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RECAP FROM LAST WEEK:

Goal:Define a dependent type theory
with interpretation Type =x-category

#proach:Axiomatically introduce the

syntactic category E of this theory

Setup:E is loyal tribe

Lisofibrations, path objs, htpy equivs,...)

*dependent type theory with

dependent sums & identity types
(butall dependent products)

+ new constant I =11 "interval"

and a (Long) list of axioms



· interval 1 is equipped with

i ===1 +11

min/max:1x1 -> 1' def. retracts

· monoidal structure - A - i =is) - 1-)
m= =11 ...

A A +simple operators
· internal hom Fun(A, B) =BA

Xis groupoid:S =>X1

grE): =(groupoids) has all dependent products
mgr(E) model of HoTI

· groupoid core (-)*me Map (A, B) =
=(BA)

=

FX grpd:Map(X, B) = Map(X, B=)
· dB =(14)

=

· Segal axiom X*XD... Xa
· isluva?Fun(,)
· X =C* subgrad i full subtype (x) -> C

E T
->

3R
T
=.x =

=:Map(T,(x)



The fundamental groupoid

Define Fun(C,D) =(FunC,D=)) Funk,D)

full subtype of those c -D

functors that factor ...pr

Axiom:For each type C there is

C-Pod with groupoid Hood sith.

AD:Fun(ToC, D) =Fu)C,D)

not ToC:Types -> Grpds

right adjoint to inclusion up to homotopy.

Lemma:H'* I

Prof:Agrouped X:

Fun(To, x) =FunL1, x) = Fun(1, X)
=>Ha = 1since both are groupeids



Localization

Correction:Let W =Map(1C) subgroupoid
~Funn(C,D) =Fun(C,D3 full subtype

of those F: C - D sith

Map(s,) -> Map(1?D)
Wh UI

W ........... is(nv(D)

#m:Given type C, subgroupoid WeMap (11, Ch
have C ->2yC =((W-1] sith

FD:Fun)C(W),D) E FunwC,D)

When W =MapS1, C), write 2C: =2wC
Structure

map
C -> HooC induces2C -> Ho2

because Map (s, 2) -Map(S, Ha?

..........
is (nv(ToC)

Axiom:2CTod



*

ation:"objects"a:Aare
a:x +A with X=:Say a groupoid

=>terms of Ain context X.

Struction:For a, b:Ahave homspace
A(a,b)-Fun(1, Al

↓
I

↓
isofibration

\(a,b)A xA

*

lem: dependent types A+BType
I isofibrations B -> A

not give rise to A -U=cat

f: A(a,ai) (x) B(a) -B(a))

Idea: Introduce new "kinds of fibration"
-

corresponding to new kinds of dependent types
AE B Type AFB Type

Semantically:cocartesian/cartesian fibrations



Recall:Right deformation retract consists of:

p:BA ,
s: A-B, H:Bx-A

· Ho-idy, H, =sp, pS
=idA

⑧ B x1B B x1B

<x124 +4S ** LP
A xB -A Ax 11-A

PVA PA

We
say:s is right adjoint section ofp

Def:object a:A ( = x+ A) is terminal
-

if it is right adjoint section of XxA -X.
Dually:Left adjoint sections & initial objects

Construction For f B -> A!

Fun), B) -> BEA - Fun(1, A)
f

↓ ↓
of ↓

B XB xB -B =A , Ax A

Informally:BEA =[(bi,a:A, fb +a))
f

Special case: a:Aun sie alA :=Sab* A



Ref:Let p:B
- Abe isofibration.

If Fun(1',B) ->BEA
p

· has left adjoint section
~ p is ranfibration

· is equivalence

mapisflebration

Cocartesian fibration: b cb B

B refs Il A
4)H(B)

3 -(p),bsp(B)
↓ -

A pbxa pb pb'

Example:Funl, Al **CAis cocartesian

more generally:BIA > Ais cocartesian
f

a/A -> A is left fibration



hmma:Cocartesian fibration p:B - A

is leftfibration

iff for all a:Afiber Ba is growpoid.

Def:Let p.BTAcocartesian fibration.

Define isCocart =Fun/&, B) essential
P

image of section BIAFun(l", B)

"full subtype of p-cocartesian arrows
"

Rem:
p:Be Ais left fibration

-

iffevery arrow of Bis p-cocartesian.

hmma:left/right deformation retracts,
Left/cocartesian fibrations

are all stable under base-change



semantics syntax

p:B
-Acocartesian AEB Type

sections:A -sBof P a
:A=Sa: B(a)

section. a
:A +Sa:B(a)

In general, cannot expect
a:A +Sa: B(a) m) a:A Fsa:B(a)

#m (Assembly for terminal sections)
Let p: B - Abe cocartesian fibration

and assume for each a:A

a terminal object sa:Ba
Then require right adjoint section

S:A -Bwith s(a) =Sa (fa: Al

Ne:s:A eB right adjoint section of pis +A
=>s(a):Ba is always terminal object (fa: Al



f
↳rem: Let B' +B

9o
be morphism of cocartesian fibrations

li.e. f preserves cocartesian arrows)
Then A is an equivalence

iff fa:BaBa

is an equivalence for each a:A

coary:Acocartesian fibration
p:B -> Ais an equivalence

iff for each a:Athe fiber Ba is trivial,

i.e.Ba [a]

Roof Apply then to morphism
Bfc A

ppx=



oof thm:

Q:
=[(b,b, fb fb)/p(B) invertible) -> islurA

↓ of ↓
B'EB -> FunlDY, B) -> Fun(1,Al

b --v,(bo)
-> vi(fbo)=f(v,b)

Xis cocartesian: I be &"

b.b,
dP

n =pv
A an--an

For each b:B, a
=p(b):Ahave

Qb =Ba/b: =BaS((b) =B/b
which has terminal object. S

Assembly --------

- right adjoint section Q -> B

Check: g:B=,B' is
-

homotopy inverse to f 1



Functions:
Def:An adjunction consists of

f:B =A: g and an equivalence

(1b,a,fb-a)y =BEA=A=B =((a,b,gab))
f

↓ ↓
B xA =Ax B

of bifibrations.

=>functorial equivalence
A(fb, a) =B(b,ga)

munit

y=A
-Funl!,B)

counits:A ->Fur(A, Al

S:fg =idA

Lemma:Adjunctions compose.
-

Lama:Deformation retracts are adjunctions.



#m(Pointwise formula for adjoints(
Given 7:B -Aand

for each a:A

terminal object sa:Bla
Then have right adjoint g:A - B
with sa=(ga, a:fga+a).

Roof:Left deformation retract
min:DxA-A (exhibiting 0:I initial)

induces left dof retracts

(b,fb,fbfb) BEA-FunL", Ab
I

I ifere,here
b B- > A

tesian

no Composite adjunction: X

evoisthe



Dualize everything starting from

Def:p:B -> Acartesian/right fibration
:Fun(A, B) -> BEA

has right adjoint section / is equivalence.

+Assembly axiom for left adjoint sections

Def:Anisofibration p.B
- Aox An

is called a bifibration if
⑧

po:B
-Ao is cartesian fibration

· p,:B
- A. is cocartesian fibration

· For B: S' + B have

- B po-cartesian EC p, (B) invertible
- p-cocartesian E) p.(B) invertible

Rem:bifibration correspondsto

A.xAn -> Groupoids

Example:Fun(DA) -> ANAis bifibration

-



#

iom* (non-dependent directed path induction)
A-B

↓...............bifibration
Funl,A) -AxA

*we can probably prove
this and other versionsI of directed path induction from other aioms S

Lemma:B -s Aox An bifibration
Cao, an):AoxAn =>fiber Baosa, is groupoid.

⑯Cary:For every type A,
the mapping spaces Ala, a') are groupoids.

Trem:Equivalences of bifibrations
can be detected pointwise.



Def:Afunctor f: C- D is called

fully faithful if square

Fun(?) -Funl, D)

d L
c xc -DxD

is Chomotopy) pullback

Equivalently:((c,c) -> D(fc, fc)

equivalence of groupoids for all c,c. 2

-rem Afunctor fic -D

is an equivalence if and only if it is
· fully faithful and

·induces a surjection
11*lo -> 1ID= lo



ELIVE MAPPING TYPES

Consider isofibrations By
A

If p admits dependent product
po: E(B)

->ECA) (right adjoint to pullback)
define

#A(B,C) ==Ppt(c -A)

Note Map(T, Eq(B,2))

-
not to be confused with

I FunB,D) =[B ] global sectionsI-

of Funq (B,()



Aom:Dependent products exist along
every cartesian and cocartesian fibration.

For cocartesian fibrations

p:B
- Aand q:c -> A
es #(B,C) -A

Axiomt: Have (non-full) subtype

Garth (B,C) < Eq(B,C) classifying
those TqB - TE

pit195

which preserve
cocatresian arrows.

*Actually, we introduce a more general

I (non-full) subtype former axiom Iof which this is a special case



LEDUN, VALENCE

Recall:We have a hierarchy of subtribes

E. =Er ... Es... E =Ex

Axiom:For each 2<K we have
-

a type Up:Exty and a

valentcocartesianfibration
· For each A - Us with A:Ex

have A ,UI again in Ex
· for every cocartesian fibration p:B

- A

with fibers in Ex there is a unique

strict) pullbacksquare B -> Un
i

↓P d
rph

A -> Un



Def:Acocartesian fibration p:B
- A

is called malent if the canonical map
-

(x) Fun(, A)-artaxA(BxA,AxB)
is an equivalence

Explicit meaningfor universe p:
U"+U:

Given U-small types C, D have

CxD-U xne

↓ ↓
rc xri

1 x1- ux4

On fibers over CD' (A) becomes:

U(,b) c -> will

↓=
-SounuI-Map(C,D)

D -ux
u



ruction:Start with a cocartesian fibration

p:A - B

Have a tantological ma
A-> rtAxA (B xA,A xB)

given by B ->BxA

I
A-> AxA

1idea
me path induction:by

A -> grtfxA(xA,AxB)

↓ I -
-

Fans in-
Seethis is bifibration


