The TETRAD Project:Constraint Based Aids to Causal Model SpecificationRichard Scheines, Peter Spirtes, Clark Glymour,Christopher Meek and Thomas RichardsonDepartment of Philosophy, Carnegie Mellon University1The statistical community has brought logical rigor and mathematicalprecision to the problem of using data to make inferences about a model�sparameter values. The TETRAD project, and related work in computerscience and statistics, aims to apply those standards to the problem ofusing data and background knowledge to make inferences about a model�sspecification. We begin by drawing the analogy between parameterestimation and model specification search. We then describe how thespecification of a structural equation model entails familiar constraints onthe covariance matrix for all admissible values of its parameters; wesurvey results on the equivalence of structural equation models, and wediscuss search strategies for model specification. We end by presentingseveral algorithms that are implemented in the TETRAD II program.1. MotivationA principal aim of many sciences is to model causal systems well enough to providesound insight into their structures and mechanisms, and to provide reliable predictionsabout the effects of policy interventions. In order to succeed in that aim, a model must bespecified at least approximately correctly. Unfortunately, this is not an easy problem.When some of the causes are unknown and/or unobserved, there are an infinity ofpossible causal models and it is not obvious how to go about constructing plausible ones.To make matters worse, there may be many models that are compatible with backgroundknowledge and the data, but which lead to entirely different causal conclusions.The process of statistical modeling is typically divided into at least two distinctphases: a model specification phase in which a model (with free parameters) is specified,and a parameter estimation and statistical testing phase in which the free parameters ofthe specified model are estimated and various hypotheses are put to a statistical test. Both

1 Research for this paper was supported by the National Science Foundation through grant 9102169and the Navy Personnel Research and Development Center and the Office of Naval Research throughgrants N0014-93-0568 #N00014-95-1-0684. Correspondence should be directed to Richard Scheines,Department of Philosophy, Carnegie Mellon University, Pittsburgh, PA 15213. E-mail:RS2L@andrew.cmu.edu.

2model specification and parameter estimation can fruitfully be thought of as searchproblems. Parameter estimation can be thought of as a search through a large space for aparticular vector of values that satisfies a given set of constraints. For example, it is asearch problem to find a vector of parameter values that maximize the likelihood of thedata given the model. Statisticians have fruitfully investigated a number of parameterestimation problems under a variety of background assumptions, e.g., normal and non-normal distributional assumptions, recursive or non-recursive models, etc. Even thoughmodel specification affects parameter estimation (Kaplan, 1988) and predictions aboutthe effects of adopting different policies (Strotz & Wold, 1960; Spirtes, et al., 1993), thegreat bulk of theoretical attention on statistical causal models has been devoted toestimating their parameters, to developing statistics for testing individual parameters andoverall model fit (Bollen and Long, 1993), and to techniques for making minorrespecifications of models that fit data poorly (Kaplan, 1990; Saris, et al., 1987; Sorbom,1989; Bentler, 1986; J�reskog and S�rbom, 1993).We believe the problem of model specification is in many respects analogous to theproblem of parameter estimation, and that the same kind of rigor brought to thedevelopment and evaluation of algorithms for parameter estimation can and should beapplied to algorithms for model specification. In a model specification problem a class ofmodels is searched, and various models assessed. Our concern is with structuring suchsearches so as to have guarantees of reliability analogous to those available for parameterestimators.This is not to say that it is our intention to replace well-founded theoretical sourcesof model specification with automatic procedures. Where theory and domain knowledgeprovide justified constraints on model specification, those constraints should be used, andone of the important desiderata for model search procedures is that they make use ofwhatever domain knowledge is available. But rarely, if ever, is social scientific theoryand background knowledge sufficiently well confirmed and sufficiently strong to entail aunique model specification. There are typically many theoretically plausible alternativesto a given model, some of which support wholly different causal conclusions and thuslead to different conclusions about which policies should be adopted.Just as in the case of parameter estimation, the results we will present here do notfree one from having to make assumptions; instead, they make rigorous and explicit whatcan and cannot be learned about the world if one is willing to make certain assumptionsand not others. If, for example, one is willing to assume that causal relations areapproximately linear and additive, that there is no feedback, that error terms are i.i.d anduncorrelated, and that the Causal Independence and Faithfulness assumptions (explainedin detail in sections 3.1 and 3.2) are satisfied, then quite a lot can be learned about thecausal structure underlying one�s data. If one is only willing to make weakerassumptions, then less can be learned, although what can be learned may still be useful.Our aim is to make precise exactly what can and cannot be learned in each context. As

3with proofs of properties of estimators, the results are mathematical, not moral: they donot say what assumptions ought to be made.1.1 Structural Equation Models and Directed GraphsMany of the results and procedures we will describe are very general and apply tomodels of categorical as well as continuous data, but for the sake of concreteness we willillustrate them with linear structural equation models (hereafter, SEMs) (Bollen, 1989;James, Mulaik, and Brett, 1982). SEMs include linear regression models (Weisberg,1985), path analytic models (Wright, 1934), factor analytic models (Lawley & Maxwell,1971), panel models (Blalock, 1985; Wheaton, et al., 1977), simultaneous equationmodels (Goldberger & Duncan, 1973), MIMIC models (Bye, et al., 1985), and multipleindicator models (Sullivan, et. al., 1979). This section introduces the terminology we willuse throughout the rest of the paper.The variables in a SEM can be divided into two sets, the �error variables� or �errorterms,� and the substantive variables. Corresponding to each substantive variable Xi is alinear equation with Xi on the left hand side of the equation, and the direct causes of Xiplus the error term ei on the right hand side of the equation. Since we have no interest infirst moments, without loss of generality each variable can be expressed as a deviationfrom its mean.Consider, for example, two SEMs S1 and S2 over X = {X1, X2, X3}, where in bothSEMs X1 is a direct cause of X2 and X2 is a direct cause of X3. The structural equations2in Figure 1 are common to both S1 and S2.X1 = e1X2 = b1 X1 + e2X3 = b2 X2 + e3Figure 1: Structural Equations for SEMs S1 and S2In these equations, b1 and b2 are free parameters ranging over real values, and e1, e2 and e3are unmeasured random variables called error terms. Suppose that e1, e2 and e3 aredistributed as multivariate normal. In S1 we will assume that the correlation betweeneach pair of distinct error terms is fixed at zero. The free parameters of S1 are q = <b, P>,where b is the set of linear coefficients {b1, b2} and P is the set of variances of the errorterms. We will use SS1(q1) to denote the covariance matrix parameterized by the vector q1for model S1, and occasionally leave out the model subscript if the context makes it clear

2 We realize that it is slightly unconventional to write the trivial equation for the exogenous variableX1 in terms of its error, but this serves to give the error terms a unified and special status as providing allthe exogenous source of stochastic variation for the system.

4which model is being referred to. If all the pairs of error terms in a SEM S areuncorrelated, we say S is a SEM with uncorrelated errors.Let S2 contain the same structural equations as S1, but in S2 allow the errors betweenX2 and X3 to be correlated, i.e., make the correlation between the errors of X2 and X3 afree parameter, instead of fixing it at zero, as in S1. In S2 the free parameters are q = <b,P�>, where b is the set of linear coefficients {b1,b2} and P� is the set of variances of theerror terms and the correlation between e2 and e3. If the correlations between any of theerror terms in a SEM are not fixed at zero, we will call it a SEM with correlated errors.3It is possible to associate with each SEM with uncorrelated errors a directed graphthat represents the causal structure of the model and the form of the linear equations. Forexample, the directed graph associated with the substantive variables in S1 is X1fi X2 fiX3, because X1 is the only substantive variable that occurs on the right hand side of theequation for X2, and X2 is the only substantive variable that appears on the right hand sideof the equation for X3. We generally do not include error terms in our path diagrams ofSEMs unless the errors are correlated. We enclose measured variables in boxes, latentvariables in circles, and leave error variables unenclosed.X1X2X3e2e3

Figure 2. SEM S2 with correlated errorsThe typical path diagram that would be given for S2 is shown in Figure 2. This is notstrictly a directed graph because of the curved line between error terms e2 and e3, whichindicates that e2 and e3 are correlated. It is generally accepted that correlation is to beexplained by some form of causal connection. Accordingly, if e2 and e3 are correlated wewill assume that either e2 causes e3, e3 causes e2, some latent variable causes both e2 and e3,or some combination of these. In other words, curved lines are an ambiguousrepresentation of a causal connection. In section 3.1, for each SEM S with correlatederrors we will show how to construct a directed acyclic graph G with latent variables thatrepresents important causal and statistical features of S.Finally, a directed graph is acyclic if it contains no directed path from a variableback to itself. A SEM is said to be recursive (an RSEM) if its directed graph is acyclic.

3We do not consider SEMs with other sorts of constraints on the parameters, e.g., equality constraints.

51.2 Causal Structure: Predicting the Effects of ManipulationsIn this section we will consider the causal interpretation of RSEMs (Strotz & Wold,1960). The causal interpretation of non-recursive SEMs is not well understood and wewill not discuss it here. Consider the following hypothetical situation. For each memberof a population it is recorded how many cigarettes they have smoked in the last month (S)and how yellow their fingers are (Yf). Let us suppose that the correct causal descriptionof this system is given by RSEM M in Figure 3.Yf = a S + eYfS = eSr(eYf, eS) = 0, mean(eY) = 0, mean( eYf) = 0, var(eS) = 1, var(eYf) = 1 - a2 Yf S

Figure 3. RSEM MThe graph of this RSEM is asymmetric because it contains an arrow from S to Yf,but not from Yf to S. What consequences does the causal asymmetry have?The causal asymmetry is reflected in the predictions that M makes about the effectsof interventions on the values of the random variables S and Yf respectively.4 Theprediction of the effect of an intervention on a system is a counterfactual prediction, thatis, it is a prediction not about the existing population, but about a population that does notexist and might never exist. Of course, how an actual intervention would affect othervariables would depend upon how we intervened in the system. We will consider theoriesthat predict the effects of a kind of ideal intervention in which the only variables in thesystem affected directly are those that we manipulate by setting their value. For example,suppose we intervene ideally in the population originally described by M to eliminatesmoking, i.e., we set S = 0. Then the new causal system that is the result of this idealintervention would be described by model MS (Figure 4), in which the only change is thatthe equation for S in M is replaced by a new equation in which all of the coefficientsrelating S to other variables (in this case just eS) are set to 0, and S is set equal to aconstant.5

4 The causal asymmetry is also reflected in the quite different statistical relationships between es andYf on the one hand, and eYf and S on the other hand. From the Causal Independence assumption introducedin section 3, it follows that in M, eYf and S are uncorrelated, but it does not entail that eS and Yf areuncorrelated.5 In this example, the constant is zero, but we could of course just as easily have an ideal interventionwhich set S to any other value.

6Yf = a S + eYfS = 0r(eYf, eS) = 0, mean(eS) = 0, mean( eYf) = 0, var(eS) = 0, var(eYf) = 1 - a2 Yf S

Figure 4. RSEM MSIf, for an arbitrary parameterization of MS, fS is the density function according to MS(and similarly for M and fM) then the effect on Yf of ideally intervening to set S to 0, i.e.,fS(Yf | S = 0), is equal to the density, in RSEM M, of Yf conditional on S = 0, i.e., fM(Yf |S = 0).MS is a correct theory of the results of the kind of ideal intervention in which theonly variable in the system that is directly affected is S. Of course, whether someparticular course of action is an ideal intervention of this kind is an empirical questionthat is outside the scope of M or MS. For example, we could try and force people not tosmoke (in such a way that the only variable directly affected is smoking) by passing a lawagainst smoking. If the law is effective, and it does not directly affect the values of othervariables, then MS is the correct description of the new system; otherwise it is not.Suppose now that we were to perform an ideal intervention on yellowed fingers (Yf)in the system described by M, i.e. we were to intervene in such a way that the onlychange to the system is that the equation for Yf in M is replaced by a new equation inwhich all of the coefficients relating Yf to other variables are set to 0, and Yf is set equalto a constant. Call this new theory MYf. Note that we have removed the edge from S to Yfin the graph of MYf, because variations in S no longer cause variations in Yf and hencethe coefficient of S in the equation for Yf is set to zero.Yf = 0S = eSr(eYf, eS) = 0, mean(eS) = 0, mean( eYf) = 0, var(eS) = 0, var(eYf) = 1 - a2 Yf SFigure 5. RSEM MYfOne consequence of the causal asymmetry in M is that if we perform an idealintervention on S in M, then fM(Yf) changes, but when we perform an ideal interventionon Yf in M, f M(S) does not change (because Yf is not a cause of S). It is also important tonote that the distribution of smoking conditional on Yf = 0, i.e., fM(S | Yf = 0), is not the

7same as the distribution of S when an ideal intervention is performed on Yf, i.e., fYf(S | Yf= 0). In the case of any ideal intervention on Yf, fYf(S | Yf = c) = fYf(S).Given an RSEM M in which all parameters are identified, and information abouthow an intervention affects a given variable in the system, predicting the effects of idealinterventions is easy; one can simply make the suitable changes to M in the mannerdescribed above. The problem is much more difficult if M is only partially specified (e.g.the directions of only some of the arrows in the graph of M are known), or if M containslatent variables and not all of the parameters are identifiable. A general theory ofrepresenting interventions in causal systems (not limited to RSEMs) in a graphicalframework, and of predicting the effects of interventions for a partially specified modelis presented in Spirtes, et al. 1993, chapter 7. Examples of making predictions from apartially specified model will be presented in section 5. Robins (1986) made importantadvances on the problem of predicting the effects of interventions in models with latentvariables. Pearl (1995) gives a more general solution of the problem of predicting theeffects of interventions in models with latent variables using the graphical representationsof interventions presented in Spirtes, et al. 1993.1.3 Parameter Estimation and SEM SpecificationHaving clarified the objects under discussion, we now return to our analogy betweenparameter estimation and model specification search. Ideally, there are four propertiesthat an estimation procedure should have:• Identification. An estimation procedure should be able to determine whether ornot a parameter is identifiable, i.e. determine whether or not there is a uniqueestimate that satisfies the given constraints.• Consistency. If a parameter is identified, it should be the case that as the samplesize grows without limit, the probability approaches one that the differencebetween the true value and the estimated value approaches zero.• Error Probabilities. The sampling distribution of the estimator should beknown.• Practical Reliability. The estimation procedure should be reliable on samples ofrealistic size, and relatively robust against small violations of the operativeassumptions.We will examine each of these desiderata in more detail, and point out analogies(and some disanalogies) between parameter estimation and model specificationprocedures. To see how the analogy extends to model specification procedures, we willconsider for the sake of concreteness properties of the PC algorithm, which is a modelspecification search procedure implemented in the Build module of TETRAD II(described in sections 5.1.1 and 8.2). For the points we make in this section, it is notnecessary to know the details of the PC algorithm. The only features relevant to this

8section are that it takes as input: 1) a sample covariance matrix (under the assumption ofmultivariate normality, and 2) background knowledge, and it outputs a graphical objectcalled a pattern that represents a class of RSEMs without latent variables or correlatederrors that are statistically equivalent (in a sense we make precise in section 4 below).Again, for concreteness, we will use maximum likelihood (ML) estimation and thealgorithms that implement it as the example of a parameter estimator.1.3.1 IdentifiabilityIf there is a unique ML estimate of a parameter in a SEM, then the parameter is saidto be identifiable. When a parameter is not identifiable, it has more than one value forwhich the likelihood of the data is maximal given the model. Although many specialcases have been solved (e.g., see Becker, et al., 1994), necessary and sufficient conditionsfor SEM parameter identifiability are not known.In the case of SEM specification procedures there is a problem analogous toparameter non-identifiability. There are many pairs of RSEMs R1 and R2 that have thesame set of measured variables, and no latent variables or correlated errors, that arecovariance equivalent in the following sense: for every parameterization qi of R1 there isa parameterization qj of R2 such that SR1(qi) = SR2(qj), and vice versa. When R1 and R2have no latent variables or correlated errors, then covariance equivalence has thefollowing consequence: for any covariance matrix over the measured variables, if R1 andR2 are both parameterized by the respective ML estimates of their free parametersSR1(qML) and SR2(qML), then the p-values of the c2 likelihood ratio test for R1 and R2 willbe identical. Thus the data cannot help us distinguish between R1 and R2. This is a kind of�causal underidentification.�The slogan that �correlation is not causation� expresses the idea that from dataincluding only the existence of a single significant correlation between variables A and B,the causal structure governing A and B is underidentified. That is, a correlation betweentwo variables A and B could be produced by A causing B, B causing A, a latent variablethat causes both A and B, or some combination of these. But just as a single example ofan underidentified SEM does not show that parameters are always underidentified, or thatparameter estimation is always impossible or useless, the existence of a single example ofcovariance equivalent SEMs does not show that specification search for SEMs is alwaysimpossible or useless.For some SEMs, certain parameters may be identifiable while others are not.Similarly, certain features of an RSEM R might be common to every R� that iscovariance equivalent to R. We will show examples in which a covariance equivalenceclass of RSEMs all share the feature that some variable A is a (possibly indirect) cause ofB; we will show other examples in which none of the members of a covarianceequivalence class is A (even indirectly) a cause of B. As explained in detail in section 4,for various special cases, necessary and sufficient, or necessary conditions for various

9kinds of statistical equivalence are known. Because of the problem of covarianceequivalence, the output of our algorithms will generally not be a single RSEM. Insteadthe output will be an object that represents a class of RSEMs consistent with theassumptions made and which marks those features shared by all of the members of theRSEMs output.By outputting a representation of covariance equivalence class of RSEMs, ratherthan a single SEM, the PC algorithm addresses the problem that there may be manydifferent structural equation models that are compatible with background knowledge andfit the data equally well (as measured by a p-value, for example). However, it may be thecase that there are SEMs which are not covariance equivalent, but nonetheless fit the dataalmost equally well; ideally an algorithm should output all such models, rather thansimply choose the best. This problem could be addressed by outputting multiple patterns,rather than a single pattern. Devising an algorithm (or modifying the PC algorithm) tooutput representations of all models that fit the data well and are compatible withbackground knowledge is an important area of future research.1.3.2 Consistency and CorrectnessA SEM parameter estimation algorithm takes as input a sample covariance matrix Sand distributional assumptions about the population from which S was drawn, andproduces as output an estimate qest of the population parameters qpop. If the measuredvariables are indeed multivariate normal, and the specified model holds in the population,then asymptotically, as the sample size goes to infinity, the sampling distribution of qMLgoes to N(qpop, J-1(q)), where J(q) is the Fisher information matrix (cf. Tanner, 1993, p.16). So qML is a consistent estimator in the sense that as the sample size grows withoutbound the difference between qpop and qML will, with probability 1, converge to zero.The PC algorithm takes as input a sample covariance matrix S, the assumption that Sis drawn from a multivariate normal population described by an RSEM Rpop with nolatent variables or correlated errors, and produces as output a pattern which represents aclass of RSEMs that are covariance equivalent to Rpop (see section 4).6 Let MPC be thepattern output by the PC algorithm, and Mpop be the pattern that represents the class ofRSEMs covariance equivalent to Rpop. Since there is no obvious metric to express thedifference between MPC and Mpop, we will not follow the analogy with parameterestimation and say that the PC algorithm is consistent. We can, however, state and provea closely related property which we call correctness. The PC algorithm is correct in thefollowing sense: if the Causal Independence and Faithfulness assumptions are satisfied,then, as the sample grows without bound, the probability that MPC = Mpop converges toone.7

6 In some cases the input to the PC algorithm is not consistent with the assumptions made. In thesecases it is possible that the output of the PC algorithm is not strictly a pattern.7 The PC algorithm performs a series of statistical tests of zero partial correlations; the asymptotic

101.3.3 Sampling DistributionIn a SEM, to estimate the sampling distribution of qML on finite samples, we havetwo choices. First, if the sample size is reasonably large we can use qML as an estimate ofqpop, and then use the asymptotic theory described above (qML ~ N(qpop, J-1(q))) as anestimate of the sampling distribution of qML. Second, we can approximate the samplingdistribution of qML empirically by Monte Carlo techniques (Boomsma, 1982). We can dothis by assuming S(qML) = S(qpop). We can then repeatedly sample from S(qpop), andcalculate the ML estimate for each sample (Figure 6). Although for small N the samplingdistribution of qML is not multivariate normal (Boomsma, 1982), it can be still be usefullysummarized by the standard deviation (standard errors) and the mean. . . . . . .. qML(Sn) qML(S2) qML(S1) Sn S2 S1 . . . . . .. S(qpop)

Figure 6. Monte Carlo approximation of the sampling distribution for qMLOn samples from a given model with specified parameters, the sampling distributionof MPC is well defined. However, MPC is not a vector of real valued parameters as qML is,but rather a graphical object (see section 5.1.1) that represents an equivalence class ofRSEMs. Hence M PC is a categorical variable with no meaningful ordering of thecategories. Thus the variance and mean are not very useful summaries of features of thedistribution. We do not know how to calculate an analytic approximation of the samplingdistribution for MPC on finite samples. But we can apply empirical techniques parallel tothose mentioned above for ML parameter estimation. To approximate the samplingdistribution for MPC on finite samples, consider Figure 7, which is analogous to Figure 6.

results assume that we systematically lower the significance level as the sample size increases, in order todecrease the probabilities of both type I and type II errors to zero.

11 MPC(S1) . . . . . .. MPC(Sn) MPC(S2) . . . . . .. Sn S2 S1 S(qpop)

Figure 7. Monte Carlo approximation to sampling distribution for MPCA slight disanalogy occurs in estimating S(qpop). In the maximum likelihood setting,S(qML) is used as an estimate of S(qpop). To obtain S(qML) from our sample S and MPC, wecan pick an arbitrary member Mi of the equivalence class of RSEMs represented by MPCand then calculate qML for Mi and S. (The resulting covariance matrix SMi(qML) is the sameregardless of which member Mi of MPC we choose.) We can then use SMi(qML) as anestimate of S(qpop).1.3.4 Practical ReliabilityFinally, we want to know if the estimation procedure is reliable in practice. qML has,by definition, the property that there is no qi „ qML s.t. p(S|qi) > p(S|qML). On samples ofrealistic size, however, iterative procedures that search the parameter space such as thoseimplemented in LISREL (J�reskog, 1993) and EQS (Bentler, 1995) cannot guarantee thatthey will find qML. They must begin, for example, from some starting point in theparameter space and hill climb, and the likelihood surface might have local maxima(Scheines, Hoijtink, & Boomsma, 1995). We can investigate the practical reliability of anML estimation procedure at a given sample size by 1) drawing an RSEM R from adistribution over RSEMs, 2) drawing a parameterization qi from a distribution over theparameters of R to give a population SR(qi), and 3) drawing a sample S from SR(qi). Wecan then use S as the input to the implemented estimator E, finally comparing SR(qE) toSR(qi) or just qE to qi.We can investigate the reliability of model specification algorithms in an analogousway. The PC algorithm performs statistical tests of vanishing partial correlations, and ifit cannot reject the null hypothesis at a significance level set by the user, then theprocedure accepts the null hypothesis. If the null hypothesis is wrongly accepted orrejected, the output of the procedure can be incorrect. On finite samples, the reliability ofthe model specification algorithms depends upon the power of the statistical tests, thesignificance level used in the tests, the distribution over the models, and the parameters ofthe models.In (Spirtes, et al., 1993), and in (Scheines, et al., 1994), we report on systematicMonte Carlo simulation studies to approximate features of the sampling distribution over

12the PC algorithm (and a variety of our other RSEM specification algorithm) by 1)drawing an RSEM R from a distribution over RSEMs, 2) drawing a parameterization qifrom a distribution over the parameters for R, 3) drawing a sample S from themultivariate normal population SR(qi), and then using S as input to the PC algorithm.Finally, we compare MPC to Mpop.These tests indicate that the PC algorithm is reliable with respect to determiningwhich variables are adjacent in the population causal graph as long as the sample sizesare on the order of 500 and the population RSEM is not highly interconnected (i.e. thatnot everything is either a cause or an effect of everything else). For example, at samplesize 500 for sparsely connected RSEMs with 50 variables, the PC algorithm incorrectlyhypothesized an adjacency less than once in 1,000 times such a mistake was possible, andincorrectly omitted an adjacency approximately 10% of the time, with the accuracyimproving as the sample size grows (see page 155 of Spirtes, et. al., 1993). We shouldnote, however, that these simulation tests satisfied all the distributional assumptionsunderlying the algorithm and did not allow parameter values close to 0. We have not yetsystematically explored the effect of small violations of these or other assumptions.1.4 Difficulty of SearchIn practice, model specification problems are very difficult for (at least) thefollowing reasons:• Data sets may fail to record variables (confounders) that produce associationsamong recorded variables.• When no limitation is placed on the number of "latent variables," the number ofalternative SEMs may be literally infinite.• Many distinct SEMs may produce the same, or nearly the same distributions ofrecorded variables.• Natural and social populations may be mixtures of SEMs with different causalgraphs.• Values of quantities recorded for some units in a data set may be missing forother units.• There may be �selection bias�--that is, a measured variable may be causallyconnected to whether an individual is or is not included in the sample.• The causal structure may involve feedback loops.• The functional relations between causes and their effects may be non-linear.• Actual distributions may not be closely approximated by any well knownprobability distributions.

13In the last fifteen years a movement in computer science and statistics has madetheoretical progress on a number of these issues,8 progress that has led to computer basedmethods to aid in model specification. These results and the methods that implementthem appear to be little known and rarely used in the social science communities. Thispaper is an introductory description of some of the more important theoretical ideas andof some of the computational procedures that have arisen out of these discoveries, offeredin the hope that social and behavioral scientists will make more use of these methods andhelp to improve them. (Mathematical details and related results can be found in Pearl,1988; Spirtes, et al., 1993; Scheines, et al., 1994).1.5 Search ProceduresTwo approaches to RSEM specification have been pursued in the statistics andcomputer science literature. The first focuses on searching for the RSEM or RSEMs thatmaximize some score.9 The second approach focuses on searching for the RSEMs thatsatisfy a set of constraints judged to hold in the population (e.g., Spirtes, et al., 1993).(See Richardson (1996) for a correct algorithm for searching for non-recursive SEMswithout latent variables.) Searches based on maximizing a score have been developed forRSEMs with no latent variables (e.g., Geiger & Heckerman, 1994; Cooper & Herskovits,1992); typically they are either stepwise forward (they add edges), stepwise backward(they take away edges), or some combination of stepwise forward and backward. Mostregression searches are of this type, although they are restricted to searching a veryrestricted class of RSEMs. The �modification index� searches based on the LagrangeMultiplier statistic (Bentler, 1986; Kaplan, 1989, 1990; J�reskog & S�rbom, 1993;S�rbom, 1989) in LISREL and EQS are restricted versions of this strategy. Theytypically begin with a given SEM M and perform a stepwise forward search (EQS canalso perform a stepwise backward search). One difficulty with searches that maximize ascore is that no proofs of correctness are yet available. A more difficult problem is thatthere are as of now no feasible score-maximization searches that include SEMs withlatent variables. The modification index searches cannot suggest adding or removing alatent variable, for example. Also, these searches output a single SEM, rather than anequivalence class of SEMs. Another search strategy based upon maximizing a score is tosearch not RSEMs themselves, but covariance equivalence classes of RSEMs (Spirtesand Meek, 1995).

8 Some of this literature is published in the annual proceedings of the conferences on Uncertainty inArtificial Intelligence, Knowledge Discovery in Data Bases, and the bi-annual conference on ArtificialIntelligence and Statistics. Examples of important papers in this tradition include: (Buntine 1991; Cooper& Herskovits, 1992; Geiger, 1990; Geiger & Heckerman, 1991, 1994; Geiger, Verma, and Pearl, 1990,Hand, 1993; Lauritzen, et al., 1990; Lauritzen & Wermuth, 1984; Pearl, 1988; Pearl & Dechter, 1989; Pearland Verma, 1991; Robins, 1986; Spiegelhalter, 1986).9 For example, the Bayesian Information Criterion (Raftery, 1993), or the posterior probability,(Geiger & Heckerman, 1994).

14In contrast to a score maximization search, a constraint search uses some testingprocedure for conditional independence, vanishing partial correlations, vanishing tetraddifferences, or other constraints on the covariance matrix. One advantage of this kind ofsearch is that there are provably correct search algorithms for certain classes of RSEMs.For example, we will later discuss correct algorithms for multivariate normal RSEMseven when the population RSEM may contain latent variables (Spirtes, et al. 1993).In order to understand model specification search procedures based on constraints,one must first understand how SEMs entail constraints on the covariance matrix. Variousequivalence relations between SEMs also need to be explained. We turn to those topics inthe next sections.2. Constraints Entailed by SEMsWe use two kinds of correlation constraints in our searches: zero partial correlationconstraints, and vanishing tetrad constraints.2.1 Zero Partial Correlation ConstraintsIn a SEM some partial correlations may be equal to zero for all values of the model�sfree parameters (for which the partial correlation is defined). (See Blalock 1962; Kiiveri& Speed, 1982). In this case we will say that the SEM entails that the partial correlationis zero.10 For example, in SEM S1 (Figure 1), where all of the error terms are uncorrelated,rX1,X3.X2 = 0 for all values of the free parameters of S1.Judea Pearl (1988) discovered a fast procedure that can be used to decide, for anypartial correlation rA,B.C and any RSEM with uncorrelated errors, whether the RSEMentails that rA,B.C is zero. Pearl defined a relation called d-separation that can holdbetween three disjoint sets of vertices in a directed acyclic graph. A simple consequenceof theorems proved by Pearl, Geiger, and Verma shows that in an RSEM R withuncorrelated errors a partial correlation rA,B.C is entailed to be zero if and only if {A} and{B} are d-separated by C in the directed graph associated with R (Pearl 1988). Moredetails about their discovery, which is considerably more general than the descriptiongiven here, are given in section 8.1. Spirtes (1995) showed that these connectionsbetween graphical structure and vanishing partial correlations hold as well for non-recursive SEMs, i.e. in a SEM with uncorrelated errors a partial correlation rA,B.C isentailed to be zero if and only if {A} and {B} are d-separated given C. (The if part of thetheorem was shown independently in Koster (forthcoming)).

10 Correlations and partial correlations are zero exactly when the corresponding covariances andpartial covariances are zero. While there may be important different statistical properties of partialcorrelations and partial covariances, they are not germane to the discussion of the constraints entailed by aSEM.

15There is also a way to decide which partial correlations are entailed to be zero by aSEM with correlated errors, such as S2 (Figure 2). This is done by first creating a directedgraph G with latent variables and then applying d-separation to G to determine if a zeropartial correlation is entailed. The directed graph G (with latent variables but withoutcorrelated errors) that we associate with a SEM S with correlated errors is created in thefollowing way. Start with the usual graphical representation of S, that contains undirectedlines connecting correlated errors (e.g. SEM S2 in Figure 2). For each pair of correlatederror terms ei and ej, introduce a new latent variable Tij, and edges from Tij to Xi and Xj.Finally replace ei and ej with uncorrelated errors ei� and ej�. When this process is appliedto SEM S2, the result is shown in Figure 8.X1X2X3 T23

Figure 8. SEM S2�: Correlated Errors in S2 Replaced by Latent Common CauseIn a SEM like S2, with correlated errors, one can decide whether rX1,X3.X2 is entailedto be zero by determining whether {X1} and {X3} are d-separated given {X2} in the graphin Figure 8. In this way the problem of determining whether a SEM with correlated errorsentails a zero partial correlation is reduced to the already solved problem of determiningwhether a SEM without correlated errors entails a zero partial correlation. (In general if Sis a SEM with correlated errors, and G is the latent variable graph with uncorrelatederorrs associated with S, it is not the case that for every linear parameterization q1 of Sthere is a linear parameterization q2 of G such that SS(q1) = SG(q2). We are making theweaker claim that d-separation applied to G correctly describes which zero partialcorrelations are entailed by S. For the proof, see Spirtes, et. al, 1996.X1X2X3X4Intelligence

Figure 9. Factor Model of Intelligence

162.2 Vanishing Tetrad ConstraintsIn SEMs containing latent variables, zero partial correlation constraints among themeasured covariances S are often uninformative. For example, consider Figure 9 inwhich Intelligence is a latent variable. The only correlations entailed to be zero by thisSEM are those that are partialed on at least Intelligence. Since Intelligence isunmeasured, however, our data will only include partial correlations among the measuredvariables X = {X1, X2, X3, X4}, and there is no partial correlation involving only variablesin X that is entailed to be zero by this SEM.The vanishing tetrad difference (Spearman, 1904, Glymour, et al., 1987), however,can provide extra information about the specification of this model. A tetrad differenceinvolves two products of correlations, each of which involve the same four variables butin different permutations. In the SEM of Figure 9 there are three tetrad differences amongthe measured correlations that are entailed to vanish for all values of the free parameters(for which the correlations are defined):rX1,X2 rX3,X4 — rX1,X3 rX2,X4rX1,X2 rX3,X4 — rX1,X4 rX2,X3rX1,X3 rX2,X4 — rX1,X4 rX2,X3If a SEM S entails that rX1,X2 rX3,X4 — rX1,X3 rX2,X4 = 0 for all values of its freeparameters we say that S entails the vanishing tetrad difference. The tetrad differencesthat are entailed to vanish by a SEM without correlated errors are also completelydetermined by the directed graph associated with the SEM. The graphicalcharacterization is given by the Tetrad Representation Theorem (Spirtes, 1989; Spirtes, etal. 1993; Shafer et al., 1993), which leads to a general procedure for computing thevanishing tetrad differences entailed by a SEM, implemented in the Tetrads module ofthe TETRAD II program (Scheines, Spirtes, Glymour and Meek, 1994). Bollen and Ting(1993) discuss the advantages of using vanishing tetrad differences in SEM analysis, e.g.they can be used to compare underidentified SEMs.3. Assumptions Relating Probability to Causal Relations3.1 The Causal Independence AssumptionThe most fundamental assumption relating causality and probability that we willmake is the following:Causal Independence Assumption: If A does not cause B, and B doesnot cause A, and there is no third variable which causes both A and B,then A and B are uncorrelated.

17This assumption provides a bridge between statistical facts and causal features of theprocess that underlies the data. In certain cases the assumption allows us to draw acausal conclusion from statistical data and lies at the foundation of the theory ofrandomized experiments. If the value of A is randomized, the experimenter knows thatthe randomizing device is the sole cause of A. Hence the experimenter knows B did notcause A, and that there is no other variable which causes both A and B. This leaves onlytwo alternatives: either A causes B or it does not. If A and B are correlated in theexperimental population, the experimenter concludes that A does cause B, which is anapplication of the Causal Independence assumption.The Causal Independence assumption entails that if two error terms are correlated,such as e2 and e3 in S2 (see Figure 2), then there is at least one latent common cause of theexplicitly modeled variables associated with these errors, i.e., X2 and X3.TaxRateEconomyTaxRevenues

b1b2b3Figure 10. Distribution is Unfaithful to SEM when b1 = —(b2b3)3.2 The Faithfulness AssumptionIn addition to the zero partial correlations and vanishing tetrad differences that areentailed for all values of the free parameters of a SEM, there may be zero partialcorrelations or vanishing tetrad differences that hold only for particular values of the freeparameters of a SEM. For example, suppose Figure 10 is the directed graph of a SEMthat describes the relations among the Tax Rate, the Economy, and Tax Revenues.In this case there are no vanishing partial correlation constraints entailed for allvalues of the free parameters. But if b1 = —(b2b3), then Tax Rate and Tax Revenues areuncorrelated. The SEM postulates a direct effect of Tax Rate on Revenue (b1), and anindirect effect through the Economy (b2b3). The parameter constraint indicates that theseeffects exactly offset each other, leaving no total effect whatsoever. In such a case we saythat the population is Unfaithful to the SEM that generated it. A distribution is Faithfulto SEM M (or its corresponding directed graph) if each partial correlation that is zero in

18the distribution is entailed to be zero by M, and each tetrad difference that is zero in thedistribution is entailed to be zero by M.Faithfulness Assumption: If the directed graph associated with a SEM Mcorrectly describes the causal structure in the population, then each partialcorrelation and each tetrad difference that is zero in SM(qpop) is entailed tobe zero by M. The Faithfulness assumption is a kind of simplicity assumption. If a distribution P isfaithful to an RSEM R1 without latent variables or correlated errors, and P also resultsfrom a parameterization of another RSEM R2 to which P is not faithful, then R1 has fewerfree parameters than R2.The Faithfulness assumption limits the SEMs considered to those in whichpopulation constraints are entailed by structure, not by particular values of theparameters. If one assumes Faithfulness, then if A and B are not d-separated given C,then rA,B.C „ 0, (because it is not entailed to equal zero for all values of the freeparameters.) Faithfulness should not be assumed when there are deterministicrelationships among the substantive variables, or equality constraints upon freeparameters, since either of these can lead to violations of the assumption. Some form ofthe assumption of Faithfulness is used in every science, and amounts to no more that thebelief that an improbable and unstable cancellation of parameters does not hide realcausal influences. When a theory cannot explain an empirical regularity save by invokinga special parameterization, most scientists are uneasy with the theory and look for analternative.It is also possible to give a personalist Bayesian argument for assuming Faithfulness.For any SEM with free parameters, the set of parameterizations of the SEM that lead toviolations of Faithfulness are Lebesgue measure zero. Hence any Bayesian whose priorover the parameters is absolutely continuous with Lebesgue measure assigns a zero priorprobability to violations of Faithfulness. Of course, this argument is not relevant to thoseBayesians who place a prior over the parameters that is not absolutely continuous withLebesgue measure and assign a non-zero probability to violations of Faithfulness. All ofthe algorithms we have developed assume Faithfulness, and from here on we use it as aworking assumption.The Faithfulness assumption is necessary to guarantee the correctness of the modelspecification algorithms used in TETRAD II. It does not guarantee that on samples offinite size the model specification algorithms are reliable.

194. SEM EquivalenceTwo SEMs S1 and S2 with the same substantive variables (or their respective directedgraphs) are covariance equivalent if for every parameterization qi of S1 with covariancematrix SS1(qi) there is a parameterization qj of S2 with covariance matrix SS2(qj) such thatSS1(qi) = SS2(qj), and vice versa. Two SEMs with the same substantive variables (or theirrespective directed graphs) are partial correlation equivalent if they entail the same setof zero partial correlations among the substantive variables.If two SEMs contain latent variables, and the same set of measured variables V, wemay be interested if they are equivalent on the measured variables. Two SEMs S1 and S2(or their respective directed graphs) are covariance equivalent over a set of measuredvariables V if for every parameterization qi of S1 with covariance matrix SS1(qi) there is aparameterization qj of S2 with covariance matrix SS2(qj) such that the margin of SS1(qi)over V = the margin of SS2(qj) over V, and vice versa. Two SEMs are partial correlationequivalent over a set of measured vertices V if they entail the same set of zero partialcorrelations among variables in V. X3 X2 X1 X4 X3 X2 X1 X4 X3 X2 X1 X4T1

T1(iii)(ii)(i)T2

T1T2Figure 11. Three SEMsWe illustrate the difference between equivalence and equivalence over a set V withthe models in Figure 11. Models i and ii do not share the same set of substantivevariables, so they are not covariance or partial correlation equivalent. Models ii and iiishare the same substantive variables, but are not covariance equivalent or partialcorrelation equivalent because, for example, model iii entails rX2,X3.T2 = 0 while model iidoes not. For V = {X1, X2, X3, X4}, however, the situation is quite different. All threemodels are partial correlation equivalent over V, and models i and ii are covarianceequivalent over V. Models ii and iii are not covariance equivalent over V because, forexample, model ii entails that rX1,X2 rX3,X4 = rX1,X3 rX2,X4 while model iii does not. Thenext four subsections will outline what is known about these various kinds of equivalencein both recursive and non-recursive SEMs.

204.1 Covariance and Partial Correlation Equivalence in Recursive SEMsIn this section we consider equivalence over RSEMs with no correlated errors. Fortwo such RSEMs, covariance equivalence holds if and only if zero partial correlationequivalence holds (Spirtes et al. 1993). In RSEMs, only two concepts need to be definedto graphically characterize covariance (or partial correlation) equivalence: adjacency andunshielded collider. Two variables X and Y are adjacent in a directed graph G just incase X fi Y is in G, or Yfi X is in G.XZYXZYUnshielded ColliderShielded Collider

Figure 12.A triple of variables <X,Z,Y> is a collider in G just in case X fi Z ‹ Y is in G, and Z isan unshielded collider between X and Y just in case <X,Z,Y> is a collider and X and Yare not adjacent (Figure 12). The first theorem stated below is a simple consequence of atheorem proved in Verma and Pearl (1990), and in Frydenberg (1990).RSEM Partial Correlation Equivalence Theorem: Two RSEMs withthe same variables and no correlated errors are partial correlationequivalent if and only if their respective directed graphs have the sameadjacencies and the same unshielded colliders.RSEM Covariance Equivalence Theorem: Two RSEMs with the samevariables and no correlated errors are covariance equivalent if and only iftheir respective directed graphs have the same adjacencies and the sameunshielded colliders.By the first theorem, if two RSEMs with the same variables and no corelated errorshave the same adjacencies and unshielded colliders, then they are partial correlationequivalent. The latter theorem can be proved by induction on the number of edges takenout of two exactly identified SEMs. Take an exactly identified RSEM R with nocorrelated errors and no latent variables. Then R can be parameterized to fit anycovariance matrix. Take an edge out of R to form R�. R� now entails a single vanishingpartial correlation rXY.Z, so it can be parameterized to fit any covariance matrix in whichrXY.Z, = 0. If M is partial correlation equivalent to R, and also has no correlated errors or

21latent variables, then it too is exactly identified and thus can also can parameterize anycovariance matrix. If we form M� by taking an edge away from M that corresponds to thesame adjacency we took out of R to form R�, and M� and R� are still partial correlationequivalent, then M� can parameterize any covariance matrix in which rXY.Z, = 0.4.2 Covariance and Partial Correlation Equivalence Over the Measured Variables inRSEMsWe now consider the case where there may be latent variables and/or correlatederrors, and the question is whether two SEMs are covariance equivalent or partialcorrelation equivalent over a set of measured variables V. Since an RSEM with correlatederrors is partial correlation equivalent to another RSEM with a latent variable but nocorrelated errors, the problem of deciding partial correlation equivalence over themeasured variables when there are correlated errors reduces to the problem of decidingpartial correlation equivalence over the measured variables when there are no correlatederrors.Covariance equivalence over the measured variables entails partial correlationequivalence over the measured variables, but the converse does not hold. Consider thedirected graphs i and ii in Figure 13, where the set of measured variables V = {X1, X2, X3,X4} and the errors are uncorrelated. Although these graphs are partial correlationequivalent over V (neither entails any partial correlations among the measured variables),they are not covariance equivalent over V, since model i but not model ii entails thatrX1,X2 rX3,X4 = rX1,X3 rX2,X4 = rX1,X4 rX2,X3 X4 X3 X2 X1 X4 X3 X2 X1 T

(ii) (i)Figure 13: Two graphs that are partial correlation equivalent over {X1, X2, X3, X4},but not covariance equivalent over {X1, X2, X3, X4}.Spirtes, Meek, and Richardson (1995) have given a polynomial (in the number ofvariables in the two RSEMs) time algorithm for deciding when two RSEMs withuncorrelated errors are partial correlation equivalent over the measured variables. Thealgorithm is too complex to present here, but some examples of partial correlation

22equivalence are given in section 5.1. A feasible algorithm for deciding covarianceequivalence over a set of measured variables is not known.4.3 Covariance and Partial Correlation Equivalence in Non-recursive SEMsAssuming uncorrelated errors, Richardson (1994, 1995) has given an algorithm fordeciding when two non-recursive SEMs are partial correlation equivalent that ispolynomial in the number of variables in the two SEMs. It is not known whether partialcorrelation equivalence entails covariance equivalence in this case.X1X2X3

X4X1X2X3

X4Figure 14. Partial Correlation Equivalent Cyclic SEMsOne noteworthy corollary of Richardson�s theorem is that for every SEM with adirected cycle, there is another partial correlation equivalent SEM with a cycle reversedin direction. And while partial correlation equivalent RSEMs without correlated errorsalways have the same adjacencies, partial correlation equivalent SEMs without correlatederrors can have directed cyclic graphs with different adjacencies. For example, the twoSEMs in Figure 14 are partial correlation equivalent but do not have the sameadjacencies.4.4 Covariance and Partial Correlation Equivalence over the Measured Variables inNon-recursive SEMsNo feasible general algorithm for deciding either partial correlation or covarianceequivalence over a set of measured variables is known for non-recursive SEMs when themeasured variables are a proper subset of the substantive variables in the SEM.5. Search Algorithms in TETRAD IIIn this section we describe some of the constraint based, provably correct searchprocedures that we have implemented in TETRAD II. Our approach is to designalgorithms that search for all RSEMs consistent with background knowledge that entailconstraints on the covariance matrix that are judged to hold in the population. Dependingon the type of background knowledge, and what kind of RSEM is sought, we use eithervanishing partial correlation constraints or vanishing tetrad constraints. Because in many

23cases the number of possible constraints is too large to examine exhaustively, some of thealgorithms we describe make sequential decisions about constraints and thus test only asubset of the possible constraints during the search process. These sequential proceduresare still correct in the sense we defined in section 1.3.2, but might not be optimal onrealistic samples because mistakes about constraints made early in the sequence canramify into mistakes made later.5.1 The Build AlgorithmThe Build module11 of TETRAD II takes as input:1. sample data (either raw, or as a covariance matrix) and2. background knowledge that constrains RSEM specification,and gives as output:1. a representation of the partial correlation equivalence class of RSEMs that isconsistent with the background knowledge, and2. a set of features that this class of RSEMs has in common.Build performs statistical tests of hypotheses that specific partial correlations vanishin the population, and if it cannot reject the null hypothesis at a significance level set bythe user, then the procedure accepts the null hypothesis (see the appendix in Scheines, etal., 1994). Because Build uses only information about which partial correlations are zero,it cannot distinguish between any members of a partial correlation equivalence class;hence its output is a representation of a partial correlation equivalence class of RSEMsconsistent with background knowledge. In order to achieve enough efficiency to bepractical for large numbers of variables (up to 100), the algorithms in Build use theresults of tests of lower order partial correlation (i.e., correlations conditional on smallsets of variables) to restrict the tests it needs to perform on partial correlations of higherorder.The algorithms are correct in the sense of section 1.3.2. That is, the backgroundknowledge a user enters may include assumptions about:1. whether the population RSEM contains correlated errors, or latent commoncauses;2. time order among the variables;3. known causal relationships among the variables;4. causal relationships among the variables known not to hold.

11 The Build module is documented in (Scheines, et al., 1994), and its algorithms described in detail in(Spirtes, et al, 1993).

245.1.1 Build for RSEMs Without Correlated Errors or Latent Common CausesIf you assume that the generating RSEM contains no latent common causes, thenBuild runs the PC algorithm, which is documented and traced in the appendix, and in(Spirtes, et. al, 1993; Scheines, et. al, 1994). The output of the PC algorithm is a pattern,(Verma and Pearl, 1990) which is a compact representation of a partial correlation (andcovariance) equivalence class of RSEMs without correlated errors or latent commoncauses. A pattern contains a mixture of directed and undirected edges. If a patterncontains an edge A fi B, then the directed graph of every RSEM represented by thepattern contains the edge A fi B. If a pattern contains an edge A � B then A and B areadjacent in the directed graph of every RSEM represented by the pattern, but the graphsof some RSEMs represented by the pattern may contain the edge A fi B, and others maycontain the edge A ‹ B. If a pattern contains no adjacency between A and B, then inevery RSEM represented by the pattern A and B are not adjacent.Suppose we measure only two variables A and B and find that they are significantlycorrelated. There are two RSEMs without correlated errors or latent variables containingjust A and B that are compatible with A and B being correlated in the population: A fi B,and A ‹ B. The output of Build in this case is the pattern A � B, which represents thetwo RSEMs in this equivalence class. This illustrates the slogan �correlation is notcausation�, because the statistical information is not sufficient to predict the results of anideal intervention on A or B.In this example the output of Build is not useful for predicting the effects of idealinterventions. The next example shows how the output of Build can in some casesprovide more useful causal knowledge. Suppose that for four measured variables, A, B,C, and D, from sample data we conclude that in the population, rA,B = 0, rA,D.C = 0, andrB,D.C = 0, but that no other partial correlations (other than those entailed by those listed)vanish. In that case the output of Build is the pattern in Figure 15, which represents anequivalence class of RSEMs with only one member, also shown in Figure 15.12ABCD

ABCD

EquivalenceClassRepresentedby the PatternPattern

Figure 15

12 See the appendix for an example in which the equivalence class is larger.

25In this case, the output of Build is sufficient to predict the results of ideallyintervening on A, B, C, or D. Of course, the assumption of no correlated errors or latentvariables is a very strong one, and in the next section we consider what happens when itis abandoned.5.1.2 Build for RSEMs with Correlated ErrorsIf you allow that the RSEM that generated the data might have correlated errors orlatent common causes, then Build runs the FCI algorithm, which is documented in(Spirtes, et. al., 1993, chapter 6). The output of the FCI algorithm is a partial ancestorgraph (PAG).13 A is an ancestor of B in a directed graph when there is a directed pathfrom A to B. Just as patterns represent features common to a partial correlationequivalence class of RSEMs without latent variables, PAGs represent features commonto a set of RSEMs that are partial correlation equivalent over the measured variables. (Inthis section, for the sake of brevity, we will refer to the PAG simply as an equivalenceclass.) We will illustrate with the two examples from the previous section.Again, suppose we measure two variables A and B, and find that they have asignificant correlation and conclude that they are correlated in the population. The outputof Build in this case is the partial ancestor graph shown in Figure 16. Because we haveplaced no limit on the number of distinct latent variables, the equivalence classrepresented by the output is actually infinite, and we have shown only a few members ofthe equivalence class in Figure 16. The presence of a �o� at both ends of an edge in aPAG makes no claim about the ancestor relationship common to every member of theequivalence class. Note that in some of the RSEMs represented by the PAG (e.g. (i) and(iv) of Figure 16), A is an ancestor of B, and in others (e.g. (ii) and (iii) of Figure 16) it isnot. Similarly, in some of the members of the equivalence class (e.g. (ii) of Figure 16) Bis an ancestor of A, and in others (e.g. (i), (iii) and (iv) of Figure 16) it is not. Thus thisPAG shows us that we cannot predict the results of ideally intervening to change either Aor B from this data without further background knowledge.

13 In fact the output is described in (Spirtes, et. al., 1993, and Scheines, et. al., 1994) as a POIPG, orpartially oriented inducing path graph. POIPGs can, without loss of generality, be interpreted much morenaturally as PAGs.

A BA BA BA Boo

TA BT

(i) (ii)(iii) (iv)PartialAncestralGraphExamples of RSEMS in theEquivalence Class Representedby thePartial Ancetstral Graph

Figure 16Whereas the pattern A � B informed us that either A is a cause of B or B is a causeof A, the PAG A o�o B informs us that either A is a cause of B, B is a cause of A, thereis a latent common cause, or there is some combination of these causal connectionsresponsible for the correlation. The next example shows how PAGs output by Build canbe used to predict the effects of some ideal interventions. Consider the example fromFigure 15 again, where there are four measured variables A, B, C, and D, and weconclude from the data that in the population rA,B = 0, rA,D.C = 0, and rB,D.C = 0, but that noother partial correlations vanish. Assuming that correlated errors might exist in thegenerating RSEM, the output of Build is the PAG in the left hand side of Figure 17.A and C are adjacent in the PAG because the correlation of A and C conditional onevery subset of the measured variables does not vanish (i.e. rA,C, rA,C.B, rA,C.D, rA,C.BD donot vanish.) The �o� at the A end of the edge between A and C entails neither that A is anancestor of B in every member of the equivalence class nor that A is not an ancestor of Bin every member of the equivalence class. The �>� at the C end of the edge between Aand C in the PAG means that C is not an ancestor of A in any RSEM in the partialcorrelation equivalence class. Similarly, C is not an ancestor of B, and D is not anancestor of C in any RSEM in the partial correlation equivalence class. Finally, a � atthe C end of the edge between C and D means that C is an ancestor of D in every RSEMin the equivalence class.From this PAG we can make predictions about the effects of some idealinterventions, but not others. For example, it is not possible to determine if an idealintervention on A will affect C, because in some members of the equivalence class A is acause of C, and in others it is not. On the other hand, it is possible to determine that anideal intervention on C will affect D, because C is a cause of D in every RSEM in theequivalence class. (And given the distributional assumption, it is also possible to

27determine the size of the effect that an ideal intervention on C will have on D. SeeSpirtes, et al. 1993, chapter 7).(ii)(iii)(iv)(i) PAG Examples from theEquivalence ClassRepresented by thePAG D C B A

D C B A

T1 D C B A

T1T2Figure 17The partial correlation equivalence class in Figure 17, which includes RSEMs withlatent variables, is much larger (in fact it is infinite) than the partial correlationequivalence class in Figure 15, which does not include models with latent variables. Thisin turn means that the conclusions that we can draw are weaker than if we assume that thegenerating RSEM has no correlated errors or latent common causes. For example, withthis assumption we can conclude that A is a cause of C; without it we cannot. With theassumption we can estimate the size of the effect that an ideal intervention on A will haveon C; without it we cannot. While the conclusions that can be drawn even without theassumption of no latent variables are weaker than when the assumption is made, they arenot trivial. Asymptotically, we can reliably conclude that C is a cause of D, and we canestimate the size of the effect an ideal intervention on C will have on D.It should also be noted that even though in general not all of the members of thepartial correlation equivalence class are covariance equivalent, this does not affect thereliability of the conclusions. It simply means that there may be stronger conclusions thatcould be drawn if we used more information than simply which partial correlationsvanish.Finally, we note that there are examples in which there is no RSEM without latentvariables that is compatible with a correlation matrix, but there are RSEMs with latentvariables that are. Suppose that we measure A, B, C, and D and from the data conclude

28that in the population, rA,C = 0, rA,D = 0, and rB,D = 0, but that no other partial correlations(other than those entailed by these three) vanish. In that case the output of Build is A ofiB « C ‹o D. The double headed arrow between B and C means that in every memberof the equivalence class represented by the PAG B is not an ancestor of C and C is not anancestor of B. This is only possible in an RSEM with a latent variable causing both B andC, so every member of the equivalence class contains a latent variable.5.1.3 What Can Go WrongIn general, the correctness of Build�s output depends upon several factors:1. The correctness of the background knowledge input to the algorithm.2. Whether the recursiveness condition holds, i.e., that there are no feedback loops.3. Whether the Causal Independence assumption holds.4. Whether the Faithfulness assumption holds.5. Whether the distributional assumptions made by the statistical tests hold.6. The power of the statistical tests against alternatives.7. The significance level used in the statistical tests.In the case of Build under the assumption of no latent variables, it is not difficult totake the output pattern which represents a partial correlation equivalence class (and acovariance equivalence class) of RSEMs, and use it to find a single RSEM in theequivalence class. A sketch of this process is described in the TETRAD II manual andcan be automated (Meek, 1995). Once this is done, the user can estimate and test theselected RSEM using such programs as EQS, or LISREL. (All RSEMs in the partialcorrelation equivalence class parameterized by their respective ML parameter estimateshave the same p-value.) In addition, the user can approximate the sampling distributionusing the method described in section 1.3.3. The user should keep in mind however, thatthe sampling distribution of the output may show that even when the RSEMs suggestedby TETRAD II fit the data very well, it is possible that there are other RSEMs that willalso fit the data well and are equally compatible with background knowledge, particularlywhen the sample size is small. This suggests that further research on the search is needed,and that Build might be improved by outputting multiple patterns--something which canbe done in a limited way in the present implementation by varying the significance levelused in the procedure. Also, at large sample sizes, even slight deviations from normalityor linearity can lead to the rejection of an otherwise correct RSEM. Finally, if a modelproduced by search is tested on the data used to find the model specification, the p-valueof the test is not a measure of the error probability of the model specification procedure.For a discussion of the meaning of such p-values, see Glymour, et al. (1987). Wherepossible, models generated from one sample should be cross-validated on others.

29In the case of Build under the assumption of latent variables, more research isneeded to find out how to construct (efficiently) from the PAG which represents theentire partial correlation equivalence class a single, representative RSEM. In this case theoutput partial correlation equivalence class is not a covariance equivalence class, so thatdifferent RSEMs represented by the output can have different p-values whenparameterized by their ML parameter estimates. More research is needed on estimatingand testing the output of Build under the assumption of latent variables. Spirtes, et al.1993 describes some algorithms that can be used for predicting the effects of some policyinterventions from a given PAG.5.2 Specification Search for Latent Variable RSEMs: Purify and MIMbuildIn many applications of structural equation modeling, the focus of interest is thecausal relationships among latent variables. In many such cases the latent variables aremeasured with multiple indicators, and the output of Build on data for these indicators iscorrect but uninformative; the correct RSEM entails no zero partial correlationconstraints on the indicators alone and the output of Build on the indicators is completelyconnected and completely undirected, whether it is a pattern or a PAG. In these cases thePurify and MIMbuild modules of TETRAD II can help in RSEM specification. Purifyhelps locate unidimensional measurement models (Anderson, Gerbing, & Hunter, 1987;Anderson & Gerbing, 1988; Scheines, 1993). The basic idea of unidimensionality is thateach indicator measures exactly one latent and all error terms are uncorrelated (the exactdefinition is more complicated, and presented in section 8.3 of the appendix). Finding aunidimensional measurement model is one way in which the correlations among thelatent variables may be estimated consistently. Also, given a unidimensionalmeasurement model, the MIMbuild module uses vanishing tetrad constraints to search thespace of structural models, i.e., RSEM models containing only the latent variables.5.2.1 PurifyWe make our explanation of both Purify and MIMbuild concrete by accompanying itwith an example taken from the user’s manual to TETRAD II (Scheines, et al, 1994,chapter 9). The example shows how Purify can aid in finding a unidimensionalmeasurement model and why it is important to do so. The population RSEM is shown inFigure 18. Our data for the example consist of the correlations among the X variables in apseudo-random multivariate normal sample drawn from a random parameterization ofthis RSEM (N=2,000).

30T1

x1x2x3x4x5x6x7x8x9x10x11x12x13x14x15x16

T2T31e2eFigure 18: Population RSEMSuppose our interest is in the causal relationships between the three latent variablesT1, T2, and T3. The part of the RSEM specifying the relationships between the latentvariables is called the structural model; the rest is called the measurement model. In thiscase the population structural model is shown in Figure 19, and the populationmeasurement model is shown in Figure 20.T1 T2 T3

Figure 19: Population Structural Model

T1x1x2x3x4x5x6x7x8x9x10x11x12x13x14x15x16

T2T31e2e

Figure 20: Population Measurement ModelOne approach to this problem is to use background knowledge to build ameasurement model for each latent variable, and then perform a specification search forthe structural model constrained by background knowledge and aided by a computer, e.g.,the Search module of TETRAD II, or the modification indices of LISREL, or theLagrange Multiplier statistic of EQS. There are several problems with this approach.

31First, while background knowledge may often be sufficient to construct part of thepopulation measurement model (i.e. we may know which of the latent variables eachindicator variable is a measure of), background knowledge is seldom detailed enough tocompletely specify the full population measurement model (e.g. an indicator may be ameasure of several latent variables, or indicator variables may have correlated errors).This means that the specification search must also seek to correct the hypothesizedmeasurement model, as well as discover the structural model. Because there are often alarge number of indicator variables, this search space is astronomically large. Moreover,a search that at each step chooses to add the edge (free the parameter) that will mostimprove the fit can easily go wrong for several reasons. First, it may be that freeing anumber of different parameters improves the fit to the same degree, so there is no way tochoose which parameter to free at that point in the search. In addition, there may be pairsof parameters which if freed will greatly improve the overall fit, even though freeingeither parameter by itself does not improve the fit much. Also, when the initial RSEM tobe modified is far from the population RSEM, the parameter estimates may be far fromtheir population values, which can affect the estimates of the Lagrange multipliers, ormay prevent the estimation algorithms from converging at all. T1

x1x2x3x4x5x6x7x8x9x10x11x12x13x14x15x16

T2T3Figure 21: Hypothesized Measurement ModelThe Purify module represents a different approach to the problem that is a provablycorrect14 algorithm for finding unidimensional measurement models (Scheines, 1993).Instead of searching for parameters to free, i.e., edges to add, Purify searches for asubmodel of the originally specified measurement model that contains a subset of theindicators originally specified, but that is correctly specified as unidimensional. Such asubmodel can be used to find consistent estimates of the correlations between the latentvariables, and thus aid in the search for structural models.15For example, the measurement model in Figure 20 is not unidimensional because ofthe edges and correlated errors that are in boldface. But note that the population model

14 Purify is a correct search procedure in the following sense. Given that there are correctly specifiedunidimensional submodels of the initially specified measurement model with at least three indicators foreach latent, then as the sample grows without bound the probability that Purify will find one of theunidimensional submodels converges to one.15 This two stage search process was also suggested by Anderson and Gerbing, (1988).

32does contain a unidimensional submodel, shown in Figure 22, which is obtained bysimply removing X1, X7, X12, and X13 from the model. T1

x2x3x4x5x6x8x9x10x11x14x15x16

T2T3Figure 22. Model with Correctly Specified Unidimensional Measurement ModelPurify searches for unidimensional submodels in the following way. First wesuppose that we are given as input a hypothetical measurement model which isunidimensional, for example, the measurement model shown in Figure 21. We assumethe input measurement model is a submodel of the population measurement model, thatis, every edge specified in the input measurement model exists in the populationmeasurement model. However, we do not assume that the input measurement model iscomplete; the population measurement model may be non-unidimensional because asingle indicator may be caused by multiple latents, cause other indicators, or havecorrelated errors with other variables.Given this input, if the population measurement model is unidimensional, it entails acharacteristic set of vanishing tetrad differences, regardless of the population structuralmodel (Scheines, 1993). For example, if the population measurement model isunidimensional, and X1, X2, and X3 measure a single latent, then rX1,X2 rX3,X4 — rX1,X3rX2,X4 is entailed to be zero regardless of the population structural model. This means thatPurify can test whether the specified measurement model is truly unidimensional withoutknowing the structural model. If the characteristic set of vanishing tetrad differencesentailed by a unidimensional measurement model is judged to hold in the population,Purify concludes that the measurement model specified is truly unidimensional, and halts.If the population measurement model is the one in Figure 20, some of the tetraddifferences entailed by the initially specified model in Figure 21, e.g., rX1,X2 rX3,X4 —rX1,X3 rX2,X4, are not entailed to vanish, and with a representative sample Purify willconclude that the population measurement model among the given set of indicatorvariables is not unidimensional. Purify then begins to search for a submodel that isunidimensional by sequentially eliminating indicators. In general, searching all subsets ofthe given measured indicators for a set of indicators that form a unidimensionalmeasurement model would take too long, due to the enormous number of subsets. But byexamining which vanishing tetrad differences do not hold in the population, the algorithmcan greatly narrow the search, making it feasible to handle initially specified

33measurement models with more than 50 measured variables in minutes. In this case onsimulated data it correctly removes X1, X7, X12, and X13 from the measurement model,leaving a set of indicators that have a measurement model correctly specified asunidimensional.5.2.2 MIMbuildIn many studies the theoretical question addressed cannot be reduced to thesignificance of a single parameter in an otherwise reliably specified model. There mightbe many latent variables, and the problem of finding a reasonable structural model is thendifficult. With just four latent variables there are well over 700 structural models with nocorrelated errors. Even with substantial background knowledge, this is a large space tosearch. With eight latent variables the space is astronomical. Several strategies forautomatic structural model search are possible. One might begin with a null structuralmodel and do a Lagrange Multiplier search limited to structural parameters. To the bestof our knowledge no one has studied the behavior of this strategy. One might estimate thecorrelations among the latent variables and then apply Build to the latents as if they weremeasured. In our experience, this works well in simulation studies at moderate to largesample sizes, but we do not know how to properly adjust the sample size when testing forvanishing partial correlations among latents that are being treated �as if� they aremeasured. A third alternative takes further advantage of the vanishing tetrad differenceconstraint.We have already seen that if the population measurement model is unidimensional, aSEM entails a characteristic set of vanishing tetrad differences, regardless of what thepopulation structural model may be. But if the measurement model is unidimensional,there are other tetrad differences which are entailed to vanish for some structural models,but are not entailed to vanish for other structural models. These constraints are extremelyeasy to compute and test, and the tests are not susceptible to specification error in otherparts of the structural model (Scheines, 1993). For example, in the model in Figure 22,(where the population measurement model is unidimensional) all three tetrad constraintsinvolving one indicator from T1, two from T2, and one from T3 are entailed by the modelif and only if there is no edge between T1 and T3. The MIMbuild algorithm uses tests ofvanishing tetrad differences to construct a set of structural models that entail vanishingpartial correlations among latent variables judged to hold in the population.The set of structural models that MIMbuild outputs entail the same set ofunconditional correlations and partial correlations with only one variable in theconditioning set. Because it can output models which are not fully partial correlationequivalent or covariance equivalent, MIMbuild represents only a partial solution to theRSEM structural model specification problem. A �?� is attached to those parts ofMIMbuild�s output that might change if second order or higher partial correlations among

34latent variables could be tested. Section 8.4 of the appendix details the sense in whichMIMbuild is a correct estimator of structural models.6. ApplicationsThe TETRAD II procedures have been used to study job satisfaction among militarypersonnel (Callahan & Sorensen, 1992), to develop psychiatric measures (Prigerson, et.al., 1995), to predict survival and death in pneumonia patients (Cooper, et. al., 1995), tostudy mechanisms in plant biology (Shipley, forthcoming), to study dropout rates inAmerican universities (Druzdzel & Glymour, 1994), even to recalibrate instruments onorbiting satellites (Waldemark & Norqvist, 1995). In this section we will illustrate theapplication of the search procedures to three data sets, two published and one simulated.In the case of the empirical examples we do not mean to endorse the assumptions madeby the researchers who used the data sets, or the scales they constructed. In the first caseour intent is to show how the search procedures implemented in TETRAD II can be usedto find plausible alternatives to a published model. The existence of these alternativesweakens the evidential support for conclusions published, but it is not our intent to claimthat the alternatives found by TETRAD II are correct. In the second case we ran thePurify and Search procedures on a published data set with the same results as thosepublished, and in the third case we show how the procedures perform on a very largesearch space. Other applications can be found in (Scheines, et. al., 1994), and in (Spirtes,et. al., 1993).6.1 Finding Alternative ModelsBefore giving a proposed hypothesis any great credence, good scientific practiceought to try to articulate and investigate every serious alternative. A frequent objection tocausal models in any discipline is that they are arbitrarily selected without any soundarguments that would exclude alternative explanations of data. That some cherishedcausal model cannot be rejected statistically is little reason to believe its causal claims:There might be alternatives that also cannot be rejected statistically, but that makecontrary causal claims. Published studies may be defective in their general distributionalassumptions, in their data collection procedures, or in their assumptions about what isinfluencing what. Here is an illustration of how TETRAD II is meant to be used to helpsearch for and articulate alternative causal explanations under varying backgroundassumptions. In a study published in the American Sociological Review, Timberlake andWilliams (1984) claimed that foreign investment in Third World or "peripheral" nationscauses the exclusion of various groups from the political process. In other words, foreign

35investment inhibits democracy. Their empirical case for this claim rests on fitting a linearregression.POFIENCV1.000-0.1751.000-0.4800.3301.0000.868-0.391-0.4301.000Table 1. Political Repression Data (N = 72)They develop measures of political exclusion (PO), foreign investment penetration(FI), energy development (EN), civil liberties (CV) (measured on an ordered scale from 1to 7, with lower values indicating greater civil liberties.) We show the correlations givenby Timberlake and Williams for these variables on 72 "non-core" countries in Table 1.An apparent embarrassment to their claim is that political exclusion is negativelycorrelated with foreign investment; further, foreign investment is negatively correlatedwith the civil liberties scale (and hence because of their reverse ordering of the civilliberties scale, positively correlated with civil liberties). To defeat this objection,Timberlake and Williams regress PO on the other variables on the assumption that thecoefficient relating FI to PO is a superior measure of FI’s causal influence on PO than istheir simple correlation. A regression on the correlations above yields:PO = .227*FI - .176*EN + .880*CV + e (.058) (.059) (.060) 3.941 -2.985 14.604You can see that the crucial coefficient is positive and highly significant. Timberlakeand Williams took this as evidence to support the claim that foreign investment causesmore political exclusion. They do not explicitly consider any alternative models.But a regression model is only one among many that might describe the relationsamong these four variables. To search for alternatives, we again use TETRAD II’s Buildmodule, again without considering whether the linearity and normality assumptions arewarranted.16 Without assuming that all common causes are included in the variablesmeasured, and using a significance level (a) of .05 for its statistical hypothesis tests,Build’s output is the PAG in Figure 23.

16Because our aim is to illustrate the use of TETRAD II in finding alterantives to a given model, thecorrectness of the distribution and linearity assumptions made by Timberlake and Williams is not at issue.We note, however, that we were unable to reproduce their correlation matrix from the sources they cite.

36FIENPO CV

Figure 23. Build output at a = .05Since this structure entails that foreign investment (FI) and political exclusion (PO) areuncorrelated, we increase a to .15, at which point Build produces the PAG in Figure 24.FIENPO CV

Figure 24. Build output at a = .15Because all of the connections in the PAG involving FI have arrowheads directed into FI,these data indicate that foreign investment is not a cause of any of the other variables. Alarge number of causal models are members of the equivalence class represented by theoutput in Figure 24. The model in Figure 25 is one of the simplest in this class, and isplausible besides.FIENPO CV

Figure 25. An Alternative to Timberlake and William�s ModelThis model asserts that EN (a measure of economic development) causes both thelevel of foreign investment and the level of political exclusion. Political exclusion causesthe lack of civil liberties, and there is some unmeasured common cause connectingforeign investment and civil liberties (or in other terms, that their errors are correlated).Estimating this model with EQS yields a c2 = .136 with 2 degrees of freedom, with p(c2)= .934. We give the coefficients with their standard errors and t-statistics in Figure 26below.

37FIENPOCV

(.100)3.132.313-.479.861-.235(.104)-4.598(.053)16.304(.062)-3.761Figure 26. Estimated Alternative ModelThe signs of the coefficients suggest that the relation between FI and PO is negative andmediated by a common cause, contrary in two ways to Timberlake and Williams’hypothesis. We do not mean to suggest that this analysis shows our alternative to becorrect. At this small a sample size statistical tests have little power against alternatives,so it is difficult to statistically distinguish between two models even when they are notstatistically equivalent. Our point is to show how the Build module can be used to searchfor plausible alternatives to a given model.6.2 Specifying Measurement Models of Political DemocracyBollen (1980) studied whether a number of measures of political democracy wereunidimensional indicators of a common feature of societies. Bollen used the followingmeasures:PFpress freedomFG freedom of group oppositionGSgovernment sanctionsFE fairness of electionsESexecutive selectionLS legislature selectionHe considered the unidimensional factor model specified in Figure 27, where it isunderstood that for each of the measured variables there is an error term.

38TPFFGGSFEESLS

Figure 27. Initial Measurement Model of Political DemocracyBollen estimated this model with LISREL and found that the data reject it.17 Insteadof attempting to locate and discard the impure indicators, Bollen elaborated his originalmodel by correlating error terms (Figure 28). When estimated with EQS, this model has ac2 of 6.009 based on 6 degrees of freedom, with p(c2) = 0.42218. The Search module ofTETRAD II, which uses vanishing tetrad differences to search for elaborations of aninitial model, arrives at a set of factor models which contains Bollen�s model and others.T

PFFGGSFEESLS e1 e2 e3 e4 e5 e6

Figure 28. Bollen�s Respecification of the Measurement ModelAlthough Bollen’s final measurement model of democracy fits the data well, it is notunidimensional. To find a unidimensional submodel, we can run Purify on Bollen’soriginal model (Figure 27) and data. Giving the initial model and the measuredcovariances to Purify, FG and LS are identified as impure indicators and discarded,resulting in the measurement model we picture in Figure 29.

17EQS yields a c2 = 42.076 based on 9 degrees of freedom, with p(c2) < 0.001.

39TPFGSFEES

Figure 29. Sub-model found by Purify Estimating the resulting unidimensional measurement model (Figure 29) with EQSyields a c2 = 1.687 based on 2 degrees of freedom, with p(c2) = 0.43013.6.3 A Large Search Space: The Alarm NetworkBy interviewing several medical experts, Beinlich, et. al., (1989) developed a largecausal model of the probabilistic relations in emergency medicine (Figure 30).18 Usingthe directed graph associated with this model (Figure 30), called the ALARM network,linear coefficients with values between .1 and .9 were randomly assigned to each directededge in the graph. Using a standard joint normal distribution (mean 0, variance 1) on theexogenous variables, three sets of simulated data were generated, each with a sample sizeof 2,000. The covariance matrix and sample size were given to the TETRAD II program.No information about the orientation of the variables was given to the program. With 37variables, the space of possible models is astronomical,19 yet the program required lessthan fifteen seconds to return a pattern on a Decstation 3100. In each trial the outputpattern omitted two edges in the ALARM network; in one of the cases it also added oneedge that was not present in the ALARM network.

18 Beinlich�s network was over discrete variables, and we have run Build on a discrete version of thisnetwork with results similar to those we report here for a SEM interpretation of the structure.19 With 37 variables there are 666 pairs of variables. Assuming that each pair <X,Y> has either 1) noedge between therm, or 2) an edge from X to Y, or 3) an edge from Y to X, the number of possible modelsis 3666. The actual number to search is smaller, because some of these models will contain cycles, but thespace remaining is still far too big to search by evaluating each member.

406542711323435363719203115231610212213172829122425182678912330

3314

Figure 30. The ALARM Network.7. ConclusionThe work we have described is based on assumptions that are implicit, andsometimes explicit, throughout scientific practice. The Causal Independence assumption,for example, posits a relation between the absence of causal connection and statisticalindependence that is fundamental to experimental design; the Faithfulness assumptionstates a preference for explanation by structure over explanation by coincidence that, invarious forms, is used in every science. Consequences of these assumptions were workedout for special cases by many social scientists, for example by Simon (1954), by Blalock(1962) and by Costner (1971).The methods we have described are incomplete, and there is a great deal of researchthat remains to be done and that should lead to improved modeling. Importantoutstanding problems include improving the reliability of model search through betterstatistical and algorithmic procedures, deriving computationally tractable algorithms fortesting covariance equivalence of linear, latent variable models, finding correct methodsfor clustering measured variables that share a latent common cause, completing andimplementing known algorithms for predicting the outcomes of interventions from partialcausal and distributional specifications, implementing searches for non-recursive models,and much more.We hope the TETRAD II procedures will become a useful part of themethodological toolkit used by quantitative social scientists, that the statistical and social

41scientific communities will investigate the questions we have raised, and improve thetechniques we have suggested.8. Appendix8.1 D-SeparationAn undirected path between X1 and Xn in a graph G is a sequence of vertices <X1,..., Xn> such that for each pair of vertices Xi and Xi+1 (1 £ i < n) that are adjacent in thesequence, either there is an edge Xi fi Xi+1 or an edge Xi+1 fi Xi in G. A directed pathbetween X1 and Xn in a graph G is a sequence of vertices <X1, ..., Xn> such that for eachpair of vertices Xi and Xi+1 (1 £ i < n) that are adjacent in the sequence, there is an edge Xifi Xi+1 in G. X is a descendant of Y in directed graph G if and only if there is a directedpath from Y to X or Y = X. In graph G a vertex Xi is a collider on undirected path U ifand only if U contains a subpath Xi-1 fi Xi ‹ Xi+1. Otherwise if Xi if on U, Xi is anoncollider on U. Following Pearl (1988), in a directed acyclic graph G, for disjoint setsof vertices X, Y, and W, X and Y are d-separated given W in G if and only if thereexists no undirected path U between a member of X and a member of Y, such that (i)every collider on U has a descendent in W and (ii) no other vertex on U is in W. Anillustration of d-separation is given in the directed acyclic graph shown in Figure 31.XUV

WYS1S2

Figure 31{X} and {Y} are d-separated given the empty set{X} and {Y} are not d-separated given set {S1, S2}{X} and {Y} are d-separated given the set {S1, S2, V}8.2 The Build Algorithm with the Assumption of No Correlated ErrorsThe Build module uses the PC algorithm (Spirtes, et al., 1993) when it is assumedthat the RSEM that generated the data has no correlated errors or latent common causes.Let Adjacencies(C,A) be the set of vertices adjacent to A in a graph C.20 In the algorithm,the graph C is continually updated, so Adjacencies(C,A) changes as the algorithm

20Note that C is not defined to be a directed graph, so that edges can be either directed or undirected.

42progresses. A \ B is the set of members of A that are not elements of B. We adopt theconvention that if S is the empty set, then rX,Y.S is rX,Y.21PC Algorithm:A) Form the complete undirected graph C on the vertex set V.B) n = 0.repeatrepeatselect an ordered pair of variables X and Y that are adjacent in C suchthat the number of vertices in Adjacencies(C,X)\{Y} is greater than orequal to n;repeatselect a subset S of Adjacencies(C,X)\{Y} with n vertices;if the statistical test fails to reject rX,Y.S = 0, then delete edgeX � Y from C and set Sepset(X,Y) = S and Sepset(Y,X) = S;until every subset S of Adjacencies(C,X)\{Y} with n vertices has been selected or some subset S has been found for which rX,Y.S = 0;until all ordered pairs of adjacent vertices X and Y such thatAdjacencies(C,X)\{Y} has greater than or equal to n vertices have been selected;n = n + 1;until for each ordered pair of adjacent vertices X, Y, Adjacencies(C,X)\{Y} has less than n vertices.C) For each triple of vertices X, Y, Z such that the pair X, Y and the pair Y, Z areeach adjacent in C but the pair X, Z are not adjacent in C, orient X � Y � Z asX fi Y ‹ Z if and only if Y is not in Sepset(X,Z).D) repeat If X fi Y � Z in C, and X and Z are not adjacent in C, then orient as Y fi Z. until no more edges can be oriented.

21 The simplified version of the algorithm presented here does not make all of the orientations that aretheoretically possible, because we have found in practice that additional orientation rules, whiletheoretically correct, are in practice unreliable until the sample size is very large.

43ABCDE

True GraphABCDE

Complete Undirected GraphNo zero correlations.n = 0ABCDE

ABCD

En = 1AC.BAE.BAD.BCD.Brrrr= 0= 0= 0= 0Sepset(A,C) = {B}Sepset(A,E) = {B}Sepset(A,D) = {B}Sepset(C,D) = {B}n = 2BE.CDr= 0Sepset(B,E) = {C,D}Figure 32: A trace of the adjacency stage of the PC algorithmFigure 32 traces the operation of the first two parts of the PC algorithm for inputFaithful to the true graph in Figure 32.Although it does not in this case, stage B) of the algorithm may continue testing forsome steps after the correct undirected graph has been identified. After stage B) has beencompleted, the undirected graph at the bottom of Figure 32 is partially oriented in step Cof the PC algorithm. The triples of variables with only two adjacencies among them are:

44A � B � C; A � B � D;C � B � D; B � C � E;B � D � E; C � E � D;E is not in Sepset(C,D) so C � E and E � D collide at E. None of the other triples formcolliders. The final pattern produced by the algorithm is shown in Figure 33.ABCDE

Figure 33. Final Pattern Output by PC.The pattern in Figure 33 represents the partial correlation (and covariance)equivalence class of RSEMs we show in Figure 34. D E C B A

D E C B A

Figure 34. Equivalence Class of RSEMs represented by the Pattern in Figure 33.8.3 PurifyWe say that an indicator X measures T in an RSEM if there is a directed edge fromT to X in the directed graph associated with the RSEM. If G is the directed graph of anRSEM with latent variables T and a measurement model with indicators X such thatevery Xi ˛ X measures some latent T in T, then Xi is a pure indicator in G if and only if

45Xi is d-separated from every other indicator by T. A measurement model is pure, orunidimensional, if and only if all of its indicators are pure.8.4 MIMbuildMIMbuild takes as input a unidimensional measurement model and covariance data overthe indicators in this model, and outputs a modified pattern P, where the adjacencies canbe either: fi, � , ?fi?, or ?�?. The edges labeled with a �?� indicate that theMIMbuild algorithm cannot determine if there is an edge in the population graph or not.Suppose that G is the directed graph of an RSEM with no correlated errors that has latentvariables T and indicators X�. Then if P is the output of MIMbuild on a correctlyspecified unidimensional measurement model for T and X ˝ X�, and the statisticaldecisions about vanishing tetrad differences among X made on a sample from a Faithfulparameterization of G are correct, then1. If Ti and Tj are not adjacent in P, then they are not adjacent in G.2. If Ti and Tj are adjacent in P and the edge is not labeled with a "?", then Tiand Tj are adjacent in G.3. If Ti fi Tj is in P, then Tj is not an ancestor of Ti in G.4. If Ti fi Tj is in P and the edge between Ti and Tj is not labeled with a "?",then Ti fi Tj is in G.9. ReferencesAnderson, J., & Gerbing, D. (1988). Structural equation modeling in practice: A reviewand recommended two-step approach. Psychological Bulletin, 103, 411-423.Anderson, J., and Gerbing, D., & Hunter, J. (1987). On the assessment of unidimensionalmeasurement: internal and external consistency and overall consistency criteria.Journal of Marketing Research, 24, 432-437.Becker, P., Merckens, A., and Wansbeek, T. (1994). Identification, equivalent models,and Computer Algebra. Academic Press, San Diego, CA.Beinlich, I., Suermondt, H., Chavez, R., and Cooper, G. (1989). The ALARM monitoringsystem: A case study with two probabilistic inference techniques for beliefnetworks. Proc. Second European Conference on Artificial Intelligence inMedicine, London, England. 247-256.

46Bentler, P. (1986). Lagrange multiplier and Wald tests for EQS and EQS/PC. BMDPStatistical Software, LABentler, P. (1995). EQS: Structural Equations Program Manual. Multivariate Software,Inc. Encino, CA.Blalock, H. (1962). Four-variable causal models and partial correlations. AmericanJournal of Sociology, 68, 182-194.Blalock, H. (ed.) (1985). Causal models in panel and experimental designs. Aldine, NY.Bollen, K. (1980). Issues in the comparative measurement of political democracy.American Sociological Review, 45, 370-390.Bollen, K. (1989). Structural equations with latent variables. New York: Wiley.Bollen, K. (1980). Issues in the comparative measurement of political democracy.American Sociological Review, 45, 370-390.Bollen, K. (1990). Outlier screening and a distribution-free test for vanishing tetrads.Sociological Methods and Research, 19, 80-92.Bollen, K. & Long, J. (1993). Testing structural equation models. Newbury Park, CA:Sage.Bollen, K., & Ting, K. (1993). Confirmatory tetrad analysis. Sociological Methodology,23

, 147-175. Oxford: Blackwell Publishers.Boomsma, A. (1982). The robustness of LISREL against small sample sizes in factoranalysis models. In K.G. Joreskog & H. Wold (Eds.), Systems under indirectobservation: Causality, structure, prediction (Part I, pp. 149-173). Amsterdam:North-Holland.Buntine, W. (1991). Theory refinement on Bayesian networks. G. Piatetski-Shapiro (Ed.),Workshop Notes from the Ninth National Conference on Artificial Intelligence,Knowledge Discovery in Data Bases. Anaheim, CA.

47Bye, B., Gallicchio, S., & Dykacz, J. (1985). Multiple-indicator, multiple-cause modelsfor a single latent variable with ordinal indicators. Sociological Methods &Research, 13, 487-509.Callahan, J., & Sorensen, S. (1992). Using TETRAD II as an automated exploratory tool.Social Science Computer Review. Vol. 10, No. 3, Pages 329-336.Cheeseman, P. and Oldford, R. (1994). Selecting Models from Data. Lecture Notes inStatistics, v. 89, Springer-Verlag.Cooper, G., Aliferis, C., Ambrosino R., Aronis, J., Buchanan, B., Caruana, R., Fine, M.Glymour, C., Gordon G., Hanusa, B. Janosky, J., Meek, C., Mitchell, T.,Richardson, T., Spirtes, P. (1995). An Evaluation of Machine-Learning Methodsfor Predicting Pneumonia Mortality., Technical Report CMU-PHIL-66. CarnegieMellon University, Pittsburgh, PA.Cooper, G., & Herskovits, E. (1992). A Bayesian method for the induction ofprobabilistic networks from data. Machine Learning, 9, 308-347.Costner, H. (1971). Theory, deduction and rules of correspondence. Causal Models in theSocial Sciences, Blalock, H. (ed.). Aldine, Chicago.Druzdzel, M., & Glymour, C. (1994). Application of the TETRAD II program to thestudy of student retention in U.S. colleges. Proceedings of the AAAI-94 Workshopon Knowldege Discovery in Databases (KDD-94), Seattle, WA, 419-430.Frydenberg, M. (1990). The chain graph Markov property. Scandinavian Journal ofStatistics, 17, 333-353.Geiger, D. (1990). Graphoids: A Qualitative Framework for Probabilistic Inference.Ph.D. Thesis, University of California, Los Angeles.Geiger, D., & Heckerman, D. (1994). Learning Gaussian Networks. Microsoft TechnicalReport, MSR-TR-94-10. Redmond, WA.Geiger, D., and Heckerman, D. (1991) Advances in probabilistic reasoning. Proc.Seventh Conference on Uncertainty in AI, B. D’Ambrosio et al. (ed.). MorganKaufman, Los Angeles, California.

48Geiger, D., Verma, T., and Pearl, J. (1990) Identifying independence in Bayesiannetworks. Networks 20, 507-533.Glymour, C., Scheines, R., Spirtes, P., & Kelly, K. (1987). Discovering Causal Structure.Academic Press, San Diego, CA.Goldberger, A., Duncan, O. (eds.) (1973). Structural Equation Models in the SocialSciences. Seminar Press, New York.Hand, D. (1993). Artificial Intelligence Frontiers in Statistics: AI and Statistics III.Chapman and Hall.Hausman, D. (1984). Causal priority. Nous 18, 261-279.James, L., Mulaik, S., and Brett, J. (1982). Causal analysis: assumptions, models anddata. Sage Publications, Beverly Hills, CA.J�reskog, K., & S�rbom, J. (1993) LISREL 8: User’s reference guide. Hillsdale, NJ:Lawrence Erlbaum Associates.Kaplan, D. (1988). The impact of specification error on the estimation, testing, andimprovement of structural equation models. Multivariate Behavioral Research,23, 69-86.Kaplan, D. (1989). Model modification in covariance structure analysis: Application ofthe expected parameter change statistic. Multivariate Behavioral Research, 24,285-305.Kaplan, D. (1990). Evaluating and modifying covariance structure models: A review andrecommendation. Multivariate Behavioral Research, 25, 137-55.Kiiveri, H. and Speed, T. (1982). Structural analysis of multivariate data: A review.Sociological Methodology, Leinhardt, S. (ed.). Jossey-Bass, San Francisco.Koster, J.T.A. (forthcoming). Markov Properties of Non-Recursive Causal Models.Annals of Statistic.Lauritzen, S., Dawid, P., Larsen, B., Leimer, H. (1990) Independence Properties ofDirected Markov Fields. Networks, 20, 491-505.

49Lauritzen, S. and Wermuth, N. (1984). Graphical models for associations betweenvariables, some of which are qualitative and some quantitative. Ann. Stat. 17, 31-57.Lawley, D., and Maxwell, A. (1971). Factor Analysis as a Statistical Method.Butterworth, London.Lee, S. (1987). Model Equivalence in Covariance Structure Modeling. Ph.D. Thesis,Department of Psychology, Ohio State University.Luijben, T., Boomsma, A., and Molenaar, I. (1986). Modification of factor analysismodels in covariance structure analysis. A Monte Carlo study. On ModelUncertainty and its Statistical Implications. Lecture Notes in Economics andMathematical Systems 307, Dijkstra, T. (ed.). Springer-Verlag, Berlin.MacCallum, R. (1986). Specification searches in covariance structure modeling.Psychological Bulletin 100, 107-120.Meek, C. (1995) Causal inference and causal explanation with background knowledge.Proceedings of the Eleventh Conference on Uncertainty in Artificial Intelligence,Philippe Besnard and Steve Hanks (Eds.), Morgan Kaufmann Publishers, Inc.,San Mateo, CA, 403-410.Pearl, J. (1988). Probabilistic Reasoning in Intelligent Systems. Morgan Kaufmann, SanMateo.Pearl, J. (1995). Causal Diagrams for Empirical Research, Biometrika. 82(4), December.669--709,Pearl, J. and Dechter, R. (1989). Learning structure from data: A survey. ProceedingsCOLT ’89, 30-244.Pearl, J. and Verma, T. (1991). A theory of inferred causation. Principles of KnowledgeRepresentation and Reasoning: Proceedings of the Second InternationalConference, Morgan Kaufmann, San Mateo, CA.Prigerson, H., Maciejewski, K., Reynolds, C., Bierhals, A., Newsom, J., Frank, E.,Miller, M., Doman, J., & Fasiczka, A. (1995). The Inventory of ComplicatedGrief: A Scale to Measure Certain Maladaptive Symptoms of Loss. Submitted toPsychiatry Research.

50Raftery, A.E. (1993). Bayesian model selection in structural equation models. In K.A.Bollen & J.S. Long (Eds.), Testing structural equation models (pp. 163-180).Newbury Park, CA: Sage.Richardson, T. (1994). Properties of Cyclic Graphical Models. Master�s Thesis, Dept. ofPhilosophy, Carnegie Mellon University, Pgh, PA, 15213.Richardson, T. (1995). A Polynomial-Time Algorithm for Deciding Markov Equivalenceof Directed Cyclic Graphical Models, Technical Report CMU-PHIL-63,Philosophy Department, Carnegie Mellon University, Pgh, PA, 15213.Richardson, T. (1996). Discovering Cyclic Causal Structure, Technical Report CMU-PHIL-68, Philosophy Department, Carnegie Mellon University, Pgh, PA, 15213.Robins, J. (1986). A new approach to causal inference in mortality studies with sustainedexposure periods - application to control of the healthy worker survivor effect.Mathematical Modeling, 7, 1393-1512.Saris, W., Satorra, A., & Sorbom, D. (1987). The detection and correction ofspecification errors in structural equation models. In C. Clogg (Ed.), Sociologicalmethodology (pp. 105-129). San Francisco, CA: Jossey-Bass.Scheines, R. (1993). Unidimensional linear latent variable models. Technical ReportCMU-PHIL-39. Carnegie Mellon University, Pittsburgh, PA.Scheines, R. (1994). "Inferring Causal Structure Among Unmeasured Variables," inSelecting models from data: AI and Statistics IV, P. Chessman and R. W. Oldford(Eds.), Springer-Verlag, pp. 197-204.Scheines, R., Spirtes, P., Glymour, C., and Meek, C. (1994). TETRAD II: Users Manual,Lawrence Erlbaum Associates, Hillsdale, NJ.Scheines, R., Hoijtink, H., & Boomsma, A. (1995). Bayesian Estimation and Testing ofStructural Equation Models, Technical Report CMU-PHIL-66, Dept. ofPhilosophy, Carnegie Mellon Univ., Pgh, PA, 15213.Shafer, G., Kogan, A., and Spirtes, P. (1993). Generalization of the Tetrad RepresentationTheorem. GSM Working Paper #93-36, Rutgers Graduate School ofManagement.

51Shipley, B. (Forthcoming). Structured interspecific determinants of specific leaf area in34 species of herbaceous angiosperms. Functional Ecology.Simon, H. (1953). Causal ordering and identifiability. Studies in Econometric Methods.Hood and Koopmans (eds). 49-74.Wiley, NY.Simon, H. (1954). Spurious Correlation: A Causal Interpretation. Journal of theAmerican Statistical Association, 49, 467-79.S�rbom, D. (1989) Model modification. Psychometrika, 54, 371-384.Spearman, C. (1904). General intelligence objectively determined and measured.American Journal of Psychology 15, 201-293.Spiegelhalter, D. (1986). Probabilistic reasoning in predictive expert systems.Uncertainty in Artificial Intelligence, Kanal, K. and Lemmer, J. (eds.). North-Holland, Amsterdam.Spirtes, P. (1989). A necessary and sufficient condition for conditional independencies toimply a vanishing tetrad difference. Technical Report CMU-LCL-89-3,Laboratory for Computational Linguistics, Carnegie Mellon University,Pittsburgh, PA.Spirtes, P. (1995) Directed cyclic graphical representation of feedback models.Proceedings of the Eleventh Conference on Uncertainty in Artificial Intelligence,ed. by Philippe Besnard and Steve Hanks, Morgan Kaufmann Publishers, Inc.,San Mateo, CA, 491-498.Spirtes, P., Meek, C., and Richardson, T. (1995) Causal inference in the presence oflatent variables and selection bias. Proceedings of the Eleventh Conference onUncertainty in Artificial Intelligence, ed. by Philippe Besnard and Steve Hanks,Morgan Kaufmann Publishers, Inc., San Mateo, CA, 499-506.Spirtes, P., Meek, C. (1995). Learning Bayesian networks with discrete variables fromdata. Proceedings of The First International Conference on Knowledge Discoveryand Data Mining, ed. by Usama M. Fayyad and Ramasamy Uthurusamy, AAIPress, 294-299.

52Spirtes, P., Richardson, T., Meek, C., Scheines, R., and Glymour, C. (1996). Using d-separation to calculate zero partial correlations in linear models with correlatederrors. Technical Report CMU-PHIL-72, Dept. of Philosophy, Carnegie MellonUniversity, Pittsburgh, PA, 15213.Spirtes, P. (1994a). "Conditional Independence in Directed Cyclic Graphical Models forFeedback." Technical Report CMU-PHIL-54, Department of Philosophy,Carnegie Mellon University, Pittsburgh, PA.Spirtes, P. (1994b). "Discovering Causal Relations Among Latent Variables in RecursiveStructural Equation Models." Technical Report CMU-PHIL-69, Department ofPhilosophy, Carnegie Mellon University, Pittsburgh, PA.Spirtes, P., Scheines, R., & Glymour, C. (1990). Simulation studies of the reliability ofcomputer aided specification using the TETRAD II, EQS, and LISREL programs.Sociological Methods and Research, 19, 3-66.Spirtes, P., Glymour, C., & Scheines, R. (1993). Causation, prediction, and search.Springer-Verlag Lecture Notes in Statistics, 81. Springer-Verlag.Strotz, R., and Wold, H. (1960) Recursive versus nonrecursive systems: an attempt atsynthesis. Econometrica, 28, 417-427.Sullivan, J., & Ferldman, S. (1979). Multiple indicators: an introduction. SagePublications, Beverly Hills, CA.Tanner, M.A. (1993). Tools for statistical inference: Methods for the exploration ofposterior distributions and likelihood functions (2nd ed.). New York: Springer.Timberlake, M. and Williams, K. (1984). Dependence, political exclusion, andgovernment repression: Some cross-national evidence. American SociologicalReview 49, 141-146.Verma, T. and Pearl, J. (1990). Equivalence and synthesis of causal models. Proc. SixthConference on Uncertainty in AI. Association for Uncertainty in AI, Inc.,Mountain View, CA, 220-227.Waldemark, J., & Norqvist, P. (1995). In-Flight Calibration of Satellite Ion CompositionData Using Artificial Intelligence Methods. Manuscript, Dept. of Applied Physicsand Electronics, Umea University, S-90187 Umea, Sweden.

53Weisberg, S. (1985). Applied Linear Regression, 2nd ed. Wiley, New York.Wheaton, B., Muthen, B., Alwin, D., and Summers, G. (1977). Assessing Reliability andStability in Panel Models. Sociological Methodology 1977, Heise, D. (ed.).Jossey-Bass, San Francisco.Wright, S. (1934). The method of path coefficients. Ann. Math. Stat. 5, 161-215.