and the confidence
intervals remain valid by construction. When µ

˚
“ 1,

the FTS intervals for a wide focus are about 13% shorter
than those obtained via LRS; see Table I. With a nar-
row focus function, they are 21% shorter than LRS inter-
vals. Using the visible mass observable to constrain the
parameter of interest, FTS shows a decrease in median
length by 13% with wide focus and 22% with narrow fo-
cus. Table I shows that the absolute reduction in median
interval length of FTS over LRS is roughly the same at
the 68% and 95% levels. However, since 95% intervals
are longer than 68% intervals, this also implies that the
proportional gain is smaller at 95% than at 68% (about
a 6% reduction for FTS-wide using the mass observable,
11% for FTS-narrow; and a 6% reduction for FTS-wide
using visible mass, 10% for FTS-narrow).
Estimation of critical values for both the LRS and

FTS is accelerated by using quantile regression. With a
low simulation budget of about 9,000 pseudo-experiments
(PEs), which for MC corresponds to 30 PEs per point
times 300 grid points, the mean-squared error (MSE) is
improved by a factor of about 6 for LRS and 3 for FTS.
See Figure 3 for an illustration of the relative speed-up.

B. Search for WIMPs

Several experiments are dedicated to the search for
dark matter candidates [24]. We design a data analy-

1 The 68% and 95% confidence intervals discussed throughout this
Letter correspond to 1ω (68.27%) and 2ω (95.45%) intervals,
which is the convention in high-energy physics.

Shorter median length for confidence intervals with FTS even in ‘asymptotic regime’ where Wilks’ applies

https://arxiv.org/abs/2507.17831


16

Test inversion for simplest measurementJames Carzon et al.: On Focusing Statistical Power for Searches and Measurements in Particle Physics 11

Fig. 6: (A) Confidence belts for a Gaussian likelihood with unknown mean. Two example confidence intervals
are shown for the LRS (top) and FTS (center), using a Gaussian focus function (center-right), for observations at
x = 0 and x = 4. The interval obtained from FTS at x = 0 (center, solid blue) is shorter than that from LRS (top,
solid orange). At x = 4, the FTS interval (center, semi-transparent blue) is longer. The belts show that FTS intervals
are shorter for values of x where the marginal distribution pX(x) =

∫
p(x;µ), f(dµ) (bottom), induced by the focus

function, places most of its mass. This behavior is consistent with the theoretical result (Theorem 1 in Appendix D),
which states that among all level-ω confidence intervals I(X ), the FTS interval has the smallest expected length when
the expectation is taken with respect to pX . (B) Visualization of confidence sets by inverting hypothesis
tests. The left column is adapted from [26, Fig. 5(right)]. The right column is the same figure but rotated; in the
main paper, we use the rotated visualization. See Figs. 7 and 8 for more examples.

Applying Lemma 1 with µ(z) = p(z;µ) and ε(z) = pf (z)
yields the optimal acceptance region

A
→
µ =

{
D :

p(D;µ)

pf (D)
→ tµ

}
,

with tµ chosen so that PD↑p(·;µ)(D ↑ A
→
µ) = 1↓ω. Invert-

ing acceptance regions gives

A
→(D) = {µ : D ↑ A

→
µ} =

{
µ :

p(D;µ)

pf (D)
→ tµ

}
.

Since Tf (D;µ) = ↓2 log
(
p(D;µ)/pf (D)

)
, this is equiva-

lent to {µ : Tf (D;µ) < Cµ} for Cµ = ↓2 log tµ, which is
exactly the FTS confidence set Bω(D) in (10). ↔↗

The theorem shows that among all confidence sets that
achieve at least 1↓ ω coverage for every µ ↑ ϑ, the FTS
construction is optimal for average constraining power un-
der the focus function: it minimizes the expected inter-
val length when data are averaged according to the fo-
cused marginal pf (D) =

∫
p(D;µ)f(µ) dµ. In other words,

choosing f specifies where we want the procedure to be

tight on average, and the FTS set is the best (shortest on
average) valid procedure for that choice.

E Rejection probability as a function of µ0

Our confidence procedure consists of a family of hypoth-
esis tests, and a typical means of evaluating hypothesis
tests is in terms of their statistical power via “rejection
probability functions.” The rejection probability function
ϖ(µ) for the test concerning hypotheses H0 : µ = µ0 and
H1 : µ ↘= µ0 with test statistic T is a function of µ and
gives the probability under a fixed true signal strength µ

→

that µ is included in the test’s rejection region. The func-
tion is defined ϖ(µ) := PD↑p(·;µ→)(T (D;µ) > Cµ). In prin-
ciple, an ideal rejection probability function would provide
that ϖ(µ→) is equal to 0 (i.e. the test never rejects the true
signal strength) and that ϖ(µ) is equal to 1 otherwise. In
practice, hypothesis tests are typically designed so that
ϖ(µ→) ≃ ω for some prespecified Type I error level ω, and
the goal for a test is for ϖ(µ) to be as close to 1 as possible
elsewhere.

Data comprises single measurement x
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Fig. 6: (A) Confidence belts for a Gaussian likelihood with unknown mean. Two example confidence intervals
are shown for the LRS (top) and FTS (center), using a Gaussian focus function (center-right), for observations at
x = 0 and x = 4. The interval obtained from FTS at x = 0 (center, solid blue) is shorter than that from LRS (top,
solid orange). At x = 4, the FTS interval (center, semi-transparent blue) is longer. The belts show that FTS intervals
are shorter for values of x where the marginal distribution pX(x) =

∫
p(x;µ), f(dµ) (bottom), induced by the focus

function, places most of its mass. This behavior is consistent with the theoretical result (Theorem 1 in Appendix D),
which states that among all level-ω confidence intervals I(X ), the FTS interval has the smallest expected length when
the expectation is taken with respect to pX . (B) Visualization of confidence sets by inverting hypothesis
tests. The left column is adapted from [26, Fig. 5(right)]. The right column is the same figure but rotated; in the
main paper, we use the rotated visualization. See Figs. 7 and 8 for more examples.
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Figure 4: (a) Distribution of the test statistic 𝐿𝐿=0.0 for the case 𝑀
→ = 0.0 and (b) distribution of 𝐿𝐿=1.0 for the case

with 𝑀
→ = 1.0. Each distribution is estimated with 15 000 pseudo-experiments. The confidence intervals (CI) are

built using a Neyman construction by integrating up to 68.27% (vertical dashed yellow line) and 95.45% (vertical
dash-dotted red line) of the distribution.

where 𝑁rwt-ref(𝑂𝑀) is the probability density and 𝑃rwt-ref is the rate for the reweight-reference sample. The
probability density ratio 𝑁(𝑂𝑀 |𝑀)/𝑁rwt-ref(𝑂𝑀) can be obtained from ensembles specifically trained for the
reweighting procedure, following the same prescription as for the networks used for inference. The
estimates can be validated using the same diagnostics described in Section 4, and the new samples are
thereby verified to have the same asymptotic properties as the original MC simulation samples. There are
also other methods that could be explored to handle negative weighted events [51–53].

6.3 Confidence intervals

Once the pseudo-experiments are generated, the confidence intervals are built following the Neyman
construction [50]. For the analysis described in Section 3, the distribution of 𝑁(𝐿𝐿 |𝑀), representing the test
statistic 𝐿𝐿 for pseudo-experiments generated at a fixed value of 𝑀, is used to determine the one and two
standard-deviation confidence intervals as functions of 𝑀. In each pseudo-experiment, the values of the
AOs 𝑄𝑁 are sampled from the constraint density. The distribution of the test statistic values over many
pseudo-experiments is shown in Figure 4 with a 𝑀 of 1. This procedure is repeated over the range of 𝑀 to
construct complete confidence bands as shown in Figure 5. The shapes of these bands deviate slightly from
the asymptotic 𝑅

2 distribution in which the 68.27% and 95.45% confidence intervals would be defined
exacly at 𝐿𝐿 = 1 and 𝐿𝐿 = 4. In the case of the o!-shell Higgs production analysis, the deviation comes
from the non-linear parametrization used in the o!-shell Higgs boson production measurement [17], and
are not specifically a feature of NSBI.

The formalism discussed in this section lends itself to further tests for robustness on samples generated
by shifting multiple NPs simultaneously and verifying that the confidence bands remain well-behaved in
such scenarios. Such samples can be generated by a reweighting procedure similar to the one described in
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Figure 5: A comparison of expected sensitivity of NSBI (solid red line) to a typical histogram-based (dashed green
line) analysis, not including systematic uncertainties. The evaluation is performed on an Asimov dataset generated
with 𝐿 = 1. The test statistic, the log-likelihood ratio 𝑀𝐿, is shown as a function of signal strength 𝐿. The 68% and
95% confidence intervals (CI) in dotted gray lines are determined using the Neyman construction.
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7 Comparison of sensitivity

This section shows the sensitivity of the NSBI method and the impact of systematic uncertainties in the
result. The demonstration is performed for the simplified version of an o!-shell Higgs boson signal strength
measurement on simulated samples described in Section 3 and considers a subset of the physics processes
and systematic uncertainties described in Section 3.3.

7.1 Comparison to histogram-based methods

The NSBI method is compared with two histogram-based analysis strategies on a Asimov simulated dataset,
to show the gains due to the parametrized and unbinned nature of the method. The first histogram method
employs a single observable, a discriminant between signal and full processes that is commonly used for
LHC analyses,

Ofixed = log
𝑄S(𝑅𝑀)

𝑄SBI(𝑅𝑀)
. (29)

Since this ratio is already estimated with ensembles for the NSBI method, no additional NNs need to
be trained. This observable is subsequently used to construct a histogram (with 15 bins), and a Poisson
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dash-dotted red line) of the distribution.

where 𝑁rwt-ref(𝑂𝑀) is the probability density and 𝑃rwt-ref is the rate for the reweight-reference sample. The
probability density ratio 𝑁(𝑂𝑀 |𝑀)/𝑁rwt-ref(𝑂𝑀) can be obtained from ensembles specifically trained for the
reweighting procedure, following the same prescription as for the networks used for inference. The
estimates can be validated using the same diagnostics described in Section 4, and the new samples are
thereby verified to have the same asymptotic properties as the original MC simulation samples. There are
also other methods that could be explored to handle negative weighted events [51–53].

6.3 Confidence intervals

Once the pseudo-experiments are generated, the confidence intervals are built following the Neyman
construction [50]. For the analysis described in Section 3, the distribution of 𝑁(𝐿𝐿 |𝑀), representing the test
statistic 𝐿𝐿 for pseudo-experiments generated at a fixed value of 𝑀, is used to determine the one and two
standard-deviation confidence intervals as functions of 𝑀. In each pseudo-experiment, the values of the
AOs 𝑄𝑁 are sampled from the constraint density. The distribution of the test statistic values over many
pseudo-experiments is shown in Figure 4 with a 𝑀 of 1. This procedure is repeated over the range of 𝑀 to
construct complete confidence bands as shown in Figure 5. The shapes of these bands deviate slightly from
the asymptotic 𝑅

2 distribution in which the 68.27% and 95.45% confidence intervals would be defined
exacly at 𝐿𝐿 = 1 and 𝐿𝐿 = 4. In the case of the o!-shell Higgs production analysis, the deviation comes
from the non-linear parametrization used in the o!-shell Higgs boson production measurement [17], and
are not specifically a feature of NSBI.

The formalism discussed in this section lends itself to further tests for robustness on samples generated
by shifting multiple NPs simultaneously and verifying that the confidence bands remain well-behaved in
such scenarios. Such samples can be generated by a reweighting procedure similar to the one described in
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Section 6.2, this time using the probability density ratio of Eq. (17) that includes NPs,

𝑁
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𝑁
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𝑀

. (28)

7 Comparison of sensitivity

This section shows the sensitivity of the NSBI method and the impact of systematic uncertainties in the
result. The demonstration is performed for the simplified version of an o!-shell Higgs boson signal strength
measurement on simulated samples described in Section 3 and considers a subset of the physics processes
and systematic uncertainties described in Section 3.3.

7.1 Comparison to histogram-based methods

The NSBI method is compared with two histogram-based analysis strategies on a Asimov simulated dataset,
to show the gains due to the parametrized and unbinned nature of the method. The first histogram method
employs a single observable, a discriminant between signal and full processes that is commonly used for
LHC analyses,

Ofixed = log
𝑄S(𝑅𝑀)

𝑄SBI(𝑅𝑀)
. (29)

Since this ratio is already estimated with ensembles for the NSBI method, no additional NNs need to
be trained. This observable is subsequently used to construct a histogram (with 15 bins), and a Poisson
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Fig. 2: Lengths of confidence intervals. (a, left) Re-
sults for the Higgs measurement with wide focus (s = 2.4).
The thick lines represent the median interval length with
the uncertainty bands denoting 25% and 75% quantiles of
the length distribution. FTS (blue) yields 13% shorter in-
tervals than LRS (orange) near the focus center (m = 1).
(a, right) For a narrow focus (s = 1.2), FTS intervals are
about 25% shorter. That advantage is maintained even
at a modest distance from the center, e.g. near µ

→ = 2.
(b, left-right) For the LZ-inspired search, the intervals are
shorter across the domain of our search. Near µ→ = 0, the
FTS intervals are about 35% shorter with wide focus than
LRS, and 22% shorter with narrow focus. The two panels
with black frames represent our focus choices in respective
experiments.

Table 1: Median confidence interval length (in units
of µ) at the 68% (95%) confidence level. For the
Higgs examples, the focus center is m = 1.0; the focus
widths are s = 2.4 for FTS-wide, and s = 1.2 for FTS-
narrow. For LZ-inspired examples, the focus center is m =
0; s = 6.0 for FTS-wide, and s = 3.0 for FTS-narrow. In
each setting, the best result (the shortest median interval
length) is bold-faced.

Setting Test statistic

Experiment µ
→ LRS FTS-wide FTS-narrow

Higgs (mass) 1.0 1.08 (2.01) 0.94 (1.89) 0.85 (1.79)
Higgs (vis. mass) 1.0 1.26 (2.31) 1.10 (2.17) 0.98 (2.08)

LZ-inspired 0.0 7.86 (12.10) 4.17 (10.66) 2.73 (10.74)
LZ-inspired 1.0 8.50 (13.47) 4.73 (12.42) 3.45 (12.10)

3.2.3 Results: Limit setting

For the LZ-inspired search, it is interesting to study the
upper limits when there is no signal (i.e. µ

→ = 0) and
lower limits when there is a signal (i.e. µ→ →= 0). Figure 4
compares the upper and lower bounds for these respective

MCQR

Low budget
High budget

MCQR

Fig. 3: Critical values. (a) We compare the mean-
squared error (MSE) in the critical value estimates ob-
tained via MC (red) and quantile regression (QR, grey)
for LRS on a grid of 300 evaluation points. For a low sim-
ulation budget of 9,000 pseudo-experiments (PEs), MC es-
timates show high MSE whereas QR estimates (using the
same number of PEs) are comparable to MC estimates
with 1.35 million PEs. The right column confirms that
low-budget QR yields accurate estimates across the pa-
rameter space, unlike low-budget MC. (b) For FTS, QR
is again more e!cient. With 9,000 PEs, QR matches the
performance of MC with about 30,000 PEs.

µ
→ LRS FTS, wide FTS, narrow

0.0 7.86 (12.10) 4.17 (10.66) 2.73 (11.14)

Table 2: Median upper bound for LZ-inspired experiment
(in units of µ) when there is no signal, µ→ = 0, at confi-
dence level 68% (95%). The best result (the lowest median
upper bound) is bold-faced.

µ
→ LRS FTS, wide FTS, narrow

10.0 0.0 (0.0) 2.20 (0.0) 1.28 (0.0)

Table 3: Median lower bound for LZ-inspired experiment
(in units of µ) when the signal strength µ

→ = 10.0, at
confidence level 68% (95%). The best result (the highest
median lower bound) is bold-faced.

scenarios for LRS and FTS. These results for the no-signal
scenario are summarized in Table 2 and results for a sce-
nario where the signal does exist with µ

→ = 10 is sum-
marized in Table 3. We find that when there is no signal,
FTS is able to set tighter upper bounds, and when there
is signal, FTS is able to set higher lower bounds compared
to LRS. It is worth noting that focus is always placed at
the default hypothesis of µ = 0 but FTS provides better
lower limits when µ

→ →= 0. Applying a focus in a frequentist
analysis therefore should not be confused with Bayesian
inference.
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RAFIK TAREK NEME GARRIDO
SHOCKING  
CORAL FIND
A couple of years ago, after a day of pour-
ing rain, the water on the Caribbean coast of 
Colombia was crystal clear and my master’s stu-
dent, Jorge Mareno, managed to take pictures of 
corals that no one knew existed here. We could 
find no scientific reports of corals in the area. 
Typically, the water is pretty turbid because the 
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— rod, ON cone and OFF cone — help our eyes 
to process visual information. Normally, the 
neurotransmitter glycine can appear only in 
ON cone bipolar cells, because they are cou-
pled to other cells that enable low-light vision 
by means of gap junctions (intercellular con-
nections that allow small molecules such as 
glycine to pass between two cell types). 

When Rebecca came into my office that 
morning, she had detected gap junctions in 
other bipolar cells besides ON cone cells. These 
gap junctions that formed between the wrong 
cell types turn out to be a hallmark of early ret-
inal disease. Because glycine flows through 
gap junctions, her finding also explained why 
we had previously found glycine in all bipolar 
cell types early in retinal degeneration. The 
cool thing is that this might reveal fundamen-
tal mechanisms by which all neural systems 
start to fall apart. If that’s true, we might be 
able to identify potential therapeutic targets 
for some terrible diseases. If we can slow the 
decline down even a little bit, we can buy peo-
ple many years of a more functional life. 

I legitimately felt a pang of jealousy. We 
get into this game to discover, but as science 
funding gets harder to secure, principal inves-
tigators are in their office writing grants while 
the trainees get to do the cool stuff. 

Bryan W. Jones is a retinal neuroscientist at 
the University of Pittsburgh in Pennsylvania.

Ecologist Tim Curran helps a student to measure flammability in a gorse plant.

AISHIK GHOSH
STUDENTS OVERTURN  
LONG-HELD ASSUMPTION
I have worked on experimental particle physics 
since 2015, searching for Higgs bosons at CERN, 
Europe’s particle-physics lab near Geneva, 
Switzerland, and now also working on the Deep 
Underground Neutrino Experiment (DUNE) 
in the United States. For this research, there’s 
one statistical test we’ve used for decades to 
confirm the existence of a new particle — the 
generalized likelihood ratio test (GLRT). This 
compares two models — a simple null hypoth-
esis, which includes no new particle or matter 
being discovered, and a more complicated 
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Appendix A: Experimental setup

Over its run, an experiment measures events generated
via signal and background physics processes. Large-scale
simulations of these processes yield template histograms
that define the expected counts of signal and background
events as functions of relevant observables. We denote
these histograms ωpLq and εpLq for the signal and back-
ground distributions, respectively, where L is the lumi-
nosity (a measure of total count) of the experiment. We
model the number of events that fall into each histogram
bin as a Poisson distribution. That is, the likelihood of
the number of events D “ pN1, N2, . . . , Ndq in d bins has
the form

ppD|µ,ω,εq “

d!

i“1

fpNi;µωi ` εiq, (A1)

where µ ! 0 represents the signal strength, and fpN ;ϑq

denotes the probability mass function for a Poisson dis-
tribution with rate ϑ. We refer to each realization of D
as a pseudo-experiment (PE).

The above “counting experiment” model convention is
widely used for making likelihood-free inference tractable
in cases where rare or exotic events are mixed with a rel-
atively high volume of background events [35, 36]. In this
Letter, we follow the standard convention of histogram
analyses for such counting experiments.

1. Implementation of test statistics

We evaluate our test statistics on a grid of null parame-
ters µ0 from ! “ r0, 10s in our main results for the Higgs
experiment (Section IIIA), and from r0, 40s for the LZ-
inspired experiment (Section III B). The grid is always
of a resolution of at least 1 point per 0.04 units in µ.
In Figures 1 and 2, we display results only on r0, 4s for
Higgs and r0, 15s for LZ-inspired for the clear comparison
of details.

For computing the LRS (Eq. 1), we replace ! in the
denominator with an extended parameter space,

r! “ rminp!q ´ 1,maxp!q ` 1s. (A2)

This adjustment mitigates the e”ect of the boundary on
the distribution of the LRS itself, independent of the
method used for critical value estimation. The bound-
ary e”ect arises because Wilks’ theorem, which guaran-
tees that the critical values remain constant across the
parameter space for LRS and large sample sizes (as in
Figure 1 top), only holds for interior points [37, 38]. To
ensure that the likelihood is well defined on µ " 0, we
amend Eq. A1 to express

ppD|µ,ω,εq “

d!

i“1

fpNi; |µωi ` εi|q (A3)

Figure 4. Template 2D histograms for the LZ-inspired
dataset, showing the signal (nuclear recoil, NR; left) and back-
ground (electronic recoil, ER; right). Each histogram has 10
bins along both axes.

with positive rate. The supremum is computed us-
ing scipy’s implementation of the bounded Brent rou-
tine [39].

2. LZ-inspired dataset

We construct a dataset with signal and background
shapes visually similar to those in Fig. 3 of Ref. [3]. Tem-
plate histograms are generated using the nestpy Python
interface (v2.0.4) to the NEST simulator (v2.4.0). The
Lux Run03 detector binding is adapted for this study,
with the default parameter values used to determine the
background electronic recoil (ER) template histogram
and with set values of g1 “ 0.092 and g

gas
1 “ 0.076 for the

signal nuclear recoil (NR) histogram. These values were
chosen to visually match the 40 GeV WIMP signal dis-
tribution in Ref. [3]. The resulting histograms are shown
in Fig. 4. more detailed reproduction of the LZ setup or
the use of o#cial LZ simulation samples is beyond the
scope of this Letter.

Appendix B: Quantile regression

To perform quantile regression, we generate pseudo-
experiments to create a calibration dataset T “

tpµ1,D1q, . . . , pµB ,DBqu according to Eq. A1 from µi „

Unifpr!q, where r! is given by Eq. A2. For a code im-
plementation of the Neyman construction using prob-
abilistic regression along with examples for a range of
test statistics, refer to https://github.com/lee-group-
cmu/lf2i [12].

Signal template

Background template

Simulated to mimic LZ data
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ing scipy’s implementation of the bounded Brent rou-
tine [39].
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We construct a dataset with signal and background
shapes visually similar to those in Fig. 3 of Ref. [3]. Tem-
plate histograms are generated using the nestpy Python
interface (v2.0.4) to the NEST simulator (v2.4.0). The
Lux Run03 detector binding is adapted for this study,
with the default parameter values used to determine the
background electronic recoil (ER) template histogram
and with set values of g1 “ 0.092 and g
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signal nuclear recoil (NR) histogram. These values were
chosen to visually match the 40 GeV WIMP signal dis-
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Unifpr!q, where r! is given by Eq. A2. For a code im-
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Fig. 9: Rejection probability functions for the Higgs example. LRS (blue) and FTS-wide (orange) are used to
construct confidence intervals for D1, . . . ,D1,000 → p(D;µ→) for µ→ = 0.5, 1.0, and 4.0 (left, center, right, respectively),
and the resulting proportion of intervals retaining µ is plotted as a function of µ.

Fig. 10: Rejection probability functions for the LZ-inspired example. LRS (blue) and FTS-wide (orange)
are used to construct confidence intervals for D1, . . . ,D1,000 → p(D;µ→) for µ

→ = 0.0, 3.0, and 6.0 (left, center, right,
respectively), and the resulting proportion of intervals retaining µ is plotted as a function of µ. In every case, FTS
provides improved lower and upper bounds as seen in Figure 4.

Bias: FTS could accept some other value of  
more frequently than the true value 

Coverage: CIs have correct local coverage 
because we enforced it by construction 

Any history of biased tests in particle physics?: 
The CLs method 

Even for point estimation in high dimensions, 
one may prefer a low variance estimator over an 
unbiased estimator

μ
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Numbers represent length of confidence intervals for   ( )1σ 2σ

Consistently larger lower bounds if signal exits, smaller 
upper bounds when it doesn’t

7

µ˚ LRS FTS, wide FTS, narrow
0.0 4.97 (12.59) 4.25 (10.98) 2.73 (11.14)

Table II. Median upper bound for LZ-inspired experiment (in
units of µ) when there is no signal, µ˚ “ 0, at confidence level
68% (95%). The best result (the lowest median upper bound)
is bold-faced.

µ˚ LRS FTS, wide FTS, narrow
10.0 0.0 (0.0) 2.08 (0.0) 1.60 (0.0)

Table III. Median lower bound for LZ-inspired experiment (in
units of µ) when the signal strength µ˚ “ 10.0, at confidence
level 68% (95%). The best result (the highest median lower
bound) is bold-faced.

Algorithm 1: Estimate critical values Cµ0 for a
level-ω test
Data: test statistic T pD;µq; calibration data

T “ tpµ1, D1q, . . . , pµB , DBqu; quantile
regression estimator; level ω P p0, 1q

Result: estimated critical values pCµ0 for all
µ0 P !

Set rTcal ! H;
for i P t1, . . . , Bu do

Compute test statistic ti ! T pDi;µiq;
rTcal ! rTcal Y tpµi, tiqu;

Use rTcal to learn the conditional quantile function
pCµ “ pF´1

T |µpω|µq via quantile regression of T on µ;

return pCµ0

Appendix C: Upper and lower limits for LZ-inspired
experiment

For the LZ-inspired search, it is interesting to study
the upper limits when there is no signal (i.e. µ

˚
“ 0)

and lower limits when there is a signal (i.e. µ
˚

‰ 0).
Figure 5 compares the upper and lower bounds for these
respective scenarios for LRS and FTS. These results for
the no-signal scenario are summarized in Table II and
results for a scenario where the signal does exist with
µ

˚
“ 10 is summarized in Table III. We find that when

there is no signal, FTS is able to set tighter upper bounds,
and when there is signal, FTS is able to set higher lower
bounds compared to LRS.

Figure 5. Distributions of the upper and the lower bounds
of 68% confidence intervals for the LZ-inspired study, shown
as box plots — the median values are represented by circles
(or stars) with the 25th and 75th percentiles of each distri-
bution connected with a line. LRS (orange) is compared to
FTS with wide focus (blue) over pseudo-experiments across
di!erent values of µ˚ (x-axis). Both the median upper bound
and the median lower bound are closer to the bisector for
FTS than LRS, which is consistent with tighter parameter
constraints.
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Upper bounds when there is no signal:

Lower bounds when there is a signal:

arXiv:2507.17831: Carzon, Ghosh, Izbicki, Lee, et al

https://arxiv.org/abs/2507.17831


23

FTS sets better lower bounds even with a focus centred at μ = 0

7

µ˚ LRS FTS, wide FTS, narrow
0.0 4.97 (12.59) 4.25 (10.98) 2.73 (11.14)

Table II. Median upper bound for LZ-inspired experiment (in
units of µ) when there is no signal, µ˚ “ 0, at confidence level
68% (95%). The best result (the lowest median upper bound)
is bold-faced.

µ˚ LRS FTS, wide FTS, narrow
10.0 0.0 (0.0) 2.08 (0.0) 1.60 (0.0)

Table III. Median lower bound for LZ-inspired experiment (in
units of µ) when the signal strength µ˚ “ 10.0, at confidence
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bound) is bold-faced.

Algorithm 1: Estimate critical values Cµ0 for a
level-ω test
Data: test statistic T pD;µq; calibration data

T “ tpµ1, D1q, . . . , pµB , DBqu; quantile
regression estimator; level ω P p0, 1q

Result: estimated critical values pCµ0 for all
µ0 P !

Set rTcal ! H;
for i P t1, . . . , Bu do

Compute test statistic ti ! T pDi;µiq;
rTcal ! rTcal Y tpµi, tiqu;

Use rTcal to learn the conditional quantile function
pCµ “ pF´1

T |µpω|µq via quantile regression of T on µ;

return pCµ0

Appendix C: Upper and lower limits for LZ-inspired
experiment

For the LZ-inspired search, it is interesting to study
the upper limits when there is no signal (i.e. µ

˚
“ 0)

and lower limits when there is a signal (i.e. µ
˚

‰ 0).
Figure 5 compares the upper and lower bounds for these
respective scenarios for LRS and FTS. These results for
the no-signal scenario are summarized in Table II and
results for a scenario where the signal does exist with
µ

˚
“ 10 is summarized in Table III. We find that when

there is no signal, FTS is able to set tighter upper bounds,
and when there is signal, FTS is able to set higher lower
bounds compared to LRS.

Figure 5. Distributions of the upper and the lower bounds
of 68% confidence intervals for the LZ-inspired study, shown
as box plots — the median values are represented by circles
(or stars) with the 25th and 75th percentiles of each distri-
bution connected with a line. LRS (orange) is compared to
FTS with wide focus (blue) over pseudo-experiments across
di!erent values of µ˚ (x-axis). Both the median upper bound
and the median lower bound are closer to the bisector for
FTS than LRS, which is consistent with tighter parameter
constraints.
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Conclusion

• Semi-parametric NSBI let’s us maximally extract information in high-
dimensional unbinned data 

• FTS + QR let’s us robustly outperform the likelihood ratio test, by 
focusing power in physics-motivated regions 

• NSBI+FTS gives us control over high-dimensional problems in particle 
physics

• ‘Asymptopia’ a fundamental misconception about our field, new physics is 
always just out of reach!

FTS(𝒟; μ0) = − 2 log
p(𝒟 |μ0)

∫
Θ

p(𝒟 |μ)f(μ)dμ

Image: Source

Future colliderCurrent collider

Hints in current 
data

Thank you!

https://tikz.net/bsm_tails/
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Quantitative improvements with FTS

4

sis scenario inspired by the search for WIMPs at the LZ
experiment [25]. For our study, we construct a simplified
dataset that mirrors the signal and background densi-
ties, as well as the sample size, of the recent LZ dark
matter search [3]. The default hypothesis is that these
dark matter candidates do not exist, corresponding to
µ

˚
“ 0; exclusion of this hypothesis would constitute a

discovery. For this reason, our focus functions are cen-
tered at m “ 0. In this study, we let ! “ r0, 40s; the
focus function is thus truncated below at 0.

1. Dataset

We produce synthetic data mimicking the full dataset
that passes selection cuts (as seen in [3, Fig. 3]) relat-
ing densities of background and 40 GeV WIMP mod-
els (see Appendix A 2 for details). For consistency with
the previous example, we use two-dimensional histograms
for density estimation, although these can readily be re-
placed with an analytical model for the density, when
they are available in dark matter experiments [26]. The
resulting 2D template histograms for the signal and back-
ground distributions are given in two observables, S1 and
log10pS2q, representing the light from prompt vacuum ul-
traviolet scintillation and delayed electroluminescence in
the detector (see Fig. 4 in Appendix A 2). The simu-
lated data are normalized such that when µ

˚
“ 1, there

are 1,200 background events per 1 signal event. The
NEST simulator [27] was used to generate the template
histograms.

2. Results

In Figure 2b we find that FTS improves on LRS across
the range of 0 ! µ

˚
! 15 with both wide (s “ 6.0) and

narrow (s “ 3.0) focus functions. Table I (bottom two
rows) shows that FTS with wide focus provides a median
length 22% shorter than LRS for a 68% confidence level
in the setting where µ

˚
“ 0. With narrow focus, the

FTS intervals are 35% shorter. As a result, we would
expect a true negative search to conclude sooner with
our method relative to the LRS-based method, on aver-
age. Furthermore, FTS maintains an advantage over LRS
when µ

˚
‰ 0. When µ

˚
“ 1, the median 68% confidence

interval lengths for FTS are still 25% shorter than LRS
intervals when using wide focus and 34% with narrow fo-
cus. If WIMPs exist, our method would find evidence for
them sooner by excluding the default hypothesis using
less data. See Appendix C for a discussion on setting up-
per and lower limits. As in the Higgs case, the absolute
gains in median interval length are similar for 68% and
95% confidence levels. For µ

˚
“ 0, there is 17% reduc-

tion for FTS-wide, 19% for FTS-narrow; and for µ˚
“ 1,

a 16% reduction for FTS-wide and 16% for FTS-narrow.

Figure 2. Lengths of confidence intervals. (a, left) Re-
sults for the Higgs measurement with wide focus (s “ 2.4).
The thick lines represent the median interval length with the
uncertainty bands denoting 25% and 75% quantiles of the
length distribution. FTS (blue) yields 13% shorter intervals
than LRS (orange) near the focus center (m “ 1). (a, right)
For a narrow focus (s “ 1.2), FTS intervals are about 25%
shorter. That advantage is maintained even at a modest dis-
tance from the center, e.g. near µ˚ “ 2. (b, left-right) For
the LZ-inspired search, the intervals are shorter across the do-
main of our search. Near µ˚ “ 0, the FTS intervals are about
35% shorter with wide focus than LRS, and 22% shorter with
narrow focus.

Setting Test statistic
Experiment µ˚ LRS FTS-wide FTS-narrow

Higgs (mass) 1.0 1.08 (2.01) 0.94 (1.89) 0.85 (1.79)
Higgs (vis. mass) 1.0 1.26 (2.31) 1.10 (2.17) 0.98 (2.08)

LZ-inspired 0.0 5.99 (13.87) 4.68 (11.47) 3.89 (11.29)
LZ-inspired 1.0 7.08 (15.18) 5.29 (12.82) 4.68 (12.75)

Table I. Median confidence interval length (in units of µ) at
the 68% (95%) confidence level. For the Higgs examples, the
focus center is m “ 1.0; the focus widths are s “ 2.4 for FTS-
wide, and s “ 1.2 for FTS-narrow. For LZ-inspired examples,
the focus center is m “ 0; s “ 6.0 for FTS-wide, and s “ 3.0
for FTS-narrow. In each setting, the best result (the shortest
median interval length) is bold-faced.

IV. DISCUSSION AND CONCLUSION

In this Letter, we propose the focus test statistic (FTS;
Equation 3) as a drop-in replacement for the likelihood
ratio statistic (LRS; Equation 1), which is widely used
in high-energy physics for both parameter measurements
and searches for new phenomena. These analyses rely
on composite hypotheses, where the Neyman–Pearson
lemma does not guarantee optimality of the LRS across
the parameter space. In two proof-of-concept studies, a

Numbers represent length of confidence intervals for   ( )1σ 2σ

Using reconstructed 
Higgs mass as 
observable to 
construct histogram

Using visible energy 
as observable
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Fig. 9: Rejection probability functions for the Higgs example. LRS (blue) and FTS-wide (orange) are used to
construct confidence intervals for D1, . . . ,D1,000 → p(D;µ→) for µ→ = 0.5, 1.0, and 4.0 (left, center, right, respectively),
and the resulting proportion of intervals retaining µ is plotted as a function of µ.

Fig. 10: Rejection probability functions for the LZ-inspired example. LRS (blue) and FTS-wide (orange)
are used to construct confidence intervals for D1, . . . ,D1,000 → p(D;µ→) for µ

→ = 0.0, 3.0, and 6.0 (left, center, right,
respectively), and the resulting proportion of intervals retaining µ is plotted as a function of µ. In every case, FTS
provides improved lower and upper bounds as seen in Figure 4.

12 James Carzon et al.: On Focusing Statistical Power for Searches and Measurements in Particle Physics

Fig. 7: Confidence intervals for the Higgs example. Each of LRS and FTS-wide are evaluated on the Asimov
data set for true signal strengths µ

→ = 0.5, 1.0, and 4.0. The length of the LRS intervals (top row) does not visibly
change as µ

→ changes (e.g. left to right) except due to truncation at the boundary, but the length of the FTS-wide
intervals (bottom row) does.

Fig. 8: Confidence intervals for the LZ-inspired example. Each of LRS and FTS-narrow are evaluated on the
Asimov data set for true signal strengths µ→ = 0.0, 3.0, and 6.0. The critical value curves for the LRS for this data set
(top row; grey) are not flat, indicating that its sampling distribution is not well approximated by its asymptotic limit
of ω2

1.

Introducing a technical bias does not compromise coverage
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observable in histogram-based signal strength measurements. However, this solution only works for such158

linear problems, and Section 2.2 will develop a more general framework to build a test statistic analytically159

from the output of a few classifiers. The quality of a test statistic is reliant on how well a classifier learns to160

estimate the decision function in Eq. 2. The rest of this section will describe a method to factorise the161

problem of estimating likelihood ratios into a set of simpler estimation tasks and improve the robustness of162

the estimation.163

2.2 Factorisation into a search-oriented mixture model164

When the hypotheses being tested can be decomposed into mixtures of several components, the learning165

task can be factorised into a series of simpler classification tasks [7]. Further, if the only free parameters166

to be measured can be written as coe!cients of the mixture model, the individual classifiers no longer167

need to be parameterised in the parameter(s) of interest (e.g. a signal strength 𝐿), since the relation is168

explicitly known. This reduces the burden of validating the interpolation capabilities of the likelihood169

ratio estimation over the entire theory parameter space, to simply validating the performance of the small170

number of classifiers. If every classifier is well-trained and well-calibrated, then their combination too may171

be expected to remain well-behaved, although this must be explicitly verified.172

For an LHC analysis, this decomposition can use di"erent physics processes that give rise to the same final173

state, each with a coe!cient that is some function of the parameter of interest. If the decomposition is into174

𝑀 di"erent components, representing di"erent physics processes,175

𝑁(𝑂𝐿 |𝐿) =
1

𝑃(𝐿)

𝑀∑
𝑁

𝑄 𝑁 (𝐿) · 𝑃 𝑁 𝑁 𝑁 (𝑂𝐿), (8)

where 𝑁 𝑁 (𝑂𝐿) is the probability density for the event 𝑂𝐿 correspeonding to the process 𝑅 , and 𝑃 𝑁 the inclusive176

rate for that process are defined with 𝐿 at the Standard Model value. The full dependence on 𝐿 can be177

captured using only the coe!cients 𝑄 𝑁 (𝐿) and the total rate 𝑃(𝐿). Such a decomposition is possible for a178

wide range of LHC analyses where the coe!cients 𝑄 𝑁 (𝐿) are known from theory2 [4]. These coe!cients are179

also used together with the inclusive rates (estimated from simulations) for each process (𝑃 𝑁) to determine180

𝑃(𝐿) =
∑

𝑄 𝑁 (𝐿) · 𝑃 𝑁 . Here 𝐿 could represent multiple theory parameters, and this formalism accommodates181

multiple independent parameters of interest. Further, while the factorisation of the task into individual182

physics processes can always be made, if the dependence on the parameter of interest is not analytically183

known, a parameterised network can be trained instead to estimate terms corresponding to 𝑁 𝑁 (𝑂𝐿 |𝐿) [7] in184

the following formalism. This paper defines a search-oriented mixture model, which is the probability185

density ratio between a hypothesis and a reference,186

𝑁(𝑂𝐿 |𝐿)

𝑁ref(𝑂𝐿)
=

1
𝑃(𝐿)

𝑀∑
𝑁

𝑄 𝑁 (𝐿) · 𝑃 𝑁

𝑁 𝑁 (𝑂𝐿)

𝑁ref(𝑂𝐿)
, (9)

expressed using only a finite number of 𝐿-independent density ratios, 𝑁 𝑁 (𝑂𝐿)/𝑁ref(𝑂𝐿). While there is a187

freedom to make any choice for the reference, this paper defines it as a combination of signal processes,188

𝑁ref(𝑂𝐿) =
1∑
𝑂
𝑃𝑂

𝑀signals∑
𝑂

𝑃𝑂 𝑁𝑂 (𝑂𝐿), (10)

2 Such a decomposition is possible for signal strength measurements but may not be possible for other measurements, such as
mass measurement.
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space can guide decisions about neural network architecture optimisation and data pre-processing. Such195

iterative optimisation is essential to achieve a high level of accuracy in likelihood-ratio estimation. Since196

the ensembles are trained on bootstrapped samples, it is natural to use the spread in their predictions to197

quantify the uncertainty due to the limited training data.198

3 Example use case: ggF Off-shell Higgs Production199

The developed NSBI framework is demonstrated using a subset of simulated samples originally generated200

for an off-shell Higgs signal strength measurement in the � ! // ! 4✓ decay channel. The full context201

of the analysis is described in Ref. [7], and only the details relevant for NSBI will be summarised below.202

Only a subset of the physics processes and systematic uncertainties from the original analysis are considered203

for this demonstration.204

When the quantum interference is negligible, a single observable that optimally separates signal from205

background contains all the information necessary to perform optimal hypothesis tests over the full range206

of signal strength values (see Eq. 5). However, this is no longer true when quantum interference cannot be207

ignored, and therefore does not apply to the off-shell Higgs analysis, where there is considerable destructive208

quantum interference between the signal and background processes. In this case, the impact of the signal209

strength ` on the probability model is non-linear, as will be described below, and Ref. [2] proposes the use210

of NSBI to fully account for these non-linear effects.211

The analysis by ATLAS in Ref. [7] included simulated samples from 66 ! � ! // ! 4✓ signal-only212

(S) production, 66 ! // ! 4✓ background-only (B) production, and the combined simulation including213

interference effects 66 ! (�) ! // ! 4✓ (SBI1, where the subscript indicates that ` was set to 1 for214

the simulation). These processes from the gluon-gluon fusion (ggF) production channel will be re-used215

for the demonstrations in this paper. In principle a coupling modifier parameter that scales the signal216

amplitude could be a complex number, which would lead to a phase contributing to the interference term217

in the cross-section computation. This would require the measurement of two independent parameters218

of interest, which can be done with NSBI. In this analysis however, the modifier p` is assumed to be a219

positive real number, and therefore only the inference of one parameter of interest ` is required. The full220

ggF probability model can be expressed as221

?ggF(G |`) =
1

aggF(`)

⇥
(` �

p
`) a( ?S(G) +

p
` aSBI1 ?SBI1 (G) + (1 �

p
`)aB ?B(G)

⇤
, (9)

where aggF(`) = (` �
p
`) a( +

p
` aSBI1 + (1 �

p
`)aB. The contribution from the interference (I) is222

represented using ?I = ?SBI1 � ?B � ?S, and it is the inference effects that introduce the non-linearity in `.223

For simplicity, the ggF subscripts will be suppressed henceforth. The definition for the reference in Eq. 8224

leads to ?ref = ?S for this example, and the search oriented mixture model from Eq. 7 becomes225

?(G |`)

?S(G)
=

1
a(`)


(` �

p
`) a( +

p
` aSBI1

?SBI1 (G)

?S(G)
+ (1 �

p
`)aB

?B(G)

?S(G)

�
. (10)

This can be constructed using two ensembles, the first to estimate ?SBI1 (G)/?S(G) and the second226

?B(G)/?S(G). The event section strategy follows to Ref. [7], and uses in addition a multi-variate-analysis-227

based discriminant, similar to the discriminant used in that analysis, to define the signal and control regions.228

The rest of this section will describe input features and architecture for the ensemble of networks trained229

for these tasks, and the systematics model considered in this demonstration.230
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observable in histogram-based signal strength measurements. However, this solution only works for such158

linear problems, and Section 2.2 will develop a more general framework to build a test statistic analytically159

from the output of a few classifiers. The quality of a test statistic is reliant on how well a classifier learns to160

estimate the decision function in Eq. 2. The rest of this section will describe a method to factorise the161

problem of estimating likelihood ratios into a set of simpler estimation tasks and improve the robustness of162

the estimation.163

2.2 Factorisation into a search-oriented mixture model164

When the hypotheses being tested can be decomposed into mixtures of several components, the learning165

task can be factorised into a series of simpler classification tasks [7]. Further, if the only free parameters166

to be measured can be written as coe!cients of the mixture model, the individual classifiers no longer167

need to be parameterised in the parameter(s) of interest (e.g. a signal strength 𝐿), since the relation is168

explicitly known. This reduces the burden of validating the interpolation capabilities of the likelihood169

ratio estimation over the entire theory parameter space, to simply validating the performance of the small170

number of classifiers. If every classifier is well-trained and well-calibrated, then their combination too may171

be expected to remain well-behaved, although this must be explicitly verified.172

For an LHC analysis, this decomposition can use di"erent physics processes that give rise to the same final173

state, each with a coe!cient that is some function of the parameter of interest. If the decomposition is into174

𝑀 di"erent components, representing di"erent physics processes,175

𝑁(𝑂𝐿 |𝐿) =
1

𝑃(𝐿)

𝑀∑
𝑁

𝑄 𝑁 (𝐿) · 𝑃 𝑁 𝑁 𝑁 (𝑂𝐿), (8)

where 𝑁 𝑁 (𝑂𝐿) is the probability density for the event 𝑂𝐿 correspeonding to the process 𝑅 , and 𝑃 𝑁 the inclusive176

rate for that process are defined with 𝐿 at the Standard Model value. The full dependence on 𝐿 can be177

captured using only the coe!cients 𝑄 𝑁 (𝐿) and the total rate 𝑃(𝐿). Such a decomposition is possible for a178

wide range of LHC analyses where the coe!cients 𝑄 𝑁 (𝐿) are known from theory2 [4]. These coe!cients are179

also used together with the inclusive rates (estimated from simulations) for each process (𝑃 𝑁) to determine180

𝑃(𝐿) =
∑

𝑄 𝑁 (𝐿) · 𝑃 𝑁 . Here 𝐿 could represent multiple theory parameters, and this formalism accommodates181

multiple independent parameters of interest. Further, while the factorisation of the task into individual182

physics processes can always be made, if the dependence on the parameter of interest is not analytically183

known, a parameterised network can be trained instead to estimate terms corresponding to 𝑁 𝑁 (𝑂𝐿 |𝐿) [7] in184

the following formalism. This paper defines a search-oriented mixture model, which is the probability185

density ratio between a hypothesis and a reference,186

𝑁(𝑂𝐿 |𝐿)

𝑁ref(𝑂𝐿)
=

1
𝑃(𝐿)

𝑀∑
𝑁

𝑄 𝑁 (𝐿) · 𝑃 𝑁

𝑁 𝑁 (𝑂𝐿)

𝑁ref(𝑂𝐿)
, (9)

expressed using only a finite number of 𝐿-independent density ratios, 𝑁 𝑁 (𝑂𝐿)/𝑁ref(𝑂𝐿). While there is a187

freedom to make any choice for the reference, this paper defines it as a combination of signal processes,188

𝑁ref(𝑂𝐿) =
1∑
𝑂
𝑃𝑂

𝑀signals∑
𝑂

𝑃𝑂 𝑁𝑂 (𝑂𝐿), (10)

2 Such a decomposition is possible for signal strength measurements but may not be possible for other measurements, such as
mass measurement.
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space can guide decisions about neural network architecture optimisation and data pre-processing. Such195

iterative optimisation is essential to achieve a high level of accuracy in likelihood-ratio estimation. Since196

the ensembles are trained on bootstrapped samples, it is natural to use the spread in their predictions to197

quantify the uncertainty due to the limited training data.198

3 Example use case: ggF Off-shell Higgs Production199

The developed NSBI framework is demonstrated using a subset of simulated samples originally generated200

for an off-shell Higgs signal strength measurement in the � ! // ! 4✓ decay channel. The full context201

of the analysis is described in Ref. [7], and only the details relevant for NSBI will be summarised below.202

Only a subset of the physics processes and systematic uncertainties from the original analysis are considered203

for this demonstration.204

When the quantum interference is negligible, a single observable that optimally separates signal from205

background contains all the information necessary to perform optimal hypothesis tests over the full range206

of signal strength values (see Eq. 5). However, this is no longer true when quantum interference cannot be207

ignored, and therefore does not apply to the off-shell Higgs analysis, where there is considerable destructive208

quantum interference between the signal and background processes. In this case, the impact of the signal209

strength ` on the probability model is non-linear, as will be described below, and Ref. [2] proposes the use210

of NSBI to fully account for these non-linear effects.211

The analysis by ATLAS in Ref. [7] included simulated samples from 66 ! � ! // ! 4✓ signal-only212

(S) production, 66 ! // ! 4✓ background-only (B) production, and the combined simulation including213

interference effects 66 ! (�) ! // ! 4✓ (SBI1, where the subscript indicates that ` was set to 1 for214

the simulation). These processes from the gluon-gluon fusion (ggF) production channel will be re-used215

for the demonstrations in this paper. In principle a coupling modifier parameter that scales the signal216

amplitude could be a complex number, which would lead to a phase contributing to the interference term217

in the cross-section computation. This would require the measurement of two independent parameters218

of interest, which can be done with NSBI. In this analysis however, the modifier p` is assumed to be a219

positive real number, and therefore only the inference of one parameter of interest ` is required. The full220

ggF probability model can be expressed as221

?ggF(G |`) =
1

aggF(`)

⇥
(` �

p
`) a( ?S(G) +

p
` aSBI1 ?SBI1 (G) + (1 �

p
`)aB ?B(G)

⇤
, (9)

where aggF(`) = (` �
p
`) a( +

p
` aSBI1 + (1 �

p
`)aB. The contribution from the interference (I) is222

represented using ?I = ?SBI1 � ?B � ?S, and it is the inference effects that introduce the non-linearity in `.223

For simplicity, the ggF subscripts will be suppressed henceforth. The definition for the reference in Eq. 8224

leads to ?ref = ?S for this example, and the search oriented mixture model from Eq. 7 becomes225

?(G |`)

?S(G)
=

1
a(`)


(` �

p
`) a( +

p
` aSBI1

?SBI1 (G)

?S(G)
+ (1 �

p
`)aB

?B(G)

?S(G)

�
. (10)

This can be constructed using two ensembles, the first to estimate ?SBI1 (G)/?S(G) and the second226

?B(G)/?S(G). The event section strategy follows to Ref. [7], and uses in addition a multi-variate-analysis-227

based discriminant, similar to the discriminant used in that analysis, to define the signal and control regions.228

The rest of this section will describe input features and architecture for the ensemble of networks trained229

for these tasks, and the systematics model considered in this demonstration.230
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observable in histogram-based signal strength measurements. However, this solution only works for such158

linear problems, and Section 2.2 will develop a more general framework to build a test statistic analytically159

from the output of a few classifiers. The quality of a test statistic is reliant on how well a classifier learns to160

estimate the decision function in Eq. 2. The rest of this section will describe a method to factorise the161

problem of estimating likelihood ratios into a set of simpler estimation tasks and improve the robustness of162

the estimation.163

2.2 Factorisation into a search-oriented mixture model164

When the hypotheses being tested can be decomposed into mixtures of several components, the learning165

task can be factorised into a series of simpler classification tasks [7]. Further, if the only free parameters166

to be measured can be written as coe!cients of the mixture model, the individual classifiers no longer167

need to be parameterised in the parameter(s) of interest (e.g. a signal strength 𝐿), since the relation is168

explicitly known. This reduces the burden of validating the interpolation capabilities of the likelihood169

ratio estimation over the entire theory parameter space, to simply validating the performance of the small170

number of classifiers. If every classifier is well-trained and well-calibrated, then their combination too may171

be expected to remain well-behaved, although this must be explicitly verified.172

For an LHC analysis, this decomposition can use di"erent physics processes that give rise to the same final173

state, each with a coe!cient that is some function of the parameter of interest. If the decomposition is into174

𝑀 di"erent components, representing di"erent physics processes,175

𝑁(𝑂𝐿 |𝐿) =
1

𝑃(𝐿)

𝑀∑
𝑁

𝑄 𝑁 (𝐿) · 𝑃 𝑁 𝑁 𝑁 (𝑂𝐿), (8)

where 𝑁 𝑁 (𝑂𝐿) is the probability density for the event 𝑂𝐿 correspeonding to the process 𝑅 , and 𝑃 𝑁 the inclusive176

rate for that process are defined with 𝐿 at the Standard Model value. The full dependence on 𝐿 can be177

captured using only the coe!cients 𝑄 𝑁 (𝐿) and the total rate 𝑃(𝐿). Such a decomposition is possible for a178

wide range of LHC analyses where the coe!cients 𝑄 𝑁 (𝐿) are known from theory2 [4]. These coe!cients are179

also used together with the inclusive rates (estimated from simulations) for each process (𝑃 𝑁) to determine180

𝑃(𝐿) =
∑

𝑄 𝑁 (𝐿) · 𝑃 𝑁 . Here 𝐿 could represent multiple theory parameters, and this formalism accommodates181

multiple independent parameters of interest. Further, while the factorisation of the task into individual182

physics processes can always be made, if the dependence on the parameter of interest is not analytically183

known, a parameterised network can be trained instead to estimate terms corresponding to 𝑁 𝑁 (𝑂𝐿 |𝐿) [7] in184

the following formalism. This paper defines a search-oriented mixture model, which is the probability185

density ratio between a hypothesis and a reference,186

𝑁(𝑂𝐿 |𝐿)

𝑁ref(𝑂𝐿)
=

1
𝑃(𝐿)

𝑀∑
𝑁

𝑄 𝑁 (𝐿) · 𝑃 𝑁

𝑁 𝑁 (𝑂𝐿)

𝑁ref(𝑂𝐿)
, (9)

expressed using only a finite number of 𝐿-independent density ratios, 𝑁 𝑁 (𝑂𝐿)/𝑁ref(𝑂𝐿). While there is a187

freedom to make any choice for the reference, this paper defines it as a combination of signal processes,188

𝑁ref(𝑂𝐿) =
1∑
𝑂
𝑃𝑂

𝑀signals∑
𝑂

𝑃𝑂 𝑁𝑂 (𝑂𝐿), (10)

2 Such a decomposition is possible for signal strength measurements but may not be possible for other measurements, such as
mass measurement.
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space can guide decisions about neural network architecture optimisation and data pre-processing. Such195

iterative optimisation is essential to achieve a high level of accuracy in likelihood-ratio estimation. Since196

the ensembles are trained on bootstrapped samples, it is natural to use the spread in their predictions to197

quantify the uncertainty due to the limited training data.198

3 Example use case: ggF Off-shell Higgs Production199

The developed NSBI framework is demonstrated using a subset of simulated samples originally generated200

for an off-shell Higgs signal strength measurement in the � ! // ! 4✓ decay channel. The full context201

of the analysis is described in Ref. [7], and only the details relevant for NSBI will be summarised below.202

Only a subset of the physics processes and systematic uncertainties from the original analysis are considered203

for this demonstration.204

When the quantum interference is negligible, a single observable that optimally separates signal from205

background contains all the information necessary to perform optimal hypothesis tests over the full range206

of signal strength values (see Eq. 5). However, this is no longer true when quantum interference cannot be207

ignored, and therefore does not apply to the off-shell Higgs analysis, where there is considerable destructive208

quantum interference between the signal and background processes. In this case, the impact of the signal209

strength ` on the probability model is non-linear, as will be described below, and Ref. [2] proposes the use210

of NSBI to fully account for these non-linear effects.211

The analysis by ATLAS in Ref. [7] included simulated samples from 66 ! � ! // ! 4✓ signal-only212

(S) production, 66 ! // ! 4✓ background-only (B) production, and the combined simulation including213

interference effects 66 ! (�) ! // ! 4✓ (SBI1, where the subscript indicates that ` was set to 1 for214

the simulation). These processes from the gluon-gluon fusion (ggF) production channel will be re-used215

for the demonstrations in this paper. In principle a coupling modifier parameter that scales the signal216

amplitude could be a complex number, which would lead to a phase contributing to the interference term217

in the cross-section computation. This would require the measurement of two independent parameters218

of interest, which can be done with NSBI. In this analysis however, the modifier p` is assumed to be a219

positive real number, and therefore only the inference of one parameter of interest ` is required. The full220

ggF probability model can be expressed as221

?ggF(G |`) =
1

aggF(`)

⇥
(` �

p
`) a( ?S(G) +

p
` aSBI1 ?SBI1 (G) + (1 �

p
`)aB ?B(G)

⇤
, (9)

where aggF(`) = (` �
p
`) a( +

p
` aSBI1 + (1 �

p
`)aB. The contribution from the interference (I) is222

represented using ?I = ?SBI1 � ?B � ?S, and it is the inference effects that introduce the non-linearity in `.223

For simplicity, the ggF subscripts will be suppressed henceforth. The definition for the reference in Eq. 8224

leads to ?ref = ?S for this example, and the search oriented mixture model from Eq. 7 becomes225

?(G |`)

?S(G)
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
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This can be constructed using two ensembles, the first to estimate ?SBI1 (G)/?S(G) and the second226

?B(G)/?S(G). The event section strategy follows to Ref. [7], and uses in addition a multi-variate-analysis-227

based discriminant, similar to the discriminant used in that analysis, to define the signal and control regions.228

The rest of this section will describe input features and architecture for the ensemble of networks trained229

for these tasks, and the systematics model considered in this demonstration.230
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observable in histogram-based signal strength measurements. However, this solution only works for such158

linear problems, and Section 2.2 will develop a more general framework to build a test statistic analytically159

from the output of a few classifiers. The quality of a test statistic is reliant on how well a classifier learns to160

estimate the decision function in Eq. 2. The rest of this section will describe a method to factorise the161

problem of estimating likelihood ratios into a set of simpler estimation tasks and improve the robustness of162

the estimation.163

2.2 Factorisation into a search-oriented mixture model164

When the hypotheses being tested can be decomposed into mixtures of several components, the learning165

task can be factorised into a series of simpler classification tasks [7]. Further, if the only free parameters166

to be measured can be written as coe!cients of the mixture model, the individual classifiers no longer167

need to be parameterised in the parameter(s) of interest (e.g. a signal strength 𝐿), since the relation is168

explicitly known. This reduces the burden of validating the interpolation capabilities of the likelihood169

ratio estimation over the entire theory parameter space, to simply validating the performance of the small170

number of classifiers. If every classifier is well-trained and well-calibrated, then their combination too may171

be expected to remain well-behaved, although this must be explicitly verified.172

For an LHC analysis, this decomposition can use di"erent physics processes that give rise to the same final173

state, each with a coe!cient that is some function of the parameter of interest. If the decomposition is into174

𝑀 di"erent components, representing di"erent physics processes,175

𝑁(𝑂𝐿 |𝐿) =
1

𝑃(𝐿)

𝑀∑
𝑁

𝑄 𝑁 (𝐿) · 𝑃 𝑁 𝑁 𝑁 (𝑂𝐿), (8)

where 𝑁 𝑁 (𝑂𝐿) is the probability density for the event 𝑂𝐿 correspeonding to the process 𝑅 , and 𝑃 𝑁 the inclusive176

rate for that process are defined with 𝐿 at the Standard Model value. The full dependence on 𝐿 can be177

captured using only the coe!cients 𝑄 𝑁 (𝐿) and the total rate 𝑃(𝐿). Such a decomposition is possible for a178

wide range of LHC analyses where the coe!cients 𝑄 𝑁 (𝐿) are known from theory2 [4]. These coe!cients are179

also used together with the inclusive rates (estimated from simulations) for each process (𝑃 𝑁) to determine180

𝑃(𝐿) =
∑

𝑄 𝑁 (𝐿) · 𝑃 𝑁 . Here 𝐿 could represent multiple theory parameters, and this formalism accommodates181

multiple independent parameters of interest. Further, while the factorisation of the task into individual182

physics processes can always be made, if the dependence on the parameter of interest is not analytically183

known, a parameterised network can be trained instead to estimate terms corresponding to 𝑁 𝑁 (𝑂𝐿 |𝐿) [7] in184

the following formalism. This paper defines a search-oriented mixture model, which is the probability185

density ratio between a hypothesis and a reference,186

𝑁(𝑂𝐿 |𝐿)

𝑁ref(𝑂𝐿)
=

1
𝑃(𝐿)

𝑀∑
𝑁

𝑄 𝑁 (𝐿) · 𝑃 𝑁

𝑁 𝑁 (𝑂𝐿)

𝑁ref(𝑂𝐿)
, (9)

expressed using only a finite number of 𝐿-independent density ratios, 𝑁 𝑁 (𝑂𝐿)/𝑁ref(𝑂𝐿). While there is a187

freedom to make any choice for the reference, this paper defines it as a combination of signal processes,188

𝑁ref(𝑂𝐿) =
1∑
𝑂
𝑃𝑂

𝑀signals∑
𝑂

𝑃𝑂 𝑁𝑂 (𝑂𝐿), (10)

2 Such a decomposition is possible for signal strength measurements but may not be possible for other measurements, such as
mass measurement.
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space can guide decisions about neural network architecture optimisation and data pre-processing. Such195

iterative optimisation is essential to achieve a high level of accuracy in likelihood-ratio estimation. Since196

the ensembles are trained on bootstrapped samples, it is natural to use the spread in their predictions to197

quantify the uncertainty due to the limited training data.198

3 Example use case: ggF Off-shell Higgs Production199

The developed NSBI framework is demonstrated using a subset of simulated samples originally generated200

for an off-shell Higgs signal strength measurement in the � ! // ! 4✓ decay channel. The full context201

of the analysis is described in Ref. [7], and only the details relevant for NSBI will be summarised below.202

Only a subset of the physics processes and systematic uncertainties from the original analysis are considered203

for this demonstration.204

When the quantum interference is negligible, a single observable that optimally separates signal from205

background contains all the information necessary to perform optimal hypothesis tests over the full range206

of signal strength values (see Eq. 5). However, this is no longer true when quantum interference cannot be207

ignored, and therefore does not apply to the off-shell Higgs analysis, where there is considerable destructive208

quantum interference between the signal and background processes. In this case, the impact of the signal209

strength ` on the probability model is non-linear, as will be described below, and Ref. [2] proposes the use210

of NSBI to fully account for these non-linear effects.211

The analysis by ATLAS in Ref. [7] included simulated samples from 66 ! � ! // ! 4✓ signal-only212

(S) production, 66 ! // ! 4✓ background-only (B) production, and the combined simulation including213

interference effects 66 ! (�) ! // ! 4✓ (SBI1, where the subscript indicates that ` was set to 1 for214

the simulation). These processes from the gluon-gluon fusion (ggF) production channel will be re-used215

for the demonstrations in this paper. In principle a coupling modifier parameter that scales the signal216

amplitude could be a complex number, which would lead to a phase contributing to the interference term217

in the cross-section computation. This would require the measurement of two independent parameters218

of interest, which can be done with NSBI. In this analysis however, the modifier p` is assumed to be a219

positive real number, and therefore only the inference of one parameter of interest ` is required. The full220

ggF probability model can be expressed as221

?ggF(G |`) =
1

aggF(`)

⇥
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`)aB. The contribution from the interference (I) is222

represented using ?I = ?SBI1 � ?B � ?S, and it is the inference effects that introduce the non-linearity in `.223

For simplicity, the ggF subscripts will be suppressed henceforth. The definition for the reference in Eq. 8224

leads to ?ref = ?S for this example, and the search oriented mixture model from Eq. 7 becomes225
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This can be constructed using two ensembles, the first to estimate ?SBI1 (G)/?S(G) and the second226

?B(G)/?S(G). The event section strategy follows to Ref. [7], and uses in addition a multi-variate-analysis-227

based discriminant, similar to the discriminant used in that analysis, to define the signal and control regions.228

The rest of this section will describe input features and architecture for the ensemble of networks trained229

for these tasks, and the systematics model considered in this demonstration.230
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observable in histogram-based signal strength measurements. However, this solution only works for such158

linear problems, and Section 2.2 will develop a more general framework to build a test statistic analytically159

from the output of a few classifiers. The quality of a test statistic is reliant on how well a classifier learns to160

estimate the decision function in Eq. 2. The rest of this section will describe a method to factorise the161

problem of estimating likelihood ratios into a set of simpler estimation tasks and improve the robustness of162

the estimation.163

2.2 Factorisation into a search-oriented mixture model164

When the hypotheses being tested can be decomposed into mixtures of several components, the learning165

task can be factorised into a series of simpler classification tasks [7]. Further, if the only free parameters166

to be measured can be written as coe!cients of the mixture model, the individual classifiers no longer167

need to be parameterised in the parameter(s) of interest (e.g. a signal strength 𝐿), since the relation is168

explicitly known. This reduces the burden of validating the interpolation capabilities of the likelihood169

ratio estimation over the entire theory parameter space, to simply validating the performance of the small170

number of classifiers. If every classifier is well-trained and well-calibrated, then their combination too may171

be expected to remain well-behaved, although this must be explicitly verified.172

For an LHC analysis, this decomposition can use di"erent physics processes that give rise to the same final173

state, each with a coe!cient that is some function of the parameter of interest. If the decomposition is into174

𝑀 di"erent components, representing di"erent physics processes,175

𝑁(𝑂𝐿 |𝐿) =
1

𝑃(𝐿)

𝑀∑
𝑁

𝑄 𝑁 (𝐿) · 𝑃 𝑁 𝑁 𝑁 (𝑂𝐿), (8)

where 𝑁 𝑁 (𝑂𝐿) is the probability density for the event 𝑂𝐿 correspeonding to the process 𝑅 , and 𝑃 𝑁 the inclusive176

rate for that process are defined with 𝐿 at the Standard Model value. The full dependence on 𝐿 can be177

captured using only the coe!cients 𝑄 𝑁 (𝐿) and the total rate 𝑃(𝐿). Such a decomposition is possible for a178

wide range of LHC analyses where the coe!cients 𝑄 𝑁 (𝐿) are known from theory2 [4]. These coe!cients are179

also used together with the inclusive rates (estimated from simulations) for each process (𝑃 𝑁) to determine180

𝑃(𝐿) =
∑

𝑄 𝑁 (𝐿) · 𝑃 𝑁 . Here 𝐿 could represent multiple theory parameters, and this formalism accommodates181

multiple independent parameters of interest. Further, while the factorisation of the task into individual182

physics processes can always be made, if the dependence on the parameter of interest is not analytically183

known, a parameterised network can be trained instead to estimate terms corresponding to 𝑁 𝑁 (𝑂𝐿 |𝐿) [7] in184

the following formalism. This paper defines a search-oriented mixture model, which is the probability185

density ratio between a hypothesis and a reference,186

𝑁(𝑂𝐿 |𝐿)

𝑁ref(𝑂𝐿)
=

1
𝑃(𝐿)

𝑀∑
𝑁

𝑄 𝑁 (𝐿) · 𝑃 𝑁

𝑁 𝑁 (𝑂𝐿)

𝑁ref(𝑂𝐿)
, (9)

expressed using only a finite number of 𝐿-independent density ratios, 𝑁 𝑁 (𝑂𝐿)/𝑁ref(𝑂𝐿). While there is a187

freedom to make any choice for the reference, this paper defines it as a combination of signal processes,188

𝑁ref(𝑂𝐿) =
1∑
𝑂
𝑃𝑂

𝑀signals∑
𝑂

𝑃𝑂 𝑁𝑂 (𝑂𝐿), (10)

2 Such a decomposition is possible for signal strength measurements but may not be possible for other measurements, such as
mass measurement.
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observable in histogram-based signal strength measurements. However, this solution only works for such158

linear problems, and Section 2.2 will develop a more general framework to build a test statistic analytically159

from the output of a few classifiers. The quality of a test statistic is reliant on how well a classifier learns to160

estimate the decision function in Eq. 2. The rest of this section will describe a method to factorise the161

problem of estimating likelihood ratios into a set of simpler estimation tasks and improve the robustness of162

the estimation.163

2.2 Factorisation into a search-oriented mixture model164

When the hypotheses being tested can be decomposed into mixtures of several components, the learning165

task can be factorised into a series of simpler classification tasks [7]. Further, if the only free parameters166

to be measured can be written as coe!cients of the mixture model, the individual classifiers no longer167

need to be parameterised in the parameter(s) of interest (e.g. a signal strength 𝐿), since the relation is168

explicitly known. This reduces the burden of validating the interpolation capabilities of the likelihood169

ratio estimation over the entire theory parameter space, to simply validating the performance of the small170

number of classifiers. If every classifier is well-trained and well-calibrated, then their combination too may171

be expected to remain well-behaved, although this must be explicitly verified.172

For an LHC analysis, this decomposition can use di"erent physics processes that give rise to the same final173

state, each with a coe!cient that is some function of the parameter of interest. If the decomposition is into174

𝑀 di"erent components, representing di"erent physics processes,175

𝑁(𝑂𝐿 |𝐿) =
1

𝑃(𝐿)

𝑀∑
𝑁

𝑄 𝑁 (𝐿) · 𝑃 𝑁 𝑁 𝑁 (𝑂𝐿), (8)

where 𝑁 𝑁 (𝑂𝐿) is the probability density for the event 𝑂𝐿 correspeonding to the process 𝑅 , and 𝑃 𝑁 the inclusive176

rate for that process are defined with 𝐿 at the Standard Model value. The full dependence on 𝐿 can be177

captured using only the coe!cients 𝑄 𝑁 (𝐿) and the total rate 𝑃(𝐿). Such a decomposition is possible for a178

wide range of LHC analyses where the coe!cients 𝑄 𝑁 (𝐿) are known from theory2 [4]. These coe!cients are179

also used together with the inclusive rates (estimated from simulations) for each process (𝑃 𝑁) to determine180

𝑃(𝐿) =
∑

𝑄 𝑁 (𝐿) · 𝑃 𝑁 . Here 𝐿 could represent multiple theory parameters, and this formalism accommodates181

multiple independent parameters of interest. Further, while the factorisation of the task into individual182

physics processes can always be made, if the dependence on the parameter of interest is not analytically183

known, a parameterised network can be trained instead to estimate terms corresponding to 𝑁 𝑁 (𝑂𝐿 |𝐿) [7] in184

the following formalism. This paper defines a search-oriented mixture model, which is the probability185

density ratio between a hypothesis and a reference,186

𝑁(𝑂𝐿 |𝐿)

𝑁ref(𝑂𝐿)
=

1
𝑃(𝐿)

𝑀∑
𝑁

𝑄 𝑁 (𝐿) · 𝑃 𝑁

𝑁 𝑁 (𝑂𝐿)

𝑁ref(𝑂𝐿)
, (9)

expressed using only a finite number of 𝐿-independent density ratios, 𝑁 𝑁 (𝑂𝐿)/𝑁ref(𝑂𝐿). While there is a187

freedom to make any choice for the reference, this paper defines it as a combination of signal processes,188

𝑁ref(𝑂𝐿) =
1∑
𝑂
𝑃𝑂

𝑀signals∑
𝑂

𝑃𝑂 𝑁𝑂 (𝑂𝐿), (10)

2 Such a decomposition is possible for signal strength measurements but may not be possible for other measurements, such as
mass measurement.
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space can guide decisions about neural network architecture optimisation and data pre-processing. Such195

iterative optimisation is essential to achieve a high level of accuracy in likelihood-ratio estimation. Since196

the ensembles are trained on bootstrapped samples, it is natural to use the spread in their predictions to197

quantify the uncertainty due to the limited training data.198

3 Example use case: ggF Off-shell Higgs Production199

The developed NSBI framework is demonstrated using a subset of simulated samples originally generated200

for an off-shell Higgs signal strength measurement in the � ! // ! 4✓ decay channel. The full context201

of the analysis is described in Ref. [7], and only the details relevant for NSBI will be summarised below.202

Only a subset of the physics processes and systematic uncertainties from the original analysis are considered203

for this demonstration.204

When the quantum interference is negligible, a single observable that optimally separates signal from205

background contains all the information necessary to perform optimal hypothesis tests over the full range206

of signal strength values (see Eq. 5). However, this is no longer true when quantum interference cannot be207

ignored, and therefore does not apply to the off-shell Higgs analysis, where there is considerable destructive208

quantum interference between the signal and background processes. In this case, the impact of the signal209

strength ` on the probability model is non-linear, as will be described below, and Ref. [2] proposes the use210

of NSBI to fully account for these non-linear effects.211

The analysis by ATLAS in Ref. [7] included simulated samples from 66 ! � ! // ! 4✓ signal-only212

(S) production, 66 ! // ! 4✓ background-only (B) production, and the combined simulation including213

interference effects 66 ! (�) ! // ! 4✓ (SBI1, where the subscript indicates that ` was set to 1 for214

the simulation). These processes from the gluon-gluon fusion (ggF) production channel will be re-used215

for the demonstrations in this paper. In principle a coupling modifier parameter that scales the signal216

amplitude could be a complex number, which would lead to a phase contributing to the interference term217

in the cross-section computation. This would require the measurement of two independent parameters218

of interest, which can be done with NSBI. In this analysis however, the modifier p` is assumed to be a219

positive real number, and therefore only the inference of one parameter of interest ` is required. The full220

ggF probability model can be expressed as221

?ggF(G |`) =
1

aggF(`)

⇥
(` �

p
`) a( ?S(G) +

p
` aSBI1 ?SBI1 (G) + (1 �

p
`)aB ?B(G)

⇤
, (9)

where aggF(`) = (` �
p
`) a( +

p
` aSBI1 + (1 �

p
`)aB. The contribution from the interference (I) is222

represented using ?I = ?SBI1 � ?B � ?S, and it is the inference effects that introduce the non-linearity in `.223

For simplicity, the ggF subscripts will be suppressed henceforth. The definition for the reference in Eq. 8224

leads to ?ref = ?S for this example, and the search oriented mixture model from Eq. 7 becomes225

?(G |`)

?S(G)
=

1
a(`)


(` �

p
`) a( +

p
` aSBI1

?SBI1 (G)

?S(G)
+ (1 �

p
`)aB

?B(G)

?S(G)

�
. (10)

This can be constructed using two ensembles, the first to estimate ?SBI1 (G)/?S(G) and the second226

?B(G)/?S(G). The event section strategy follows to Ref. [7], and uses in addition a multi-variate-analysis-227

based discriminant, similar to the discriminant used in that analysis, to define the signal and control regions.228

The rest of this section will describe input features and architecture for the ensemble of networks trained229

for these tasks, and the systematics model considered in this demonstration.230
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observable in histogram-based signal strength measurements. However, this solution only works for such158

linear problems, and Section 2.2 will develop a more general framework to build a test statistic analytically159

from the output of a few classifiers. The quality of a test statistic is reliant on how well a classifier learns to160

estimate the decision function in Eq. 2. The rest of this section will describe a method to factorise the161

problem of estimating likelihood ratios into a set of simpler estimation tasks and improve the robustness of162

the estimation.163

2.2 Factorisation into a search-oriented mixture model164

When the hypotheses being tested can be decomposed into mixtures of several components, the learning165

task can be factorised into a series of simpler classification tasks [7]. Further, if the only free parameters166

to be measured can be written as coe!cients of the mixture model, the individual classifiers no longer167

need to be parameterised in the parameter(s) of interest (e.g. a signal strength 𝐿), since the relation is168

explicitly known. This reduces the burden of validating the interpolation capabilities of the likelihood169

ratio estimation over the entire theory parameter space, to simply validating the performance of the small170

number of classifiers. If every classifier is well-trained and well-calibrated, then their combination too may171

be expected to remain well-behaved, although this must be explicitly verified.172

For an LHC analysis, this decomposition can use di"erent physics processes that give rise to the same final173

state, each with a coe!cient that is some function of the parameter of interest. If the decomposition is into174

𝑀 di"erent components, representing di"erent physics processes,175

𝑁(𝑂𝐿 |𝐿) =
1

𝑃(𝐿)

𝑀∑
𝑁

𝑄 𝑁 (𝐿) · 𝑃 𝑁 𝑁 𝑁 (𝑂𝐿), (8)

where 𝑁 𝑁 (𝑂𝐿) is the probability density for the event 𝑂𝐿 correspeonding to the process 𝑅 , and 𝑃 𝑁 the inclusive176

rate for that process are defined with 𝐿 at the Standard Model value. The full dependence on 𝐿 can be177

captured using only the coe!cients 𝑄 𝑁 (𝐿) and the total rate 𝑃(𝐿). Such a decomposition is possible for a178

wide range of LHC analyses where the coe!cients 𝑄 𝑁 (𝐿) are known from theory2 [4]. These coe!cients are179

also used together with the inclusive rates (estimated from simulations) for each process (𝑃 𝑁) to determine180

𝑃(𝐿) =
∑

𝑄 𝑁 (𝐿) · 𝑃 𝑁 . Here 𝐿 could represent multiple theory parameters, and this formalism accommodates181

multiple independent parameters of interest. Further, while the factorisation of the task into individual182

physics processes can always be made, if the dependence on the parameter of interest is not analytically183

known, a parameterised network can be trained instead to estimate terms corresponding to 𝑁 𝑁 (𝑂𝐿 |𝐿) [7] in184

the following formalism. This paper defines a search-oriented mixture model, which is the probability185

density ratio between a hypothesis and a reference,186

𝑁(𝑂𝐿 |𝐿)

𝑁ref(𝑂𝐿)
=

1
𝑃(𝐿)

𝑀∑
𝑁

𝑄 𝑁 (𝐿) · 𝑃 𝑁

𝑁 𝑁 (𝑂𝐿)

𝑁ref(𝑂𝐿)
, (9)

expressed using only a finite number of 𝐿-independent density ratios, 𝑁 𝑁 (𝑂𝐿)/𝑁ref(𝑂𝐿). While there is a187

freedom to make any choice for the reference, this paper defines it as a combination of signal processes,188

𝑁ref(𝑂𝐿) =
1∑
𝑂
𝑃𝑂

𝑀signals∑
𝑂

𝑃𝑂 𝑁𝑂 (𝑂𝐿), (10)

2 Such a decomposition is possible for signal strength measurements but may not be possible for other measurements, such as
mass measurement.
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observable in histogram-based signal strength measurements. However, this solution only works for such158

linear problems, and Section 2.2 will develop a more general framework to build a test statistic analytically159

from the output of a few classifiers. The quality of a test statistic is reliant on how well a classifier learns to160

estimate the decision function in Eq. 2. The rest of this section will describe a method to factorise the161

problem of estimating likelihood ratios into a set of simpler estimation tasks and improve the robustness of162

the estimation.163

2.2 Factorisation into a search-oriented mixture model164

When the hypotheses being tested can be decomposed into mixtures of several components, the learning165

task can be factorised into a series of simpler classification tasks [7]. Further, if the only free parameters166

to be measured can be written as coe!cients of the mixture model, the individual classifiers no longer167

need to be parameterised in the parameter(s) of interest (e.g. a signal strength 𝐿), since the relation is168

explicitly known. This reduces the burden of validating the interpolation capabilities of the likelihood169

ratio estimation over the entire theory parameter space, to simply validating the performance of the small170

number of classifiers. If every classifier is well-trained and well-calibrated, then their combination too may171

be expected to remain well-behaved, although this must be explicitly verified.172

For an LHC analysis, this decomposition can use di"erent physics processes that give rise to the same final173

state, each with a coe!cient that is some function of the parameter of interest. If the decomposition is into174

𝑀 di"erent components, representing di"erent physics processes,175

𝑁(𝑂𝐿 |𝐿) =
1

𝑃(𝐿)

𝑀∑
𝑁

𝑄 𝑁 (𝐿) · 𝑃 𝑁 𝑁 𝑁 (𝑂𝐿), (8)

where 𝑁 𝑁 (𝑂𝐿) is the probability density for the event 𝑂𝐿 correspeonding to the process 𝑅 , and 𝑃 𝑁 the inclusive176

rate for that process are defined with 𝐿 at the Standard Model value. The full dependence on 𝐿 can be177

captured using only the coe!cients 𝑄 𝑁 (𝐿) and the total rate 𝑃(𝐿). Such a decomposition is possible for a178

wide range of LHC analyses where the coe!cients 𝑄 𝑁 (𝐿) are known from theory2 [4]. These coe!cients are179

also used together with the inclusive rates (estimated from simulations) for each process (𝑃 𝑁) to determine180

𝑃(𝐿) =
∑

𝑄 𝑁 (𝐿) · 𝑃 𝑁 . Here 𝐿 could represent multiple theory parameters, and this formalism accommodates181

multiple independent parameters of interest. Further, while the factorisation of the task into individual182

physics processes can always be made, if the dependence on the parameter of interest is not analytically183

known, a parameterised network can be trained instead to estimate terms corresponding to 𝑁 𝑁 (𝑂𝐿 |𝐿) [7] in184

the following formalism. This paper defines a search-oriented mixture model, which is the probability185

density ratio between a hypothesis and a reference,186

𝑁(𝑂𝐿 |𝐿)

𝑁ref(𝑂𝐿)
=

1
𝑃(𝐿)

𝑀∑
𝑁

𝑄 𝑁 (𝐿) · 𝑃 𝑁

𝑁 𝑁 (𝑂𝐿)

𝑁ref(𝑂𝐿)
, (9)

expressed using only a finite number of 𝐿-independent density ratios, 𝑁 𝑁 (𝑂𝐿)/𝑁ref(𝑂𝐿). While there is a187

freedom to make any choice for the reference, this paper defines it as a combination of signal processes,188

𝑁ref(𝑂𝐿) =
1∑
𝑂
𝑃𝑂

𝑀signals∑
𝑂

𝑃𝑂 𝑁𝑂 (𝑂𝐿), (10)

2 Such a decomposition is possible for signal strength measurements but may not be possible for other measurements, such as
mass measurement.
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space can guide decisions about neural network architecture optimisation and data pre-processing. Such195

iterative optimisation is essential to achieve a high level of accuracy in likelihood-ratio estimation. Since196

the ensembles are trained on bootstrapped samples, it is natural to use the spread in their predictions to197

quantify the uncertainty due to the limited training data.198

3 Example use case: ggF Off-shell Higgs Production199

The developed NSBI framework is demonstrated using a subset of simulated samples originally generated200

for an off-shell Higgs signal strength measurement in the � ! // ! 4✓ decay channel. The full context201

of the analysis is described in Ref. [7], and only the details relevant for NSBI will be summarised below.202

Only a subset of the physics processes and systematic uncertainties from the original analysis are considered203

for this demonstration.204

When the quantum interference is negligible, a single observable that optimally separates signal from205

background contains all the information necessary to perform optimal hypothesis tests over the full range206

of signal strength values (see Eq. 5). However, this is no longer true when quantum interference cannot be207

ignored, and therefore does not apply to the off-shell Higgs analysis, where there is considerable destructive208

quantum interference between the signal and background processes. In this case, the impact of the signal209

strength ` on the probability model is non-linear, as will be described below, and Ref. [2] proposes the use210

of NSBI to fully account for these non-linear effects.211

The analysis by ATLAS in Ref. [7] included simulated samples from 66 ! � ! // ! 4✓ signal-only212

(S) production, 66 ! // ! 4✓ background-only (B) production, and the combined simulation including213

interference effects 66 ! (�) ! // ! 4✓ (SBI1, where the subscript indicates that ` was set to 1 for214

the simulation). These processes from the gluon-gluon fusion (ggF) production channel will be re-used215

for the demonstrations in this paper. In principle a coupling modifier parameter that scales the signal216

amplitude could be a complex number, which would lead to a phase contributing to the interference term217

in the cross-section computation. This would require the measurement of two independent parameters218

of interest, which can be done with NSBI. In this analysis however, the modifier p` is assumed to be a219

positive real number, and therefore only the inference of one parameter of interest ` is required. The full220

ggF probability model can be expressed as221

?ggF(G |`) =
1

aggF(`)

⇥
(` �

p
`) a( ?S(G) +

p
` aSBI1 ?SBI1 (G) + (1 �

p
`)aB ?B(G)

⇤
, (9)

where aggF(`) = (` �
p
`) a( +

p
` aSBI1 + (1 �

p
`)aB. The contribution from the interference (I) is222

represented using ?I = ?SBI1 � ?B � ?S, and it is the inference effects that introduce the non-linearity in `.223

For simplicity, the ggF subscripts will be suppressed henceforth. The definition for the reference in Eq. 8224

leads to ?ref = ?S for this example, and the search oriented mixture model from Eq. 7 becomes225

?(G |`)

?S(G)
=

1
a(`)


(` �

p
`) a( +

p
` aSBI1

?SBI1 (G)

?S(G)
+ (1 �

p
`)aB

?B(G)

?S(G)

�
. (10)

This can be constructed using two ensembles, the first to estimate ?SBI1 (G)/?S(G) and the second226

?B(G)/?S(G). The event section strategy follows to Ref. [7], and uses in addition a multi-variate-analysis-227

based discriminant, similar to the discriminant used in that analysis, to define the signal and control regions.228

The rest of this section will describe input features and architecture for the ensemble of networks trained229

for these tasks, and the systematics model considered in this demonstration.230
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space can guide decisions about neural network architecture optimisation and data pre-processing. Such195

iterative optimisation is essential to achieve a high level of accuracy in likelihood-ratio estimation. Since196

the ensembles are trained on bootstrapped samples, it is natural to use the spread in their predictions to197

quantify the uncertainty due to the limited training data.198

3 Example use case: ggF Off-shell Higgs Production199

The developed NSBI framework is demonstrated using a subset of simulated samples originally generated200

for an off-shell Higgs signal strength measurement in the � ! // ! 4✓ decay channel. The full context201

of the analysis is described in Ref. [7], and only the details relevant for NSBI will be summarised below.202

Only a subset of the physics processes and systematic uncertainties from the original analysis are considered203

for this demonstration.204

When the quantum interference is negligible, a single observable that optimally separates signal from205

background contains all the information necessary to perform optimal hypothesis tests over the full range206

of signal strength values (see Eq. 5). However, this is no longer true when quantum interference cannot be207

ignored, and therefore does not apply to the off-shell Higgs analysis, where there is considerable destructive208

quantum interference between the signal and background processes. In this case, the impact of the signal209

strength ` on the probability model is non-linear, as will be described below, and Ref. [2] proposes the use210

of NSBI to fully account for these non-linear effects.211

The analysis by ATLAS in Ref. [7] included simulated samples from 66 ! � ! // ! 4✓ signal-only212

(S) production, 66 ! // ! 4✓ background-only (B) production, and the combined simulation including213

interference effects 66 ! (�) ! // ! 4✓ (SBI1, where the subscript indicates that ` was set to 1 for214

the simulation). These processes from the gluon-gluon fusion (ggF) production channel will be re-used215

for the demonstrations in this paper. In principle a coupling modifier parameter that scales the signal216

amplitude could be a complex number, which would lead to a phase contributing to the interference term217

in the cross-section computation. This would require the measurement of two independent parameters218

of interest, which can be done with NSBI. In this analysis however, the modifier p` is assumed to be a219

positive real number, and therefore only the inference of one parameter of interest ` is required. The full220

ggF probability model can be expressed as221

?ggF(G |`) =
1

aggF(`)

⇥
(` �

p
`) a( ?S(G) +

p
` aSBI1 ?SBI1 (G) + (1 �

p
`)aB ?B(G)

⇤
, (9)

where aggF(`) = (` �
p
`) a( +

p
` aSBI1 + (1 �

p
`)aB. The contribution from the interference (I) is222

represented using ?I = ?SBI1 � ?B � ?S, and it is the inference effects that introduce the non-linearity in `.223

For simplicity, the ggF subscripts will be suppressed henceforth. The definition for the reference in Eq. 8224

leads to ?ref = ?S for this example, and the search oriented mixture model from Eq. 7 becomes225

?(G |`)

?S(G)
=

1
a(`)


(` �

p
`) a( +

p
` aSBI1

?SBI1 (G)

?S(G)
+ (1 �

p
`)aB

?B(G)

?S(G)

�
. (10)

This can be constructed using two ensembles, the first to estimate ?SBI1 (G)/?S(G) and the second226

?B(G)/?S(G). The event section strategy follows to Ref. [7], and uses in addition a multi-variate-analysis-227

based discriminant, similar to the discriminant used in that analysis, to define the signal and control regions.228

The rest of this section will describe input features and architecture for the ensemble of networks trained229

for these tasks, and the systematics model considered in this demonstration.230
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observable in histogram-based signal strength measurements. However, this solution only works for such158

linear problems, and Section 2.2 will develop a more general framework to build a test statistic analytically159

from the output of a few classifiers. The quality of a test statistic is reliant on how well a classifier learns to160

estimate the decision function in Eq. 2. The rest of this section will describe a method to factorise the161

problem of estimating likelihood ratios into a set of simpler estimation tasks and improve the robustness of162

the estimation.163

2.2 Factorisation into a search-oriented mixture model164

When the hypotheses being tested can be decomposed into mixtures of several components, the learning165

task can be factorised into a series of simpler classification tasks [7]. Further, if the only free parameters166

to be measured can be written as coe!cients of the mixture model, the individual classifiers no longer167

need to be parameterised in the parameter(s) of interest (e.g. a signal strength 𝐿), since the relation is168

explicitly known. This reduces the burden of validating the interpolation capabilities of the likelihood169

ratio estimation over the entire theory parameter space, to simply validating the performance of the small170

number of classifiers. If every classifier is well-trained and well-calibrated, then their combination too may171

be expected to remain well-behaved, although this must be explicitly verified.172

For an LHC analysis, this decomposition can use di"erent physics processes that give rise to the same final173

state, each with a coe!cient that is some function of the parameter of interest. If the decomposition is into174

𝑀 di"erent components, representing di"erent physics processes,175

𝑁(𝑂𝐿 |𝐿) =
1

𝑃(𝐿)

𝑀∑
𝑁

𝑄 𝑁 (𝐿) · 𝑃 𝑁 𝑁 𝑁 (𝑂𝐿), (8)

where 𝑁 𝑁 (𝑂𝐿) is the probability density for the event 𝑂𝐿 correspeonding to the process 𝑅 , and 𝑃 𝑁 the inclusive176

rate for that process are defined with 𝐿 at the Standard Model value. The full dependence on 𝐿 can be177

captured using only the coe!cients 𝑄 𝑁 (𝐿) and the total rate 𝑃(𝐿). Such a decomposition is possible for a178

wide range of LHC analyses where the coe!cients 𝑄 𝑁 (𝐿) are known from theory2 [4]. These coe!cients are179

also used together with the inclusive rates (estimated from simulations) for each process (𝑃 𝑁) to determine180

𝑃(𝐿) =
∑

𝑄 𝑁 (𝐿) · 𝑃 𝑁 . Here 𝐿 could represent multiple theory parameters, and this formalism accommodates181

multiple independent parameters of interest. Further, while the factorisation of the task into individual182

physics processes can always be made, if the dependence on the parameter of interest is not analytically183

known, a parameterised network can be trained instead to estimate terms corresponding to 𝑁 𝑁 (𝑂𝐿 |𝐿) [7] in184

the following formalism. This paper defines a search-oriented mixture model, which is the probability185

density ratio between a hypothesis and a reference,186

𝑁(𝑂𝐿 |𝐿)

𝑁ref(𝑂𝐿)
=

1
𝑃(𝐿)

𝑀∑
𝑁

𝑄 𝑁 (𝐿) · 𝑃 𝑁

𝑁 𝑁 (𝑂𝐿)

𝑁ref(𝑂𝐿)
, (9)

expressed using only a finite number of 𝐿-independent density ratios, 𝑁 𝑁 (𝑂𝐿)/𝑁ref(𝑂𝐿). While there is a187

freedom to make any choice for the reference, this paper defines it as a combination of signal processes,188

𝑁ref(𝑂𝐿) =
1∑
𝑂
𝑃𝑂

𝑀signals∑
𝑂

𝑃𝑂 𝑁𝑂 (𝑂𝐿), (10)

2 Such a decomposition is possible for signal strength measurements but may not be possible for other measurements, such as
mass measurement.
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observable in histogram-based signal strength measurements. However, this solution only works for such158

linear problems, and Section 2.2 will develop a more general framework to build a test statistic analytically159

from the output of a few classifiers. The quality of a test statistic is reliant on how well a classifier learns to160

estimate the decision function in Eq. 2. The rest of this section will describe a method to factorise the161

problem of estimating likelihood ratios into a set of simpler estimation tasks and improve the robustness of162

the estimation.163

2.2 Factorisation into a search-oriented mixture model164

When the hypotheses being tested can be decomposed into mixtures of several components, the learning165

task can be factorised into a series of simpler classification tasks [7]. Further, if the only free parameters166

to be measured can be written as coe!cients of the mixture model, the individual classifiers no longer167

need to be parameterised in the parameter(s) of interest (e.g. a signal strength 𝐿), since the relation is168

explicitly known. This reduces the burden of validating the interpolation capabilities of the likelihood169

ratio estimation over the entire theory parameter space, to simply validating the performance of the small170

number of classifiers. If every classifier is well-trained and well-calibrated, then their combination too may171

be expected to remain well-behaved, although this must be explicitly verified.172

For an LHC analysis, this decomposition can use di"erent physics processes that give rise to the same final173

state, each with a coe!cient that is some function of the parameter of interest. If the decomposition is into174

𝑀 di"erent components, representing di"erent physics processes,175

𝑁(𝑂𝐿 |𝐿) =
1

𝑃(𝐿)

𝑀∑
𝑁

𝑄 𝑁 (𝐿) · 𝑃 𝑁 𝑁 𝑁 (𝑂𝐿), (8)

where 𝑁 𝑁 (𝑂𝐿) is the probability density for the event 𝑂𝐿 correspeonding to the process 𝑅 , and 𝑃 𝑁 the inclusive176

rate for that process are defined with 𝐿 at the Standard Model value. The full dependence on 𝐿 can be177

captured using only the coe!cients 𝑄 𝑁 (𝐿) and the total rate 𝑃(𝐿). Such a decomposition is possible for a178

wide range of LHC analyses where the coe!cients 𝑄 𝑁 (𝐿) are known from theory2 [4]. These coe!cients are179

also used together with the inclusive rates (estimated from simulations) for each process (𝑃 𝑁) to determine180

𝑃(𝐿) =
∑

𝑄 𝑁 (𝐿) · 𝑃 𝑁 . Here 𝐿 could represent multiple theory parameters, and this formalism accommodates181

multiple independent parameters of interest. Further, while the factorisation of the task into individual182

physics processes can always be made, if the dependence on the parameter of interest is not analytically183

known, a parameterised network can be trained instead to estimate terms corresponding to 𝑁 𝑁 (𝑂𝐿 |𝐿) [7] in184

the following formalism. This paper defines a search-oriented mixture model, which is the probability185

density ratio between a hypothesis and a reference,186

𝑁(𝑂𝐿 |𝐿)

𝑁ref(𝑂𝐿)
=

1
𝑃(𝐿)

𝑀∑
𝑁

𝑄 𝑁 (𝐿) · 𝑃 𝑁

𝑁 𝑁 (𝑂𝐿)

𝑁ref(𝑂𝐿)
, (9)

expressed using only a finite number of 𝐿-independent density ratios, 𝑁 𝑁 (𝑂𝐿)/𝑁ref(𝑂𝐿). While there is a187

freedom to make any choice for the reference, this paper defines it as a combination of signal processes,188

𝑁ref(𝑂𝐿) =
1∑
𝑂
𝑃𝑂

𝑀signals∑
𝑂

𝑃𝑂 𝑁𝑂 (𝑂𝐿), (10)

2 Such a decomposition is possible for signal strength measurements but may not be possible for other measurements, such as
mass measurement.
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space can guide decisions about neural network architecture optimisation and data pre-processing. Such195

iterative optimisation is essential to achieve a high level of accuracy in likelihood-ratio estimation. Since196

the ensembles are trained on bootstrapped samples, it is natural to use the spread in their predictions to197

quantify the uncertainty due to the limited training data.198

3 Example use case: ggF Off-shell Higgs Production199

The developed NSBI framework is demonstrated using a subset of simulated samples originally generated200

for an off-shell Higgs signal strength measurement in the � ! // ! 4✓ decay channel. The full context201

of the analysis is described in Ref. [7], and only the details relevant for NSBI will be summarised below.202

Only a subset of the physics processes and systematic uncertainties from the original analysis are considered203

for this demonstration.204

When the quantum interference is negligible, a single observable that optimally separates signal from205

background contains all the information necessary to perform optimal hypothesis tests over the full range206

of signal strength values (see Eq. 5). However, this is no longer true when quantum interference cannot be207

ignored, and therefore does not apply to the off-shell Higgs analysis, where there is considerable destructive208

quantum interference between the signal and background processes. In this case, the impact of the signal209

strength ` on the probability model is non-linear, as will be described below, and Ref. [2] proposes the use210

of NSBI to fully account for these non-linear effects.211

The analysis by ATLAS in Ref. [7] included simulated samples from 66 ! � ! // ! 4✓ signal-only212

(S) production, 66 ! // ! 4✓ background-only (B) production, and the combined simulation including213

interference effects 66 ! (�) ! // ! 4✓ (SBI1, where the subscript indicates that ` was set to 1 for214

the simulation). These processes from the gluon-gluon fusion (ggF) production channel will be re-used215

for the demonstrations in this paper. In principle a coupling modifier parameter that scales the signal216

amplitude could be a complex number, which would lead to a phase contributing to the interference term217

in the cross-section computation. This would require the measurement of two independent parameters218

of interest, which can be done with NSBI. In this analysis however, the modifier p` is assumed to be a219

positive real number, and therefore only the inference of one parameter of interest ` is required. The full220

ggF probability model can be expressed as221

?ggF(G |`) =
1

aggF(`)

⇥
(` �

p
`) a( ?S(G) +

p
` aSBI1 ?SBI1 (G) + (1 �

p
`)aB ?B(G)

⇤
, (9)

where aggF(`) = (` �
p
`) a( +

p
` aSBI1 + (1 �

p
`)aB. The contribution from the interference (I) is222

represented using ?I = ?SBI1 � ?B � ?S, and it is the inference effects that introduce the non-linearity in `.223

For simplicity, the ggF subscripts will be suppressed henceforth. The definition for the reference in Eq. 8224

leads to ?ref = ?S for this example, and the search oriented mixture model from Eq. 7 becomes225

?(G |`)

?S(G)
=

1
a(`)


(` �

p
`) a( +

p
` aSBI1

?SBI1 (G)

?S(G)
+ (1 �

p
`)aB

?B(G)

?S(G)

�
. (10)

This can be constructed using two ensembles, the first to estimate ?SBI1 (G)/?S(G) and the second226

?B(G)/?S(G). The event section strategy follows to Ref. [7], and uses in addition a multi-variate-analysis-227

based discriminant, similar to the discriminant used in that analysis, to define the signal and control regions.228

The rest of this section will describe input features and architecture for the ensemble of networks trained229

for these tasks, and the systematics model considered in this demonstration.230
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observable in histogram-based signal strength measurements. However, this solution only works for such158

linear problems, and Section 2.2 will develop a more general framework to build a test statistic analytically159

from the output of a few classifiers. The quality of a test statistic is reliant on how well a classifier learns to160

estimate the decision function in Eq. 2. The rest of this section will describe a method to factorise the161

problem of estimating likelihood ratios into a set of simpler estimation tasks and improve the robustness of162

the estimation.163

2.2 Factorisation into a search-oriented mixture model164

When the hypotheses being tested can be decomposed into mixtures of several components, the learning165

task can be factorised into a series of simpler classification tasks [7]. Further, if the only free parameters166

to be measured can be written as coe!cients of the mixture model, the individual classifiers no longer167

need to be parameterised in the parameter(s) of interest (e.g. a signal strength 𝐿), since the relation is168

explicitly known. This reduces the burden of validating the interpolation capabilities of the likelihood169

ratio estimation over the entire theory parameter space, to simply validating the performance of the small170

number of classifiers. If every classifier is well-trained and well-calibrated, then their combination too may171

be expected to remain well-behaved, although this must be explicitly verified.172

For an LHC analysis, this decomposition can use di"erent physics processes that give rise to the same final173

state, each with a coe!cient that is some function of the parameter of interest. If the decomposition is into174

𝑀 di"erent components, representing di"erent physics processes,175

𝑁(𝑂𝐿 |𝐿) =
1

𝑃(𝐿)

𝑀∑
𝑁

𝑄 𝑁 (𝐿) · 𝑃 𝑁 𝑁 𝑁 (𝑂𝐿), (8)

where 𝑁 𝑁 (𝑂𝐿) is the probability density for the event 𝑂𝐿 correspeonding to the process 𝑅 , and 𝑃 𝑁 the inclusive176

rate for that process are defined with 𝐿 at the Standard Model value. The full dependence on 𝐿 can be177

captured using only the coe!cients 𝑄 𝑁 (𝐿) and the total rate 𝑃(𝐿). Such a decomposition is possible for a178

wide range of LHC analyses where the coe!cients 𝑄 𝑁 (𝐿) are known from theory2 [4]. These coe!cients are179

also used together with the inclusive rates (estimated from simulations) for each process (𝑃 𝑁) to determine180

𝑃(𝐿) =
∑

𝑄 𝑁 (𝐿) · 𝑃 𝑁 . Here 𝐿 could represent multiple theory parameters, and this formalism accommodates181

multiple independent parameters of interest. Further, while the factorisation of the task into individual182

physics processes can always be made, if the dependence on the parameter of interest is not analytically183

known, a parameterised network can be trained instead to estimate terms corresponding to 𝑁 𝑁 (𝑂𝐿 |𝐿) [7] in184

the following formalism. This paper defines a search-oriented mixture model, which is the probability185

density ratio between a hypothesis and a reference,186

𝑁(𝑂𝐿 |𝐿)

𝑁ref(𝑂𝐿)
=

1
𝑃(𝐿)

𝑀∑
𝑁

𝑄 𝑁 (𝐿) · 𝑃 𝑁

𝑁 𝑁 (𝑂𝐿)

𝑁ref(𝑂𝐿)
, (9)

expressed using only a finite number of 𝐿-independent density ratios, 𝑁 𝑁 (𝑂𝐿)/𝑁ref(𝑂𝐿). While there is a187

freedom to make any choice for the reference, this paper defines it as a combination of signal processes,188

𝑁ref(𝑂𝐿) =
1∑
𝑂
𝑃𝑂

𝑀signals∑
𝑂

𝑃𝑂 𝑁𝑂 (𝑂𝐿), (10)

2 Such a decomposition is possible for signal strength measurements but may not be possible for other measurements, such as
mass measurement.
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Figure 1: One-dimensional reweight closure diagnostic with 𝐿4𝐿 (a) between the S and SBI1 samples and (b) between
the S and B samples. The same diagnostics, using a high-level observable that represents the squared matrix-element
for the 𝑀𝑀 → 𝑁 → 𝑂𝑂 → 4𝑃 process from reconstructed quantities computed using MCFM [32] (c) between the S
and SBI1 samples and (d) between the S and B samples. The first diagnostic is an example for an observable directly
used in the network training, the second diagnostics is an example of the network’s ability to learn high-level physics
observables that are not used directly for training. The original reference sample (dotted blue line), is reweighted
(solid orange line) using the likelihood ratio estimated with ensembles of NNs to match the target (dashed green line).
The lower panels show the ratio of the reweighted reference sample and the original sample.
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Figure 7: The sum of log density-ratios →2 log(𝐿(𝑀𝐿 |𝑁↑)/𝐿(𝑀𝐿 | 𝑁̂)) for events from an Asimov sample in bins of 𝑂4𝑀 .
The sum profile is shown for (a) a hypothesis 𝑁↑ = 0.5 and (b) a hypothesis 𝑁↑ = 1.5. This represents the per-event
contribution to the test statistic for a given hypothesis, as a function of 𝑂4𝑀 . Events in regions with the sum di!erent
than zero provide information to discriminate between the two hypotheses, 𝑁↑ and 𝑁, while regions with the sum
close to zero do not impact the expected sensitivity of the result. The very high-mass region (𝑂4𝑀 > 750 GeV) is
equally consistent with both hypotheses and provides no additional sensitivity.

An additional tool to interpret the results is shown in Figure 7, where the per-event contribution to the
test statistic, →2 log(𝐿(𝑀𝐿 |𝑁↑)/𝐿(𝑀𝐿 |𝑁)), is summed over events from an Asimov sample in bins of 𝑂4𝑀 .
The profile is shown for two di!erent hypotheses 𝑁

↑ = 0.5 and 𝑁
↑ = 1.5. Events in regions with the

sum di!erent than 0 provide information to discriminate between the two hypotheses, 𝑁↑ and 𝑁, while
regions with the sum close to zero do not impact the expected sensitivity of the result. However, these
one-dimensional distributions marginalize over the rest of the high-dimensional phase space. A region
with sum close to zero may result from large cancellations in other dimensions, and a single distribution
may not be enough to draw conclusions about a high-dimensional analysis.

7.2 Impact of systematic uncertainties

The systematic uncertainties considered in this demonstration are described in Section 3.3, and their impact
is taken into account following the formalism developed in Section 5. The 𝑃 𝑁 (𝑀𝐿 , 𝑄𝑂) term in Eq. (17)
accounts for the impact on the shape of the distributions and the 𝑅 𝑁 (𝑄𝑂) term accounts for the impact on the
inclusive rate. The interpolation functions used are described in Appendix A. In the case of uncertainties
that a!ect the inclusive rate, but not the shape of distributions, the term 𝑃 𝑁 (𝑀𝐿 , 𝑄𝑂) in Eq. (17) is fixed
to 1 over the full range of 𝑄𝑂 . The profile (log-)likelihood is shown in Figure 8 and compared with a
histogram analysis using the Ofixed observable. The systematic uncertainties reduce the sensitivity of the
measurement, as is expected.
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Figure 7: The sum of log density-ratios →2 log(𝐿(𝑀𝐿 |𝑁↑)/𝐿(𝑀𝐿 | 𝑁̂)) for events from an Asimov sample in bins of 𝑂4𝑀 .
The sum profile is shown for (a) a hypothesis 𝑁↑ = 0.5 and (b) a hypothesis 𝑁↑ = 1.5. This represents the per-event
contribution to the test statistic for a given hypothesis, as a function of 𝑂4𝑀 . Events in regions with the sum di!erent
than zero provide information to discriminate between the two hypotheses, 𝑁↑ and 𝑁, while regions with the sum
close to zero do not impact the expected sensitivity of the result. The very high-mass region (𝑂4𝑀 > 750 GeV) is
equally consistent with both hypotheses and provides no additional sensitivity.

An additional tool to interpret the results is shown in Figure 7, where the per-event contribution to the
test statistic, →2 log(𝐿(𝑀𝐿 |𝑁↑)/𝐿(𝑀𝐿 |𝑁)), is summed over events from an Asimov sample in bins of 𝑂4𝑀 .
The profile is shown for two di!erent hypotheses 𝑁

↑ = 0.5 and 𝑁
↑ = 1.5. Events in regions with the

sum di!erent than 0 provide information to discriminate between the two hypotheses, 𝑁↑ and 𝑁, while
regions with the sum close to zero do not impact the expected sensitivity of the result. However, these
one-dimensional distributions marginalize over the rest of the high-dimensional phase space. A region
with sum close to zero may result from large cancellations in other dimensions, and a single distribution
may not be enough to draw conclusions about a high-dimensional analysis.

7.2 Impact of systematic uncertainties

The systematic uncertainties considered in this demonstration are described in Section 3.3, and their impact
is taken into account following the formalism developed in Section 5. The 𝑃 𝑁 (𝑀𝐿 , 𝑄𝑂) term in Eq. (17)
accounts for the impact on the shape of the distributions and the 𝑅 𝑁 (𝑄𝑂) term accounts for the impact on the
inclusive rate. The interpolation functions used are described in Appendix A. In the case of uncertainties
that a!ect the inclusive rate, but not the shape of distributions, the term 𝑃 𝑁 (𝑀𝐿 , 𝑄𝑂) in Eq. (17) is fixed
to 1 over the full range of 𝑄𝑂 . The profile (log-)likelihood is shown in Figure 8 and compared with a
histogram analysis using the Ofixed observable. The systematic uncertainties reduce the sensitivity of the
measurement, as is expected.
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(a) (b)

(c) (d)

Figure 1: One-dimensional reweight closure diagnostic with 𝐿4𝐿 (a) between the S and SBI1 samples and (b) between
the S and B samples. The same diagnostics, using a high-level observable that represents the squared matrix-element
for the 𝑀𝑀 → 𝑁 → 𝑂𝑂 → 4𝑃 process from reconstructed quantities computed using MCFM [32] (c) between the S
and SBI1 samples and (d) between the S and B samples. The first diagnostic is an example for an observable directly
used in the network training, the second diagnostics is an example of the network’s ability to learn high-level physics
observables that are not used directly for training. The original reference sample (dotted blue line), is reweighted
(solid orange line) using the likelihood ratio estimated with ensembles of NNs to match the target (dashed green line).
The lower panels show the ratio of the reweighted reference sample and the original sample.
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Figure 12: Expected distribution of 𝐿𝐿o!-shell=0 estimated with pseudo-experiments for the case of 𝑀truth
o!-shell = 0 (solid

green, no o!-shell Higgs boson production hypothesis) and 𝑀
truth
o!-shell = 1 (dash-dotted red, SM hypothesis). The

vertical solid black (dashed blue) line shows the observed (expected) value of 𝐿𝐿o!-shell=0 . The dotted vertical green
lines at 𝐿𝐿o!-shell=0 = 1.99 and 5.18 represent the one-sided 1𝑁 and 2𝑁 significance thresholds, respectively, under the
𝑀

truth
o!-shell = 0 hypothesis. These values di!er slightly from the ones in the asymptotic approximation, in which the

thresholds would be 1.97 and 5.19.

(a) (b)

Figure 13: Comparison between observed and the expected background distributions of (a) the optimal observable
at 𝑀o!-shell = 0 and (b) the quadruplet mass 𝑂4𝑀 . The solid red lines shows the expected distribution of the best-fit
hypothesis 𝑀. The lower panel shows a comparison between the distribution of the background-only and best-fit
hypotheses. The background is estimated under the SM hypothesis (post-fit, 𝑀o!-shell = 1). A comparison between
the two distributions indicate that the optimal observable built with the NSBI method provides better evidence for
o!-shell Higgs boson production than only the 𝑂4𝑀 distribution. The hatched area corresponds to the total systematic
uncertainty in the expected distributions. The first and last bins contain overflow events.
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Figure 21: Comparison between data and expectation in the SR (𝐿pre (𝑀) > →0.85) of the optimal observables (a)
𝑁(𝑀 |𝑂 = 0.3, 𝑃̂)/𝑁(𝑀 |1.0, 𝑃̂) and (b) 𝑁(𝑀 |𝑂 = 1.7, 𝑃̂)/𝑁(𝑀 |1.0, 𝑃̂). The solid red line shows the expected distribution
for which the observable is optimal. The lower panels show the ratio of the data to expectation. The background is
estimated under the SM hypothesis (post-fit, 𝑂o!-shell = 1). The hatched area corresponds to the total systematic
uncertainty in the expected distributions. The first and last bins contains overflow events.

C Construction of optimal observables

Despite the high dimensionality of the final-state phase space of processes such as 𝑄𝑄 ↑ 𝑅𝑅 ↑ 4𝑆
and 𝑇𝑇 ↑ 𝑅𝑅 + 2 𝑈 ↑ 4𝑆 + 2 𝑈 , the signal being studied tends to be concentrated in a small region.
Histogram-based multivariate analyses can accurately isolate the regions with large statistical significance.
In the case of non-linear analyses, like the measurement of o!-shell Higgs boson production, these regions
will change depending on the value of the parameter of interest.

The explicit estimate of the density ratios 𝑁(𝑀 |𝑂, 𝑃)/𝑁ref(𝑀) allows the creation of optimal observables
𝑁(𝑀 |𝑂, 𝑃̂)/𝑁(𝑀 |𝑂 = 1, 𝑃̂) that depend on the value of the signal strength 𝑂. Figure 21 shows this observable
for 𝑂o!-shell = 0.3 and 1.7. Reference [30] shows that the test statistic built from the optimal observable
multinomial density converges to the NSBI value in the limit of large number of bins.

The explicit estimate of the density ratios 𝑁(𝑀 |𝑂, 𝑃)/𝑁ref(𝑀) can also be used to study distributions enhancing
the weight of those events that contribute the most to di!erentiate the SM hypothesis and another hypothesis
with di!erent value of 𝑂o!-shell. Figures 22(a) and 22(b) show a comparison between the observed and
expected distributions of 𝐿pre(𝑀) when events are weighted by 𝑁(𝑀 |𝑂o!-shell = 0.3)/𝑁(𝑀 |𝑂o!-shell = 1) and
𝑁(𝑀 |𝑂o!-shell = 1.7)/𝑁(𝑀 |𝑂o!-shell = 1), respectively.
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