1Using Path Diagrams as a Structural Equation ModellingToolby Peter Spirtes, Thomas Richardson, Chris Meek, Richard Scheines,and Clark Glymour1. IntroductionLinear structural equation models (SEMs) are widely used in sociology, econometrics,biology, and other sciences. A SEM (without free parameters) has two parts: a probabilitydistribution (in the Normal case specified by a set of linear structural equations and acovariance matrix among the �error� or �disturbance� terms), and an associated pathdiagram corresponding to the functional composition of variables specified by the structuralequations and the correlations among the error terms. It is often thought that the pathdiagram is nothing more than a heuristic device for illustrating the assumptions of themodel. However, in this paper, we will show how path diagrams can be used to solve anumber of important problems in structural equation modelling.There are a number of problems associated with structural equation modeling. Theseproblems include:• How much do sample data underdetermine the correct model specification? Ofcourse, one must decide how much credence to give alternative explanations that afforddifferent fits to any particular data set. There are a variety of techniques for that purpose,including Bayesian updating, and a variety of fit measures with well understood largesample properties . But what about two or more alternative models that fit a specific dataset equally well, or, subject to certain restrictions, fit any data set meeting the restrictionsequally well? The number of such equivalents for a given linear structural equation modelmay be very large. Even if there are sources of knowledge about structure from outside thedata set, the number of equivalent models all meeting those knowledge constraints may beconsiderable, and the structures they postulate may have importantly different implicationsfor policy. Unless we characterize such equivalencies, selection of a particular model canonly involve an element of arbitrary choice.• Given that there are equivalent models, is it possible to extract the features common tothose models? Under some circumstances, every member of a set of equivalent models mayshare some of the same linear coefficients or correlated errors. If that is the case, then it ispossible that even though the data may not help us choose between the different models,the data may provide evidence for features common to all of the best models.

2• When a modeler draws conclusions about coefficients in an unknown underlyingstructural equation model from a multivariate regression, precisely what assumptions arebeing made about the structural equation model? For example, when does a non-zero partialregression coefficient correspond to a non-zero coefficient in a structural equation?These questions have been addressed many times, though usually only for models withspecial structures, and usually relying on linear algebra, the mathematics that seems mostnatural for a study of linear models. The aim of this paper is to explain how the pathdiagram provides much more than heuristics for special cases; the theory of path diagramshelps to clarify several of the issues just noted, issues that have been the focus ofintelligent--if, in our judgment, ultimately too sweeping-- criticism of the use of structuralequation models. What follows is a report that describes some of what has been learnedabout these issues by following a different set of mathematical ideas that exploit thegraphical structure implicit in structural equation models.In particular, we will present answers to these questions that depend upon anunderstanding of the relationship between the path diagram used to represent a structuralequation model, and the zero partial correlations entailed by that path diagram (entailed inthe sense that every structural equation model that shares the path diagram has a zero partialcorrelation). We will describe a graphical relation, the Pearl-Geiger-Verma d-separationcriterion, among a pair of variables X and Y, and a set of variables Z, that is a necessaryand sufficient condition for a structural equation model to entail a zero partial correlation.Such necessary and sufficient conditions have been known for path diagrams withoutcorrelated errors, but we will extend the conditions to path diagrams with correlated errors.In section 2 we will motivate interest in the d-separation relation by describing theproblems that it helps to solve in more detail. Then in section 3 we will show how the zeropartial correlations entailed by a structural equation model can be read off from its pathdiagram, and in section 4 use the machinery developed in section 3 to provide somesolutions to problems described in section 2. In section 6 we prove the main theorem,hitherto unpublished, which justifies the use of d-separation in path diagrams representingcorrelated errors (represented by edges of the form «, which we call double-headedarrows).2. Problems in SEM ModelingIn order to describe the problems listed in section 1 in more detail, we will first reviewhow path diagrams are used to represent structural equation models without free

3parameters. The path diagram contains a directed edge from B to Aif and only if there is anon-zero coefficient for B in the equation for A; and there is a double-headed arrowbetween A and B if and only if the error term for Aand the error term for B have a non-zero correlation.1 The path diagram associated with a SEM may contain directed cycles(representing feedback), and double-headed arrows (representing correlated errors.) Wewill call a path diagram which contains no double-headed arrows a directed graph. (Weplace sets of variables and defined terms in boldface.) In a SEM M, we will denote thecorrelation matrix among the non-error variables by S(M), and the corresponding pathdiagram by G(M). We will now review the problems mentioned in section 1 in moredetail.2.1. Covariance EquivalenceConsider the following example. The graph in Figure 1(a) is the path diagram of a SEMM proposed by Aberle (Blalock, 1961) as a model for evolutionary culture in AmericanIndian tribes, where W is matridominant division of labor, X is matrilocal residence, Y ismatricentered land tenure, and Z is matrilinear system of descent.Suppose for the moment that there is a SEM with the path diagram in Figure 1(a) andthe p(c2), the AIC (Aikake Information Criterion), and the BIC (Bayes InformationCriterion) score for this SEM are all high2 (See Raftery 1995 for a discussion of the BICscore.) In order to evaluate how well the data supports this model, it is still necessary toknow whether or not there are other models compatible with background knowledge that fitthe data equally well. (Lee and Hershberger 1990, Stelzl, 1986). In this case, for each ofthe path diagrams in Figure 1, and for any data set D, there is a SEM with that path diagramthat fits D as well as M does (in the sense that each SEM has the same p(c2) and the sameBIC and AIC scores.) If O represent the set of measured variables in path diagrams G1 andG2, then G1 and G2 are covariance equivalent over O3 if and only if for every SEM M

1 This is slightly different than the usual convention in which if eA and eB are correlated, then they areexplicitly included in the graph, there is a directed edge from eA to A, a directed edge from eB, and thedouble-headed arrow is placed between eA and eB. However, the convention adopted here will simplify latertheorems and proofs.2 In counting degrees of freedom, we will assume that a SEM with free parameters (and no latents)associates a linear coefficient parameter with each directed edge (i.e. fi) in its path diagram, a correlationparameter with each double-headed arrow (i.e. «) in its path diagram, and a variance parameter with eachvertex. We also assume that no extra constraints (such as equality constraints among parameters) areimposed.3 For technical reasons, a more formal definition requires a slight complication. G is a sub-path diagramof G� when G and G� have the same vertices, and G has a subset of the edges in G�. G1 and G2 arecovariance equivalent over O if for every SEM M such that G(M) = G1, there is a SEM M� with pathdiagram G(M�) that is a sub-path diagram of G2, and the marginal over O of S(M�) equals the marginal over

4such that G(M) = G1, there is a SEM M� with path diagram G(M�) = G2, and the marginalof S(M�) over O equals the the marginal of S(M) over O, and vice-versa. (Informally, anycovariance matrix over O generated by a parameterization of path diagram G1 can begenerated by a parameterization of path diagram G2, and vice-versa.) If G1 and G2 have nolatent variables, (i.e all of the variables in their path diagrams are in O), then we will simplysay that G1 and G2 are covariance equivalent. If two covariance equivalent models areequally compatible with background knowledge, and have the same degrees of freedom,the data does not help distinguish them, so it is important to be able to find the complete setof path diagrams that are covariance equivalent to a given path diagram. (Every SEM thatcontains a path diagram in Figure 1 has the same number of degrees of freedom.)Figure 1It is often far from obvious what constitutes a complete set of path diagrams covarianceequivalent to a given path diagram. We will call such a complete set a covarianceequivalence class over O. (Again, if we consider only SEMs without latent variables,we will call such a complete set a covariance equivalence class.) If it is a complete setof path diagrams without correlated errors or directed cycles, i.e. directed acyclic graphs,that are covariance equivalent we will call it a simple covariance equivalence classover O.) As shown in section 4, the path diagrams in Figure 1 are a simple covarianceequivalence class.Another example of a case where it is not obvious whether or not two path diagrams arecovariance equivalent over O is shown below. It is often thought that the two pathdiagrams in Figure 2 (each of which is part of a just-identified SEM) are covarianceequivalent over O = {X,Y,Z}. However, as shown in Spirtes et al. (1996), there is a SEMwith path diagram in Figure 2(b) with the covariance matrix S over X, Y, and Z, but there

O of S(M), and for every SEM M� such that G(M�) = G2, there is a SEM M with path diagram G(M) thatis a sub-path diagram of G1, and the marginal over O of S(M) equals the marginal over O of S(M�).XWYZ

XWYZ

(a)(b))(c))(d))(e))(f)(g))(h))))

5is no SEM that contains path diagram in Figure 2 (a) with marginal covariance matrix S(where T1, T2, and T3 are latent variables).

S=_�^Ł�^�_�^ł�^�

1 0 0 99 0 99

0 99 1 0 0 99

0 99 0 99 1 0

. . .

. . .

. . .

(a) (b)Figure 2In section 4, we will describe how to efficiently test when two path diagrams withoutcorrelated errors or directed cycles are covariance equivalent. We will also give informativenecessary conditions for two path diagrams with correlated errors, cycles, or latentvariables to be covariance equivalent over O. For related theorems see also Pearl (1997).2.2. Features Common to a Covariance Equivalence ClassA second important question that arises with respect to covariance equivalence classesis whether it is possible to extract the features that the set of covariance equivalent pathdiagrams have in common. For example, every path diagram in Figure 1 has the sameadjacencies, but the path diagrams do not have any edge with the same orientation in everymember of the equivalence class (e.g. both W fi X, and W ‹ X occur in path diagrams inFigure 1).However, there are other sets of covariance equivalent path diagrams in which a givenedge always occurs with the same orientation in every member of the equivalence class.For example, Figure 3 shows another simple covariance equivalence class of path diagramsin which the orientation X fi Z occurs in every member of the equivalence class.Figure 3This is informative because even though the data does not help choose betweenmembers of the equivalence class, insofar as the data is evidence for the disjunction of themembers in the equivalence class, it is evidence for the orientation X fi Z.In section 4 we will show how to extract all of the features common to a simplecovariance equivalence class of path diagrams, and briefly indicate that it is possible toXXT1YT3T2YZZ

XWYZXWYZ

6extract some features common to a covariance equivalence class of path diagrams withcorrelated errors, cycles, or latent variables.2.3. Regression Coefficients and Structural Equation CoefficientsIt is common knowledge among practising social scientists that for the coefficient of Xin the regression of Y upon X to be interpretable as the effect of X on Y there should be no"confounding" variable Z which is a cause of both X and Y:XZY

abgFigure 4Simple calculations confirm this conclusion (using the notation in Figure 4)4:

Cov(X,Y) = βV(X)+αγV(Z)

Hence

Cov(X,Y)

V(X) = βV(X)+αγV(Z)

V(X) ≠ β

.Thus the coefficient from the regression of Y on X alone will be a consistent estimator onlyif either a or g is equal to zero. Further, observe that the bias term agV(Z)/V(X) my beeither positive or negative, and of arbitrary magnitude.However,

Cov(X,Z) = αV(Z)

and

Cov(Y,Z) = (αβ + γ)V(Z)

, and hence

Cov(X,Y | Z) ≡ Cov(X,Y)− Cov(X,Z)Cov(Y,Z)

V(Z) = βV(X)+αγV(Z)− αV(Z)(αβ + γ) = β(V(X)− α 2V(Z))

and

V(X | Z) ≡ V(X)− Cov(X,Z)2V(Z) = V(X)− α 2V(Z)

,so the coefficient of X in the regression of Y on X and Z is a consistent estimator of b sinceCov(X,Y|Z)/V(X|Z) = b.

4 Section 6 contains a simple rule for calculating covariances from a path diagram.

7The danger presented by failing to include confounding variables is well understood bysocial scientists. Indeed, it is often used as the justification for considering a long �laundrylist� of �potential confounders� for inclusion in a given regression equation.What is perhaps less well understood is that including a variable which is not aconfounder can also lead to biased estimates of the structural coefficient. We now considera number of simple cases demonstrating this:XYZ

bhFigure 5In the SEM with the path diagram depicted in Figure 5, Cov(X,Y) = bV(X), hence thecoefficient of X in the regression of Y upon X is a consistent estimator of b. However,Cov(Y,Z) = hV(Y), and Cov(X,Z) = bhV(X), so that

Cov(X,Y|Z)

V(X|Z) = β V(Z)− η_2V(Y)

V(Z)− β2η2V(X) = β V(εZ )

V(εZ )+ η2V(εY )

Hence the coefficient of X in the regression of Y on X and Z is an inconsistentestimator of b. The estimate will have the same sign as b, but will have smaller absolutemagnitude. Note that Cov(X,Y|Z)/V(X|Z) = 0 if and only if b = 0.It might be objected that this type of error is unlikely to arise in practise since ofteninformation about time order would rule out Z as a potential unmeasured confounder. In thenext example this response is not available since Z may temporally precede both X and Y.Let eX , eY , andeZ betheerror variablesinFigure 6(a), ande�X , e�Y , ande�Z betheerrorvariables in Figure 6 (b).XYZ

brt(a)(b)XYZbTTyf1112Figure 6In the path diagram depicted in Figure 6(a) there are two unmeasured confounders T1and T2,whichareuncorrelatedwithoneanother.AnySEMwiththispathdiagrammaybeconvertedintoaSEMwiththepathdiagramdepictedinFigure 6(b), lettingr = Cov(X,Z)

8= yV(T1), t = fV(T2),

V(εX* ) = V(εX )+ V(T1)

,

V(εY* ) = V(εY )+ ψ 2V(T1)+ V(T2 )

, and

V(εZ* ) = V(εZ )+ϕ 2V(T2 )

.Note however, that the reverse is not in general true: not every model containingcorrelated errors (X « Y) can be converted into a SEM model with latent variables butwithout correlated errors by introducing a latent T that is a parent of X and Y(

X‹ T fiY), as pointed out in section 2.1. (It is however always possible to convert amodel with correlated errors into some latent variable model without correlated errors,because every normal distribution is a linear transformation of a set of independent normalvariables.)Returning to the path diagram in Figure 6(b) note that the regression of Y on X yields aconsistent estimate of b since Cov(X,Y) = bV(X). However,

Cov(X,Y|Z) V(X|Z) = Cov(X,Y)V(Z)− Cov(X,Z)Cov(Y,Z)

V(X)V(Z)− Cov(X,Z)2 = βV(X)V(Z)− ρ(ρβ + τ) V(X)V(Z)− ρ 2 = β − ρτ V(X)V(Z)− ρ 2

Hence the coefficient of X in the regression of Y on X and Z is not a consistent estimate ofb, (unless r = 0 or t = 0), and may even have a completely different sign. In the casewhere b = 0, the coefficient of X in the regression of Y on X typically will not besignificantly different from zero, but will become so once Z is included.Analyses often appear to suggest that it is better to include rather than exclude a variablefrom a regression. This notion is perhaps given support by reference to �controlling for Z�,the implication being that controlling for Z eliminates a source of bias. The conclusion to bedrawn from these examples is that there is no sense in which one is �playing safe� byincluding rather than excluding �potential’ confounders�; if they turn out not to be potentialconfounders then this could change a consistent estimate into an inconsistent estimate.The situation is also made somewhat worse by the use of misleading definitions of’confounder’: sometimes a confounder is said to be a variable that is strongly correlatedwith both X and Y, or even a variable whose inclusion changes the coefficient of X in theregression. Since, for sufficiently large t and r, Z in Figure 6 would qualify as aconfounder under either of these definitions, it follows that under either definition includingconfounding variables in a regression may make a higherto consistent estimatorinconsistent.

9Finally, it is worth reiterating the well-known fact that in certain circumstances theremay be no regression which will estimate the parameter of interest, (although some otherconsistent estimator may exist):XYW

Tbaf1Figure 7In the SEM shown in Figure 7, Cov(X,Y) = bV(X) + fV(T); hence the coefficient of Xin the regression of Y on X is not a consistent estimator of b. Further

Cov(X,Y|W) V(X|W) = β + ϕV(T)

V(X)− α 2V(W) = β + ϕV(T)

V(T)+ V(εX )

hence including W in the regression does not help matters. However, a consistent estimatorexists, the so-called Instrumental Variable estimator:

Cov(Y,W) Cov(X,W) = αβ V(W) αV(W) = β

In this discussion we have highlighted a number of problems that arise when estimatingstructural coefficients via regression. These examples raise the following general questions:(a) If Y is regressed on a set of variables W, including X, in which SEMs will thepartial regression coefficient of X be a consistent estimate of the structural coefficient bassociated with the X fi Y edge?(b) If Y is regressed on the set W, which includes X, in which SEMs will the partialregression coefficient of X be zero if the structural coefficient associated with the X fi Yedge is zero?(c) Given a particular SEM in which there is an edge X fi Y with coefficient b, is itpossible to find a subset W of observed variables (including X), such that when Y isregressed on the set W, the coefficient of X in the regression is a consistent estimate of b?(d) Given a particular SEM and a structural coefficient b, is it possible to find afunction h(S) (where S is the sample covariance matrix) that is a consistent estimator of b?We shall answer questions (a), (b) and (c), by applying the graphical criterion ofd-separation. One advantage of a graphical criterion is that it can be applied simply byvisual inspection of the path diagram, and does not require lengthy algebraic manipulationswhich become increasingly arduous when more variables are involved in the calculation.

10We do not know the answer to (d), which is one form of the well-known "identificationproblem"; it is possible that extensions of the graphical criteria we present may hold thekey. For related theorems, see Pearl(1997).2.4. Other ApplicationsIn addition to the uses described above, there are a number of other applications that wedo not have the space to describe here. The d-separation relation has proved useful inautomated search for causal structure from data and background knowledge (Spirtes andGlymour, 1991, Spirtes, Glymour and Scheines, 1993, Pearl and Verma, 1991, Cooper,1992), in calculating the effects of interventions on causal systems (Spirtes, Glymour andScheines, 1993, and Pearl, 1995), and has shed light on a number of issues in statisticsranging from Simpson�s Paradox to experimental design (Spirtes, Glymour and Scheines,1993). See also the applications in Pearl(1997).3. Linear Structural Equation Models and d-separationIn a linear SEM the random variables are divided into two disjoint sets, the substantivevariables and the error variables. Corresponding to each substantive random variable V is aunique error term eV .5 A linear SEM contains a set of linear equations in which eachsubstantive random variable V is written as a linear function of other substantive randomvariables together with eV,andacorrelationmatrixamongtheerrorterms.Initially,we willassume thatheerror variablesaremulti-variateGaussian. However, manyof theresultsthatwewillproveareaboutpartialcorrelations,whichdonotdependupon thedistributionof theerror terms, butdependonlyupon thelinearequationsandthecorrelationsamongthe error terms.Since we have no interest in first moments, without loss of generalityeachvariablecanbeexpressedasadeviationfromitsmean.For example,thefollowingis alinearSEMM , eA , eB , eC , eD , andeE areGaussian"error terms", and A, B, C, D, and E are substantive random variables:A=eAB = eBC = .2B + .8D + e CD = -.5C + .1E + eDE = eE

5 There is an equivalent definition of a linear SEM in which parent-less or �exogenous� substantivevariables have no associated error variables.

11 Correlation Matrix Among Error Terms

eeeeeeA B D D EABCDE 10 05 00 00 0005 10 00 00 0000 00 10 00 0000 00 00 10 0000 00 00 00 10. . . . .. . . . .. . . . .. . . . .. . . . .�Ł� �ł�

If the coefficients in the linear equations are such that the substantive variables are aunique linear function of the error variables alone, the set of equations is said to have areduced form. A linear SEM with a reduced form also determines a joint distributionover the substantive variables. We will consider only linear SEMs which have coefficientsfor which there is a reduced form, all variances and partial variances among the substantivevariables are finite and positive, and all partial correlations among the substantive variablesare well defined (e.g. not infinite).The path diagram of a linear SEM with uncorrelated errors is written with theconventions that it contains an edge A fi B if and only if the coefficient for A in thestructural equation for B is non-zero, and there is a double-headed arrow between twovariables A and B if and only if the correlation between eA andeB is non-zero. Thus thepath diagram for M is shown in Figure 8.In order todefinethed-separationrelation,we needtointroducethefollowingpathdiagramterminology.TheconceptsdefinedhereareillustratedinFigure8. Apathdiagramconsists of two parts, a set of vertices V and a set of edges E. Each edge in E is betweentwo distinct vertices in V. There are two kinds of edges in E, directed edges A fi B or A‹ B, and double-headed edges A « B; in either case A and B are endpoints of the edge;further, A and B are said to be adjacent. There may be multiple edges between vertices. InFigure 8 the set of vertices is {A,B,C,D,E} and the set of edges is {A « B, B fi C, C fiD, D fi C, E fi D}. For a directed edge A fi B, A is the tail of the edge and B is thehead of the edge, A is a parent of B, and B is a child of A.An undirected path U between X1 andX n is asequenceof edges < E 1 , . . . , E m > suchthatoneendpointof E1 is X 1 , oneendpointof Em is X n , andfor eachpairof consecutiveedges Ei, Ei+1 in the sequence, Ei „ Ei+1, and one endpoint of Ei equals one endpoint of E i+1 .In Figure 8, A « B fi C ‹ D is an example of an undirected path between A and D. Adirected path P between X1 and Xn is a sequence of directed edges <E1,...,Em> such thathe tail of E1 is X1, the head of Em is Xn, andfor eachpairof edges E i, Ei+1 adjacentinthe

12sequence, Ei „ E i+1 , andtheheadof Ei is thetailof E i+1 . For example,B fi C fi D is adirected path. A vertex occurs on a path if it is an endpoint of one of the edges in thepath. The set of vertices on A « B fi C ‹ D is {A, B, C, D}. A path is acyclic if novertex occurs more than once on the path. C fi D fi C is a cyclic directed path. Thefollowing is a list of all the acyclic directed paths in Figure 8: B fi C, C fi D, E fi D, Dfi C, B fi C fi D, E fi D fi C.A vertex A is an ancestor of B (and B is a descendant of A) if and only if eitherthere is a directed path from A to B or A = B. Thus the ancestor relation is the transitive,reflexive closure of the parent relation. The following table lists the child, parent,descendant and ancestor relations in Figure 8.VertexChildrenParentsDescendantsAncestorsA˘˘{A}{A}B{C}˘{B,C,D}{B}C{D}{B,D}{C,D}{B,C.D,E}D{C}{C,E}{C,D}{B,C,D,E}E{D}˘{C,D,E}{E}A vertex X is a collider on undirected path U if and only if U contains a subpath Y «X « Z, or Y fi X « Z, or Y fi X ‹ Z, or Y « X ‹ Z; otherwise if X is on U it is anon-collider on U. For example, C is a collider on B fi C ‹ D but a non-collider on Bfi C fi D. X is an ancestor of a set of vertices Z if X is an ancestor of some memberof Z.For disjoint sets of vertices, X, Y, and Z, X is d-connected to Y given Z if and onlyif there is an acyclic undirected path U between some member X of X, and some memberY of Y, such that every collider on U is an ancestor of Z, and every non-collider on U isnot in Z. For disjoint sets of vertices, X, Y, and Z, X is d-separated from Y given Z ifand only if X is not d-connected to Y given Z.

13Figure 8For example, the path E fi D fi C d-connects E and C given ˘; it also d-connects Eand C given {A}, {B}, or {A,B}. E fi D ‹ C d-connects E and C given {D}, given{D,B}, {D,A}, or {D,A,B}. The following is a list of all the pairwise d-separationrelations in Figure 8 (where each pair is followed by a list of all of the sets that d-separatethem):{A} and {C} are d-separated given: {B}, {B,D}, {B,E}, {B,D,E}{A} and {D} are d-separated given: {B}, {B,C}, {B,E}, {B,C,E}{A} and {E} are d-separated given: ˘, {B}, {B,C}, {B,D}, {B,C,D}, {C,D}{B} and {E} are d-separated given: ˘, {C,D}The first theorem states that d-separation in a path diagram G is a sufficient conditionfor G to entail that r(X,Y.Z) = 0 (i.e. in every SEM with path diagram G, the partialcorrelation of X and Y given Z equals 0.)Theorem 1: If M is a SEM, and {X} and {Y} are d-separated given Z in G(M),then r(X,Y.Z) = 0 in S(M).The second theorem states that d-separation is a necessary condition for a path diagramto entail a zero partial correlation.Theorem 2: If {Xi} and {Xj} are not d-separated given Z in path diagram G, thenthere is a SEM M such that G(M) = G, and r(Xi,Xj.Z) „ 0 in S(M).Theorem 2 does not say that there might not be an individual SEM M with �extra� zeropartial correlations among variables that are not d-separated in G(M), as the followingexample shows.X = .3 Y + .6 Z + eXYZX AC BDE

14Y = -2 Z + eYZ = eZFigure 9 (The errors are uncorrelated because there are no double-headed arrows in the pathdiagram.) In this case X and Y are independent, i.e. r(X,Y) = 0, even though {X} and{Y} are not d-separated given ˘. However, this zero correlation holds because of theparticular linear coefficients. Thus, according to Theorem 2 there is some other SEM Msuch with the same path diagram in which r(X,Y) „˚0. It has been shown (Spirtes et. al1993) that the set of parameters which produce conditional independence relations amongvariables which are not d-separated in G has zero Lebesgue measure over the parameterspace.4. Applications4.1. Covariance Equivalence for Path diagrams Without CorrelatedErrors or Directed CyclesIf for SEM M, there is another SEM M� with a different path diagram but the samenumber of degrees of freedom, and the same marginal distribution over the measuredvariables in M, then the p(c2) for M�equalsp ( C2) for M, andtheyhavethesameBICscores and AIC scores. Such SEMs are guaranteed to existifthereareSEMsthathavethesamenumberof degreesof freedomandcontainpathdiagramswhich arecovarianceequivalenttoeachother. Stelzl(1986)andLeeandHershberger(1990) discuss sufficientconditionsfor covarianceequivalence(which theycallsimplyequivalence).Theorem3statesnecessary, as wellas sufficientconditionsfor covarianceequivalenceinpathdiagramswithoutcorrrelatederrorsordirectedcycles.G 1 andG 2 ared-separation equivalent if for each disjoint X, Y, and Z, X is d-separated from Y given Z in G1 if and only if X is d-separated from Y given Z in G2.Theorem 3: If G1 andG 2 aredirectedacyclicgraphs, G 1 andG 2 arecovarianceequivalentifandonlyifG1andG2ared-separationequivalent.Thetestfor covarianceequivalenceof two pathdiagramsdescribedinLeeandHershberger(1990) requires determiningwhetherthereis aseries of edgereplacementsorreversalspreservingequivalencethatleadfromonepathdiagramtotheother.Becausetheydo notspecifyanorderinginwhich thetestsaretobedone, thiscouldbeaveryslowprocess. The following theorem, duetoPearlandVerma(1991) shows how d-separationequivalencecanbecalculatedinO(E2)time,where Eis thenumberof edges inapath

15diagram. X is an unshielded collider in directed acyclic graph G if and only if Gcontains edges A fi X ‹ B, and A is not adjacent to B in G.Theorem 4: Two directed acyclic graphs are d-separation equivalent if and only ifthey contain the same vertices, the same adjacencies, and the same unshielded colliders.It is apparent from Theorem 4 that any two SEMs with covariance equivalentdirected acyclic graphs have the same degrees of freedom.4.2. Covariance Equivalence for Path Diagrams with CorrelatedErrors or Directed CyclesNecessary conditions for covariance equivalence for path diagrams with correlatederrors or cycles, and for path diagrams with latent variables follow from Theorem 1 andTheorem 2. If O is a subset of the vertices in G1 and a subset of the vertices inG 2 , thenG 1and G2 are d-separation equivalent over O iffor eachdisjointX, Y, and Z includedin O, X is d-separated from Y given Z in G1 if and onlyifX is d-separated from Y givenZ in G2 .Theorem 5: If G1 and G2 are path diagrams that are covariance equivalent over O ,then G1 and G2 are d-separation equivalent over O.Theconverseis notgenerallytruebecausewhiled-separationequivalenceguaranteesthattheconditionalindependenceconstraintsimposedby two pathdiagramsarethesame,thereareother,non-conditionalindependenceconstraints,thatcanbeimposedby onepathdiagrambutnottheother. ThepathdiagramsinFigure 2 areexamplesof pathdiagramsthat are d-separation equivalent, but not covariance equivalent over O = {X,Y,Z}.If V is the maximum of the number of variables in G1 or G 2 , andMis thenumberofvariablesinO, Spirtes and Richardson 1996 presents an O(M3 · V2) algorithmforcheckingwhethertwoacyclicpathdiagramsG1andG2(whichmaycontainlatentvariablesandcorrelatederrors) ared-separationequivalentoverO. Richardson (1996) presents anO(V7)algorithmfordeterminingwhentwocyclicpathdiagramswithoutlatentvariablesared-separationequivalent.4.3. Extracting Features Common to a Covariance EquivalenceClassTheorem 4 is also the basis of a simple representation (called a pattern in Verma andPearl 1990) of the entire set of path diagrams without correlated errors or cycles covarianceequivalent to a given path diagram without correlated errors or cycles. The pattern for each

16path diagram in Figure 1 is shown in Figure 10(a), and the pattern for each path diagram inFigure 3 is shown in Figure 10(b).(a)(b)Figure 10A pattern has the same adjacencies as the path diagrams in the covariance equivalenceclass that it represents. In addition, an edge is oriented as X fi Z in the pattern if and onlyif it is oriented as X fi Z in every path diagram in the simple covariance equivalence class.Meek 1995, Andersson et al. 1995, and Chickering 1995 show how to generate a patternfrom an acyclic graph in O(E) time (where E is the number of edges.)In the case of acyclic path diagrams which may also contain latent variables, and thecase of cyclic path diagrams which do not contain latent variables, there is an objectanalogous to a pattern called a Partial Ancestral Graph (PAG), which represents some ofthe features common to the members of a covariance equivalence class over O. Spirtes andVerma (1992) shows how to create a PAG6 from an acyclic path diagram in O(V5)time(where Vis thenumberof verticesinthepathdiagram). Richardson(1996c) presents anO(V7)algorithmforconstructingaPAGfroma(possiblycyclic)graph.4.4. Solutions to the questions on regressionIn this section we apply d-separation in order to answer three questions about the use ofregression to estimate structural coefficients that we raised earlier. We introduce thefollowing notation first: Given an SEM with path diagram G, we define G\{XfiY} as thepath diagram in which the X fi Y edge is removed.(a) If Y is regressed on a set of variables W, including X, in which SEMs will thepartial regression coefficient of X be a consistent estimate of the structural coefficient bassociated with the X fi Y edge?The coefficient of X is a consistent estimator of b if W does not contain any descendantof Y in G, and X is d-separated from Y given W in G\{XfiY}.7 If this condition does not

6 The algorithm given by Spirtes and Verma was designed to output an object called a partially orientedinducing path graph (POIPG); however, it has subsequently been shown that the output can be re-interpretedas a PAG.7Note this criterion is similar to Pearl’s back door criterion (Pearl, 1993), except that the back-door criterionwas proposed as a means of estimating the total effect of X on Y.XWYZ

XWYZ

17hold, then for almost all instantiations of the parameters in the SEM, the coefficient of Xwill fail to be a consistent estimator of b.It follows directly from this that (almost surely) b cannot be estimated consistently viaany regression equation if either there is an edge X « Y (i.e. eXandeYarecorrelated)orifX is adescendantof Y(so thathepathdiagramis cyclic).Theresultitselffollows fromthefactthatundertheconditionsstated,Cov(X,eY | W\{X}) = Cov(X,Q | W\{X}) = 0for each Q ˛ Parents(Y,G)\{X}. (Parents(Y,G) is the set of parents of Y in G.) Itfollows that

Cov(X,Y|W \ {X}) = Cov(X,βX + aiTi^{Ti}∑ + εY|W \ {X}) = βV(X|W \ {X})

and hence

Cov(X,Y|W \ {X})

V(X|W \ {X}) = β

. (b) If Y is regressed on the set W, including X, in which SEMs will the partialregression coefficient of X be zero if there is no edge between X and Y?The coefficient of X will be zero if X and Y are d-separated given W\{X}. (SeeScheines 1994 and Glymour 1994). This follows directly from the fact that the coefficientof X in the regression equation is proportional to r(X,Y,W\{X}), which in turn will bezero if {X} is d-separated from {Y} given W\{X}. As before, if {X} and {Y} are not d-separated given W\{X}, then, even if there is no edge between X and Y, for almost allassignments of values to the model parameters the coefficient of X will be non-zero.(c) Given a particular SEM, with path diagram G, in which there is an edge X fi Y,with coefficient b, is it possible to find a subset W of observed variables, (including X),such that when Y is regressed on the set W, the coefficient of X in the regression is aconsistent estimate of b?From (a), we know that if there is a subset W of the observed variables which containsno descendant of Y, but which d-separates X from Y in G\{XfiY}, then the regressioncoefficient of X in the regression of Y on W will be a consistent estimate of b.5. ConclusionD-separation is a widely studied graphical relation, which has proved useful in solvingmany problems. We have illustrated some of its applications, such as finding covarianceequivalence classes, finding features common to all members of covariance equivalence

18classes, and explaining relationships between regression coefficients and structuralequation coefficients. Other applications to problems in structural equation modelling aredescribed in Spirtes et al. (1993) and Pearl(1997). Instructions for using a program,TETRAD II, that uses d-separation as a basis for searching for automated searching formodels given data and background knowledge can be found on the world wide web athttp://hss.cmu.edu/html/departments/philosophy/TETRAD/tetrad.html. By extending therelation to path diagrams, as well as graphs, we have shown how theorems proved aboutd-separation can be applied to a wider class of structural equation models.6. Proofs of Main ResultsWe will prove Theorem 1 and Theorem 2 in two steps. First we will prove them for thecase where G(M) contains no double-headed arrows; then we will prove it for the casewhere G(M) does contain double-headed arrows.A probability measure P over V satisfies the global directed Markov property forpath diagram G if and only if for any three disjoint sets of variables X, Y, and Z includedin V, if X is d-separated from Y given Z, then X is independent of Y given Z in P.The following lemma relates the global directed Markov property to factorizations of adensity function. Denote a density function over V by f(V), where for any subset X of V,f(X) denotes the marginal of f(V). Let An(X) be the set of ancestors of members of X. Iff(V) is the density function for a probability measure over a set of variables V, say thatf(V) factors according to directed graph G with vertices V if and only if for everysubset X of V,

f(())g(V,()VV n(X)An X Parents VA= ˛� )

where gVisanon-negativefunction.Lemma1 was proved inLauritzenetal. (1990) for theacycliccase, andtheproofcarriesoveressentiallyunchangedforthecycliccase.Lemma 1: If V is a set of random variables with a probability measure P that has adensity function f(V) and f(V) factors according to directed graph G, then P satisfies theglobal directed Markov property for G.Lemma 2 was proved in Spirtes(1995) and Koster(1995).

19Lemma 2: If M is a SEM, and {X} and {Y} are d-separated given Z in directed graphG(M), then r(X,Y.Z) = 0 in S(M).Lemma 3 was proved in Spirtes(1995).Lemma 3: For any directed graph G, if {X} and {Y} are not d-separated given Z inG(M), there is a SEM M, G = G(M) and r(X,Y.Z) „ 0 in S(M).We will now show that Theorem 1 and Theorem 2 hold even when G contains double-headed arrows. Let the set of vertices in G be V. For a given triple X, Y, and Z, if {X} isd-separated from {Y} given Z in G(M) and G(M) contains double-headed arrows, thestrategy is to convert M into another SEM M�(M,X,Y,Z) such that G(M�(M,X,Y,Z)) hasadditional latent variables, but no double-headed arrows, the marginal over V ofS(M�(M,X,Y,Z)) is equal to S(M), and {X} and {Y} are d-separated given Z inG(M�(M,X,Y,Z)). (We write M�(M,X,Y,Z) in order to emphasize that the SEM M�constructed from M is a function of the path diagram of M, and the vertices X, Y, and Z inthe d-separation relation being considered.) It will then follow from Lemma 2 thatr(X,Y.Z) = 0 in S(M).If {X} is d-separated from {Y} given Z in G(M), the graph G(M�(M,X,Y,Z)) isconstructed by the following algorithm, where a trek between Xi andX j is anundirectedpathbetweenXiandXjthatcontainsno colliders. (Wewillillustratetheapplicationof thealgorithmtothepathdiagraminFigure11.)Algorithm: Construct Latent Directed Graph Inputs - Path Diagram G with vertex set V, Vertices X, Y, Z;Output - Directed Graph GConstruct(G,X,Y,Z), with vertex set V¨T;1. Order the variables so that X is first, Y is second, followed by each variable with adescendant in Z, followed by any remaining variables that have X or Y as descendants inG(M), followed by the rest of the variables. Given this ordering, we will now refer to thevariables as X1,...,Xn, where for all i, Xi is the ith variable in the ordering.2. For each variable Xi, add to the existing graph G, a variable Ti, and edges fromTi toX j , for eachj‡ i. Call the resulting graph, which has vertex set (X1 , . . . , X n , T 1 , . . . , T n )G Constsruct(0) .3. Let GConstruct(i) be the the graph constructed after the ith iterationof thefollowings t e p , starting with i = 1: If r > i, and there is no trek betweenXr andX i inG Construct(i-1) containinga variable Tj, where j < i, and ei and ej are uncorrelated in S, then remove the Ti fiXredge.

20For inputs G, X, Y, and Z, we will refer to the output of this algorithm asGConstruct ( G , X , Y , Z ). Notethatitfollows fromstep2 of theconstructionalgorithmthatifthere is a trek Xi ‹ Tj fi Xk, then j £ min(i,k).Suppose for the graph in Figure 11 we areinterested in whether (X,Y) = 0 (i.e. Z =˘).X A B C D Y

GFigure 11Applying the first step of Algorithm Construct Latent Directed Graph to G in Figure 11with vertex inputs X, Y, ˘, results in the naming of the vertices shown in Figure 12.X1 X3 X5 X4 X6 X2

Old Name: X A B C D YNew Name:Figure 12: G with vertices renamedApplying steps 2 and 3 of Algorithm Construct Latent Directed Graph results in thedirected graph shown in Figure 13.T1 T3 T5 T4 T6 T2X1 X3 X5 X4 X6 X2

Figure 13: G C o n s t r u c t ( X , Y , ˘ )Asanexampleofanapplicationofstep3, theedgefromT3 toX 4 is removedbecauseinG Construct(2) thereis no trekbetweenX 3 andX 4 thatcontainsT1 or T 2 , andthereis nodouble-headed arrow between X3 and X4 in G.

21The next series of lemmas shows how to construct a SEM M�(M,X,Y,Z) withmeasured variables V and latent variables T , so that the marginal over V ofS(M�(M,X,Y,Z)) = S(M), and G(M�(M,X,Y,Z)) = GConstruct( G ( M ) , X , Y , Z ) . Lemma 4: If S is a positive definite matrix, then there exists a positive definite matrixS� = S - dI, where d is a real positive number.Proof. Suppose that S is a positive definite matrix. It follows then that for all solutionsof det(S - lI) = 0, l is positive. Let the smallest solution of det(S - lI) = 0 be l1 . Letd beless than l1 and greater than 0. Let S� = S - dI. We will now show that all of the solutionsof det(S� - l�I) = 0 are positive. S� - l�I = S - dI - l�I = S - (l� + d)I. If we set l� = l -d, then for each solution of det(S - lI) = 0, there is a solution of det(S - (l� + d)I) = 0.Since l� = l - d, and d is less than l1, thesmallestsolutionof det(S� - l�I) = 0 is greaterthan 0. \A linear transformation of a set of random variables is lower triangular if and only ifthere is an ordering of the variables such that the matrix representing the transformation iszero for all entries aij, when j > i.Lemma 5: If X1, … , Xn have a joint normaldistributionN ( 0 , S), where S is positivedefinite, then there is a set of n mutually independent standard normal variables T1 , … , T n ,such that X1, …, Xn are a lower triangular linear transformation of T 1 , … , Tn andfor eachi,thecoefficientofTiintheequationforXiisnotequaltozero.Proof . For every positive definitecorrelation matrixS, there is a SEM M withcorrelation matrix S(M) = S, and directed acyclic graph G(M) that has each pair of verticesin G(M) adjacent (Spirtes et al. 1993). The reduced form of a complete directed acyclicgraph is a lower triangular transformation of independent error variables (in this case the Tvariables) that is non-zero on the diagonal, because S is positive definite. \There is a simple rule for calculating Cov(X,Y) from a path diagram with no directedcycles that is used in the following lemmas. There is an edge directed into a vertex A on apath P if and only if P contains an edge A ‹ B or A « B. The source of a trek is thevertex on the trek with no edges directed into it, if there such a vertex. (For example B isthe source of the trek A ‹ B fi C, A is the source of A fi B fi C, and the trek A ‹ B «Cfi D has no source.) Associated with each edge A fi B in a graph is a label thatcorresponds to the coefficient of A in the equation for B, and associated with each edge A« B is a label that corresponds to the correlation of the error terms for A and B.Cov(X,Y)is equal to the sum over all of the treks, of the product of the edge labels on the

22trek, times the variance of the source of the trek (if there is one). For example, in Figure 4,

Cov(Y,Z) = (αβ + γ)V(Z)

. For a proof of the case without correlated errors, see Glymouret al. 1987; the case with correlated errors is a simple modification of the latter proof.Lemma 6: There is a SEM M�(M,X,Y,Z) with measured variables V and latentvariables T, such that G(M�(M,X,Y,Z)) = GConstruct ( G ( M ) , X , Y , Z ), andthemarginaloverV of S(M�(M,X,Y,Z)) is equal to S(M).Proof. Let the correlation matrix among the error terms of M be S. If the equations inM are:

XbXi ij jj i i= +„� e

(1)(where some of the bij mayequalzero, andsomeof thei maybecorrelated)we willconstructequationsinM�(M,X,Y,Z) that are:

XbXaT' 'i ij jj i ij jj i i= + +„ £� � e

(2)by showing that there is a latent variable model of Softheform

ei ij jj i ia T ' '= +£�

(3)where each of the Tiande�iareuncorrelated.By hypothesis, S is apositive definitematrix. By Lemma4 thereis aset of variablese�1,...,e�n with positive definite matrix S� = S - dI, where d > 0. So we can writeei = ei� + ei�(4)where thei� areuncorrelatedwitheachotherandthei�variables, eachei� is normallydistributedwithmeanzeroandvarianced. The � variables will serve as the uncorrelatederror terms in the new model that we construct; the � variables are used only inintermediate stages of constuction, and have the same covariance matrix as the variables,except that the variances of the variables have been decreased by a small amount d, i.e. S�= S - dI. As a first step to constructing a latent variable model of V, we will construct alatent variable model of e�.By Lemma 5, there is a set of variables T={T1 , . . . , T n} such thate�1 , . . . , e�n withcorrelationmatrixS� are a lower triangular linear transformation of T1 , . . . , Tn andfor eachi,thecoefficientofTiintheequationfore�iisnotequaltozero.Thatis

e' a Ti ij jj i= <�

(5)

23where aii „ 0.ThereisadirectedgraphHthatrepresentsthislatentvariablemodelofthe�i variables,in which there is an edge from Tj to e’i onlyifj£ i. From the construction of H, there areno edges from Tj to e�1 unless j= 1. Hence, for everyj„˚1, in H every trek between e�1and e�j contains T1. Itfollows thathereis atmostonetrekbetweene�1 ande�j. TheedgefromT1 toe�1 is notzero. Henceitfollows fromthetrekrulefor calculatingcovariancesfromapathdiagram,thatife1and ejarenotcorrelatedinS (i.e. there is no double-headedarrow between X1 and Xj inG(M)) thentheedgefromT1 toej is zero. (In theexamplefrom Figure 12, a12 = a14 = a15 = a16 = 0.)Applyingthisstrategytoeachof theTi variablesinturn, we cannow show thatforeachiandr>i,ifthereisnotrekbetweene�r ande�i containingavariableT j, where j< i , ande�iande�jareuncorrelatedinS, then there is no Ti fi e�r edgeinH. Suppose on thecontrarythatinHthereisnotrekbetweene�r ande�i containingavariableT j, where j< i , andeiandejareuncorrelatedinM,buttheTi fi e�redgeisinH.Bytheconstructionof H , if k > i, then there is no edge from Tk to e�i. It follows that ifinH thereis no trekbetweene�rande�i containingavariableT j, where j< i, theneverytrekbetweene�i andanyothervariablecontainstheedgefromTi toe�i, which is inH sinceaii „ 0. The Ti fi e�r edgeexistsbyhypothesis,sothereisexactlyonetrekbetweene�i ande�r inH. Hence, ineverySEM L with vertices {e�1,...,e�n} and directed graph G(L) = H, e�i and e�r are correlatedinS(L). (Note that this could not be claimed if there were more than one trek between e�i ande�r sinceinthatcasethetreks mightcanceleachother.) Sincethecovariancesbetweendistincte� variables are equal to the correlations between the corresponding e variables, itfollows that eianderarecorrelatedinS,andhencethereisadouble-headedarrow betweene�i and e�j in G(M). This is a contradiction.The graph H for the path diagram in Figure 12 is shown in Figure 14.T1 T3 T5 T4 T6 T2e’X1 e’X3 e’X5 e’X4 e’X6 e’X2

Figure 14: HFrom the latent variable model of the ’ variables, we can now form a model M�(M,X,Y,Z)with measured variables V and latent variables T1,...,Tn, but without correlated errors.

X b X a T ' '

i ij j j i ij j j i i = + + „ < � �_e

It follows from equations (1), (4), and (5) that the marginal distribution ofV={X1,�Xn} in M�(M,X,Y,Z) is the same as the distribution of V in M.Wewillnow show thatG ( M� ( M , X , Y , Z)) = GConstruct ( G ( M ) , X , Y , Z ). For variablesAandB inV, by the construction of M�, there is an edge between A and B inG(M�(M,X,Y,Z)) if and only if there is an edge between A and B in G, and hence an edgebetween A and B in GConstruct ( G ( M ) , X , Y , Z ). (Hencetheancestorrelationsamongthesubstantive variables in G(M�(M,X,Y,Z)) are the same as the ancestor relations among thecorresponding variables in G(M).) There is an edge between a variable T in T and avariable A in V in G(M�(M,X,Y,Z)) if and only if there is an edge between T and e�A inH . Wehavealreadyshown thatfor eachiandr > i, ifthereis no trekbetweene�r ande�icontaining a variable Tj, where j < i, and e�i and e�j are uncorrelated in S, then there is no Tifi e�r edge in H. It follows thatfor eachiandr > i, ifthereis no trekbetweenXr andX icontaining a variable Tj,wherej<i,andeiandej areuncorrelatedinS, then there is no Tifi Xr edgeinG ( M� ( M , X , Y , Z)). (This latter property is the property obtaining inGConstruct ( G ( M ) , X , Y , Z ) by applicationof steps 2 and3.) HenceG Construct ( G ( M ) , X , Y , Z ) =G(M�(M,X,Y,Z)) \The next series of lemmas show that if X1 andX 2 ared-separatedgivenZ in G(M),then X1 and X2 are d-separated given Z in G(M�(M,X,Y,Z)).WewillcallatrekX j ‹ Tm fi Xi thatcontainsaTvariablealatent trek inG Construct ( G ( M ) , X , Y , Z ). In G(M), acorrelated error trek sequence is a sequence ofvertices <Xi,..., Xk> such that no pair of vertices adjacent in the sequence are identical,andforeachconsecutivepairofverticesXrandXs inthesequence, thereis anedgeXr « X s .For exampleinFigure 11, thesequenceof vertices< X , A , B , C , D , Y > is acorrelatederrortreksequencebetweenXandY.Lemma 7: If there is a latent trek between Xi andX j inG Construct ( G ( M ) , X , Y , Z ) thatcontainsavariableT r, i.e. X i ‹ Tr fi X j , theninG(M)thereis acorrelatederror treksequencebetweenXiandXj,suchthateveryvariableinthecorrelatederror treksequence,with the possible exception of the endpoints, Xi and Xj,, has index (i.e. subscript) less thanor equaltor (henceforthreferredtoas thecorrelatederror treksequenceinG(M)corresponding to the latent trek between Xi and Xj in GConstruct(G(M),X,Y,Z).)Proof. The proof is by induction on r. Suppose first that r = 1. From theconstructionalgorithm for G Construct ( G ( M ) , X , Y , Z ), ifthereis alatentrekbetweenX i andX j inGConstruct(G(M),X,Y,Z) that contains T1 then there are edges Xi « X1 andandX j « X 1 inG(M). Theconcatenationof thesetwo edges forms acorrelatederror treksequencein

25which (trivially) every variable in the sequence except for the endpoints has an index lessthan or equal to 1. The induction hypothesis is that for all r £ n, if there is a latent trekbetween Xi andX j inG Construct ( G ( M ) , X , Y , Z ) thatcontainsT r, theninG(M)thereis acorrelated error trek sequence between XiandXj,suchthateveryvariableinthesequence,withthepossibleexceptionoftheendpointshasanindexless thanr. Suppose now thatinG Construct( G ( M ) , X , Y , Z ) there is alatentrekbetweenX i andX j such thathetrekcontainsT n+1 , where i, j‡ n+1. Since the edge between Tn+1 andX i exists inG Construct ( G ( M ) , X , Y , Z ), itfollows fromtheconstructionalgorithmforG Construct ( G ( M ) , X , Y , Z ) thateitherthereis alatentrekbetweenX i andX n+1 inG Construct( G ( M ) , X , Y , Z ) that containssomeT r, r < n+1, or thereis adouble-headedarrowbetweenX n+1 andX i inG(M). In theformercase, by theinductionhypothesis thereis acorrelatederrortreksequencebetweenXiandX n+1 that, exceptfor theendpoints, containsonlyverticeswhoseindicesarelessthanorequaltor,andhencelessthanor equalton + 1 . In thelattercase, < X i , X n+1 > is acorrelatederror treksequencebetweenX i andX n+1 .Similarly,thereisacorrelatederrortreksequencebetweenX n+1 andX j that, exceptfor theendpoints, containsonlyverticeswhose indicesareless thanor equalton+1. Thesetwocorrelatederrortreksequencescanbeconcatenatedtoformacorrelatederror treksequencebetweenXi and Xj that, except for theendpoints, containsonlyverticeswhose indicesareless than or equal to n+1. \For GConstruct(G(M),X,Y,Z) shown in Figure 13, there is a latent trek between X 5 ‹ T5fi X6, and acorresponding correlatederror treksequence< X 5 , X 4 , X 6 > inthegraph G inFigure 12.Wewillmakeuse of thefollowingLemmawhich is asimpleextensiontopathdiagramswithdirectedcyclesofLemma3.3.1inSpirteset al. (1993). This Lemma allowsus to concatenate �small� d-connecting paths to form a larger d-connecting path. We say apath is into endpoint X if the path contains some edge X « Y or X ‹ Y.Lemma 8: In a path diagram G over a set of vertices V, if: (a) Q is a sequence of vertices in V from A to B, Q ” <A”X0,�Xn+1”B>, such that" i,˚0˚£ i £ n, Xi „ Xi+1 (the Xi are only pairwise distinct , i.e. not necessarily distinct),( b ) ˚ Z ˝ V \ { A , B } , (c) P is a set of undirected paths such that(i)˚for eachpairof consecutiveverticesinQ, Xi andX i + 1 , thereis auniqueundirected path in P that d-connects Xi and Xi+1 given Z\{Xi , Xi+1},(ii)˚if somevertexX k inQ, is in Z, then the paths in P that contain Xk as anendpointcollideatXk,(i.e.allsuchpathsaredirectedintoXk)

26(iii)˚if for three vertices Xk—1, Xk, Xk+1 occurringinQ the d-connecting paths inP between Xk—1 and Xk, and Xk and Xk+1, collide at X k thenX k has adescendantinZ,then there is a path U in G that d-connects A”X0 and B”Xn+1 given Z.NotethatwedonotrequirethatavertexoccuronlyonceinQ. Hence one occurrenceof a vertex in Q may be a collider, and another occurrence of the same vertex in Q may be anon-collider. (We say that Yk is acollider(non-collider)inQ if the pair of consecutivepaths in P that contain Ykasanendpointcollide(donotcollide)atYk.)Lemma 9: If X1 ” X and X 2 ” Yared-connected given Z in the directed graphGConstruct(G(M),X,Y,Z ), then X and Y are d-connectedgivenZ in the path diagram G(M).(G(M) has vertex set V, GConstruct ( G ( M ) , X , Y , Z ) has vertexsetV¨T, and {X,Y}¨Z ˝V.)Proof. Suppose that there is an undirected pathU thatd-connectsX 1 andX 2 givenZin GConstruct ( G ( M ) , X , Y , Z ). Wewillprove thatX andYared-connectedgivenZ in G(M)by constructing a sequence of vertices Q and a set P of paths in G between pairs ofconsecutive vertices in Q satisfying the conditions of Lemma 8.Our first step will be to use U to construct a sequence Q� and a set of paths P� inGConstruct ( G ( M ) , X , Y , Z ) fromwhich we willthenconstructP and Q. Intuitively, we formQ� and P� by breaking U into pieces, such that each latent trek occurs as a separate piece.More formally, form a sequence Q� of vertices and an associated sequence P� of paths inGConstruct ( G ( M ) , X , Y , Z ) withthefollowingproperties:(i)everyvertexinQ� is in V andoccurs on U; (ii) no vertex occurs in Q� more than once; (iii) if Xi occurs beforeX j inQ�,then Xi occurs before Xj on U; (iv) ifthesubpath of U betweenX i andX j is alatentrek,Xi ‹TrfiXj, then Xi and Xj both occur in that order in Q�. ThepathinP� associated witha pair Xi and Xj of consecutive vertices in Q� is the subpath of U between Xi and Xj. In theexample in Figure 13, in GConstruct(G(M),X,Y,Z) the d-connecting pathbetweenX 1 andX 2given Z = ˘ is X1 ‹ X5 ‹ T4 fi X6 fi X2 , Q� = <X1 , X 5 , X 6 , X 2 >, and P� = < X 1 ‹ X 5 ,X5 ‹ T4 fi X6, X6 fi X2>. In this example, there are no colliders in Q�.Because U is a path that d-connects X1 and X2 givenZ in GConstruct ( G ( M ) , X , Y , Z ), itisclearthatthepathsinP� have the following properties in GConstruct( G ( M ) , X , Y , Z ): (i)Eachpath in P� d-connects its endpoints Xi and Xj given Z\{Xi,Xj}; (ii)ifpaths inP� collide atXi then Xi has a descendant in Z; and (iii) if Xi is in Z then the paths in P� collide at Xi.Wewillnowshow how toconstructasequenceof verticesQ and a set P of paths inG(M) between pairs of consecutive vertices in Q satisfying the conditions of Lemma 8; itfollows then that X and Y are d-connected given Z in G.

27We will create Q by several modifications of Q�. Step (1) in creating Q is to replaceeach subsequence <Xr,Xs> of Q� such that Xr andX s aretheendpointsof alatentrekinP�, with the corresponding correlated error trek sequence <Xr , … , Xs> inG(M). ThenreplacethelatentrekinP� with the corresponding correlated error trek sequence in P�.Note that each occurrence of Xk between< X r , … ,Xs > is acolliderinQ. In the example,after the first step Q = <X1, X 5, X 4, X 6, X 2> and P = < X 1 ‹ X 5 , X 5 « X 4 , X 4 « X 6 , X 6fi X2 >, i.e. we replacedthesubsequence < X 5 , X 6 > inQ� by <X5 , X 4 , X 6 >, andthelatentrek X5 ‹ T4 fi X6 by X5 « X4 and X4 « X6 in Q�.RecallthattheancestorrelationsamongthevariablesinV (which includes thevariablesin Z) in GConstruct( G ( M ) , X , Y , Z ) arethesameas theancestorrelationsamongthevariablesinG(M). Afterstage(1) increatingQ, if Xk is notanancestorof Z in G(M) (or inGConstruct ( G ( M ) , X , Y , Z )), buthas anoccurrenceinQ that is a collider, it follows that Xkwas added to Qbyreplacingasubsequence < X r, X s > of Q� by a corresponding correlatederror trek sequence <Xr , … ,Xs > inG(M). Henceanysuch X k liesbetweensomepairofverticesXr andX s thatareadjacentinQ�. Because every vertex in <Xr , … , Xs> inQ(except for Xr andX s) has anindexless thanr ands, andX k is notanancestorof Z inGConstruct(G(M),X,Y,Z), it follows from the ordering of the variables that we chose, thatXrand Xs are not ancestors of Z in GConstruct(G(M),X,Y,Z). If a path U d-connectsX 1 andX 2given Z, then every vertex on U is an ancestor of X1 or X2 or Z. Because Xr andX s areonU, but not ancestors of Z in GConstruct(G(M),X,Y,Z), and U d-connects X1 and X2 given Z ,Xr andX s arebothancestorsof { X 1 , X 2 }. BecauseinG Construct ( G ( M ) , X , Y , Z ), Xr andX sare both ancestors of {X1 , X 2 }, andk < r ands, itfollows fromtheorderingof thevariables that Xk is also an ancestor of {X1,X2} in GConstruct(G(M),X,Y,Z). HenceX k is anancestor of {X1,X2} in G(M). In the example, in G(M), X4 is not an ancestorof theemptysetbutis anancestorof X 1 , anditis betweentwo verticesX 5 andX 6 which alsoarenotancestors of the empty set but are ancestors of X1 or X2.Thus,ifthereissomevertexXk in Q that is not an ancestor of Z, but occurs in Q as acollider then Xk is an ancestor of X1 or X2. Let Xa bethelastoccurrenceof acolliderinQthat is an ancestor of X1 butnotof Z, if there is one, otherwise let Xa = X 1 . Step(2) informing Q and P is to replace the subsequence <X1 , … , X a > by < X 1 , X a > ifX a „ ˚X 1 , andreplacingthecorrespondingpathsinP by a directed path from Xa toX 1 ifX a „ ˚X 1 . (Suchadirectedpathexists ifX a „ ˚X 1 becauseX a is anancestorof X 1 .) ThisremovesalloccurrencesofverticesbetweenX1andX a thatarenotancestorsof Z, but are colliders inQ. In the example, Xa = X4, and after step 2, Q = <X1, X 4, X 6, X 2> and P = <X1 ‹ X4, X 4« X6 , X6 fi X2 > .

28By definition, every vertex that occurs as a collider between Xa andX 2 inQ is anancestor of Z or of X2. Let Xb be the first vertex after Xa in Q thatis anancestorof X 2 butnot of Z, if there is one, otherwise let Xb = X 2 . Step(3) informingQ and P is to replacethe subsequence <Xb , … ,X2 > by < X b , X 2 > ifX b „ X 2 , andreplacingthecorrespondingpaths in P by a directed path from Xb toX 2 ifX b „ ˚X 2 . ThisremovesalloccurrencesofcollidersbetweenX b andX 2 thatarenotancestorsof Z. Note that all occurrences ofcolliders that are left are between XaandXb,andeveryoccurrenceofacolliderbetweenX aand Xb is an ancestor of Z by construction. In the example, Xb = X 2 , andafterstep(3), Qand P are unchanged.We will now show that every path between a pair of variables Xu andX v inP d-connects Xu and Xv given Z\{Xu,Xv}. If the path between Xu andX v is alsoinP�, then itd-connects Xu and Xv given Z\{Xu,Xv} becauseeverypathinP� has this property. If thepath between Xu and Xv is not in P�, but was added in step (1) of theformationof P, thenthe path between Xu andX v is acorrelatederror trekX u « X v , which clearlyd-connectsXu and Xv given Z\{Xu,Xv}. If the path between Xu and Xv is not in P� , but was added instep (2) of the formation of P�, then Xu = X1, Xv = Xa, and the path betweenX u andX v isadirectedpathfromX a toX 1 thatdoes notcontainanymemberof Z. Hence the path d-connects Xu and Xu given Z. Similarly, if the path between pathbetweenX u andX v is notinP�, but was added in step (3) of the formation of P, then Xu = X b , X v = X 2 , andthepath between Xu and Xv is a directed path from Xb to X2 that does notcontainanymemberof Z. Hence the path d-connects Xu and Xv given Z.Wewillnowshowthateveryvertexthatoccurs as acolliderinQ has a descendant inZ, and every vertex that occurs as a non-collider in Q is not in Z. Every vertex that occursas a collider in Q is an ancestor of Z, because steps (2) and (3) in the formation of Qremoved all occurrences of colliders that were not ancestors of Z. Every vertex that occursas a non-collider in Q� and as a non-collider in Q is not in Z, because every vertex thatoccurs as a non-collider in Q is not in Z. The only vertices that may occur as non-collidersin Q but not in Q� are Xa andX b . X a is notinZ, because either it is equal to X1 or X 2 ,neither of which is in Z, or it is not an ancestor of Z by construction. Similarly, Xb is notin Z.Hence Q is a sequence of paths that satisfy properties (i), (ii), and (iii) of Lemma 8. Itfollows from Lemma 8 that X1 ” X and X2 ” Y are d-connected given Z in G(M). \Theorem 1: If M is a SEM, and {X} and {Y} are d-separated given Z in G(M),then r(X,Y.Z) = 0 in S(M).

29Proof. By Lemma 6 and Lemma 9 there is a SEM M�(M,X,Y,Z) with the marginal ofS(M�(M,X,Y,Z)) = S(M), and {X} and {Y} d-separated given Z in G(M�(M,X,Y,Z)) =GConstruct ( G ( M ) , X , Y , Z ). BecauseG Construct ( G ( M ) , X , Y , Z ) is thedirectedgraph of alatentvariablemodelM�(M,X,Y,Z) with correlation matrix that has marginal S(M), no correlatederrors, and X and Y are d-separated given Z in GConstruct ( G ( M ) , X , Y , Z ), itfollows fromLemma 2 that r(X,Y.Z) = 0 in S. \Theorem 2: If M is a SEM, and {Xi} and{ X j} ared-connectedgivenZ in G(M),then r(Xi, X j.Z ) „ 0 in S(M).Proof. Suppose that {Xi} and{ X j} ared-connectedgivenZ in G, and the set ofvertices in G is V. Form a graph Transform(G) with vertices T ¨ V in the following way.For a pair of vertices Xk and Xm in V, there is a directed edge Xk fi Xm inTransform(G) ifand only if there is a directed edge Xk fi Xm in G. For verticesX k andXm inV, there is avertex T(Xk, X m ) inT,and edges Xm ‹ T(Xk, X m ) fi X k ifandifandonlyifthereis adouble-headed arrow Xk « Xm in G. (For convenience in writing equations, for each latentvariable T(Xk,Xm) in Transform(G), we will also refer to it as T(Xm,Xk).)For {Xi,Xj} ¨ Z ˝ V, if {Xi} and {Xj} are d-connected given Z in G, then they ared-connectedgivenZ in Transform(G). By Lemma 3 there is a SEM M�, with G(M�) =Transform(G(M)), and r(Xi, X j.Z ) „˚0.Let Double(Xi) be the set of vertices Xm in G such that there is an edge Xm « Xj in G . In M�,

XaXbT(X,X)'i im m ij i m iX XX X m im i= + +˛˛ � eDoubleParents ( )( )

Now define

ei ij i m iX Xb T(X ,X ) 'm i= +˛ �Double ( )

It follows then that

XaXi ij m iX Xm i= +˛ � eParents ( )

is a SEM M, with G(M) = G, and r ( X i, X j.Z ) „˚0. \We will prove Theorem 5 before Theorem 3 because we will use Theorem 5 in theproof of Theorem 3.Theorem 5: If G1 andG 2 arepathdiagramsthatarecovarianceequivalentoverO,then G1 and G2 are d-separation equivalent over O.Proof. Suppose thatG 1 andG 2 arenotd-separationequivalentoverO. Supposewithout loss of generality that there is some {X}, {Y} and Z included in O, such that {X}

30and {Y} are d-connected given Z in G1, but not in G 2 . By Theorem2, thereis someSEMMwithG(M)= G 1 such thatr(X,Y.Z) „˚0. By Theorem 1, there is no SEM M� withG(M�) = G2, in which r(X,Y.Z) „˚0. Hence G1 and G2 are not covariance equivalentoverO. \Let Ancestors*(X,G) be the set of ancestors of X, exccluding X, in directed graph G , and Descendants*(X,G) be the set of descendants of X excluding X in G.Lemma 10: In a directed acyclic graph G, if X and Y are not adjacent, Y is not anancestor of X, Ancestors* ( Y , G ) \ { X } ˝ Z, and Z ˙ Descendants* ( Y , G ) = ˘, then{X} and {Y} are d-separated given Z.Proof. Suppose that X and Y are not adjacent, but there is a path U that d-connects{X} and {Y} given Z. Suppose that U contains an edge A fi Y and A ˛ Z. Since A is anon-collider on U (A„X), it follows that U does not d-connect {X} and {Y} given Z,contrary to hypothesis. Suppose then that U contains an edge A ‹ Y. It follows that Ucontains a collider, because by hypothesis, Y is not an ancestor of X. Let C be the collideron U closest to Y. C is a descendant of Y, so Descendants(C,G)˝Descendants* (Y,G). Hence Descendants (C,G) ˙ Z = ˘ , so again in this case U doesnot d-connect {X} and {Y} given Z. \Theorem 3: If G1 andG 2 aredirectedacyclicgraphs, G 1 andG 2 arecovarianceequivalentifandonlyifG1andG2ared-separationequivalentProof. By Theorem 5, if G 1 andG 2 arecovarianceequivalentG 1 andG 2 ared-separationequivalent.Suppose thatG 1 andG 2 ared-separationequivalent,andMis aSEMwithdirectedacyclic graph G(M) = G1. We can form a SEM M� where G(M�) is a subgraph of G 28 andS(M�) = S(M) in the following way.Order the variables in G2 so thatX comesbeforeYintheorderingonlyifX is notadescendant of Y. Form a directed acyclic graph G2� that has G2 as a subgraph by puttinganedgebetweenXandYifandonlyifX precedesYintheordering. In anySEMM�withgraph G(M�) = G 2 �, theerror termfor avariableYis independentof theparentsof Y . HenceifXisaparentofYinG(M�), theregression coefficientof X when Yis regressedonitsparentsinG(M�)usingS(M) is equal to the linear coefficient of X in the equation forY. Remove an edge from X to Y G(M�) if and only if the linear coefficient of X in theequation for Y is 0. The result is a SEM M�, where S(M�) = S(M), and G(M�) is asubgraph of G2� .

8 Note this includes the possibility that G(S�) = G2.

31Suppose X and Y are not adjacent in G2. In G2, either X is not an ancestor of Yor Yisnotanancestorof X; suppose withoutloss of generalitythatYis notanancestorof X . Then X and Y are d-separated given Parents(Y,G2) in G2.By Lemma 10, inG 2 , {X} and{Y} ared-separatedgivenParents(Y,G2 �), becauseParents(Y,G2 �) containsallof theancestors of Y in G2, and no descendants of YinG 2 . BecauseG 1 andG 2 ared-separationequivalent,{X} and{Y} ared-separatedgivenParents(Y,G2 �) inG 1 . By Theorem1 , r(X,Y.Parents(Y,G2 �)) = 0 inS(M). Hence the regression coefficient of X when Y isregressed on Parents(Y,G2 �) using S(M), is equal to 0. It follows that there is no edgebetween X and Y in G(M�). Hence S(M�) = S(M), and G(M�) is a subgraph of G2. \BibliographyAndersson, S., Madigan, D., and Perlman, M. (1995) A Characterization of MarkovEquivalence Classes for Acyclic Digraphs, Technical Report 287, Department of Statistics,University of Washington.Blalock, H., 1961, Causal Inferences in Nonexperimental Research, (W. W. Nortonand Co., New York).Bollen, K., 1989, Structural Equations with Latent Variables. (Wiley, New York).Chickering, D. (1995) A Transformational Characterization of Equivalent BayesianNetwork Structures, Proceedings of the Eleventh Conference on Uncertainty in ArtificialIntelligence, Philippe Besnard and Steve Hanks (Eds.), Morgan Kaufmann Publishers,Inc., San Mateo, CA.Frydenberg, M., 1990, The chain graph Markov property,Scandinvaian Journal ofStatistics, 17, 333-353.Geiger, D., and Pearl, J., 1988, Logical and Algorithmic properties of ConditionalIndependence. Technical Report R-97, Cognitive Systems Laboratory, University ofCalifornia, Los Angeles.C. Glymour, R. Scheines, P. Spirtes, and K. Kelly (1987) Discovering CausalStructure: Artificial Intelligence, Philosophy and Statistical Modeling, Academic Press, SanDiego, CA.C. Glymour, P. Spirtes, and R. Scheines (1994), In Place of Regression (in PatrickSuppes: Scientific Philosopher, Paul Humphreys (editor), Vol. 1, Kluwer AcademicPublishers, Dordrecht, Holland.Goldberger, A., Duncan, O. (eds.), 1973, Structural Equation Models in the SocialSciences (Seminar Press, New York).Haavelmo, T., 1943, The statistical implications of a system of simultaneousequations, Econometrica, 11, 1-12.

32Kiiveri, H. and Speed, T.,1982, Structural analysis of multivariate data: A review,Sociological Methodology, Leinhardt, S. (ed.). Jossey-Bass, San Francisco.Kiiveri, H., Speed, T., and Carlin, J., 1984, Recursive causal models, Journal of theAustralian Mathematical Society, 36, 30-52.Koster, J., (1995) Markov Properties of Non-Recursive Causal Models, Annals ofStatistics, November 1995.Lee, S., and Hershberger, S. (1990). A simple rule for generating equivalent models incovariance structure modeling. Multivariate Behavioral Research, 25, 313-334.Lauritzen, S., Dawid, A., Larsen, B., Leimer, H.,1990, Independence properties ofdirected Markov fields, Networks, 20, 491-505.Meek, C. (1995) Causal inference and causal explanation with background knowledge,Proceedings of the Eleventh Conference on Uncertainty in Artificial Intelligence, PhilippeBesnard and Steve Hanks (Eds.), Morgan Kaufmann Publishers, Inc., San Mateo, CA,pp. 403-410.Pearl, J., (1986) Fusion, propagation, and structuring in belief networks, ArtificialIntelligence 29, 241-88.Pearl, J., (1988). Probabilistic Reasoning in Intelligent Systems, (Morgan Kaufman:San Mateo, CA).Pearl, J. and Verma, T. (1991). A theory of inferred causation, in Principles ofKnowledge Representation and Reasoning: Proceedings of the Second InternationalConference (Morgan Kaufmann, San Mateo, CA).Pearl, J. (1997). Graphs, Causality and Structural Equation Models, Technical ReportR-253, Cognitive Science Laboratory, UCLA.Raftery, A. (1995), Baysian Model Selection in social research, in Marsden, ed.Sociological Methodology, Blackwells, Cambridge MA.Richardson, T. (1994) Properties of Cyclic Graphical Models, Master’s Thesis,Carnegie Mellon University.Richardson, T. (1996a). A Polynomial Algorithm for Deciding Equivalence in DirectedCyclic Graphical Models. Technical Report PHIL-63, Department of Philosophy, CarnegieMellon University.Richardson, T. (1996b) A Discovery Algorithm for Dirtected Cyclic Graphs. InUncertainty in Artificial Intelligence: Proceedings of the Twelfth Conference (F.Jensen andE.Horvitz, eds.), 462-469, Morgan Kaufmann, San Francisco.Richardson, T. (1996c) Feedback Models: Interpretation and Discovery. Ph.D. Thesis,Dept. of Philosophy, Carnegie-Mellon University.

33Scheines, R. (1994) Causation, Indistinguishability, and Regression, in Sofstat ’93:Advances in Statistial Software 4, Frank Faulbaum (editor), Gustav Fischer Verlag, pp.89-98.Spirtes, P. and Glymour, C., 1990, Causal Structure Among Measured VariablesPreserved with Unmeasured Variables. Technical Report CMU-LCL-90-5, Laboratory forComputational Linguistics, Carnegie Mellon University.Spirtes, P., and Glymour, C.(1991) An algorithm for fast recovery of sparse causalgraphs, Social Science Computer Review, 9, 62-72.Spirtes, P., Verma, T. (1992) Equivalence of Causal Models with Latent Variables.Technical Report CMU-PHIL-33, Department of Philosophy, Carnegie Mellon University,October, 1992.Spirtes, P., Glymour, C., and Scheines, R.(1993) Causation, Prediction, and Search,(Springer-Verlag Lecture Notes in Statistics 81, New York).Spirtes, P., (1995) Directed Cyclic Graphical Representation of Feedback Models, inProceedings of the Eleventh Conference on Uncertainty in Artificial Intelligence, ed. byPhilippe Besnard and Steve Hanks, Morgan Kaufmann Publishers, Inc., San Mateo.Spirtes, P., Richardson, T., Meek, C., Scheines, R., and Glymour, C., (1996). UsingD-separation to Calculate Zero Partial Correlations in Linear Models with CorrelatedErrors, Technical Report CMU-72-Phil.Spirtes, P., and Richardson, T. (1996), A Polynomial Time Algorithm ForDetermining DAG Equivalence in the Presence of Latent Variables and Selection Bias,Proceedings of the 6th International Workshop on Artificial Intelligence and Statistics.Stelzl, I. (1986) Changing causal relations withou changing the fit: Some rules forgenerating equivalent LISREL-models. Multivariate Behavioral Research, 21, 309-331.Whittaker, J.,1990, Graphical Models in Applied Multivariate Statistics (Wiley, NewYork).Wright, S. (1934). The method of path coefficients, Annals of Mathematical Statistics5, 161-215.

34Appendixd-separation equivalence holds between two path diagrams without correlated errors ifand only if they have the same adjacencies and the same unshielded colliders. Thefollowing examples show that this simple rule does not work when there are correlatederrors. Consider the following path diagrams. Path Diagram G Path Diagram G�Figure 15Both of these path diagrams contain the same adjacencies and same unshielded colliders.However, in Path Diagram G�, X is d-separated from W given the empty set; in PathDiagram G it is not.WZYX

WZYX