1The Dimensionality of Mixed Ancestral Graphsby Peter Spirtes, Thomas Richardson and Chris MeekFirst we will introduce some graph terminology. The concepts defined here areillustrated in Figure 1. A graph consists of two parts, a set of vertices V and a set of edgesE. Each edge in E is between two distinct vertices in V. There are two kinds of edges in E,directed edges A fi B or A ‹ B, and double-headed edges A « B; in either case A and Bare endpoints of the edge; further, A and B are said to be adjacent. In Figure 1 the set ofvertices is {A,B,C,D,E} and the set of edges is {A « B, B fi C, C fi D, E fi D}. For adirected edge A fi B, A is the tail of the edge and B is the head of the edge, A is aparent of B, and B is a child of A.An undirected path U between X1 and Xn is a sequence of edges <E1,...,Em> suchthat one endpoint of E1 is X1, one endpoint of Em is Xn, and for each pair of consecutiveedges Ei, Ei+1 in the sequence, Ei „ Ei+1, and one endpoint of Ei equals one endpoint of Ei+1.In Figure 1, A « B fi C ‹ D is an example of an undirected path between A and D. Adirected path P between X1 and Xn is a sequence of directed edges <E1,...,Em> such thatthe tail of E1 is X1, the head of Em is Xn, and for each pair of edges Ei, Ei+1 adjacent in thesequence, Ei „ Ei+1, and the head of Ei is the tail of Ei+1. For example, B fi C fi D is adirected path. A vertex occurs on a path if it is an endpoint of one of the edges in thepath. The set of vertices on A « B fi C fi D is {A, B, C, D}. A path is acyclic if novertex occurs more than once on the path. The following is a list of all the acyclic directedpaths in Figure 1: B fi C, C fi D, E fi D, B fi C fi D.A graph is a directed graph if it contains no double-headed edges.A graph is adirected acyclic graph (DAG) if it contains no double-headed edges, and no directedcycles.A vertex A is an ancestor of B (and B is a descendant of A) if and only if eitherthere is a directed path from A to B or A = B. Thus the ancestor relation is the transitive,reflexive closure of the parent relation. The following table lists the child, parent,descendant and ancestor relations in Figure 1.

2VertexChildrenParentsDescendantsAncestorsA˘˘{A}{A}B{C}˘{B,C,D}{B}C{D}{B}{C,D}{B,C }D˘{C,E}{D}{B,C,D,E}E{D}˘{D,E}{E}A vertex X is a collider on undirected path U if and only if U contains a subpath Y «X « Z, or Y fi X « Z, or Y fi X ‹ Z, or Y « X ‹ Z; otherwise if X is on U it is anon-collider on U. For example, D is a collider on C fi D ‹ E and C is a non-collideron B fi C fi D. X is an ancestor of a set of vertices Z if X is an ancestor of somemember of Z.For disjoint sets of vertices, X, Y, and Z, X is d-connected to Y given Z if and onlyif there is an acyclic undirected path U between some member X of X, and some memberY of Y, such that every collider on U is an ancestor of Z, and every non-collider on U isnot in Z. For disjoint sets of vertices, X, Y, and Z, X is d-separated from Y given Z ifand only if X is not d-connected to Y given Z.Figure 1For example, the path A « B fi C d-connects A and C given ˘; it also d-connects Aand C given {D}, {E}, or {D,E}. E fi D ‹ C d-connects E and C given {D}, given{D,B}, {D,A}, or {D,A,B}. The following is a list of all the pairwise d-separationACBDE

3relations in Figure 1 (where each pair is followed by a list of all of the sets that d-separatethem):{A} and {C} are d-separated given: {B}, {B,D}, {B,E}, {B,D,E}{A} and {D} are d-separated given: {B}, {C}, {B,C}, {B,E}, {C,E}, {B,C,E}{A} and {E} are d-separated given: ˘, {B}, {C}, {B,C}, {B,D}, {C,D}, {B,C,D}{B} and {E} are d-separated given: ˘, {A}, {C}, {A,C}, {C,D}, {A,C,D}.In a graph G, with a set of vertices V containing O, if A and B are in O, then there isan inducing path between A and B given O if and only if there is a path U between Aand B such that every member of O that is on U is a collider, and every collider is anancestor of A or B. (If V = O, we will simply say that there is an inducing path between Aand B.) It has been shown in Verma and Pearl(1990) that in a DAG G, A and B are d-separated given some subset of O\{A,B} if and only if there is no inducing path between Aand B given O.A MAG (or mixed ancestral graph) is a graph with two kinds of edges: directededges (e.g. A fi B), and bi-directed edges, (e.g. C « D). The MAG that represents aDAG G (also called MAG(G,O) with a set of observed variables O) can be constructed inthe following way:• Place the edge A fi B in MAG(G,O) if and only if A is an ancestor of B in G, andthere is an inducing path between A and B given O in G.• Place the edge A « B in MAG(G,O) if and only if A is not an ancestor of B in G,B is not an ancestor of A in G, and there is an inducing path between A and B givenO in G.Some examples of MAGs are shown in Figure 2, where O = {A,B,C,D}. (In caseswhere the distinction between latent variables and measured variables is important, weenclose latent variables in ovals.)

4 TA B C D A B C D DAG G1 MAG(G1,O)AA B DBDCC DAG G2 MAG(G2,O)

Figure 2It has been shown in Spirtes et al. (1993) that in a MAG G, A and B are d-separatedgiven some subset of {A,B} if and only if there is no inducing path between A and B in G.(In Spirtes et al. 1993 the proof is for inducing path graphs, but the proofs carry overunchanged for MAGs.)Thus a MAG M may be considered to represent any DAG G such that M =MAG(G,O). MAG(G,O) represents the following features of a DAG G with latentvariables:• the ancestor relations among the members of O in G;• the d-separation relations among the members of O in G.Although we will not prove it in this paper, MAGs have the following useful features:• DAG G1 in Figure 2 is an example of a DAG such that as the sample size increaseswithout limit, the difference between the BIC of MAG(G1,O) and the BIC of anyDAG G� that contains only variable in O increases without limit almost surely.Hence in some cases a maximum likelihood estimate of the MAG parameters is abetter estimator of some of the population parameters than the maximum likelihoodestimate of any DAG parameters.• In the large sample limit, for multi-variate normal, any (possibly latent variable)DAG with a maximum BIC score is represented by the MAG with the highest BICscore among all MAGs.

5In general, each MAG represents many different latent variable models. AMAG canthus also be considered a representation of a set of conditional independence relationsamong variables in O (which in some cases cannot be represented by any DAG containingjust variables in O.) A MAG imposes no restrictions on the set of distributions it representsother than the conditional independence relations that it entails. (The class of MAGs isneither a subset nor a superset of other generalizations of DAGs such as chain graphs,cyclic directed graphs, or cyclic chain graphs.)It is not the case that an arbitrary graph is a MAG, i.e. there may be no DAG G suchthat M = MAG(G,O). The following theorem states necessary and sufficient conditions forMto be a MAG. Let the canonical graph G(M) for a MAG Mbe constructed in thefollowing way: If O is the set of vertices in M, then the set of vertices in G(M) is O ¨ T,where Ti,j ˛ T if there is an edge Xi « Xj in M, for Xi, Xj in O, there are edges Xi ‹ Ti,jfi Xj in G(M) if and only if there is an edge Xi « Xj in M, and an edge Xi fi Xj in G(M)only if there is an edge Xi fi Xj in M.Lemma 1: If M is a MAG, then G(M) has the same ancestor relations among members ofO as M does.Proof. By the algorithm for constructing G(M), the set of directed edges in G(M) is asuperset of directed edges in M. Hence if there is a directed path in M, there is acorresponding directed path in G(M).Suppose there is a directed path P in G(M) between Xi and Xj in O. P does not containany member of T, because by the algorithm for constructing G(M), every edge containing amember of Ta,b of T is out of Ta,b. Hence every edge on P is a directed edge betweenmembers of O. By the algorithm for constructing G(M), there is a corresponding directededge in M. Hence there is a directed path between Xi and Xj in G(M). \Note that G(M) is acyclic because there is no directed cycles from a member of O toitself in M, and hence no directed cycles from a member of O to itself in G(M). Also thereis no directed cycle from a member of T to itself in G(M), because there are no edges into amember of T in G(M).

6Lemma 2: If M = MAG(G) has vertices O, then M and G have the same ancestor relationsamong members of O.Proof. Suppose there is a directed path P from Xi to Xj in M. Then by the algorithm forconstructing MAGs, each vertex along P is an ancestor of its sucessor on the path in G . Hence Xi is an an ancestor of Xj in G.Suppose there is a directed path P from Xi to Xj in G. Then if Xa and Xb are on P, andthere is no other member of O between Xa and Xb on P, there is an inducing path relative toO in G between Xa and Xb. It follows that there is an edge Xa fi Xb in M. Theconcatenation of these edges in M is a directed path from Xi to Xj in M. \Theorem 1: A graph M is a MAG if and only if:1. If there is an inducing path between Xi and Xj in M, then Xi and Xj are adjacent inM.2. If there is an edge Xi fi Xj in M, then Xj is not an ancestor of Xi in M, but Xi is anancestor of Xj in M.3. If there is an edge Xi « Xj in M, then Xj is not an ancestor of Xi and Xi is not anancestor of Xj in M.Proof. Suppose that M satisfies 1), 2), and 3). We will show that there is some graphG(M) such that MAG(G(M)) = M.First we will show that if there is an inducing path U between Xi and Xj in G(M), thenXi and Xj are adjacent in M. Let U� be the path in M corresponding to U (that is if Xi fi Xjoccurs on U in G(M), Xi fi Xj occurs on U� in M, and if Xi ‹ Ti,j fi Xj occurs on U inG(M) then Xi « Xj occurs on U� in M.) By definition, every member of O on U in G(M)is a collider on U. From the algorithm for constructing G(M), it follows that every memberof O on U� in M is a collider. Every collider on U in G(M) is an ancestor of Xi or Xj inG(M). Because by Lemma 1, G(M) and M have the same ancestor relations, every collideron U� in M is an ancestor of Xi or Xj in M. By hypothesis, if there is an inducing pathbetween Xi and Xj in M, Xi and Xj are adjacent in M.

7Next we will show that if Xi is an ancestor of Xj in G(M), and Xi and Xj are adjacent inM, then the edge between Xi and Xj is oriented as Xi fi Xj in M. Because G(M) is acyclic,Xj is not an ancestor of Xi in G(M). By Lemma 1, G(M) and M have the same ancestorrelations, so Xi is an ancestor of Xj in M. By 2) and 3), the edge between Xi and Xj isoriented as Xi fi Xj in M.Finally we will show that if Xi is not an ancestor of Xj in G(M), Xj is not an ancestor ofXi in G(M),and Xi and Xj are adjacent in M, then the edge between Xi and Xj is oriented asXi « Xj in M. By Lemma 1, G(M) and M have the same ancestor relations amongmembers of O, so Xi is not an ancestor of Xj in G(M) and Xj is not an ancestor of Xi in M.By 3), the edge between Xi and Xj is oriented as Xi fi Xj in M.It follows that MAG(G(M)) = M.Next we will show that conversely, if M is a MAG, then 1), 2), and 3) hold. Since Mis a MAG, there is some graph G such that M = MAG(G).First we will show 1). Suppose on the contrary that there is an inducing path betweenXi and Xj in M, but Xi and Xj are not adjacent in M. Because there is an inducing pathbetween Xi and Xj in M, Xi and Xj are d-connected given every subset of O\{Xi,Xj} in M.In Spirtes and Richardson(1996) it was shown that if Xi and Xj are d-connected given Z inMAG(G), then Xi and Xj are d-connected given Z in G. It follows that Xi and Xj are d-connected given every subset of O\{Xi,Xj} in G. By Verma and Pearl(1990), there is aninducing path between Xi and Xj relative to O in G. By the method of construction ofMAGs, Xi and Xj are adjacent in M.Next we show 2). Suppose that there is an edge Xi fi Xj in M, but contrary to thehypothesis, Xj is an ancestor of Xi, or Xi not an ancestor of Xj in M. By the method ofconstruction of MAGs, in G, Xi is ancestor of Xj, and Xj is not ancestor of Xi. By Lemma2, M has the same ancestor relations as G. This is a contradiction.Finally, we show 3). Suppose there is an edge Xi « Xj in M, but contrary to thehypothesis that Xj is an ancestor of Xi or Xi is an ancestor of Xj in M. In G, by thealgorithm for construction MAGs, Xi is not ancestor of Xj and Xj not ancestor of Xi. ByLemma 2, M has the same ancestor relations as G. This is a contradiction. \

8A linear parameterization of a MAG G is a linear structural equation model withcorrelated errors parameterized in the following way:• Each variable A in the graph is a linear function of its parents in the graph, and aunique error term, eA.• Two error terms eA.and eB have a non-zero correlation only if there is an edge A« B in the graph.For notational convenience, we will assume that the variables in a MAG G are X 1,...,Xn,where Xi is not an ancestor of Xj in G if i > j. We will refer to the error term of Xi as ei,rather than eXi. A MAG M linearly entails that X is independent of Y given Z if andonly if in every linear parameterization of M, X is independent of Y given Z. Thefollowing theorems are proved in Spirtes and Richardson(1997).Theorem 2: A MAG G linearly entails Xi is independent of Xj given Z if and only if Xiis d-separated from Xj given Z in G.Theorem 3: A MAG G linearly entails cov(Xi,Xj|Z) = 0 if and only if Xi is d-separatedfrom Xj given Z in G.A complete MAG is a MAG in which every pair of variables is adjacent.Lemma 3: If G is a MAG, there is a complete MAG GC, such that G is a subgraph of GC.Proof. Suppose that G is a MAG. Form GC in the following way: if Xi is an ancestor ofXj in G, add an edge Xi fi Xj in GC, and if Xi is not an ancestor of Xj and Xj is not anancestor of Xi, then add an edge Xi « Xj to GC. Every pair of vertices in GC is adjacent.Note that G and GC have the same ancestor relations. By the method of construction of GC,if there is an edge Xi *fi Xj in GC, then Xj is not an ancestor of Xi. Because every pair ofvertices in GC is adjacent, it is trivially true that if there is an inducing path between a pairof vertices, then there is an edge between that pair of vertices. \

9Lemma 4: In a MAG G with an edge Xi « Xj, if q(0) is a parameterization of G in whichcov(ei,ej) = 0, and q(c) is a parameterization of G identical to q(0) except cov(ei,ej) = c,thencovq(c)(Xi,Xj|An(Xi) ¨ An(Xj)\{Xi,Xj}) = covq(0)(Xi,Xj|An(Xi) ¨ An(Xj)\{Xi,Xj}) + c.Proof. First we will show that if Xk is in An(Xi) ¨ An(Xj)\{Xi,Xj} then varq(0)(Xk) =varq(c)(Xk). Note that in G(q(0)) and G(q(c)), the coefficients of the reduced form of eachvariable is exactly the same in each of the parameterizations, because the structual equationsin each parameterization are identical. Xk is a function of (a possibly proper subset of) theerror terms in An(Xi) ¨ An(Xj)\{Xi,Xj}. Hence

Xa var(X)avar()2aacov(,)_{k kr r}r kq(0) k kr2 q(0) r kr ks q(0) rr s kr k s_== +£ < ££_� �_ee e e

In the formula for varq(0)(Xk), r and s are less than or equal to k, and k is less thaniandjby hypothesis. Hence, theformulais identicalfor varq(c)( X k), andhencevarq(0)(Xk) =varq(c)( X k) . Nextwe willshow thatifdistinctverticesX k andX l areinAn(Xi) ¨ An(Xj), but{ X k , X l } <> { X i , X j }, thenc o v q(0)( X k, X l) = c o v q (c)( X k , X l). Suppose X k andX l areinAn(Xi) ¨ An(Xj), but {Xk , X l} <> {Xi, X j}. Also, suppose withoutloss of generalitythatXl is not equaltoX i or toX j andhenceX l is inAn(Xi) ¨ An(Xj) \ { X i, X j}. X i is notanancestor of any member of An(Xi) ¨ An(Xj)\{Xi}; if it is an ancestor of An(Xi) \ { X i} thenthereisadirectedcycleinG,andifitisanancestorof An(Xj) \ { X i} thenX i is anancestorof Xj, even though there is an edge X i « Xj inG. Similarly,X j is notanancestorof anymember of An(Xi) ¨ An(Xj)\{Xj}. It follows that neither Xi nor Xj is an ancestor of Xl.For Xk and Xl,

Xa,Xbcov(X,X)abvar()2(abab)cov(,)k kr rr k l lr rr lq(0) k l kr lr q(0) r kr ls ks lr q(0) rr s max(k,l)r k s= == + +£ £< ££ � � e ee e e

10The formula for covq(c)( X k, X l) is exactlythesameas theformulafor c o v q (0)( X k, X l)exceptfortermsoftheform(akiblj + akjbli)covq(c)(ei,ej); allcorresponding termsarezeroinc o v q(0)( X k, X l) becausecovq(0)(ei,ej) = 0 by definition. However, allsuch termsarealsozerointheformulafor c o v q (c)( X k , X l), becauseneitherX i nor X j is anancestorof X l , andhenceblj and bli = 0.Nextwe willshow thatc o v q(0)( X i, X j) = covq(c)(Xi,Xj) + c. Theformulaforc o v q(0)( X i, X j) is identicaltotheformulafor c o v q(c)( X i, X j), exceptthathetermaiibjjcovq(c)(ei,ej) = covq(c)(ei,ej) = c, and thetermaiibjjcovq(0)(ei,ej) = covq(0)(ei,ej) = 0. (Byconvention, the error terms are scaled so that aii = bii = 1.c o v q(0)( X i, X j|An ( X i) ¨ An ( X j) \ { X i, X j}) =c o v q (0)( X i, X j) - covq (0)( X i, An(X i) ¨ An(X j) \ { X i, X j}) ·varq(0)-1(An ( X i) ¨ An ( X j) \ { X i, X j}) ·covq (0)( X j, An(X i) ¨ An(X j) \ { X i, X j} ) Theformulafor c o v q(0)( X i, X j|An ( X i) ¨ An(Xj) \ { X i, X j}) is thesameexcepteverywhere q(0) occurs it is replaced by q(c). We have just shown that: covq(0)( X i, An( X i) ¨ An ( X j) \ { X i, X j}) = covq(c)( X i, An( X i) ¨ An ( X j) \ { X i, X j} ) varq(0)-1(An ( X i) ¨ An ( X j)\{Xi, X j}) = varq(c)-1(An ( X i) ¨ An ( X j)\{Xi, X j} ) covq (0)( X j, An(X i) ¨ An(X j) \ { X i, X j}) = covq (c)( X j, An(X i) ¨ An(X j) \ { X i, X j} ) covq(0)(Xi,Xj) = covq(c)(Xi,Xj) + cHence,c o v q(c)( X i, X j|An ( X i) ¨ An ( X j) \ { X i, X j}) = covq(0)( X i, X j|An ( X i) ¨ An ( X j) \ { X i, X j}) + c.\Theorem 4: If GC is acompleteMAGoverasetof variablesX, and S is a positivedefinite covariance matrix for X, then there is a linear parameterization q of GC such thatSGC(q ) = S .Proof. Let S be thecovariancematrixfor X. An instantiation of a parameterization ofGC has the properties that each variable can be expressed as linear function of its parents

11and an error term, and that if cov(ep,eq)„ 0 thenXp « Xq inG C; we willnow show thathereisaparameterizationofGCthathascovariancematrixS.Note that since GC is a complete ancestral graph Parents(Xk) ˝ {Xj|j < k}, andfurtherif Xi˚˛ {Xj|j < k}\Parents ( X k ) then Xi « Xj in GC . WewillabbreviateParents(Xk ) byPk. Take each variable Xk in turn. Regress Xk on Pk. Let

X̂k = α kjXj

X j ∈P k∑

andbe the linear predictor of Xk on Pk (where summationoveranemptysetis equaltozero)andtheresiduals

εk:= Xk − X̂k

We will now show that the akj andthecorrelationsbetweentheresidualsformaparameterization of thecompleteMAGG C . First notethatX k is alinearfunctionof itsparents in GCbecause

X=X+=X+k k k kj j kX ĵe a ę� P k

Second, we will show that if Cov(ep,eq) „ 0 then Xp « Xq inG C . Suppose on thecontrary that cov(ep, eq) „ 0, but there is no double headed arrow Xp « Xq inG C . Wemaysuppose without loss of generality that p < q. Since there is no double headedarrow X p «Xq, and p < q it follows that Xp fi Xq in GC. It then follows that Xp ˛ Pq.

cov(,)cov(,)cov(,),)e e e e eq p q p jX q p X q jX X X cov( Xj j= - = -˛ ˛� �P Pp p

We will now show that cov(eq,ep) = 0 by showing that cov(eq,Xp) = 0, and for all X j inPp , cov(e q , X j) = 0.Byconstruction,eqisuncorrelatedwithXp ˛ Pq, (since q istheresidualremainingafterregressing Xq on P q), so cov(e q, X p) = 0. If Xj ˛ P p , thenX j fi Xp inG C . SinceX p fi Xqin GC, it follows that Xj is an ancestor of X q inG C . AsG C is a complete ancestral graph itthen follows that Xj fiXq in GC, so Xj ˛ P q . Hencecov(eq, X j) = 0, as claimed.Itfollowsthat cov(eq,ep) = 0.Finally, positive definiteness of S ensures that eachek has positivevariance;otherwiseXkwould be a linear combination of previous Xi’s and S would not be positive definite. \

12Lemma 5: In a MAG G, if Xj ˛ An(Xi), andthereis no edgeX j fi X i , thenX i is d-separated from Xj given An(Xi)\{Xi,Xj}.Proof. Suppose, on the contrary that there is a path U that d-connectssomememberX j˛ An(Xi) to Xi given An(Xi)\{Xj,Xj}. There are three cases: eitherthereis anedgeX k fiXi on U, there is an edge Xi fi Xk on U, or there is an edge Xi « Xk on U.SupposethereisanedgeX k fi Xi on U. X k „ ˚ X j becauseotherwisethereis anedgeXj fi Xi in G. Hence Xk is in An (Xi) \ { X j, X j}. ButthenX k is notacollideron U, andUdoes not d-connect Xi to Xj given An(Xi)\{Xj,Xj}.Suppose thathefirst edgeon U is anedgeX i fi X k . Itfollows thateitherX i is anancestor of Xj, or thereis acollideron U. BecauseG is acyclic,andX j is anancestorofXi, Xi is not an ancestor of Xj. Suppose then that there is a collider Xl on U. BecauseU d-connects Xi and Xj given An(Xi)\{Xj,Xj}, Xl is an ancestor of An(Xi) \ { X j, X j}, andhenceof Xi. It follows that G is cyclic, contrary to our assumption that G is a MAG.Suppose that the first edge on U is Xi « X k . If thereis acollideron U, thenX k is anancestorof thecollider.Thecollideris anancestorof An(Xi) \ { X j, X j} becauseU d-connects Xi and Xj given An (Xi) \ { X i, X j}. HenceX k is anancestorof An(Xi) \ { X i, X j}. Itfollows that Xk is an ancestor of Xi, contrary to the assumption that G is aMAG. Supposethen that there is no collider on U. Hence Xk is an ancestor of Xj. But Xj is by hypothesis amember of An(Xi). It follows that Xk is an ancestorof X i , contrarytotheassumptionthatG is a MAG. \Lemma 6: In a MAG G, if an undirected path U in G d-connects A and B givenAn(A) ¨ An(B)\{A,B} then U is an inducing path between A and B.Proof. If there is a path U that d-connects A and B given An(A) ¨ An(B)\{A,B}then every collider on U is an ancestor of a member of An(A) ¨ An(B)\{A,B}, and hencean ancestor of A or B. Every vertex on U is an ancestor a collider on U or an ancestor of Aor B; and hence every vertex on U except for the endpoints is in An(A) ¨ An(B)\{A,B}.If U d-connects A and B given An(A) ¨ An(B)\{A,B}, then every vertex that is on U,except for the endpoints, is a collider. Hence U is an inducing path between A and B. \

13Theorem 5: If G is a MAG, and S is a positive definite covariance matrix such that if Xiand Xj ared-separatedgivenZinG, thencov(Xi,Xj|Z ) = 0, thenthereis alinearparameterization q of G such that SG(q) = S.Proof. By Lemma 3, there is a complete MAG GC such that G is a subgraph of G C . ByTheorem 4, there is a parameterization q of GC such that SGC(q) = S. We will now show thatq assigns zeroes to every edge that is in GC but notinG. First consideradirectededgeX ifi Xj that is in GC but not in G. By the method of constructionof G C , X i is anancestorofX j inG. BecausetheedgeX i fi Xj does notexistinG, by Lemma5, X j is d-separatedfromX i givenAn(Xj) \ { X i, X j} inG. Hencec o v S ( X i, X j|An ( X j) \ { X i, X j}) = 0 byhypothesis.BecauseG C is aMAG, ej is uncorrelatedwiththeerrors of anyancestorof X j , andhenceuncorrelatedwithanyancestorofXj.Henceinq the coefficients of the ancestors ofXj intheequationfor X j areequaltothepartialregression coefficientsof X j on itsancestors. But when Xj is regressed on its ancestors, the partial regression coefficient of X iin the equation for Xj, is equal to zero when covGC(q) (Xi,Xj|An(Xj)\{Xi,Xj}) = 0. Hence, ifthere is no edge Xi fi Xj in G, Xi and Xj ared-separatedgivenAn(Xj) \ { X i, X j} inG, andby hypothesis c o v S ( X i, X j|An ( X j) \ { X i, X j}) = 0. c o v GC(q)( X i, X j|An ( X j) \ { X i, X j}) =c o v S( X i, X j|An ( X j) \ { X i, X j}) = 0. Hence in q , thepartialregression coefficientof X i intheequationfor X j , is equaltozero. Itfollows thatwe canremovefromG C everydirectededge that is in GC but not in G. Call this graph GC0.We now show that GC0 is a MAG. GC0. GC0 has thesameancestorrelationsas G C andG. If A*fi B in GC0, then A*fi B in GC. Because GC is a MAG, B is notanancestorof Ain GC. Hence B is not an ancestor of A in GC0.Suppose thathereis aninducingpathbetweenAandB inG C0 . BecauseG C0 is asubgraph of GC, there is an inducing path between A and B in GC. If Ais anancestorof BinG C , thenbecauseeveryvertexon theinducingpathis anancestorof Aor B, everyvertexontheinducingpathis anancestorof B. Butthepredecessor of B on theinducingpathisacolliderontheinducingpath,andhenceisnotanancestorof B. Itfollows thatAisnotanancestorofB.Similarly,BisnotanancestorofA.HencetheedgebetweenAand

14B in GC is A« B. It follows that the edge A « B. is in GC0 . By Theorem1, G C0 is aMAG.Letq0bethesameasq,exceptthatallofthezerocoefficientscorrespondingtodirectededges in GC but not in G have been removed. q0 is a parameterization of GC0, and SGC(q0) =SGC(q ) = S .Now consider the double-headed arrows in GC but not in G. Arrange these pairs on thefollowingorder O:{ X i, X j} < { X k , X m } ifmax(i,j) < max(k,m). Thisorderinghas thefollowingproperty:If X i « Xj precedesX k « Xm intheorder thenX k « Xm does notoccur on any inducing path between Xi and Xj in GC. Suppose, for a reductio, that this w a s notthecase. BecauseX k andXm occuron aninducingpathbetweenX i andX j , eachofthemis anancestorof X i or X j . Suppose withoutloss of generalitythatk > m. By theordering of the variable pairs, k > max(i,j). By the orderingof theindividualvariables, X kis not an ancestor of Xi or Xj. This is a contradiction.LetGCnbethegraphresultingfromremovingthefirst n double-headedarrows thatarein GC0 but not in G, in theorder inwhich theyoccurinO, andqn betheparameterizationof G Cn thatresults fromremovingfromq the parameters corresponding to the edgesremoved from GC0 . Theproof thatG Cn is aMAGis by inductionon thethenumberofdouble-headedarrows removedfromG C0 . For zerodouble-headedarrows removed, wehavealreadyshown thatG C0 is aMAG, andSGCn(q n ) = SGC(q) = S. Let the inductionhypothesis be that GCn is aMAGandSGC(q0 ) = SGC(q) = S. Let the edge Xi « Xj beedgen+1 in the ordering O. Suppose that in qn, cov(ei,ej) = c. We will now show that G Cn+1 is aMAG.No double-headedarrow thatis inG Cn butnotinG appearson aninducingpathbetween Xi and Xj in GCn, because theonlyedges thatlieon aninducingpathbetweenX iand Xj inG Cn andthatarenotinG, occurprior toX i « Xj intheordering, andby theinductionhypothesishavealreadybeenremovedfromG Cn . Everydirectededgethatexistsin GCn also exists in G. Hence if there is an inducing pathbetweenX i andX j inG Cn , thereis an inducing path between Xi and Xj in G. But because G is a MAG, and there is no edgebetween Xi and Xj in G, there is no inducingpathbetweenX i andX j inG. Itfollows that

15there is no inducing path between Xi and Xj in GCn, other than the edge Xi « Xj. It followsthat in GCn+1, if there is no edge between Xi and Xj, then there is no inducingpathbetweenX i and Xj.GCn+1 has the same ancestor relations as GC and G. If A*fi B in GCn+1, then A*fi B inGC. Because GC is a MAG, B is not an ancestor of AinG C . HenceB is notanancestorofA in GCn+1. It follows from Theorem 1 that GCn+1 is a MAG.If there is no edge between Xi and Xj in GCn+1, by Theorem1 thereis no inducingpathbetweenX i andX j in GCn+1 . By Lemma6, X i andX j ared-separatedgivenAn(Xi) ¨An(Xj) \ { X i, X j}. Hencec o v GCn+1(qn+1) ( X i, X j|An ( X i) ¨ An(Xj) \ { X i, X j}) = 0. Byhypothesis, covGC(q)( X i,Xj|An ( X i) ¨ An(Xj) \ { X i, X j}) = c o v S( X i, X j|An ( X i) ¨An(Xj) \ { X i, X j}). BecausetheedgeX i « Xj does notoccurinG, X i andX j ared-separatedgivenAn(Xi) ¨ An(Xj) \ { X i, X j} inG, andhencec o v S( X i, X j|An ( X i) ¨An(Xj)\{Xi, X j}) = 0. By Lemma 4,0 = covGCn(qn)(Xi,Xj|An(Xi) ¨ An(Xj)\{Xi,Xj}) =c o v GCn+1(qn+1)( X i, X j|An ( X i) ¨ An ( X j) \ { X i, X j}) + c = 0 + cIt follows that c = 0, and hence SGCn+1(qn+1) = S GCn(qn) = S. \Lemma 7: The nth derivativeof arationalfunctionf1( X ) / f 2(X) (where f 1 andf 2 arepolynomials) whose denominator is nowhere 0 on its domainis arationalfunction, whosedenominator is a positive integral power of f2(X).Proof.Considerthefirstderivative.Thederivativeisequalto(f1�(X) * f 2(X) - f 1(X) *f2�(X))/f2( X ) 2, where f1� and f2� arealsopolynomials. Hencethederivativeis rationalandhasadenominatorthatisapositiveintegralfunctionoff2(X).Suppose then th derivativeis arationalfunction, andthedenominatoris apositivepower of f2(X), i.e. the n th derivativeequalsf 3( X ) / f 2( X ) m , where f 3(X) is apolynomial. Itfollows that the n+1st derivative is a rational function (f3�(X) * f2n(X) - m * f 2 ( X ) n-1 * f 1 ( X ) * f 2� ( X ) ) / f 2( X ) m+1 , where f 1 � andf 3 � arealsopolynomialfunctions. Thedenominatoris apositive power of f2(X), and hence is nowhere 0 in its domain. \

16Let the set of values of natural parameters of a full regular exponential family S bedenoted by N, S0 be a subfamily of S, N0 be the set of values of the naturalparametersofS0 , andifU is an open neighborhood in N, SU bethesetof distributionsinS withparameters in U.Theorem 6: The family of distributions represented by a linear MAG M over a set of kvariables is a locally parameterized curved exponential family of dimension equal tok(k+1)/2 minus the number of pairs of variables in M that are not adjacent to each other.Proof. According to Theorem 4.2.1 in Kass and Vos(1997), a subfamily S0 of ann-dimensionalregularexponentialfamilyS is a locally parameterized curved exponentialfamily if for each 0 inN0 thereis anopenneighborhood U in N containing h0 andadiffeomorphism h: U fi Rk · Rn-k such that

S0U

= {Ph in SU : h(h ) = (b,y) and y = 0}.AccordingtoTheorem4, thedistributionsrepresentedby agivenMAGMcanbeparameterizedinthefollowingway. For agivencovariancematrixS among the Xvariables, regress Xk on the set Pk := {Xj | Xj „ Xk and Xj is an ancestor of Xk}. Let

X̂k = α kjXj

X j ∈P k∑

be the linear predictor of Xk on Pk, or 0 if Pk is empty. Now let

εk:= Xk − X̂k

. The akj andthenon-zerocovariancesamongthekparameterizeaMAG.CallthissetofparametersM.Firstwewillshowthatthereisadiffeomorphismfromthesetof covariancematricesS ofthe normal distribution (with zero means) over k variables to M. By Corollary A.3 in Kassand Vos, it suffices to show that there is a smooth one-to-one function from S to M,whose inverse is also smooth.From Theorem 4 it follows that

cov(,)=cov(X

-X-X)Xcov(X

X)cov(X

X)Xp q p p q qp q p q p q p qp q pi p iX qj q jX piXX qji p j q j qi pe ea a a â, ^ )cov( , ) cov( , ^ ) cov( ^ , cov( ^ , ^ )cov( , ) , , cov(=- - + =- - +˛ ˛ ˛˛� � �P P PP i jX, )

Each of the akj is aregression coefficient,andhencearationalfunctionof S that iseverywhere defined on its domain (because every covariance matrix in S is positive

17definite). cov(ep,eq) is a rational function of the akj and S that is everywhere defined on itsdomain (because every covariance matrix in S is positive definite). Because M is a rationalfunction of S that is everywhere defined on its domain, by Lemma 7 there is a smoothfunction from S to M.It was also shown in Theorem 4 that each variable Xkcouldbewrittenas

XXk kj j kX (X )j k= +˛ � a eParents

Hence the function mapping S to M has an inverse and is one-to-one. In addition, itfollows that there is a reduced form for the X variables, i.e. they are a rational function ofthe values of the akj parameters and the variables. Hence S is a rational function of M. Itfollows that there is a smooth function from M to S.Hence there is a diffeomorphism from S to M.There is also a diffeomorphism from N to S (Kass and Vos, p. 101). The compositionof two diffeomophisms is a diffeomorphism (Kass and Vos, p. 101), and hence there is adiffeomorphism from N to M.Each family of distributions represented by a MAG can be characterized by settingsome subset of the parameters of a complete MAG equal to zero. It follows from Theorem4.2.1 that the distributions represented by a MAG are a curved exponential family.Since the dimensionality of the full space of k normal variables with zero mean is equalto k(k+1)/2, the dimensionality of a compete MAG is k(k+1)/2. Let M be an incompleteMAG. By Lemma 3, M has a complete extension M�, and the dimensionality of M� isk(k+1)/2. Each parameter in M� that is set to zero (one of the akj , or acovariancebetweentwo error terms ek and ej) corresponds to a pair of variables inMthatarenotadjacent.ThenumberofparametersinMisequaltok(k+1)/2minusthenumberof parametersinM�setto zero, i.e. k(k+1)/2 minus the number of pairs of variablesinM�thatarenotadjacentoeachother.\

18ReferencesKass, R. and Vos, P. (1997) Geometrical Foundations of Asymptotic Inference, Wiley,NY.Spirtes, P., Glymour, C., and Scheines, R. (1993) Causation, Prediction, and Search,Springer-Verlag Lecture Notes in Statistics 81, N.Y.Spirtes, P., Richardson, T., Meek, C., Scheines, R. and Glymour, C. (1997) �Using D-separation to Calculate Zero Partial Correlations in Linear Models with CorrelatedErrors�, Technical Report CMU-72-Phil.Spirtes, P., and Richardson, T. (1996). A Polynomial Time Algorithm For DeterminingDAG Equivalence in the Presence of Latent Variables and Selection Bias, Proceedingsof the 6th International Workshop on Artificial Intelligence and Statistics.Verma, T. and Pearl, J. (1990). Equivalence and synthesis of causal models in Proc. SixthConference on Uncertainty in AI. Association for Uncertainty in AI, Inc., MountainView, CA.