1Automated Discovery of Linear Feedback Models1byThomas Richardson and Peter Spirtes1. IntroductionThe introduction of statistical models represented by directed acyclic graphs (DAGs) hasproved fruitful in the construction of expert systems, in allowing efficient updatingalgorithms that take advantage of conditional independence relations (Pearl, 1988,Lauritzen et al. 1993), and in inferring causal structure from conditional independencerelations (Spirtes and Glymour, 1991, Spirtes, Glymour and Scheines, 1993, Pearl andVerma, 1991, Cooper, 1992). As a framework for representing the combination of causaland statistical hypotheses, DAG models have shed light on a number of issues in statisticsranging from Simpson�s Paradox to experimental design (Spirtes, Glymour and Scheines,1993). The relations of DAGs with statistical constraints, and the equivalence anddistinguishability properties of DAG models, are now well understood, and theircharacterization and computation involves three properties connecting graphical structureand probability distributions: (i) a local directed Markov property, (ii) a global directedMarkov property, (iii) and factorizations of joint densities according to the structure of agraph (Lauritizen, et al., 1990).Recursive structural equation models are one kind of DAG model. However, non-recursive structural equation models are not DAG models, and are instead naturallyrepresented by directed cyclic graphs in which a finite series of edges representinginfluence leads from a vertex representing a variable back to that same vertex. Suchgraphs have been used to model feedback systems in electrical engineering (Mason,1953, 1956), and to represent economic processes (Haavelmo, 1943, Goldberger, 1973).In contrast to the acyclic case, almost nothing general is known about how directed cyclicgraphs (DCGs) represent conditional independence constraints, or about their equivalenceor identifiability properties, or about characterizing classes of DCGs from conditional

1 Research for this paper was supported by the National Science Foundation through grant 9102169 and theNavy Personnel Research and Development Center and the Office of Naval Research through contractnumber N00014-93-1-0568. We are indebted to Clark Glymour, Richard Scheines, Christopher Meek, andMarek Druzdel for helpful conversations.

2independence relations or other statistical constraints. This paper addresses all of theseissues. The issues turn on how the relations among properties (i), (ii) and (iii) essential tothe acyclic case generalize� or fail to generalize� to directed cyclic graphs andassociated families of distributions. It will be shown that when DCGs are interpreted byanalogy with DAGs as representing functional dependencies with independentlydistributed noises or "error variables," the equivalence of the fundamental global andlocal Markov conditions characteristc of DAGs no longer holds, even in linear systems.For linear systems associated with DCGs with independent errors or noises, acharacterisation of conditional independence constraints is obtained, and it is shown thatthe result generalizes in a natural way to systems in which the error variables or noisesare statistically dependent.We also present a correct polynomial time (on sparse graphs) discovery algorithm forlinear cyclic models that contain no latent variables. This algorithm outputs arepresentation of a class of non-recursive linear structural equation models givenobservational data as input. Under the assumption that all conditional independenciesfound in the observational data are true for structural reasons rather than because ofparticular parameter values, the algorithm discovers causal features of the structure whichgenerated the data. A simple modification of the algorithm can be used as a decisionprocedure (whose runtime is polynomial in the number of vertices) for determining whentwo directed graphs (cyclic or acyclic) entail the same set of conditional independencerelations.The remainder of this paper is organized as follows: Section 2 defines relevantmathematical ideas and gives some necessary technical results on DAGs and DCGs.Section 3 obtains results for non-recursive linear structural equations models. Section 4describes a discovery algorithm. Section 5 describes an algorithm for deciding when twographs (cyclic or acyclic) entail the same set of conditional indepenence relations (or inthe linear case entail the same zero partial correlations), and Section 6 describes someopen research problems. All proofs are in Section 7.2. Directed Graphs and Probability DistributionsA directed acyclic graph (DAG) G with a set of vertices V can be given two distinctinterpretations. (We place sets of variables and defined terms in boldface.) On the onehand, such graphs can be used to represent causal relations between variables, where anedge from A to B in G means that A is a direct cause of B relative to V. A causal graphis a DAG given such an interpretation.

3On the other hand, a DAG with a set of vertices V can also represent a set of probabilitymeasures over V. Following the terminology of Lauritzen et al. (1990) say that aprobability measure over a set of variables V satisfies the local directed Markovproperty for a directed acyclic graph (or DAG) G with vertices V if and only if for everyW in V, W is independent of V\(Descendants(W) ¨ Parents(W)) given Parents(W),where Parents(W) is the set of parents of W in G, and Descendants(W) is the set ofdescendants of W in G. (A glossary of graph theoretic terminology is given in Section 7.Note that a vertex is its own ancestor and descendant, although not its own parent orchild.) A DAG G represents the set of probability measures which satisfy the localdirected Markov property for G.The use of DAGs to simultaneously represent a set of causal hypotheses and a family ofprobability distributions extends back to the path diagrams introduced by Sewell Wright(1934). Variants of probabilistic DAG models were introduced in the 1980�s in Wermuth(1980), Wermuth and Lauritzen (1983), Kiiveri, Speed, and Carlin (1984), Kiiveri andSpeed (1982), and Pearl (1988). 2 In Section 4 we will present assumptions which link thetwo interpretations of directed graphs.Pearl(1988) defines a global directed Markov property that has been shown to beequivalent to the local directed Markov property for DAGs, and can be used to calculatethe consequence of the local directed Markov property. (See e.g. Lauritzen et al. 1990.3)Several preliminary notions are required. Vertex X is a collider on an acyclic undirectedpath U in directed graph G if and only if there are two adjacent edges on U directed intoX (e.g. A fi X ‹ B). Every other vertex on U is a non-collider on U. In a directed graphG, if X and Y are not in Z, then an acyclic undirected path U d-connects X and Y givenZ if and only if every collider on U has a descendant in Z, and no non-collider on U is inZ. For three disjoint sets X, Y, and Z, X and Y are d-connected given Z in G if and onlyif there is a path U that d-connects some X in X to some Y in Y given Z. For threedisjoint sets X, Y, and Z, X and Y are d-separated given Z in G if and only of X is notd-connected to Y given Z. A probability distribution P satisfies the global directedMarkov property for directed graph G if and only if for any three disjoint sets of variables

2It is often the case that some further restrictions are placed on the set of distributions represented by aDAG. For example, one could also require the Minimality Condition, i.e. that for any distribution Prepresented by G, P does not satisfy the local directed Markov Condition for any proper subgraph of G.This condition, and others are discussed in Pearl(1988) and Spirtes, Glymour, and Scheines(1993).3 However, in Section 3 we show that the local and global directed Markov properties are not equivalent forcyclic directed graphs.

4X, Y, and Z, if X is d-separated from Y given Z in G, then X is independent of Y given Zin P.The following theorems relate the global directed Markov property to factorizations of adensity function. Denote a density function over V by f(V), where for any subset X of V,f(X) denotes the marginal of f(V). If f(V) is the density function for a probability measureover a set of variables V and An(X) is the set of ancestors of members of X in directedgraph G, say that f(V) factors according to directed graph G with vertices V if and onlyif for every subset X of V,

f g( ( )) (V, (V))V( )An ParentsAnX V X= ˛�

where gV is a non-negative function. The following result was proved in Lauritzen et al.(1990).Theorem 1: If V is a set of random variables with a probability measure P that has adensity function f(V), then f(V) factors according to DAG G if and only if P satisfies theglobal directed Markov property for G.As in the case of acyclic graphs, the existence of a factorization according to a cyclicdirected graph G does entail that a measure satisfies the global directed Markov propertyfor G. The proof given in Lauritzen et al. (1990) for the acyclic case carries overessentially unchanged to the cyclic case. (Lauritzen et al. use a different definition ofd-separation that in Section 7 is shown to be equivalent to Pearl�s in both the cyclic andthe acylic case.)Theorem 2: If V is a set of random variables with a probability measure P that has adensity function f(V) and f(V) factors according to directed (cyclic or acyclic) graph G,then P satisfies the global directed Markov property for G.However, unlike the case of acyclic graphs, if a probability measure over a set of variableV satisfies the global directed Markov property for cyclic graph G and has a densityfunction f(V), it does not follow that f(V) factors according to G.

5The following weaker result relating factorization of densities and the global directedMarkov property does hold for both cyclic and acyclic directed graphs.Theorem 3: If V is a set of random variables with a probability measure P that has apositive density function f(V), and P satisfies the global directed Markov property fordirected (cyclic or acyclic) graph G, then f(V) factors according to G.3. Non-recursive Linear Structural Equation ModelsThe problem considered in this section is to investigate the generalization of the Markovproperties to linear, non-recursive structural equation models. First we must relate thesocial scientific terminology to graphical representations, and clarify the questions.The variables in a structual equation model (SEM) can be divided into two sets, the�error� variables and the �substantive� variables. Corresponding to each substantivevariable Xi is an equation expressing Xi as a linear function of the direct causes of Xi plusa unique error variable ei. (We will not consider non-linear models.) Since we have nointerest in first moments, without loss of generality each variable can be expressed as adeviation from its mean.Consider, for example, two SEMs S1 and S2 over X = {X1, X2, X3}, where in both SEMsX1 is a direct cause of X2 and X2 is a direct cause of X3. The structural equations4 inFigure 1 are common to both S1 and S2.X1 = e1X 2 = b1 X1 + e2X 3 = b2 X2 + e3Figure 1: Structural Equations for SEMs S1 and S2where b1 and b2 are free parameters ranging over real values, and e1, e 2 and e3 are errorvariables. In addition suppose that e1, e2 and e3 are distributed as multivariate normal. InS1 we will assume that the correlation between each pair of distinct error variables isfixed at zero. The free parameters of S1 are q = <b, P>, where b is the set of linearcoefficients {b1, b2} and P is the set of variances of the error variables. We will useSS1(q1) to denote the covariance matrix parameterized by the vector q1 for model S1, and

4 We realize that it is slightly unconventional to write the trivial equation for the exogenous variable X1 interms of its error, but this serves to give the error variables a unified and special status as providing all theexogenous sources of variation for the system.

6occasionally leave out the model subscript if the context makes it clear which model isbeing referred to. If all the pairs of error variables in a SEM S are uncorrelated, we say Sis a SEM with uncorrelated errors.S2 contains the same structural equations as S1, but in S2 we will allow the errors betweenX2 and X3 to be correlated, i.e., we make the correlation between the errors of X2 and X3a free parameter, instead of fixing it at zero, as in S1. In S2 the free parameters are q = <b,P�>, where b is the set of linear coefficients {b1,b2} and P� is the set of variances of theerror variables and the correlation between e2 and e 3. If the correlations between any ofthe error variables in a SEM are not fixed at zero, we will call it a SEM with correlatederrors.5If the coefficients in the linear equations are such that the substantive variables are aunique linear function of the error variables alone, the set of equations is said to have areduced form. A linear SEM with a reduced form also determines a joint distributionover the substantive variables. We will consider only linear SEMs which havecoefficients for which there is a reduced form, all variances and partial variances amongthe substantive variables are finite and positive, and all partial correlations among thesubstantive variables are well defined (e.g. not infinite).It is possible to associate with each SEM with uncorrelated errors a directed graph thatrepresents the causal structure of the model and the form of the linear equations. Forexample, the directed graph associated with the substantive variables in S1 is X1fi X2 fiX3, because X1 is the only substantive variable that occurs on the right hand side of theequation for X2, and X2 is the only substantive variable that appears on the right hand sideof the equation for X3. We generally do not include error variables in the causal graphassociated with a SEM unless the errors are correlated. When the distinction is relevant tothe discussion, we enclose measured variables in boxes, latent variables in circles, andleave error variables unenclosed.

5We do not consider SEMs with other sorts of constraints on the parameters, e.g., equality constraints.

7X1X2X3e2e3

Figure 2. SEM S2 with correlated errorsThe typical path diagram that would be given for S2 is shown in Figure 2. This is notstrictly a directed graph because of the curved line between error variables e2 and e 3,which indicates that e2 and e3 are correlated. It is generally accepted that correlation is tobe explained by some form of causal connection (see section 4.1 below), and accordinglywe assume that curved lines are an ambiguous representation of a causal connection.Interpreted causally, the error variable for a variable X represents all causes of X otherthan the substantive variables explicitly included in the model. Thus the error variable isreally an additive amalgamation of perhaps hundreds of other variables that are leftunmeasured. To say that two error variable e2 and e3 are correlated and have an unknowncausal connection is to say that one or more of the variables Vi that make up e2 isidentical with, or causally connected to one or more of the variables Wj that make up e2.Whether Vi is a cause of Wj, or Wj is a cause of Vi, or there is a latent variable C that is acause of both Vi and Wj (Figure 3), or some combination of these, in all cases there is alatent common cause of the substantive variables X2 and X3 for which e2 a n d e 3 are theerror variables. Thus we will convert SEMs with correlated errors into SEMs withoutcorrelated errors by adding a latent common cause (which possibly represents anamalgam of many latents) of the appropriate substantive variables and replacing thepreviously correlated error variables with uncorrelated ones. (This method of handlingcorrelated errors is also used in Koster 1995.) We illustrate this process in Figure 3.Let e2 be a linear combination of the set of variables V, and e3 be a linear combination ofthe set of variables W. (We do not preclude the possibility that V and W overlap.) InFigure 3, we indicate that e2 is a function of the variables in V with braces. The variablesin V and W can be re-partitioned into three disjoint subsets (one each for e2�, e3�, and T)such that no variable in any of the subsets is causally connected to a variable in either ofthe other subsets. By the Causal Independence assumption (introduced in section 4.1) e2�,e3�, and T are independent.

8 C

} C

X3W1 ,.,Wi ,Wn

X1X2X3 V1,..,Vi VnW1 ,.,Vi ,Vn

X1X2e2e3e2e3

X1X2e2�e3�TX3

V1,..,Vi VnW1 ,.,Vi ,Vn

X1X2e2�e3�T

Conversione2� and e3� Uncorrelated,T a Common Cause of X2 and X3e2 and e3 Correlated

}

}

}

}

}

}

}

}

} V1,..,Vi Vn V1,..,Vi VnFigure 3. Correlated to Uncorrelated ErrorsApplying this procedure to S2 (Figure 2) results in a model S2� which we can associatewith a directed graph (Figure 4). S2 and S2� represent the same causal relations, and forevery covariance matrix SS2(q), there is a covariance matrix SS2�(q�) = S S2 (q), and vice-versa. Henceforth, we will consider only SEMs with uncorrelated errors. However thetheorems in this section can be applied to SEMs with correlated errors by using thistransformation technique. A SEM is said to be recursive (an RSEM) if its directed graphis acyclic; otherwise it is non-recursive.6

6 Note that this use of cyclic directed graphs to represent feedback processes represents an extension of thecausal interpretation of directed graphs.

9X1X2X3e1e2e3 ’’T Figure 4. S2�: Correlated Errors Replaced by Latent Common CauseA linear SEM (or its corresponding DAG) containing disjoint sets of variables X, Y, andZ linearly entails that X is independent of Y given Z if and only if X is independent of Ygiven Z for all values of the linear coefficients not fixed at zero, and all distributions ofthe exogenous variables in which they are jointly independent. Let rXY.Z be the partialcorrelation of X and Y given Z. A linear SEM (or its corresponding DAG) containing X,Y, and Z, where X „˚Y and X and Y are not in Z, linearly entails that rXY.Z = 0 if andonly if rXY.Z = 0 for all values of the linear coefficients not fixed at zero and alldistributions of the exogenous variables in which they are jointly independent. It followsfrom Kiiveri and Speed (1982) that if the error variables are jointly independent, then anydistribution that forms a linear, recursive SEM with a directed graph G satisfies the localdirected Markov property for G. One can therefore apply d-separation to the DAG in alinear, recursive SEM to compute the conditional independencies and zero partialcorrelations it linearly entails. The d-separation relation provides a polynomial (in thenumber of vertices) time algorithm for deciding whether a given vanishing partialcorrelation is linearly entailed by a SEM with a given DAG.Linear non-recursive structural equation models (linear SEMs) are commonly used in theeconometrics literature to represent feedback processes that have reached equilibrium.7Corresponding to a set of non-recursive linear equations is a cyclic graph, as thefollowing example from Whittaker (1990) illustrates.X1 = eX1X2 = eX2X3 = b31X1 + b34X4 + eX3X4 = b42X2 + b43X3 + eX4eX1, eX2, eX3, eX4 are jointly independent and normally distributed

7Cox and Wermuth (1993), Wermuth and Lauritzen(1990) and (indirectly) Frydenberg(1990) consider aclass of linear models they call block recursive. The block recursive models overlap the class of SEMs, butthey are neither properly included in that class, nor properly include it. Frydenberg (1990) presentsnecessary and sufficient conditions for the equivalence of two block recursive models.

10X1X2X4X3

Figure 5: Example of Non-recursive SEMTheorem 4, Theorem 5, and Theorem 6 state that the set of conditional independencerelations and zero partial correlations entailed by a SEM can be read off of thed-separation relations in the associated graph, even in the case of cyclic graphs. (Theorem4 was independently proved by J. Koster in Koster (1995).)Theorem 4: The probability measure P over the substantive variables of a linear SEM L(recursive or non-recursive) with jointly independent error variables satisfies the globaldirected Markov property for the directed (cyclic or acyclic) graph G of L, i.e. if X, Y,and Z are disjoint sets of variables in G and X is d-separated from Y given Z in G, then Xand Y are independent given Z in P.Theorem 5: In a linear SEM L with jointly independent error variables and directed(cyclic or acyclic) graph G containing disjoint sets of variables X, Y and Z, if X is notd-separated from Y given Z in G then L does not linearly entail that X is independent ofY given Z.Applying Theorem 4 and Theorem 5 to a linear SEM with the directed graph in Figure 5,the conditional independence relations linearly entailed are just X1 is independent of X2,and X1 is independent of X2 given X3 and X4.Theorem 6: In a linear SEM L with jointly independent error variables and (cyclic oracyclic) directed graph G containing substantive variables X, Y and Z, where X „˚Y andZ does not contain X or Y, X is d-separated from Y given Z in G if and only if L linearlyentails that rXY.Z = 0.As in the acyclic case, d-separation provides a polynomial time procedure for decidingwhether a linear SEM with a cyclic graph linearly entails a conditional independence orvanishing partial correlation.In DAGs the global directed Markov property entails the local directed Markov property,because a variable V is d-separated from its non-parental non-descendants given itsparents. However, this is not always the case in cyclic graphs. For example, in Figure 5,

11X4 is not d-separated from its non-parental non-descendant X1 given its parents X2 andX3, so the local directed Markov property does not hold.84. The Discovery ProblemSuppose that we are given data sampled from a population whose causal structure iscorrectly described by some non-recursive structural equation model M. Is it possible todiscover the causal graph of M from the data, or at least recover some features of thecausal graph from the data? In Spirtes et al. (1995) the problem of discovering features ofthe causal graph is considered under the assumption that it is acyclic, but that there maybe latent variables (i.e. there may be unmeasured variables that are the direct cause of atleast two measured variables.) Here we will consider the problem of discovering featuresof the causal graph under the assumption that it may be cyclic, but there are no latentvariables. Future research is needed on the problem of discovering the causal graph whenit may be cyclic and there may be latent variables.In order to make inferences about causal relations from a sample distribution, it isnecessary to introduce some axioms that relate probability distributions to causalrelations. The two assumptions that we will make are the Causal Independence andCausal Faithfulness Assumptions, described in the next two subsections.4.1. The Causal Independence AssumptionThe most fundamental assumption relating causality and probability that we will make isthe following:Causal Independence Assumption: If A does not cause B, and B does not cause A, andthere is no third variable that causes both A and B, then A and B are uncorrelated.This assumption allows us to draw a causal conclusion from statistical data and lies atthe foundation of the theory of randomized experiments. If the value of A is randomized,the experimenter knows that the randomizing device is the sole cause of A. Hence theexperimenter knows B did not cause A, and that there is no third variable which causesboth A and B. This leaves only two alternatives: either A causes B or it does not. If A and

8 We are indebted to C. Glymour for pointing out that the local Markov condition fails in Whittaker’smodel. Indeed, there is no acyclic graph (even with additional variables) that linearly entails all and onlyconditional independence relations linearly entailed by Figure 5, although the directed cyclic graph ofFigure 5 is equivalent to one in which the edges from X1 to X3 and X2 to X4 are replaced, respectively, byedges from X1 to X4 and from X2 to X3.

12B are correlated in the experimental population, the experimenter concludes that A doescause B, which is an application of the Causal Independence Assumption.The Causal Independence Assumption entails that if two error variables, such as e2 and e3in Figure 2 are correlated there is a latent common cause of X2 and X3 responsible for thecorrelation. In other words, when X2 and X3 have correlated errors, we assume that thedistribution over X2 and X 3 is the marginal of some other distribution including a finitenumber of latent causes of X2 and X3 in which the error variables are uncorrelated, as inFigure 4. Since we are making the assumption that there are no latent variables, it followsthat the error variables of the causal graph are uncorrelated. The correctness of thed-separation criterion for deciding which partial correlations are linearly entailed to bezero by a SEM with an associated graph G then follows necessarily from Theorem 6.4.2. The Faithfulness AssumptionIn addition to the zero partial correlations that are entailed for all linear parameterizationsof a graph, there may be zero partial correlations that hold only for some particularparameterizations of a graph. For example, suppose Figure 6 is the directed graph of aSEM that describes the relations among Tax Rate, the Economy, and Tax Revenues.TaxRateEconomyTaxRevenues

b1b2b3Figure 6. Economic ModelIn this case there are no vanishing partial correlation constraints entailed for all values ofthe free parameters. But if b1 = -(b2 · b3), then Tax Rate and Tax Revenues areuncorrelated. The SEM postulates a direct effect of Tax Rate on Revenue (b1), and anindirect effect through the Economy (b2 · b3). The parameter constraint indicates thatthese effects exactly offset each other, leaving no total effect whatsoever. In such a casewe say that the population is unfaithful to the graph of the causal structure that generated

13it. A distribution is faithful to a directed graph G if each partial correlation that is zero inthe distribution is entailed to be zero by G.Causal Faithfulness Assumption: If a distribution P is generated by a SEM withassociated graph G, then A is independent of B given C in P only if G linearly entails thatA is independent of B given C.The faithfulness assumption limits the SEMs considered to those in which populationconstraints are entailed by structure, not by particular values of the parameters. If oneassumes faithfulness, then if A and B are not d-separated given C, then rA,B.C „ 0 , (because it is not linearly entailed to equal zero for all values of the free parameters.)Faithfulness should not be assumed when there are deterministic relationships amongvariables, or equality constraints upon free parameters, since either of these can lead toviolations of the assumption. So m e f o r m o f t h e a s s u m p t i o n o f f a i t h f u l n e s s i s u s e d i n every science, and amounts to no more that the belief that an improbable and unstablecancellation of parameters does not hide real causal influences. When a theory cannote x p l a i n a n e m p i r i c a l r e g u l a r i t y s a v e b y i n v o k i n g a s p e c i a l p a r a m e t e r i z a t i o n , m o s t scientists are uneasy with the theory and look for an alternative.It is also possible to give a personalist Bayesian argument for assuming faithfulness. Forany graph, the set of linear parameterizations of the graph that lead to violations of linearf a i t h f u l n e s s a r e L e b e s g u e m e a s u r e z e r o . H e n c e a n y B a y e s i a n w h o s e p r i o r o v e r t h e p a r a m e t e r s i s a b s o l u t e l y c o n t i n u o u s w i t h L e b e s g u e m e a s u r e , a s s i g n s a z e r o p r i o r probability to violations of faithfulness. Of course, this argument is not relevant to thoseBayesians who place a prior over the parameters that is not absolutely continuous withLebesgue measure and assigns a non-zero probability to violations of faithfulness.T h e a s s u m p t i o n o f f a i t h f u l n e s s g u a r a n t e e s t h e a s y m p t o t i c c o r r e c t n e s s o f t h e C y c l i c Causal Discovery (CCD) algorithm described in Section 4.4. It does not guarantee that onsamples of finite size this algorithm is reliable.Given the Causal Independence Assumption, an assumption of no latent variables, alinearity assumption, and the Causal Faithfulness assumption, it follows that in adistribution P generated by a causal structure represented by a directed graph G, rXY.Z = 0if and only if X is d-separated from Y given Z in G. So if we can perform statistical testsof zero partial correlations then we can use that information to draw conclusions aboutthe d-separation relations in G, and then to reconstruct as much information about G aspossible. Henceforth we will speak of reconstructing features of G from d-separationrelations, and from zero partial correlation interchangeably, since given our assumptions,

14these are equivalent. (The algorithm is correct for any distribution for which ad-separation oracle is available, but the only case we know of in which such an oracle isavailable is the linear case.) Of course the number of distinct d-separation relations grows exponentially with thenumber of variables in the graph. Therefore it is important to discover the features of Gfrom a subset of the set of all d-separation relations. The CCD algorithm that we describebelow chooses the subset of d-separation relations that it needs to reconstruct features ofG as it goes along. Therefore we assume that it has access to a d-separation oracle thatcorrectly answers questions about d-separation relations in G. In practice, of course, theoracle is some kind of statistical test of the hypothesis that a particular partial correlationis zero in a population that satisfies the global Markov and faithfulness properties for G.4.3. Output Representation — Partial Ancestral Graphs (PAGs)In general, it is not possible to reconstruct a unique graph G given information only aboutits d-separation relations, because there may be more than one graph that contains exactlythe same set of d-separation relations. Two directed graphs G, G* are said to bed-separation equivalent if they both have the same set of d-separation relations. The setof directed graphs d-separation equivalent to a given graph G is denoted by Equiv(G).Richardson(1994b) and Richardson(1995) present a polynomial-time algorithm fordetermining when two graphs are d-separation equivalent to each other; a simpleralgorithm is presented in Section 5. (Note that there is a stronger sense of equivalence,which we will call linear statistical equivalence between two graphs which holds whenevery distribution described by a linear parameterization of one graph can also bedescribed by a linear parameterization of the other graph, and vice-versa. In the acycliccase it is known that d-separation equivalence is equivalent to linear statisticalequivalence, but it is not known if this is so for cyclic graphs.)The members of Equiv(G) always have certain features in common. We now introducethe formalism with which we will represent features common to all graphs in Equiv(G)for some fixed G. A partial ancestral graph (PAG) is an extended graph, consisting of aset of vertices V, a set of edges between vertices, and a set of edge-endpoints, two foreach edge, drawn from the set {o, —, >}. In addition pairs of edge endpoints may beconnected by underlining, or dotted underlining. A partial ancestral graph for G containspartial information about the ancestor relations in G, namely only those ancestor relationscommon to all members of Equiv(G). In the following definition, which provides a

15semantics for PAGs we use ’*’ as a meta-symbol indicating the presence of any one of{o,˚—, >}.Partial Ancestral Graphs (PAGs)9Y is a PAG for Directed Cyclic Graph G with vertex set V, if and only if(i) There is an edge between A and B in G if and only if A and B are d-connected inY given any subset W ˝ V\{A,B}.(ii) If there is an edge in Y out of A (not necessarily into B), i.e. A—* B, then A is anancestor of B in every graph in Equiv(G).(iii) If there is an edge in Y into B, i.e. A*—>B, then in every graph in Equiv(G), B isnot an ancestor of A.(iv) If there is an underlining A*�

*B* �*C in Y then B is an ancestor of (at leastone of) A or C in every graph in Equiv(G).(v) If there is an edge from A to B, and from C to B, (A�> B<� C), then the arrowheads at B are joined by dotted underlining, thus A� >B< �C, only if in every graphin Equiv(G) B is not a descendant of a common child of A and C.(vi) Any edge endpoint not marked in one of the above ways is left with a small circlethus: o�*.Observe that condition (i) differs from the other five conditions in providing necessaryand sufficient condtions on Equiv(G) for a given symbol, in this case an edge, to appearin a PAG. The other five conditions merely state necessary conditions. For this reasonthere are in fact many different PAGs for a graph G. Although they all have the sameedges, they do not necessarily have the same endpoints. Some of the PAGs provide moreinformation than others about causal structure, e.g. they have fewer ’o’s at the end ofedges.10If Y is a PAG for Directed Cyclic Graph G, we also say that Y represents G. Since everyclause in the definition refers only to Equiv(G), it follows that if Y is a PAG for DirectedCyclic Graph G, and G*˛Equiv(G), then Y is also a PAG for G*. This is not surprisingsince, as the output of the discovery algorithm we present below, the PAG is designed to

9 The extended graphs which we introduce here - Partial Ancestral Graphs - use a superset of the set ofsymbols used by Partially Oriented Inducing Path Graphs (POIPGs) descaribed in Spirtes et al. (1993) butthe graphical interpretation of the orientations given to edges is different. However, it has been shown inSprites et al. (1996) that a POIPG can be interpreted directly as a PAG. A direct corollary is that PAGs canbe used to represent the d-separation equivalence class for directed acyclic graphs with latent variables. It isan open question whether or not the set of symbols is sufficiently rich to allow us to represent d-separationclasses of cyclic graphs with latent variables.10If one PAG for a graph G has a ’>’ at the end of an edge, then every other PAG for the same graph eitherhas a ’>’ or a ’o’ in that location. Similarly if one PAG for a graph G has a ’—’ at the end of an edge thenevery other PAG for the same graph either has a ’—’ or an ’o’ in that location.

16represent features common to all graphs in the d-separation equivalence class. However,some PAGs (providing less information) may also represent graphs from differentd-separation equivalence classes. However, any PAG output by the discovery algorithmwe present provides sufficient information so as to ensure that all of the graphs that itrepresents lie in one d-separation equivalence class; hence any PAG output by thediscovery algorithm can be thought of as representing a unique d-separation equivalenceclass.The set of features described by a PAG is rich enough to enable us to distinguish betweenany two d-separation equivalence classes, i.e. there is some feature common to all graphsin one d-separation equivalence class that is not true of all graphs in the otherd-separation equivalence class, and this difference can be expressed by a difference in thePAGs representing those d-separation equivalence classes.Example:Suppose G is as follows:ABXY

GFigure 7In this case it can be shown that Equiv(G) contains (only) two graphs:

AG)BXY

ABXY

Equiv(G)Figure 8The PAG which the CCD algorithm outputs given as input an oracle for decidingconditional independence facts in G, is:

AGgivenBXY

PAG for Equiv(G)

Figure 9

17Observe that the PAG tells us the following facts about Equiv(G):11(a) X is an ancestor of Y, and Y is an ancestor of X in every graph in Equiv(G).(b) In no graph in Equiv(G) is X or Y an ancestor of A or B.(c) In every graph in Equiv(G) both A and B are ancestors of X and Y.Note that not every edge in the PAG appears in every graph in Equiv(G). This is becausean edge in the PAG indicates only that the two variables connected by the edge ared-connected given any subset of the other variables. In fact it is possible to showsomething stronger, namely that if there is an edge between two vertices in a PAG, thenthere is some graph represented by the PAG in which that edge is present.12This example is atypical in that the PAG given by the algorithm contains no ’o’ endpoints;however it shows how much information a PAG may provide. Notice that the followingare also PAGs for G though they are less informative.

AGBXY

Other PAGs forEquiv(G)ABXY

Figure 10The CCD algorithm we describe does not always give the most informative PAG for agiven graph G in that there may be features common to all graphs in the d-separationequivalence class which are not captured by the PAG that the algorithm outputs. In thissense the algorithm is not complete. However, the algorithm is ’d-separation complete’ inthe sense that if the d-separation oracles for two different graphs cause the algorithm toproduce the same PAG as output then the two graphs are d-separation equivalent.Two definitions are required to state the algorithm. Two vertices, X and Y in a PAG arep-adjacent if there is an edge between them, X*�*Y in the PAG.13 For PAG Y,Adjacencies(Y,X) is a function giving the set of variables Y s.t. there is an edge X*�*Yin Y. Y is a dynamic object in the algorithm that changes as the algorithm progresses,and hence Adjacencies(Y,X) also changes as the algorithm progresses. A trace of thealgorithm on a simple example is given in section 4.6.

11This is not an exhaustive list. For example, the presence of the dotted line connecting the arrowheads onthe A �>X, and B�>X edges, tells us that in no graph in Equiv(G) are both of these edges present.Likewise with the dotted line connecting the arrowheads of the B�>Y, and A�>Y edges.12See footnote 10.13Here as elsewhere ’*’ as a meta-symbol indicating any of the three ends -, o, >.

184.4. The Cyclic Causal Discovery (CCD) AlgorithmThe overall strategy for discovery is shown in Figure 11.

Discovery PAG Algorithm

representsfeaturescommon toG1 . . . . . . .Gn . .d-separationequivalenceclassd-separationoracle

Figure 11CCD AlgorithmInput: An oracle for answering questions of the form: "Is X d-separated from Y given setZ, (X,YˇZ) in graph G?"Output: A PAG for G.ƒA a) Form the complete undirected PAG Y, i.e. for each pair of variables A and B, Ycontains the edge A o�o B.b) n = 0.repeatrepeatselect an ordered pair of variables X and Y that arep-adjacent in Y such that the number of vertices inAdjacencies(Y,X)\{Y} is greater than or equal to n;repeatselect a subset S of Adjacencies(Y,X)\{Y} with nvertices;if X and Y are d-separated given S delete edge X o�oY from Y and set Sepset(X,Y) = S and Sepset(Y,X) =S;until every subset S of Adjacencies(Y,X)\{Y} with nvertices has been selected or some subset S has been foundfor which X and Y are d-separated given S;until all ordered pairs of p-adjacent vertices X and Y such thatAdjacencies(Y,X)\{Y} has greater than or equal to n vertices havebeen selected;n = n + 1;until for each ordered pair of p-adjacent vertices X, Y, Adjacencies(Y,X)\{Y}has less than n vertices.

19ƒB. For each triple of vertices A,B,C such that the pair A,B and the pair B,C are eachp-adjacent in Y but the pair A, C are not p-adjacent in Y, orient A*�*B*�*C asA�>B<�C if and only if B is not in Sepset<A,C>; orient A*�*B*�*C asA*�

*B* �*C if and only if B is in Sepset<A,C>.ƒC. For each triple of vertices <A,X,Y> in Y such that(a) A is not p-adjacent to X or Y in Y,(b) X and Y are p-adjacent in Y,(c) X ˇ Sepset<A,Y>(i) If

Sepset < A,Y > ⊂≠ Sepset < A,X >

then orient X o—*Y as X<�Y(ii) Else if Sepset<A,X> is not a subset of Sepset<A,Y>, then orient X o—*Y as X<�Y if A and X are d-connected given Sepset<A,Y>ƒD. For each vertex V in Y form the following set: X˛Local(Y,V) if and only if X isp-adjacent to V in Y, or there is some vertex Y such that X�>Y<�V in Y.(Local(Y,V) is calculated once for each vertex V and does not change as thealgorithm progresses.)m = 1.repeatrepeatselect an ordered triple <A,B,C> such that A�>B<�C but A and Care not p-adjacent, and Local(Y,A)\(Sepset<A,C>˚¨˚{B,C}) hasgreater than or equal to m vertices.repeatselect a set T ˝ Local(Y,A)\(Sepset<A,C>˚¨˚{B,C}) with mvertices, and test if A and C are d-separated givenT˚¨˚Sepset<A,C>˚¨˚{B} then orient the triple A�>B<�C asA� > B < �C, and record T˚¨˚Sepset<A,C>˚¨˚{B}˚inSupSepset<A,B,C>.until every subset T ˝ Local(Y,A)\(Sepset<A,C> ¨˚{B,C}) with mvertices has been selected or a d-separating set for A and C hasbeen recorded in SupSepset<A,B,C>.until all triples such that A�>B<�C, (i.e. not A� > B < �C), A and C arenot p-adjacent, and Local(Y,A)\(Sepset<A,C>˚¨˚{B,C}) have greaterthan or equal to m vertices have been selected.m = m +1.until each ordered triple <A,B,C> such that A�>B<�C but A and C are notp-adjacent, is such that Local(Y,A)\(Sepset<A,C>˚¨˚{B}) has fewer than mvertices.

20ƒE. If there is a quadruple <A,B,C,D> of distinct vertices such that(i) A� > B < �C in Y(ii) A�>D<�C or A� > D < �C in Y(iii) B and D are p-adjacent in Ythen orient B*—oD as B�>D in Y if D is not in SupSepset<A,B,C>else orient B*—oD as B*�D in Y if D is in SupSepset<A,B,C>ƒF. For each quadruple <A,B,C,D> of distinct vertices such that(i) A� > B < �C in Y(ii) D is not p-adjacent to both A and C in Yif A and D are d-connected given SupSepset<A,B,C>˚¨˚{D}, then orient B*�oD as B�>D in Y4.5. Soundness and CompletenessTheorem 7: (Soundness) Given as input an oracle for d-separation relations in the (cyclicor acyclic) directed graph G, then the output is a PAG Y for G.Theorem 7 is proved by showing that each section of the algorithm makes correctinferences from the answers of the d-separation oracle applied to G.In practice, an approximation to a d-separation oracle can be implemented as a statisticaltest that the corresponding partial correlation vanishes. As the sample size increaseswithout limit, if the significance level of the statistical test is systematically lowered, thenthe probabilities of both Type I and Type II error for the test approach zero, so that thestatistical test is correct with probability one. Of course, this does not guarantee that theCCD algorithm as implemented is reliable on realistic sample sizes. The reliability of thealgorithm depends upon the following factors:1. Whether the Causal Independence Assumption holds (i.e. there are no latentvariables).2. Whether the Causal Faithfulness Assumption holds.3. Whether the distributional assumptions made by the statistical tests hold.4. The power of the statistical tests against alternatives.5. The significance level used in the statistical tests.In the future, we will test the sensitivity of the algorithm to these factors on simulateddata.

21Theorem 8: (d-separation Completeness) If the CCD algorithm, when given as inputd-separation oracles for the graphs G1, G2 produces as output PAGs Y1, Y2 respectively,then Y1 is identical to Y2 if and only if G1 and G2 are d-separation equivalent, i.e.G2˚˛Equiv(G1) and vice versa.The proof is based on the characterization of d-separation equivalence in Richardson(1994b). (It follows directly from Theorem 7 that if G1 and G2 are d-separationequivalent then Y1 is identical to Y2.)4.6. Trace of CCD AlgorithmThe following illustrates the operation of the algorithm given as input a d-separationoracle for the following graph:ABXY

GFigure 12Initial PAG Y:ABXY

Figure 13Section ƒA:Since A and B are d-separated given the empty set, the algorithm removes the edgebetween A and B and records Sepset<A,B>˚=˚Sepset<B,A> = ˘. This is the only pair ofvertices that are d-separated given a subset of the other variables. Hence after ƒA Y is asfollows:ABXY

Figure 14Section ƒBSince XˇSepset<A,B> and YˇSepset<A,B>, Ao—oXo—oB and Ao—oYo—oB are orientedrespectively as A—>X<—B and A—>Y<—B. The state of Y at the end of ƒB is shown inFigure 15.

22ABXY

Figure 15Section ƒC No orientations are performed in this case.Section ƒDSince A and B are d-separated given {X,Y}, the algorithm records SupSepset<A,X,B> =SupSepset<A,Y,B> = {X,Y}, and it orients A—>X<—B as A— >X< —B, and A—>Y<—B asA— >Y< —B. The state of PAG Y after ƒD is shown in Figure 16.

ABXY

Figure 16Section ƒEThe quadruple <A,B,X,Y> is such that (i) A— >X< —B, (ii) A— >Y< —B, (iii) X and Y arep-adjacent, thus it satisfies the conditions in section ƒE. Since Y˛ SupSepset<A,X,B>,the edge Xo—oY is oriented as Y�oX. Since X˛ SupSepset<A,Y,B>, this edge is furtheroriented as Y�X.Section ƒF — Performs no orientations in this case, hence the PAG that is output is:

AYBXYPAG YFigure 174.7. Complexity of CCD Algorithm

Let MaxDegree(

MaxX| YX, or XY in Y V G G ) ,

= ‹ ‹ { } ąnd MaxAdj(

)MaxX| X is padjacent to Y in any PAG for Y V G G = - { } ˛

The number of d-separation tests performed by Step ƒA of the CCD algorithm will, in aworst case, be bounded as follows:

Total number of

oracle consultations in ¶ A

£ �

( )

( )

£

+ - - = + � 2

1 2 2 0 2 1 2 n n i i k k k n n k ( ) ( )

!

.

23where n˚=˚number of vertices in G, k˚=˚MaxAdj(G). Since MaxAdj(G) £ (MaxDegree(G))2, with MaxDegree(G) = r this step is

O(n r 2 +3)

. It should be stressed thateven as a worst case complexity bound this is a very loose one; the bound presumes thatthere is a graph in which every pair of non-adjacent vertices in the graph are onlyd-separated given all vertices adjacent to one of them.Step ƒB performs no additional tests of d-separation.Step ƒC performs at most one d-separation test for each triple satisfying the conditionsgiven. Thus this step is O(n3).In a worst case the number of tests of d-separation that Step ƒD performs is bounded by

Total number of

oracle consultations in ¶ D

£ ( ) ( )

£

+ - - = + �n n iim m

m n nm 3

3 0 3 1 1 3 ( ) ( )

!

where m˚=˚

MaxY∈V

|{X | Local(Y,X)} in ƒD. Since m £ (MaxDegree(G))2, this step is

O(n r 2 +4 )

. Again this is a loose bound.Step ƒE performs no tests of d-separation, while step ƒF performs at most one test foreach quadruple satisfying the conditions. Hence this step is O(n4 ) , ( t h o u g h i n m a n y graphs there may be very few quadruples satisfying all four conditions).5. d-separation EquivalenceSince the CCD algorithm is d-separation complete, the orientation rules in the algorithmmay be used to construct a d-separation equivalence algorithm. We present an algorithmthat, given as input a Directed Cyclic or Acyclic graph G will produce as output the samePAG that the CCD algorithm outputs given only a d-separation oracle for G. However,this algorithm, unlike the CCD algorithm, runs in time polynomial in the number ofvertices, even if MaxDegree(G) is not kept fixed. Thus this algorithm can be used to testfor d-separation equivalence of two graphs in polynomial time. Let Children(X) be the setof children of members of X in G.Cyclic PAG-from-Graph AlgorithmInput: Directed Cyclic or Acyclic graph GOutput: The CCD PAG Y for G.ƒa Form the complete undirected PAG Y, whch has an edge o—o between every pair ofvertices in the vertex set V.

24For each ordered pair of vertices <A,B> form the following sets:SA,B = Children(A) ˙ An({A,B})TA,B = (Parents(SA,B ¨ {A}) ¨ SA,B)\(Descendants(Children(A)˙Children(B)) ¨ {A,B})For each ordered pair <A,B>:If A and B are d-separated given TA,B then record T A , B in S e p s e t <A,B> and Sepset<B,A> and remove the edge Ao—oB from Y.else if A and B are d-separated given TB,A then record TB,A in Sepset<A,B> and Sepset<B,A> and remove the edge Ao—oB from Y.ƒb For each triple of vertices A,B,C such that the pair A,B and the pair B,C are eachp-adjacent in Y but the pair A, C are not p-adjacent in Y, orient A*�*B*�*C asA�>B<�C if and only if B is not in Sepset<A,C>; orient A*�*B*�*C asA*�

*B* �*C if and only if B is in Sepset<A,C>.ƒc For each triple of vertices <A,X,Y> in Y such that(a) A is not p-adjacent to X or Y in Y(b) X and Y are p-adjacent in Y(c) X ˇ Sepset<A,Y>Orient X o—*Y as X<�Y if A and X are d-connected given Sepset<A,Y>ƒd For each triple <A,B,C> or <C,B,A> such that A�>B<�C, A and C are notp-adjacent, form the following set:QA,B,C = Children(A) ˙ An({A,B,C})RA,B,C = ( P a r e n t s ( Q A,B,C ¨ {A}) ¨ QA,B,C)\(Descendants(Children(A)˙ Children(C)) ¨{A,C})If A and C are d-separated given RA,B,C ¨˚{B} then orient A�>B<�C as A� > B < �C,and record RA,B,C˚¨˚{B}˚in SupSepset<A,B,C>.ƒe If there is a quadruple <A,B,C,D> of distinct vertices such that(i) A� > B < �C in Y,(ii) A�>D<�C or A� > D < �C in Y,(iii) B and D are p-adjacent in Y,then orient B*—oD as B�>D in Y if D is not in SupSepset<A,B,C>else orient B*—oD as B*�D in Y if D is in SupSepset<A,B,C>.

25ƒf For each quadruple <A,B,C,D> of distinct vertices such that(i) A� > B < �C in Y(ii) D is not p-adjacent to both A and C in Y, andif A and D are d-connected given SupSepset<A,B,C>˚¨˚{D}, then orient B*�oD as B�>D in Y.We do not include the proof that this algorithm is correct, but it is very similar to theproof that the CCD algorithm itself is correct. The main difference between the twoalgorithms lies in the fact the CCD algorithm must search for the Sepset and SupSepsetsets, testing many different candidates, whereas the PAG from graph algorithm is facedwith the much simpler task of constructing these sets, given the graph itself.Since, by Theorem 8, given two graphs G1, G2 as input, the CCD algorithm will producethe same PAG as output if and only if G1 and G2 are d-separation equivalent, thealgorithm given above provides an algorithm for deciding the d-separation equivalence oftwo directed graphs. Moreover the algorithm is of complexity O(n7) where n is thenumber of vertices in the graph. In this respect this algorithm is significantly faster thanthe procedure presented in Richardson (1994b) which was O(n9).In addition, if a directed cyclic graph G is provided as input to the PAG-from-graphalgorithm, then it is also possible to tell from the execution of the algorithm, whether ornot there is an directed acyclic graph that is d-separation equivalent to G: If steps ƒc—ƒfperform no orientations then there is a directed acyclic graph d-separation equivalent toG. This follows from the fact that the combination of d-separation relations that the rulesin ƒc—ƒf require are not entailed by any directed acyclic graph. (See Richardson 1994,1994b).6. ConclusionThese results raise a number of interesting questions whose answers may be of practicalimportance. Are there other parameterizations of directed cyclic graphs which entail theglobal Markov condition? Is there a polynomial algorithm for determining when twoarbitrary directed graphs (cyclic or acyclic) linearly entail the same set of conditionalindependence relations over a common subset of variables O? As we have seen there arecorrect, polynomial time algorithms for inferring features of sparse directed graphs(cyclic or acyclic) from a probability distribution when there are no latent commoncauses. There are similarly correct, but not polynomial time, algorithms for inferring

26features of directed acyclic graphs from a probability distribution even when there maybe latent common causes (see Spirtes, 1992, Spirtes, Glymour and Scheines, 1993, andSpirtes, Meek, and Richardson 1995). Are there comparable algorithms for inferringfeatures of directed graphs (cyclic or acyclic) from a probability distribution even whenthere may be latent common causes?

277. ProofsA directed graph is an ordered pair of a finite set of vertices V, and a set of directededges E. A directed edge from A to B is an ordered pair of distinct vertices <A,B> in V(depicted as A fi B) in which A is the tail of the edge and B is the head; the edge is outof A and into B, and A is parent of B and B is a child of A; also A and B are adjacent.A sequence of edges <E1,...,En> in a directed graph G is an undirected path if and onlyif there exists a sequence of vertices <V1,...,Vn+1> such that for 1 £ i £ n either <Vi,Vi+1>= Ei or <Vi+1,Vi> = E i and Ei „ E i+1. A sequence of edges <E1,...,En> in a directed graphG is a directed path if and only if there exists a sequence of vertices <V 1,...,V n+ 1 > suchthat for 1 £ i £ n <Vi,Vi+1> = Ei. A (directed or undirected) path U is acyclic if no vertexoccurring on an edge in the path occurs more than once. If there is an acyclic directedpath from A to B or B = A then A is an ancestor of B, and B is a descendant of A. Adirected graph is acyclic if and only if it contains no directed cyclic paths.147.1. Proof of Theorem 3Some of the proofs are simplified by using a graphical relation (which we will call�Lauritzen d-separation�) shown in Lauritzen et al. (1990) to be equivalent to Pearl�sd-separation relation defined in Section 2. Several preliminary definitions are needed todefine Lauritzen d-separation. An undirected graph is an ordered pair of a finite set ofvertices V, and a set of undirected edges E. An undirected edge between A and B is anunordered pair of distinct vertices {A,B} in V. A sequence of edges <E1,...,En> in anundirected graph H is an undirected path if and only if there exists a sequence ofvertices <V1,...,Vn+1> such that for 1 £ i £ n {Vi,Vi+1} = Ei and Ei „ Ei+1. Let G(X) be thesubgraph of directed graph G that contains only vertices in X, with an edge from A to Bin G(X) if and only if there is an edge from A to B in G. Moral(G) moralizes a directedgraph G if and only if Moral(G) is an undirected graph with the same vertices as G, and apair of vertices X and Y are adjacent in Moral(G) if and only if either X and Y areadjacent in G, or they have a common child in G. In an undirected graph H, if X, Y, andZ are disjoint sets of vertices, then X is separated from Y given Z if and only if everyundirected path between a member of X and a member of Y contains a member of Z. IfX, Y and Z are disjoint sets of variables, X and Y are Lauritzen d-separated given Z in

14An undirected path is often defined as a sequence of vertices rather than a sequence of edges. The twodefinitions are essentially equivalent for acyclic directed graphs, because a pair of vertices can be identifiedwith a unique edge in the graph. However, a cyclic graph may contain more than one edge between a pairof vertices. In that case it is no longer possible to identify a pair of vertices with a unique edge.

28a directed graph G just when X and Y are separated given Z in Moral(G(An(X ¨ Y¨˚Z))). We will show that Pearl d-separation and Lauritzen d-separation are equivalenteven in cyclic graphs.Lemma 1 states conditions under which a set of �short� d-connecting paths may be puttogether to form a single d-connecting path. Since some of the vertices in the proofs aredefined as satisfying certain properties in the graph, if A and B are vertices, we write A”B if and only if A and B are different names for the same vertex. If there is an undirectedpath U containing vertices A and B in directed graph G, and there is only one subpath ofU between A and B, then U(A,B) is the subpath of U between A and B.Lemma 1: (Richardson 1994b)In a directed (cyclic or acyclic) graph G over a set of vertices V, if the followingconditions hold:(a) R is a sequence of vertices in V from A to B, R ” < A”X0,�Xn+1”B>, such that"i,˚0˚ £ i £ n, Xi „ Xi+1 i.e. the Xi are only pairwise distinct (i.e. not necessarilydistinct),(b)˚Z ˝ V\{A,B},(c) T is a set of undirected paths such that(i)˚for each pair of consecutive vertices in R, Xi and Xi+1, there is a uniqueundirected path in T that d-connects Xi and Xi+1 given Z\{Xi , Xi+1},(ii)˚if some vertex Xk in R , is in Z, then the paths in T that contain Xk as anendpoint collide at Xk, (i.e. both paths are directed into Xk)(iii)˚if for three vertices Xk—1, Xk, Xk+1 occurring in R, the d-connecting paths in Tbetween Xk—1 and Xk, and Xk and Xk+1, collide at Xk then Xk has a descendant inZ,then there is a path U in G that d-connects A”X0 and B”Xn+1 given Z.Proof:˚Let U« be the concatenation of all of the paths in T in the order of the sequence R.U« may not be acyclic because it may contain vertices more than once. In particular itmay contain the endpoints A and B more than once. Let U* be a subsection of U « whichbegins with A, and ends with B, and has no occurences of A or B in between.We now form the path U by removing all (undirected) cycles from U*. The process hereis simply as follows: If Yi = Yj, then we remove the subpath associated with the sequenceof vertices <Yi,�Yj>. Carry out this process until there are no repetitions among the Yi.Let us then rename the sequence of vertices associated with U as <V0�Vp>.

29We will call an edge in U containing a given vertex Vi, an endpoint edge, if Vi is in thesequence R and the edge containing Vi is either the first or last edge on a path in Tbetween Vi and its predecessor or successor in R; otherwise the edge is an internal edge.It now remains to show that U is a d-connecting path.First we prove that if Vi ˛˚Z then Vi is a collider on U:Any edge in U is either an internal edge or an endpoint edge. If Vi occurrs on a pathbetween two vertices in R, then since the path is d-connecting given Z\{theendpoints}, Vi is a collider on this path. Hence any internal edge between Vi and someother vertex is into Vi.If Vi occurs in R, then by condition c(ii) any paths in T which contain Vi as anendpoint collide there. Hence any endpoint edges containing Vi are into Vi.Since the edges in U are a subset of the internal and endpoint edges in U«, and all theedges in U« that contained Vi are into Vi it follows that Vi is a collider on U.Next we prove that every collider Vj on U has some descendant in Z:Since the edges in U are a subset of those in U«, it follows that if Vi is a collider on Uthen there was some edge Yh—1fiYh where Vi—1 ” Yh—1 and Vi ” Yh. Similarly, therewas some edge Yk‹Yk+1 where Vi ” Yk and Vi+1 ” Yk+1 (h £ k).Suppose that no descendant of Vi ” Yh is in Z. If Yh occurs on a path P1 in T betweentwo vertices Xa and Xa+1 in R which was d-connecting given Z \ { X a, Xa+1}, theneither there is a subpath of P1 that is a directed path from Yh to Xa , or there is asubpath of P 1 that is a directed path from Yh to Xa + 1 , or it is an ancestor of someelement of Z\{Xa, Xa+1}.15 Since we supposed that no descendant of Vi is in Z, wemust conclude that either there is a subpath of P1 that is a directed path from Vi to Xa,or there is a subpath of P1 that is a directed path from Vi to Xa+1. However since Vioccurs on an edge of the form Yh—1fiYh”Vi, it follows that there is a subpath of P1that is a directed path from Vi to Xa+1, and hence Vi is an ancestor of Xa+1.(Alternatively, if Yh is in R, then let a be s.t. Xa+1˚”˚Yh. The next step of the argumentthen follows.)But we can now carry out a similar argument with Xa+1 and Xa+2. If the path in Tfrom Xa+ 1 to Xa+2, say P 2, is into Xa + 1 , then the two paths P1 and P 2 in T, collide at

15It is easy to show if A and B are d-connected given Z by some path P, then every vertex V on P is eitheran ancestor of Z, or on a directed subpath to A, or on a directed subpath to B. For a proof see Lemma 20 ofRichardson(1994).

30Xa+1. But in that case, by condition c(iii) of the antecedent, some descendant ofXa+1˚˛˚Z, and hence some descendant of Vi is in Z, contrary to hypothesis. Hence thepath in T between Xa+1 and Xa+2 is out of Xa + 1 . Let W be the first vertex on P2 afterXa+1. Since the first edge on P2 is out of Xa+1 it follows that either there is a collideron the path that is a descendant of W, or P2(W, Xa + 2 ) is a directed path from W toXa+2. But W is a descendant of Vi, so it is not an ancestor of any member of Z, andhence is not an ancestor of a collider on P2. It follows that P2(W, Xa+2) is a directedpath from W to Xa + 2 . Hence the path in T between Xa+1 and Xa + 2 is of the form:Xa+1fi�fiXa+2. By repeating this argument we can show that for every r s.t. a+r£ n, the path in T between Xa+r and Xa+r+1 is of the form: Xa+rfi�fiXa+r+1. But thisis a contradiction since the edge Yk‹Yk+1 occurs on one of these paths. Hence somedescendant of Vi is in Z.This completes the proof of Lemma 1. \Lemma 2: In a directed graph G with vertices V, if X, Y, and Z are disjoint subsets of V,and X is d-connected to Y given Z in G, then X is d-connected to Y given Z in an acyclicdirected subgraph of G.Proof. Suppose that U is an undirected path that d-connects X and Y given Z, and C is acollider on U. Let length(C,Z) be 0 if C is a member of Z; otherwise it is the length of ashortest directed path from C to a member of Z. Let size(U) equal the number of colliderson U plus the sum over all colliders C on U of length(C,Z). U is a minimal d-connectingpath between X and Y given Z, if U d-connects X and Y given Z and there is no otherpath U� that d-connects X and Y given Z such that size(U�) < size(U). If there is a paththat d-connects X and Y given Z there is at least one minimal d-connecting path betweenX and Y given Z.Suppose X is d-connected to Y given Z. Then for some X in X and Y in Y, there is aminimal d-connecting path U between X and Y given Z. U in G. First we will show thatno shortest acyclic directed path Di from a collider Ci on U to a member of Z intersects Uexcept at Ci by showing that if such a point of intersection exists then U is not minimal,contrary to our assumption. See Figure 18.

31X W C W Y

XYiZUDi’X W C W Y

XYiZU’Figure 18Form the path U� in the following way. If Di intersects U at a vertex other than Ci then letW X be the vertex closest to X on U that is on both Di and U, and WY be the vertexclosest to Y on U that is on both Di and U. Suppose without loss of generality that WX isafter WY on Di. Let U� be the concatenation of U(X,WX), Di(WY,WX), and U(WY,Y). Itis now easy to show that U� d-connects X and Y given Z, and size(U�) < size(U) becauseU� contains no more colliders than U and a shortest directed path from WX to a memberof Z is shorter than Di. Hence U is not minimal, contrary to the assumption.Next, we will show that if U is minimal, then it does not contain a pair of colliders C andD such that a shortest directed path from C to a member of Z intersects a shortest pathfrom D to a member of Z. Suppose this is false. See Figure 19.X C M D Y

RZUX C M D Y

RZU’Figure 19Let D1 be a shortest directed acyclic path from C to a member of Z that intersects D2, ashortest directed acyclic path from D to a member of Z. Let the vertex on D1 closest to C

32that is also on D2 be R. Let U� be the concatenation of U(X,C), D1(C,R), D2(D,R), andU(Y,D). It is now easy to show that U� d-connects X and Y given Z and s i z e (U�) <size(U) because C and D are not colliders on U�, the only collider on U� that may not beon U is R, and the length of a shortest path from R to a member of Z is less than thelength of a shortest path from D to a member of Z. Hence U is not minimal, contrary tothe assumption.For each collider C on a minimal path U that d-connects X and Y given Z, a shortestdirected path from C to a member of Z does not intersect U except at C, and does notintersect a shortest directed path from any other collider D to a member of Z. It followsthat the subgraph consisting of U and a shortest directed acyclic path from each collideron U to a member of Z is acyclic. \Lemma 3: In a directed (cyclic or acyclic) graph G, disjoint sets of variables X, Y and Z,X and Y are Pearl d-connected given Z if and only if X and Y are Lauritzen d-connectedgiven Z.Proof: First we will show that Pearl d-connection entails Lauritzen d-connection. If Xand Y are Pearl d-connected given Z then there is some Pearl d-connecting path P from avertex X˛X to a vertex Y˛Y. The adjacencies in the moralized undirected graphMoral(G (An({X}¨{Y}¨Z))) are a superset of the adjacencies in G, hence there is a pathP* i n M o r a l ( G (An({X}¨{Y}¨Z))) corresponding to P in G. Since P is Pearld-connecting the only vertices B on P* that can be in Z occur on P in colliders of theform AfiB‹C. A and C are not in Z because they are non-colliders on P. Since B˛Z, Aand C are adjacent in Moral(G*). Thus, for any vertex B˛Z on P* it is possible to form apath Q* from P* by replacing the A�B�C sub-path in P* with the edge A�C. Since novertex in Z occurs on Q*, X and Y are not separated in Moral(G*(An({X}¨{Y}¨Z))),hence X and Y are Lauritzen d-connected given Z.Next we will show that Lauritzen d-connection entails Pearl d-connection. If X and Y areLauritzen d-connected given Z then there is some path Q in the moralized undirectedgraph Moral(G(An(X¨Y¨Z))) connecting a vertex X˛X to a vertex Y˛Y, on whichthere is no vertex in Z. The edges in Moral(G(An(X¨Y¨Z))) are a superset of the edgesin G(An(X¨Y¨Z)), but whenever there is an A�C edge in Moral(G(An(X¨Y¨Z)))which is not present in G(An(X¨Y¨Z)) then there is some vertex B such that AfiB‹Cin G, and B is an ancestor in G of some vertex in X¨Y¨Z (since every vertex inG(An(X¨Y¨Z)) is an ancestor of X¨Y¨Z.)

33Form an undirected path P in G as follows. Replace each undirected edge on Q by adirected edge in G if such exists (if there is more than one then pick one). If there is anundirected edge A�C on Q which is not present in G then replace A�C by a subpathAfiB‹C where B˛Ancestors(X¨Y¨Z); by the construction of the moralized graphthere is guaranteed to be such a B. Note that since such vertices B are inMoral(G(An(X¨Y¨Z))), it follows that every vertex on P occurs inMoral(G(An(X¨Y¨Z))).Index the vertices on the path P as follows: <V0,�Vn+1> (so V0”X, Vn + 1 ”Y). Nowconstruct the following sets:TX = {Vi | Vi˛An(X)\An(Z)} and TY = {Vi | Vi˛An(Y)\An(Z)}.Let a be the largest k s.t. Vk ˛TX , (if TX = ˘, let a = 0). Let b be the smallest k greaterthan a s.t. Vk˛TY, (if TY = ˘, let b = n+1).We will now show that every vertex Vk on P(Va,Vb ), except for Va and Vb , is anancestor of Z. Suppose some vertex Vk (a<k<b) is not an ancestor of Z, then since everyvertex Vi on P occurs in Moral(G(An(X¨Y¨Z))), Vi˛An(X¨Y¨Z). If ViˇAn(Z) thenVi˛An(X¨Y). However, if Vi˚˛An(X)\An(Z) then Vi˛TX , so a is not the largest k s.t.Vk ˛T X . S i m i l a r l y i f V i˛An(Y)\An(Z) then Vm˛TY , so b is not the smallest k s.t.Vk˛TY. Hence Vi ˛ An(Z). Since Va˛TX, Va˛An(X) hence there is a directed path Da in G from Va to some vertexX� in X. (If a = 0 then this is trivially true since Va”V0”X˛X.) Further, since Va˛TX,VaˇAn (Z), so no vertex in Z occurs on the path Da. Likewise there is a directed pathDb inG from Vb to some vertex Y� in Y, and no vertex in Z occurs on the path Db.We now construct a set T of paths as follows: For each edge VifiVi+1 or Vi‹Vi+1 onQ(Va,Vb) put the (one-edge) path between Vi and Vi+1 into T. If the directed path Da isof length greater than 0 then put and Da into T, and similarly for Db.We will now show that T satisfies the conditions for Lemma 1, with the sequenceR”<X«,Va,�Vb ,Y«> (in the cases in which Va”X”X« omit X«, similarly if Vb”Y”Y«omit Y«).Condition (a): (Pairwise distinctness.) This follows directly from the fact that there is anedge between Vk and Vk+1.

34Condition (b): Z˝V\{X«,Y«). This follows since X, Y and Z are pairwise disjoint.Condition (c(i)): A directed path P in T between each pair of consecutive vertices whichd-connects given Z\{endpoints of P}. This holds trivially for Vi,Vi+1 since there is anedge between Vi and Vi + 1 . T h e p a t h Da d-connects X« and Va since, as we showedabove, it is a directed path no vertex of which is in Z. (In the case in which Va”X”X«,this case does not arise.) Similarly the path Db is d-connecting given Z since no vertex onthe path is in Z. Condition(c(ii)): If some vertex W in R is in Z then the paths in T that contain W as anendpoint collide at W. The vertices on Va,�Vb on P are either (a) vertices that werepresent on the path Q in Moral(G(An(X¨Y¨Z))), or (b) they are vertices that were addedwhen edges (A�C) not present in G were replaced by unshielded colliders (AfiB‹C),(or both, since the path P is not guaranteed to be acyclic). Any vertex in category (a) isnot in Z, since if it were then the original path Q would not have been connecting inMoral(G(An(X¨Y¨Z))) given Z. The vertices Va and Vb are not in Z , since Va and Vbare either not ancestors of Z , or in the case in which Va”X or Vb”Y are elements ofX¨Y; in both cases Va , Vb ˇZ. Hence if Vi ˛Z, then Vi occurs as a collider (possiblymore than once) on the path P, hence all paths in T that contain Vi as an endpoint collideat Vi. Condition(c(iii)): If for three consecutive vertices <A,B,C> in the sequence R thed-connecting paths between A and B, and between B and C in T collide at B then B has adescendant in Z. We have already shown that every vertex Vk on P(Va,Vb), except forVa and Vb is an ancestor of Z . Thus it is sufficient to show that the paths in T do notcollide at Va o r V b . However, this follows immediately from the fact that Da is adirected path from Va to X«, and Db is a directed path from Va to Y«. (In the cases inwhich Va”X, Va is the first vertex in the sequence R so the case does not arise, similarlyif Vb”Y, then Vb is the last vertex in the sequence.)We can now apply Lemma 1 to construct an acyclic d-connecting path from X« to Y«given Z. \Since Lauritzen d-separation and Pearl d-separation are equivalent, henceforth we willsimply refer to �d-separation� when the context makes clear which definition is beingused.

35Theorem 3: If V is a set of random variables with a probability measure P that has apositive density function f(V), and P satisfies the global directed Markov property fordirected (cyclic or acyclic) graph G, then f(V) factors according to G.Proof. Assume that probability measure over V satisfies the global directed Markovproperty for directed (cyclic or acyclic) graph G. Let X, Y, and Z be three arbitrarydisjoint sets of vertices in G. Since by Lemma 3, Pearl d-separation and Lauritzen d-separation are equivalent, we will now show that for any disjoint sets of variables R, S,and T included in An(X ¨ Y ¨˚Z), if R and S are separated given T in Moral(G(An(X ¨Y ¨˚Z))), then R and S are independent given T. If R, S, and T are included in An(X ¨Y ¨˚Z), then An(R ¨ S ¨˚T) is included in An(X ¨ Y ¨˚Z). Any pair of vertices A andB adjacent in Moral(G(An(R ¨ S ¨˚T))) is also adjacent in Moral(G(An(X ¨ Y ¨˚Z)))because G(An(R ¨ S ¨˚T)) is a subgraph of G(An(X ¨ Y ¨˚Z)). Hence Moral(G(An(R¨ S ¨˚T))) is a subgraph of Moral(G(An(X ¨ Y ¨˚Z))). It follows that if R and S areseparated given T in Moral(G(An(X ¨ Y ¨˚Z))) they are also separated inMoral(G(An(R ¨ S ¨˚T))). But by the global directed Markov property, if R and S areseparated given T in Moral(G(An(R ¨ S ¨˚T))) then R and S are independent given T. Itfollows from the Hammersly-Clifford Theorem (see Lauritzen et al. 1990) that thedensity function f(An(X ¨ Y ¨˚Z)) can be factored as

fg( ( )) (V, (V))VV ( )An ParentsAnX Y Z X Y Z̈¨ = ˛ ¨ ¨�

where each gV is a positive function, i.e., the density function factors according to G. \7.2. Proof of Theorem 4Theorem 4: The probability measure P over the substantive variables of a linear SEM L(recursive or non-recursive) with jointly independent error varaibles satisfies the globaldirected Markov property for the directed (cyclic or acyclic) graph G of L, i.e. if X, Y,and Z are disjoint sets of variables in G and X is d-separated from Y given Z in G, then Xand Y are independent given Z in P.Proof. Let Err(X) be the set of error variables corresponding to a set of substantivevariables X. In order to distinguish the density function for V from the density functionfor the error variables we will use fV to represent the density function (including marginaldensities) for the latter and fErr to represent the density function of the former. If V is theset of variables in G, then by hypothesis,

36

f f Err Err

ErrV Err V( ( )) () ( ) =^˛� e e

It is possible to integrate out the error variables not in Err(An(X)) and obtain

f fErr ErrErr nXErr X( ( ( ))) ( )( ( ))An A= ˛ � ee

Because for each variable X in V, X is a linear function of its parents in G plus a uniqueerror variable eX, it follows that eX is a linear function gX of X and the parents of X in G.Hence Err(An(X)) is a function of An(X). Following Haavelmo (1943) it is possible toderive the density function for the set of variables An(X) by replacing each eX in fErr(eX)by gX(X,Parents(X)) and multiplying by the absolute value of the Jacobian:

fgJXV ErrnXX( ( )) ( (X, (X)))X ( )An ParentsA= ·˛�

where J is the Jacobian of the transformation. Because the transformation is linear, theJacobian is a constant. All of the terms in the multiplication are non-negative becausethey are either a density function or a positive constant. It follows from Theorem 2 that ifX and Y are d-separated given Z then X and Y are independent given Z. \7.3. Proof of Theorem 5Theorem 5: In a linear SEM L with jointly independent error variables and directed(cyclic or acyclic) graph G containing disjoint sets of variables X, Y and Z, if X is notd-separated from Y given Z in G then L does not linearly entail that X is independent ofY given Z.Proof. Suppose that X is not d-separated from Y given Z. By Lemma 2, if X is notd-separated from Y given Z in a cyclic graph G, then there is some acyclic subgraph G�of G in which X is not d-separated from Y given Z. Geiger and Pearl (1988) have shownthat if X is not d-separated from Y given Z in a directed acyclic graph, then there is somedistribution represented by the directed acyclic graph in which X is not independent of Ygiven Z, and it has been shown (Spirtes, Glymour and Scheines, 1993) that there is inparticular a linear normal distribution P in which X is not independent of Y given Z. If Psatisfies the global directed Markov property for G� it also satisfies it for G because everyd-connecting path in G� is a d-connecting path in G. Hence there is some linear normaldistribution represented by G in which X is not independent of Y given Z. \

377.4. Proof of Theorem 6Theorem 6: In a linear SEM L with jointly independent error variables and (cyclic oracyclic) directed graph G containing substantive variables X, Y and Z, where X „˚Y andZ does not contain X or Y, X is d-separated from Y given Z in G if and only if L linearlyentails that rXY.Z = 0.Proof. (This proof for cyclic or acyclic graphs is based on the proof for acyclic graphs inVerma and Pearl, 1990.) Let L� be a linear SEM with the same directed graph G and thatis the same as L except that the exogenous variables are jointly normally distributed withthe same variances as the corresponding variables in L. By Theorem 4 and Theorem 5, L�linearly entails that X is independent of Y given Z if and only if X is d-separated from Ygiven Z in G. Hence for all values of the linear coefficients and all joint normaldistributions over the exogenous variables, rXY.Z = 0 if and only if X is d-separated fromY given Z in G. Because the value of a partial correlation in a linear SEM depends onlyon the values of the linear coefficients and the variances of the exogenous variables, L�linearly entails rXY.Z = 0 if and only if X is d-separated from Y given Z in G and henceL also linearly entails that rXY.Z = 0 if and only if X is d-separated from Y given Z in G.\7.5. Proof of Theorem 7Theorem 7: (Soundness) Given as input an oracle for testing d-separation relations in thedirected (cyclic or acyclic) graph G, then the output is a PAG Y for G.Proof. The proof proceeds by showing that each section of the CCD algorithm makescorrect inferences from the d-separation oracle for G, to the structure of any graph inEquiv(G).

Section ƒA

Lemma 4: Given a PAG Y for graph G with vertex set V, if at least one of the followingholds:(i) X is a parent of Y in G, or(ii) Y is a parent of X in G, or(iii) there is some vertex Z which is a child of both X and Y, such that Z is an ancestorof either X or Y (or both)then X and Y are p-adjacent in Y, i.e. X and Y are d-connected given any subsetS˝V\{X,Y} of the other vertices in G.

38Proof. If (i) holds then the path XfiY d-connects X and Y given any subset S˝V\{X,Y},hence X and Y are p-adjacent in any PAG Y for graph G. The case in which (ii) holds isequally trivial: X‹Y is a d-connecting path given any set S˝V\{X,Y}.If (iii) holds there is a common child (Z) of X and Y which is an ancestor of X or Y;therefore either there is a directed path XfiZfiA1fi�AnfiY (n˚ ‡ ˚0), or there is adirected path YfiZfiA1fi�AnfiX. Suppose without much loss of generality that it isthe former. Let S be an arbitrary subset of the other variables (S˝V\{X,Y}). There aretwo cases to consider:Case 1: S ˙ {Z, A1�An}„ ˘; in this case XfiZ ‹Y is a d-connecting path.Case 2: S ˙˚{Z, A1�An}= ˘; then XfiZfiA1fi�AnfiY is a d-connecting path. \Lemma 5: In a graph G, with vertices V, if the following hold:16(i) X is not a parent of Y in G(ii) Y is not a parent of X in G, and(iii) there is no vertex Z s.t. Z is a common child of X and Y, and an ancestor of X or Y,then for any set Q, X and Y are d-separated given T, defined as follows:S = Children(X) ˙ An({X,Y}¨ Q)T = (Parents(S ¨ {X}) ¨ S)\(Descendants(Children(X)˙Children(Y)) ¨ {X,Y}).Proof. Every vertex in S is an ancestor of X or Y or Q. Every vertex in T is either aparent of X, a vertex in S, or a parent of a vertex in S, hence every vertex in T is anancestor of X or Y or Q. We will now show that if (i), (ii), and (iii) hold then X and Y ared-separated given T.Suppose, on the contrary that there is a path d-connecting X and Y given T. Let W be thefirst vertex on the path from X to Y. (It follows from (i) and (ii) that W„Y.) There aretwo cases to consider:Case 1 The path contains X‹W�Y.Subcase A: W is not a descendant of a common child of X and Y. If W is not adescendant of a common child, then W˛T (Since W is a parent of X). Thus since W isa non-collider on the path, the path is not d-connecting given T.

16i.e. None of the conditions in the antecedent of Lemma 4 hold.

39Subcase B: W is a descendant of a common child of X and Y. In this case since X is achild of W, it follows that X is a descendant of some common child Z of X and Y. Butthis is contrary to the assumption that (iii) holds.Case 2 The path contains XfiW� Y.Subcase A: W is not a descendant of a common child of X and Y. Let V be the nextvertex on the path.Sub-subcase a: The path contains XfiW‹V�Y. If this path is d-connecting thensome descendant of W is in T, but then some descendant of W is an ancestor of Xor Y or Q. Hence W is an ancestor of X, Y or Q. So if some descendant of W is inT, then W is in S. Moreover, since W is (by hypothesis) not a descendant of acommon child, V „ Y.Now V is a parent of W, and W˛S. Moreover V is not a descendant of a commonchild since in that instance W would also be a descendant of a common child,contrary to hypothesis. X „ V „ Y, so V˛T. Thus V occurs as a non-collider, but V˛ T, hence the path fails to d-connect given T.Sub-subcase b: The path contains XfiWfiV�Y. If some path XfiWfiV�Y d-connects given T then W is either an ancestor of Y or some vertex in T. However ifW is an ancestor of some vertex in T, then W is an ancestor of X, Y or Q, sinceevery vertex in T is an ancestor of X, Y or Q. Hence W˛S, and thus since W is (byhypothesis) not a descendant of a common child of X and Y, and X˚„˚W˚„˚Y, W˛T. Since W occurs as a non-collider on this path, it follows that any pathXfiWfiV�Y fails to d-connect given T. (This allows for the possibility that V =Y).Subcase B: W is a descendant of a common child. Thus Descendants(W) ˙ T = ˘,since descendants of W are also descendants of common children of X and Y and socannot occur in T.Since no descendant of W has been conditioned on, if W occurs on a d-connectingpath then W is a non-collider. We can show that any other vertex on such a d-connecting path must be a non-collider. Suppose that there is a collider on the path,then take the first collider on the path after W, let us say <A,˚B,˚C>, so that the pathnow takes the form: XfiWfiVfi�fi�fiAfiB‹C�Y. Since <A,˚B,˚C> is the firstcollider after V, it follows that B is a descendant of W. But if the path is d-connectingthen some descendant of B, say D, has been conditioned on, i.e. D˛ T. But then since

40D is a descendant of B, and B is a descendant of W, D˛Descendants(W) which is acontradiction since Descendants(W) ˙ T = ˘.As there are no colliders on the path it follows that W is an ancestor of Y. But then Wis a descendant of a common child of X and Y, and an ancestor of Y. But thiscontradicts (iii).This completes the proof of Lemma 5.\Corollary 1: Given a graph G, and PAG Y for G, X and Y are p-adjacent in Y if andonly if at least one of the following holds in G:(i) X is a parent of Y, or(ii) Y is a parent of X, or(iii) there is some vertex Z which is a child of both X and Y, such that Z is an ancestorof either X or Y (or both).Proof. ’If’ is proved by Lemma 4. ’Only if’ follows from Lemma 5 with Q = ˘ bycontraposition. \We have obtained necessary and sufficient conditions on a graph G for a pair of verticesto be p-adjacent in any PAG for G. Thus it makes sense to speak of a pair of vertices X,Y being p-adjacent in graph G, where this means that at least one of (i), (ii) and (iii)holds.The previous Corollary tells us that a pair of vertices are p-adjacent in G if and only ifthey are p-adjacent in every PAG for G. For this reason we will often refer to a pair ofvariables as p-adjacent without specifying whether we are referring to the graph or thePAG.Corollary 2: In a graph G, if X and Y are d-separated by some set R, then X and Y ared-separated by a set T in which every vertex is an ancestor of X or Y. Furthermore, eitherT is a subset of the vertices p-adjacent to X or X is an ancestor of Y in G.Proof. Since X and Y are d-separated by some set R, X and Y are not p-adjacent in G.Apply Lemma 5, with Q = ˘. In that caseS = Children(X) ˙ An({X,Y})T = (Parents(S ¨ {X}) ¨ S)\(Descendants(Children(X)˙Children(Y)) ¨ {X,Y})It follows from Lemma 5 that X and Y are d-separated given T. Every vertex in S is anancestor of X or Y. Every vertex in T is either a parent of X, a vertex in S, or a parent ofa vertex in S, and hence every vertex in T is an ancestor of X or Y.

41We will now show that either T is a subset of the vertices p-adjacent to X or X is anancestor of Y in G. Every vertex in T is either a parent of X, a child of X, or a parent V ofsome vertex C in S, where C is also a child of X. Any vertex in the first two categories isclearly p-adjacent to X. Since C is in S, C is an ancestor of X or Y. If C is an ancestor ofX, then V is p-adjacent to X. If C is an ancestor of Y, then X is an ancestor of Y.\Lemma 6: In a graph G, if A and B are not p-adjacent, then either A and B ared-separated given a set TA o f v e r t i c e s p - a d j a c e n t t o A o r b y a s e t T B o f v e r t i c e s p-adjacent to B.Proof. By Corollary 2, if A and B are not p-adjacent then A and B are d-separated givenTA where:SA = Children(A) ˙ An({A,B})TA = (Parents(S ¨ {A}) ¨ S)\(Descendants(Children(A)˙Children(B)) ¨ {A,B}),Case 1: A is not an ancestor of B. From Corollary 2, since A is not an ancestor of B, TA˝ {X˚| X˚p-adjacent to A}.Case 2: B is not an ancestor of A. It follows again by symmetry that A and B ared-separated given TB, where TB is defined symmetrically to TA in Case 1.Case 3: B is an ancestor of A and A is an ancestor of B. Now any vertex V in TA is eithera child of A, a parent of A or a parent of some vertex C in SA, which is itself a child of A.Clearly vertices in the first two categories are p-adjacent to A; as before, vertices in thelast category are p-adjacent to A if C is an ancestor of A. Any vertex in SA is an ancestorof A or B. Since A is an ancestor of B, and B is an ancestor of A, it follows that everyvertex in SA is an ancestor of A, hence every vertex in TA is p-adjacent to A. (Note that itis also the case that every vertex in TB is p-adjacent to B.) \Suppose that the input to the algorithm is a d-separation oracle for a directed graph G. Tofind a set which d-separates some pair of variables A and B in G the algorithm testssubsets of the vertices which are p-adjacent to A in Y, and subsets of vertices which arep-adjacent to B in Y to see if they d-separate A and B. Since the vertices which arep-adjacent to A and B in G are at all times a subset of the vertices p-adjacent to A and Bin Y17 it follows from Lemma 6 that step ƒA is guaranteed to find a set which d-separatesA and B, if any set d-separates A and B in G.

17This is because if a pair of vertices X,Y are p-adjacent in G then no set is found which d-separates them,and hence the edge between X and Y in Y is never deleted.

42Section ƒB The next lemma gives an important property of d-separating sets that are found through asearch which never tests a set unless it has already tested every proper subset of that set(as in the CCD algorithm.)Lemma 7: Suppose that in a graph G, Y is not an ancestor of X or Z or R. If there is a setS, R�S, such that Y˛S and every proper subset T s.t. R˝T�S, not containing Y,d-connects X and Z, in G , then S d-connects X and Z in G.Proof. Let T* = An({X,Z}¨ R)˙S. Now, R˝T* , and T * is a proper subset of S, so byhypothesis there is a d-connecting path, P, conditional on T* . B y t h e d e f i n i t i o n o f a d-connecting path, every element on P is either an ancestor of one of the endpoints, orT* . Moreover, by definition, every element in T * is an ancestor of X or Z or R. Thusevery element on the path P is an ancestor of X or Z or R. Since neither Y nor anyelement in S\T* is an ancestor of X or Z or R, it follows that no vertex in S\T* lies on P.Since T* �S the only way in which P could fail to d-connect given S would be if someelement of S\T* lay on the path. Hence P still d-connects X and Z given S.\In a graph G , if X and Y are d-separated given S, and are d-connected given any propersubset of S, then S is a minimal d-separating set for X and Y in G.The following corollary is useful here:Corollary 3: In a graph G, if S is a minimal d-separating set for X and Y, then any vertexin S is an ancestor of X or Y in G.Proof. The corollary follows immediately from Lemma 7, with R˚=˚˘ viacontraposition.\This shows that the non-collider orientation rule in ƒB is correct. If A and B, and B and Care p-adjacent, but Sepset(A,C) contains B, then we know from the search procedure thatA and C are not d-separated given any subset of Sepset(A,C). It follows that B is anancestor of A or C. Hence A*�*B*�*C should be oriented as˚A*-

*B* -*C in the PAG.The following Lemma shows the correctness of the orientation rule in ƒB:Lemma 8: In a graph G, if A and B are p-adjacent, B and C are p-adjacent, and B is anancestor of A or C then A and C are d-connected given any set S, s.t. A,B,C ˇ S.Proof. Without loss of generality, let us suppose that B is an ancestor of C. It is sufficientto prove that A and C are d-connected conditional on S. There are two cases to consider,depending upon whether or not some (proper) descendant of B is in S.

43Case 1: Some (proper) descendant of B is in S. It follows from Lemma 4 and thep-adjacency of A and B that given any set S such that A, B, CˇS, there is a d-connecting path from A to B and likewise a d-connecting path from B to C,conditional on S. Since some descendant of B is in S, but B itself is not in S, it followsagain by a simple application Lemma 1 that A and C are d-connected, since it does notmatter whether or not the path from A to B and the path from B to C collide at B.Case 2: No descendant of B is in S. It follows from Lemma 4 that there is a path d-connecting A and B. Since no descendant of B has been conditioned on the directedpath Bfi�fiC is d-connecting. Since BˇS, it follows from Lemma 1 that A and Care d-connected given S. \It follows by contraposition that if A and B are p-adjacent, B and C are p-adjacent, A andC are d-separated given Sepset<A,C>, and BˇSepset<A,C>, then B is not an ancestor ofA or C, hence A*�*B*�*C should be oriented as A�>B<�C in the PAG.

Section ƒCLemma 9: In a graph G, suppose X is an ancestor of Y. If there is a set S such that A andY are d-separated given S, X and Y are d-connected given S, and XˇS, then A and X ared-separated given S.Proof. Let X be an ancestor of Y. Let S be any set such that X and Y are d-connectedgiven S, XˇS, and A and Y are d-separated by S. Suppose, for a contradiction, that A andX are d-connected given S. It then follows that there is a d-connecting path P from A toX. There are now two cases:Case 1: Some descendant of X is in S. Since XˇS, and some descendant of X is in S, itfollows from Lemma 1 that we can put together the d-connecting path from A to X andthe d-connecting path from X to Y given S, to form a d-connecting path from A to Ygiven S. This is a contradiction since we assumed that A and Y were d-separated given S.Case 2: No descendant of X is in S. In this case since X is an ancestor of Y, there is a d-connecting directed path Xfi�fiY. Again, by Lemma 1 we can put together the d-connecting path from A to X and the d-connecting directed path from X to Y. This isagain a contradiction since we assumed that A and Y were d-separated given S.We have now shown that under the conditions in the antecedent, S is a d-separating setfor A and X. \Lemma 10: Let A, X and Y be three vertices in a graph G, such that X and Y arep-adjacent. If there is a set S such that(i) XˇS,

44(ii) A and Yare d-separated given S, and(iii) A and X are d-connected given S,then X is not an ancestor of Y.Proof. Suppose that there is such a set S. If X and Y are p-adjacent then X and Y ared-connected by every subset of the other variables. In particular X and Y are d-connectedgiven S. Since S d-separates A and Y but d-connects A and X, it follows from Lemma 9that X is not an ancestor of Y.\Step ƒC simply applies Lemma 10. Suppose that <A,X,Y> is a triple such that:(i) A is not p-adjacent to X or Y,(ii) X and Y are p-adjacent in Y,(iii) X ˇSepset<A,Y>.ƒC(i) is justified in the following way. Suppose that Sepset<A,Y> � Sepset<A,X>.Recall that the search procedure used in ƒA to find Sepset<A,X> tests every subset ofSepset<A,X> to see if it d-separates A and X, before testing Sepset<A,X>. In particular,if Sepset<A,Y> � Sepset<A,X>, then A and X are d-connected given Sepset<A,Y>, sotaking S = Sepset<A,Y>, we can apply Lemma 10 to orient X *—*Y as X<�Y.ƒC(ii) is justified in the following way. Suppose that A and X are d-connected givenSepset<A,Y>. Since X˚ˇ˚Sepset<A,Y>, setting S˚= Sepset<A,Y>, we can again applyLemma 10 to orient X *—*Y as X<�Y.The condition in ƒC(ii) that Sepset<A,X> ˝ Sepset<A,Y> is not needed to make ƒC(ii)correct (as evidenced by the fact that it plays no role in the justification of the rule); it isincluded in order to avoid carrying out a redundant test of d-separation. If

Sepset

< > �„ < >

A, X A Y,

, then A and X are not d-connected givenSepset<A,Y>. (This is because YˇSepset<A,X>. Hence X*—*Y will eventually byanother application of ƒC(i) be oriented as X�>Y in the PAG. It follows that X is anancestor of Y in G. By Lemma 9, since X is an ancestor of Y in G, A and X are notd-connected given Sepset<A,Y>.) If Sepset<A,Y> = Sepset<A,X> then there is no needto test whether A and X are d-connected given Sepset<A,Y>, because it is already knownthat they are not d-connected (by definition of Sepset<A,X>).It is a feature of this orientation rule that X and Y may be arbitrarily far from A. Rules ofthis type are needed by a cyclic discovery algorithm, because, as was shown inRichardson (1994b), two cyclic graphs may agree �locally� on d-separation relations, butdisagree on some d-separation relation between distant variables. (Whether or not such

45rules will ever be used on real data, in which �distant� variables are generally found to beindependent by statistical tests is another question.)

Section ƒD

This section searches to find �extra� d-separating sets for unshielded colliders. In theacyclic case a triple of vertices X*-*Y*-*Z, where X and Y are p-adjacent, Y and Z arep-adjacent, but X and Z are not p-adjacent either has the property that every d-separatingset for X and Z contains Y, or that every d-separating set for X and Z does not containY.18 However, in the cyclic case it is possible for X and Z to be d-separated by one setcontaining Y, and one set not containing Y. We already know from Lemma 8 that if Xand Z are d-separated by some set which does not contain Y, then Y is not an ancestor ofX or Z. What can we infer if in addition X and Z are also d-separated by a set whichcontains Y? This is answered by the next Lemma and Corollary.Lemma 11: If in a graph G, Y is a descendant of a common child of X and Z then X andZ are d-connected by any set containing Y.Proof. Suppose that Y is a descendant of a common child C of X and Z. Then the pathXfiC‹Z d-connects X and Z given any set containing Y. \Corollary 4: If in a graph G, X and Y are p-adjacent, Y and Z are p-adjacent, but X andZ are not p-adjacent, Y is not an ancestor of X or Z, and there is some set S such thatY˛S, and X and Z are d-separated given S, then Y is not a descendant of a common childof X and Z.It follows from Lemma 12 that if <X,Y,Z> is a triple such that X and Z are d-connectedgiven any set containing Y, and d-separated by some set not containing Y, then Y is adescendant of a common child of X and Z.Lemma 12: If in graph G, Y is not a descendant of a common child of X and Z, then Xand Z are d-separated by the set T, defined as follows:S = Children(X) ˙ An({X,Y,Z})T = (Parents(S ¨ {X}) ¨ S)\(Descendants(Children(X)˙Children(Z)) ¨ {X,Z})Further, if X and Y, and Y and Z are p-adjacent then Y˛T.Proof. It follows from Lemma 5, with Q={Y} that X and Z are d-separated given T.All that remains is to show that Y˛T. There are three cases to consider here:

18This is also true even in the acyclic case with latent variables.

46Case 1: Y is a child of X. If Y is a child of X, then since Y is an ancestor of Y, Y˛ S. Inboth cases since Y is not a descendant of a common child of X and Z, Y˛T.Case 2: Y is a parent of X. Since Y is a parent of X and Y is not a descendant of acommon child of X and Z, Y˛T.Case 3: X and Y have a common child C that is an ancestor of X or Y. Since C is a childof X and an ancestor of X or Y, C˛S. Since Y is a parent of C, and Y is not a descendantof a common child of X and Z then Y˛T. \Lemma 13: In directed graph G, if X and Z are d-separated by some set R, then for allsets Q ˝ An(R ¨ {X,Z})\{X,Z}, X and Z are d-separated by R ¨ Q.Proof. Suppose for a contradiction that there is a path P d-connecting X and Z given R˚¨Q. It follows that every vertex on P is an ancestor of either X, Z, or R ¨ Q. SinceQ˚˝˚An(R˚¨˚{X,Z}) it follows that every vertex on P is an ancestor of X, Z or R. Let Abe the collider furthest from X on P which is an ancestor of X and not R (or X if no suchcollider exists), let B be the first collider after A on P which is an ancestor of Z and not R(or Z if no such collider exists). Clearly the paths X‹�‹A, and Bfi�fiZ ared-connecting given R, since by the definition of A and B, no vertex on these paths is inR. In addition the subpath of P between A and B is also d-connecting given R since everycollider is an ancestor of R, and no non-collider lies in R, since, by hypothesis Pd-connects given R ¨ Q. It follows, by Lemma 1, that there is a path d-connecting X andZ given R. This is a contradiction.\The search in section ƒD considers in turn each triple A�>B<�C in Y, A and C are notp-adjacent, and attempts to find a set R which is a subset of Local(Y,A)\{C} such that Aand C are d-separated given R ¨ {B} ¨ Sepset<A,C>. It follows from Lemma 11, that ifthere is some set which d-separates A and C, and contains B, then B is not a descendantof a common child of A and C. It then follows from Lemma 12 that in this case there issome subset, the set T given in the Lemma, which contains B, d-separates A and C and inwhich every vertex is either a parent of A, a child of A, or a parent of a child of A and soT˚˝˚Local(Y,X). Since Sepset<A,C> is a minimal d-separating set for A and C, itfollows that Sepset<A,C> ˝ An({A,C})\{A,C} (˝ An(T˚¨{A,C}) . Hence by Lemma13, T ¨ Sepset<A,C> also d-separates A and C.The reader may wonder why ƒD tests sets of the form T ¨ Sepset<A,C>, (whereT˚˝˚Local(Y,A)), instead of just testing sets of the form T˚˝˚Local(Y,A)); Lemma 12shows that a search of the latter kind would succeed in finding a d-separating set for Aand C which contained B. The answer is that from Lemma 13 we know that any set

47T˚˝˚Local(Y,A) which d-separates A and C is such that T ¨ Sepset<A,C> alsod-separates A and C, but the reverse is not true. In particular the smallest set T such thatT ¨ Sepset<A,C> d-separates A and C may be considerably smaller than the smallest setT which d-separates A and C alone, hence the search is significantly faster.19We require one more lemma to explain why we initialize m = 1, and do not test T = ˘:Lemma 14: In directed graph G, if X and Y are p-adjacent, Y and Z are p-adjacent, Xand Z are not p-adjacent, Y is not an ancestor of X or Z, and S is a minimal d-separatingset for X and Z then X and Z are d-connected given S ¨ {Y}.Proof. According to Corollary 1, if X and Y are p-adjacent then either XfiY, YfiX orXfiC‹Y, where C is an ancestor of X or Y. Thus under the hypothesis that Y is not anancestor of X it follows that X is an ancestor of Y. Moreover, it follows that there is adirected path P from X to Y, on which every vertex except X is a descendant of Y, andhence on which every vertex except X is not an ancestor of X or Z. (In the case XfiY,the last assertion is trivial. In the other case it merely states a property of the pathXfiCfi�Y, where C is a common child of X and Y.) Likewise there is a path Q from Zto Y on which every vertex except Z is not an ancestor of X or Z.If S is a minimal d-separating set every vertex in S is an ancestor of X or Z, (andX,Z˚ˇS). Hence no vertex on P or Q is in S. It follows that P d-connects X and Y givenS, and Q d-connects Y and Z given S. It then follows from Lemma 1 that these paths canbe joined to form a single d-connecting path, hence X and Z are d-connected given S ¨{Y}.\This completes the proof that step ƒD of the algorithm will succeed in finding a set whichd-separates A and C, and contains B, for each triple A�>B<�C in the PAG, if any suchset exists.

Section ƒE

The following Lemma provides the justification of ƒE where A� >B< �C, A� >D< �C,and D is not in SupSepset<A,B,C>, in which case B*—*D is oriented as B�>D.

19In some cases the cardinality of the smallest set (T ¨ Sepset<A,C>) may be greater than the cardinalityof the smallest T; but this is not true in general, and since we only intend to discover linear models this isinsignificant. (With discrete models conditioning on a large set of variables in a conditional independencetest may reduce dramatically the power of the test.)

48Lemma 15: If in a PAG Y for G, X� >V< �Z, X� >W< �Z, X and Z are notp-adjacent, and W is an ancestor of V in G, then any set S such that V˛S, and X and Zare d-separated by S, also contains W.Proof. Suppose there were some d-separating set S for X and Z which contained V anddid not contain W. Then, since W is an ancestor of V and V˛S, but WˇS, it follows byLemma 1 that we could put together a d-connecting path from X to W and from W to Zto form a new d-connecting path (irrespective of whether or not these paths collide at W).Such d-connecting paths between X and W, and between W and Z exist (by Corollary 1)since X is p-adjacent to W and W is p-adjacent to Z. This is a contradiction.\In the case in which A� >B< �C, A� >D< �C, and D is in SupSepset<A,B,C> thealgorithm orients B*—*D as B*�D, this inference can be justified as follows. If D is inSupSepset<A,B,C> then it follows from Lemma 7 and the nature of the search ofSupSepset<A,B,C>20 that D is an ancestor of {B}˚¨ Sepset<A,C>. Since Sepset<A,C>is a minimal d-separating set for A and C, every vertex in Sepset<A,C> is an ancestor ofA or C. Thus if D is in SupSepset<A,B,C>, then D is an ancestor of A,C or B. However,since there are arrowheads at D on the edges from A to D, and C to D, it follows that D isnot an ancestor of A or C, and hence D is an ancestor of B. Thus it is correct to orientB*—*D as B*�D.In the case in which A�>D<�C in Y, (A and C are not p-adjacent and there is no dottedline A� >D< �C), it follows from Lemma 12 by contraposition that since A and C ared-connected by any set S that contains D, (and does not contain A or C), D is adescendant of a common child of A and C. Moreover since A and C are d-separated bysome set containing B, B is not a descendant of a common child of A and C. Hence B isnot a descendant of D. Thus in the case where in Y, A� >B< �C, A�>D<�C, B and Dare p-adjacent, B*—*D should be oriented as B<�D.

Section ƒF A and C are d-separated by SupSepset<A,B,C>, and B˛SupSepset<A,B,C>. Hence byLemma 13, if D is an ancestor of B, then A and C are d-separated bySupSepset<A,B,C>˚¨˚{D}. Hence by contraposition, if A and C are d-connected givenSupSepset<A,B,C>˚¨˚{D} then D is not an ancestor of B. (In fact, it follows that D isnot an ancestor of A,B or C.) Since D is not an ancestor of B, but B and D are p-adjacentit follows that B is an ancestor of D. Thus B*�*D should be oriented as B�>D in Y.

20Namely the fact that section ƒD looks for the smallest superset of {B}˚¨ Sepset<A,C>, whichd-separates A and C.

49This completes the proof of the correctness of the CCD algorithm. \7.6. Proof of Theorem 8In order to prove the d-separation completeness of the CCD algorithm, all that is requiredis to show that whenever the first input to the CCD algorithm is a d-separation oracle forG1 that results in output Y1, and the second input to the CCD algorithm is a d-separationoracle for G2 that results in output Y2, and Y1 and Y2 are identical, then G1 and G2 ared-separation equivalent. We shall do this by proving that when d-separation oracles forG1 and G2 are used as input to the CCD algorithm and produce the same PAG as output,then G1, and G2 satisfy the five conditions of the Cyclic Equivalence Theorem CET(I)-(V) (given below) with respect to one another. It has already been shown inRichardson(1994b) that two graphs G1 and G2 are d-separation equivalent to one anotherif and only if they satisfy these 5 conditions.Before stating the Cyclic Equivalence Theorem we require a number of extra definitions.In a cyclic graph G, we say triple of vertices <A,B,C> forms an unshielded conductorif:(i)A and B are p-adjacent, B and C are p-adjacent, A and C are not p-adjacent(ii)B is an ancestor of A or CIf <A,B,C> satisfies (i), but B is not an ancestor of A or C, we say <A,B,C> is anunshielded non-conductor.In a cyclic graph G, we say triple of vertices <A,B,C> is an unshielded perfect non-conductor if(i) A and B are p-adjacent, B and C are p-adjacent, but A and C are notp-adjacent,(ii) B is not an ancestor of A or C, and (iii) B is a descendant of a common child of A and C.If <A,B,C> satisfies (i) and (ii) but B is not a descendant of a common child of A and C,we say <A,B,C> is an unshielded imperfect non-conductor.If <X0,X1,�Xn+1> is a sequence of distinct vertices s.t. "i 0 £ i £˚n, Xi and Xi+ 1 arep-adjacent then we will refer to <X0,X1,�X n+1> as an itinerary.

50If <X0,�Xn+1> is an itinerary such that:(i) "t 1£ t £ n, <Xt-1, Xt, Xt+1> is an unshielded conductor,(ii) "k 1£˚k˚£˚n, Xk-1 is an ancestor of Xk, and Xk+1 is an ancestor of Xk, and(iii) X0 is not a descendant of X1, and Xn is not an ancestor of Xn+1,then <X0,X1,X2> and <Xn-1,Xn,Xn+1> are mutually exclusive (m.e.) unshieldedconductors on the itinerary <X0,�Xn+1>.If <X0,�Xn+1> is an itinerary such that "i,j 0 £ i < j-1< j £ n+1 Xi and Xj are notp-adjacent in the graph then we say that <X0,�Xn+1> is an uncovered itinerary.. i.e. anitinerary is uncovered if the only vertices on the itinerary which are p-adjacent to othervertices on the itinerary, are those that occur consecutively on the itinerary.Theorem 9: (Cyclic Equivalence Theorem, Richardson 1994b) Graphs G1 and G2 ared-separation equivalent if and only the following five conditions hold:CET(I) G1 and G2 have the same p-adjacencies,CET(II) G1 and G2 have the same unshielded elements i.e.(IIa) the same unshielded conductors, and(IIb) the same unshielded perfect non-conductors,CET(III) For all triples <A,B,C> and <X,Y,Z>, <A,B,C> and <X,Y,Z> are m.e.conductors on some uncovered itinerary P˚”<A,B,C,�X,Y,Z> in G1 if and only if<A,B,C> and <X,Y,Z> are m.e. conductors on some uncovered itineraryQ˚”<A,B,C,�X,Y,Z> in G2 ,CET(IV) If <A,X,B> and <A,Y,B> are unshielded imperfect non-conductors (inG1 and G2), then X is an ancestor of Y in G1 iff X is an ancestor of Y in G2,CET(V) If <A,B,C> and <X,Y,Z> are mutually exclusive conductors on someuncovered itinerary P ”<A,B,C,�X,Y,Z> and <A,M,Z> is an unshieldedimperfect non-conductor (in G1 and G2), then M is a descendant of B in G1 iff Mis a descendant of B in G2.Lemma 16: Given a sequence of vertices <X0,�Xn+1> in a directed graph G having theproperty that "k, 0˚£˚k˚£˚n, Xk is an ancestor of Xk+1, and Xk is p-adjacent to Xk+1 thereis a subsequence of the Xi�s, which we label the Yj�s having the following properties:(a) X0”Y0(b) "j, Yj is an ancestor of Yj+1(c) "j,k If j˚<˚k, Yj and Yk are p-adjacent in the graph if and only if k = j+1. i.e.the only Yk�s which are p-adjacent are those that occur consecutively.Proof. The Yk�s can be constructed as follows:

51Let Y0 ” X0.Let Yk+1 ” Xh where h is the greatest h˚> j such that Xh is p-adjacent to Xj where Xj”Yk.Property (a) is immediate from the construction. Property (b) follows from the transitivityof the ancestor relation, and the fact that the Yk�s are a subsequence of the Xi�s. It is alsoclear, from the construction that if k = j+1 then Yj and Y k are p-adjacent. Moreover, ifYj”Xa21 and Yk”Xb are p-adjacent, and j˚<˚k, then it follows again from the constructionthat if Yj+1”Xg, then b˚£˚g, so k˚£˚j+1. (This is because the Yk�s are a subsequence of theXi�s.) Hence Yj+1”Yk.\Lemma 17: Let G1 and G2 be two graphs satisfying CET(I)—(III) Suppose there is adirected path D1fi�Dn, in G1. Let D0 be a vertex distinct from D1,�,Dn, s.t. D0 isp-adjacent to D1 in G1 and G2, D0 is not p-adjacent to D2,�Dn in G1 or G2 and D0 is nota descendant of D1 in G1 or G2. It then follows that D1 is an ancestor of Dn in G2.Proof. By induction on n.Base Case: n = 2. Since, by hypothesis, D0 is not p-adjacent to D2, it follows that<D0,˚D1,˚D2> forms an unshielded conductor in G1 (since D1 is an ancestor of D2). Hencethis triple of vertices also forms an unshielded conductor in G2, by CET(IIa). Hence D1 isan ancestor of D0 or D2 in G2. Since, by hypothesis D1 is not an ancestor of D0 in G2, itfollows that D1 is an ancestor of D2 in G2.Induction Case: Suppose that the hypothesis is true for paths of length n. It follows fromLemma 16 that there is a subsequence <Da(0)”D0,Da(1),Da(2)�Da(r)”Dn> such that theonly p-adjacent vertices are those that occur consecutively, and in G1 each vertex is anancestor of the next vertex in the sequence. Moreover, since, by hypothesis, D0 is notp-adjacent to D2,�Dn, it follows that Da(1)”D1. Since G1 and G2 satisfy CET(I), theyhave the same p-adjacencies, hence in G2 the only vertices that are p-adjacent are thosethat occur consecutively in the sequence. Suppose, for a contradiction that Da(r-1) is notan ancestor of Da(r) in G2. Let s be the smallest j such that Da(j) is not an ancestor ofDa(j-1) in G2. (Such a j exists since Da(1)”D1 and Da(0)”D0 is not a descendant of D1.) Itthen follows that <Da(s-1),Da(s),Da(s+1)> and <Da(r-2),Da(r-1),Da(r)> are mutually exclusiveconductors on the unshielded itinerary <Da(s-1),�Da(r)> in G2. But these two triples arenot mutually exclusive in G1 since Da(r-1) is an ancestor of Da(r) in G1; hence G1 and G2fail to satisfy CET(III), which is a contradiction.

21 That is, the jth vertex in the sequence of Y vertices is the ath vertex in the sequence of X vertices.

52It follows that Da(r-1) is an ancestor of Da(r) in G2. It then follows from the inductionhypothesis that D1 is an ancestor of Da(r)”Dn. \Theorem 8: (d-separation Completeness) If the CCD algorithm, when given as inputd-separation oracles for the graphs G1, G2 produces as output PAGs Y1, Y2 respectively,then Y1 is identical to Y2 if and only if G1 and G2 are d-separation equivalent, i.e. G2˚˛Equiv(G1) and vice versa.Proof. We will show that if two graphs, G1 and G2 are not d-separation equivalent, thenthe PAGs output by the CCD algorithm, given d-separation oracles for G1 and G2 asinput, would differ in some respect.It follows from the Cyclic Equivalence Theorem that if G1 and G2 are not d-separationequivalent, then they fail to satisfy one or more of the five conditions CET(I)-(V). Let Y1and Y2 denote, respectively, the PAGs output by the CCD algorithm when givend-separation oracles for G1 and G2 as input.Case 1: G1 and G2 fail to satisfy CET(I). In this case the two graphs have differentp-adjacencies. Let us suppose without loss of generality that there is some pair ofvariables, X and Y which are p-adjacent in G1 and not p-adjacent in G2. Since X and Yare p-adjacent in G1, X and Y are d-connected conditional upon any subset of the othervertices. Hence there is an edge between X and Y in Y1.Since X and Y are not p-adjacent in G2, there is some subset S, (X,YˇS) such that X andY are d-separated in G2 given S. It follows from Lemma 6 that X and Y are d-separatedby a set of variables T, such that either T is a subset of the vertices p-adjacent to X, or Tis a subset of the vertices p-adjacent to Y. It follows that in step ƒA of the CCD algorithmthe edge between X and Y in Y2 would be removed. Since edges are not added back in atany later stage of the algorithm, there is no edge in Y2 between X and Y. Hence Y1 andY2 are different.Case 2: G1 and G2 fail to satisfy CET(IIa). We assume that G1 and G2 satisfy CET(I). Inthis case the two graphs have different unshielded non-conductors. Thus we may assume,without loss of generality, that there is some triple of vertices <X,Y,Z> such that in G1, Yis an ancestor of X or Z, while Y is not an ancestor of either X or Z in G2.If Y is an ancestor of X or Z then it follows from Lemma 8 that every set whichd-separates X and Z includes Y. Hence Y˛Sepset(X,Z) in G1. It then follows from thecorrectness of the algorithm that in Y1, either X�>Y�*Z, X*�Y<�Z, or X*—

*Y* —*Z.

53If Y is not an ancestor of X or Z in G2, then Y is not in any minimal d-separating set forX and Z. In particular YˇSepset(X,Z) for G2. Again it follows from the correctness ofthe algorithm that <X,Y,Z> is oriented as X*—>Y<—*Z or X*— >Y< —*Z in Y2. Thus Y1and Y2 are different.Case 3: G1 and G2 fail to satisfy CET(IIb). We assume that G1 and G2 satisfy CET(I),CET(IIa). In this case the two graphs have different unshielded imperfectnon-conductors, i.e. there is some triple <X,Y,Z> such that it forms an unshieldednon-conductor in both G1 and G2, but in one graph Y is a descendant of a common childof X and Z, while in the other graph it is not. Let us assume that Y is a descendant of acommon child of X and Z in G1, while in G2 it is not.It follows from Lemma 11 that in G1, X and Z are d-connected given any subsetcontaining Y. In this case the search in CCD section ƒD will fail to find any setSupsepset<X,Y,Z>. Hence <X,Y,Z> will be oriented as X —>Y<— Z (i.e. without dottedunderlining) in Y1. If Y is not a descendant of a common child of X and Z, then itfollows from Lemma 12 and Lemma 13 that there is some subset T of Local(Y,X), suchthat X and Z are d-separated given T ¨ {Y} ¨ Sepset<X,Z>. Section ƒD will find such aset T, and hence <X,Y,Z> will be oriented as X*— >Y< —*Z in Y2. Since no subsequentorientation rule removes or adds dotted underlining, it follows that Y1 and Y2 aredifferent.Case 4: G1 and G2 fail to satisfy CET(III). We assume that G1 and G2 satisfy CET(I),CET(IIa), CET(IIb). In this case the two graphs have the same p-adjacencies, and thesame unshielded conductors, perfect non-conductors, and imperfect non-conductors.However, the two graphs have different mutually exclusive conductors. Hence in both G1and G2 there is an uncovered itinerary, <X0,�Xn+1> such that every triple<Xk-1,Xk,Xk+1> (1£k£n) on this itinerary is a conductor, but in one graph <X0,X1,X2>and <Xn-1,Xn,Xn+1> are mutually exclusive, i.e. X1 is not an ancestor of X0, and Xn is notan ancestor of Xn+1, while in the other they are not mutually exclusive. Let us supposewithout loss of generality that <X0,X1,X2> and <Xn-1,Xn,Xn+1> are mutually exclusive inG1, while in G2 they are not.It follows from the definition of m.e. conductors that the vertices X1,�Xn, inclusive arenot ancestors of X0 or Xn+1 in G1. Hence {X1,�Xn} ˙ S e p s e t (X0,Xn+1)˚=˚˘, sinceSepset(X0,Xn+1) is minimal, and so is a subset of An(X0,Xn+1). (Sepset(X0,Xn+1) iscalculated for G1.) For the same reason Descendants({X1,�Xn})˚˙Sepset(X0,Xn+1)˚=˚˘. It follows from the definition of a pair of m.e. conductors on an

54itinerary that Xk is an ancestor of Xk + 1 (1 £ k˚< n), thus there is a directed path Pk”Xkfi�fiXk+1. Since no descendant of X1,�,Xn is in S e p s e t (X0,Xn+1), each of thedirected paths Pk d-connects each vertex Xk to its successor Xk+ 1 (1˚£˚k˚<˚n), conditionalon Sepset(X0,Xn+1). In addition, since X0 and X1 are p-adjacent there is some path Q d-connecting X0 and X1 given Sepset(X0,Xn+1). Since each Pi is out of Xi (i.e. the pathgoes Xifi�fiX2), by applying Lemma 1, with T = { Q,P1,�Pn}, R = <X0,�Xn>, and S= S e p s e t (X0,Xn+1) that we can form a path d-connecting X0 and Xn g i v e n Sepset(X0,Xn+1). A symmetric argument shows that X1 and Xn + 1 are also d-connectedgiven Sepset(X0,Xn+1). It then follows that the edges X0*�*X1 and Xn*�*Xn+1 areoriented as X0�>X1 and Xn <� X n + 1 by stage ƒC of the CCD algorithm (unless theyhave already been oriented this way in a previous stage of the algorithm). Thus again, bythe correctness of the algorithm these arrowheads will be present in Y1. (Subsequentstages of the algorithm only add ’—’ and ’>’ endpoints, not ’o’ endpoints. If either of thearrowhead at X1 or Xn were replaced with a ’—’ the algorithm would be incorrect.)Since by hypothesis, <X0,X1,X2> and <Xn-1,Xn,Xn+1> are not mutually exclusive in G2,either X1 is an ancestor of X0, or Xn˚is an ancestor of Xn+1. It follows from thecorrectness of the orientation rules in the CCD algorithm that the edges X0*�*X1 andXn*�*Xn+1 will not both be oriented as X0*�>X1 and Xn<�*Xn+1 in Y2. Thus Y1 andY2 will once again be different.Case 5: G1 and G2 fail to satisfy either CET(IV) or CET(V). We assume that G1 and G2satisfy CET(I)—(III).22 If G1 and G2 fail to satisfy either CET(IV) or CET(V), then ineither case we have the following situation: There is some sequence of vertices in G1 andG2 <X0,X1,�Xn, Xn+1>, 23 satisfying the following:(a) if i˚>˚j then Xi and Xj are p-adjacent if and only if i = j+1,(b) X1 is not an ancestor of X0, and Xn is not an ancestor of Xn+1, and(c)"k, 1˚£˚k˚£˚n, Xk-1, and Xk+1 are ancestors of Xk.In addition there is some vertex V, p-adjacent to X0 and Xn+1 in G1 and G2 , not anancestor of X0 or Xn+1 in G1 or G2 and not a descendant of a common child of X0 andXn+1 in G1 or G2. As explained in case 3, this implies that in both of the PAGs Y1 andY2, X0� >V< �Xn+1.

22The conditions under which CET(IV) or CET(V) fail are quite intricate precisely because the assumptionthat CET(I)-(III) are satisfied implies that the graphs agree in many respects.23 In the case where CET(IV) fails n=1, while if CET(V) fails, n>1.

55Since G1 and G2 fail to satisfy CET(IV) or CET(V), in one graph V is a descendant of X1,while in the other graph V is not a descendant of X1. Let us suppose without loss ofgenerality that V is a descendant of X1 in G1, and V is not a descendant of X1 in G2. Asin previous cases it is sufficient to show that if Y1 and Y2 are the CCD PAGscorresponding to G1 and G2 respectively, then Y1 and Y2 are different. We may suppose,again without loss of generality that V is the closest such vertex to any Xk (1£˚k˚£˚n) inG1, in the sense that the shortest directed path P”Xkfi�fiV in G1 contains at most thesame number of vertices as the shortest directed path in G1 from any Xk (1£˚k˚£˚n) tosome other vertex V� satisfying the conditions on V.Claim: Let W be the first vertex on P which is p-adjacent to V, (both in G1 and G2 sinceby CET(I) G1 and G2 have the same p-adjacencies). We will show that the assumptionthat V is the closest such vertex to any Xk (in G1) together with the assumption that G1and G2 satisfy CET(I)-(III) imply that W is a descendant of X1 in G2. We prove this byshowing that every vertex in the directed subpath P(Xk, W)”Xkfi�W in G1 is also adescendant of X1 in G2.Proof of Claim: By induction on the vertices occurring on the path P(Xk, W).Base Case: Xk. By hypothesis Xk is a descendant of X1 in both G1 and G2.Induction Case: Consider Yr, where P ( X k , W)”XkfiY1fi�fiYrfi�Yt”W. By theinduction hypothesis, for s˚<˚r, Ys is a descendant of X1 in G2. Now there are twosubcases to consider:Subcase 1: Not both X0 and Xn+1 are p-adjacent to Yr. Suppose without loss that X0 isnot p-adjacent to Yr. Since in G1 there is a directed path X0fi�XkfiY1fi�Yr, byLemma 16 it then follows that there is some subsequence of this sequence of vertices,Q”<X0,�Yr> such that consecutive vertices in Q are p-adjacent, but only these verticesare p-adjacent. Moreover, since X0 is not p-adjacent to Yr, this sequence of vertices is oflength greater than 2, i.e. Q”<X0,D�Yr> where D is the first vertex in the subsequenceafter X0, hence either D”Xk (1˚£˚k˚£˚k) or D”Ym, (1˚£˚m˚< r). Since in either case D is adescendant of X1 in both G1 and G2, (either by the induction hypothesis or by thehypothesis of case 5), but X0 is not a descendant of X1 in G1 or G2 it follows that D is notan ancestor of X0 in G1 or G2. Hence we may apply Lemma 17, to deduce that Yr is adescendant of D. Hence Yr is a descendant of X1, since X1 is an ancestor of D.Subcase 2: Both X0 and Xn+1 are p-adjacent to Yr. First note that in G1 the vertex Yr is adescendant of Xk, and Xk is not an ancestor of X0 or Xn+1. It follows that Yr is not anancestor of X0 or Xn+1 in G1 . Moreover, since X0 and Xn+1 are not p-adjacent, <X0, Yr,

56Xn+1> forms an unshielded non-conductor in G1. Hence <X0, Yr , X n+1> forms anunshielded non-conductor in G2, since by hypothesis G1 and G2 satisfy CET(IIa). So Yr isnot an ancestor of X0 or Xn+1 in G1 or G2. Further, since Yr is an ancestor of V in G1 andV is not a descendant of a common child of X0 and Xn+1 in G1, it follows that Yr is not ad e s c e n d a n t o f a c o m m o n c h i l d o f X 0 and Xn +1 in G1. Thus <X0, Yr,Xn+1> forms anunshielded imperfect non-conductor in G1. Since G1 and G2 satisfy CET(IIb), <X0,Yr,Xn+1> forms an unshielded imperfect non-conductor in G2. Now, if Yr were not adescendant of X1 in G2 , then Yr would satisfy the conditions on V, yet be closer to Xkthan V (Yr occurs before V on the shortest directed path from Xk to V in G1). This is acontradiction, hence Yr is a descendant of Xk˚in G2.This completes the proof of the claim. We now show that Y1 and Y2 are different.Consider the edge W*—*V in Y1. In G1, W is an ancestor of V, hence it follows from thecorrectness of the algorithm in Y1 this edge is oriented as Wo—*V or W�*V. In G2,however, since X1 is not an ancestor of V, but, as we have just shown X1 is an ancestor ofW, it follows that W is not an ancestor of V. There are now two cases to consider:Subcase 1: n = 1 and W”X1. In this case X0� >X 1 < �X2, in Y2 (and Y1).Supsepset(X0,V,X2) is the smallest set containing Sepset(X0,X2)¨{V} whichd-separates X0 and X2, in the sense that no subset of Supsepset(X0,V,X2) which containsSepset(X0,X2) ¨{V} d-separates X0 and X2. It follows from Lemma 7 (with R =Sepset(X0,X2) ¨{V}) that every vertex in Supsepset(X0,V,X2) is an ancestor of X0, X2or Sepset(X0,X2) ¨{V}. Since every vertex in Sepset(X0,X2) is an ancestor of X0 or X2,it follows that every vertex in Supsepset(X0,V,X2) is an ancestor of X0, X2, or V. X1 isnot an ancestor of X0, X2, or V in G2. Hence in step ƒD of the algorithm given ad-separation oracle for G2 as input X1ˇ Supsepset(X0,V,X2). Thus step ƒE of the CCDalgorithm will orient W*—*V in Y2 as W<—*V (unless they have already been orientedthis way in a previous stage of the algorithm). Thus Y1 and Y2 are not the same.Subcase 2: n > 1, or W is not equal to X1.Claim: X0 and Xn+1 are d-connected given Supsepset(X0,V,Xn+1)¨{W} in G2.Proof. We have already shown that W is a descendant of X1, and so also of Xn in G1 andG2. Since in both G1 and G2 X0 is p-adjacent to X1, but X1 is not an ancestor of X0, itfollows that X0 is an ancestor of X1. Hence in both G1 and G2 there is a directed path P0from X0 to X1 on which every vertex except for X0 is a descendant of X1. (In the caseX0fiX1, the last assertion is trivial. In the case where X0 and X1 have a common childthat is an ancestor of X0 or X1, and X1 is not an ancestor of X0, it merely states a property

57of the path X0fiCfi�X1, where C is a common child of X0 and X1.. ) S i n c e W i s a descendant of X1, it follows that there is a directed path P1 from X1 to W. ConcatenatingP0 and P1 we construct a directed path P* from X0 to W on which every vertex except X0is a descendant of X1. Since X1 is not an ancestor of X0, Xn+1 or V, it follows that novertex on P* , except X0, is an ancestor of X0, Xn+1 or V. Similarly we can construct apath from Q* from Xn+1 to W on which no vertex, except Xn+1, is an ancestor of X0, Xn+1or V.Since every vertex in Supsepset(X0,V,Xn+1) is an ancestor of X 0, Xn+1 orSepset(X0,Xn+1)¨{V}, it follows as before that every vertex in Supsepset(X0,V,Xn+1) isan ancestor of X0, Xn+ 1 or V. Thus no vertex in Supsepset(X0,V,Xn+1) lies on P* or Q*(X0, Xn+1 ˇ Supsepset(X0,V,Xn+1) by definition). It now follows by Lemma 1 that wecan concatenate P* a n d Q* to form a path which d-connects X0 and Xn + 1 givenSupsepset(X0,V,Xn+1)¨{W}.It follows directly from this claim that step ƒF of the CCD algorithm will orient V*—*Was V�>W in Y2 (unless they have already been oriented this way in a previous stage ofthe algorithm). Hence Y1 and Y2 are different.Since Cases 1-5 exhaust the possible ways in which G1 and G2 may fail to satisfy CET(I)-(V), this completes the proof that the CCD algorithm locates the d-separation equivalenceclass. \

588. ReferencesAho, A.V., Hopcroft, J.E., & Ullman, J.D., (1974) The Design and Analysis of ComputerAlgorithms. Addison-Wesley, Reading Mass.Basmann, R. (1965) A note on the statistical testability of �explicit causal chains� againstthe class of �interdependent� models.JASA, 60, 1080-1093.Bekker, P.A., Merckens, A., Wansbeek, T.J., (1994) Identification, equivalent models,and computer algebra. Boston : Academic Press.Bollen, K., (1989) Structural Equations with Latent Variables. Wiley, New York.Cox, D.R., and Wermuth, N. (1993) Linear dependencies represented by chain graphs. InStatistical Science, 1993, 8 No.3 , 204-283.Dawid, A. P. (1979) Conditional Independence in statistical theory (with discussion)Journal Royal Statistical Society Ser. B 41, 1-31.Frydenberg, M., (1990) The chain graph Markov property,Scandinvaian Journal ofStatistics, 17, 333-353.Fisher, M.F. and Nagin, D. (1978) On the Feasibility of Identifying The Crime Functionin a Simultaneous Model of Crime Rates and Sanction Levels. In Deterrence andIncapacitation: Estimating the Effects of Criminal Sanctions on Crime, Blumstein, Cohenand Nagin eds.Geiger, D. (1990). Graphoids: a qualitative framework for probabilistic inference. PhDdissertation, Univ. California, Los Angeles.Geiger, D., and Pearl, J., (1988) Logical and Algorithmic properties of ConditionalIndependence. Technical Report R-97, Cognitive Systems Laboratory, University ofCalifornia, Los Angeles.Goldberger, A., Duncan, O. (eds.), (1973) Structural Equation Models in the SocialSciences (Seminar Press, New York).Goldberger, A. S. (1964). Econometric Theory. Wiley, New York.Haavelmo, T., (1943) The statistical implications of a system of simultaneous equations,Econometrica, 11, 1-12.Heise D.(1975). Causal Analysis. Wiley, New York.Huggins, W.H. and Entwistle, D.R.(1968) Introductory Systems and Design, GinnBlaisdell, Waltham Massachussetts.Kiiveri, H. and Speed, T., (1982) Structural analysis of multivariate data: A review,Sociological Methodology, Leinhardt, S. (ed.). Jossey-Bass, San Francisco.Kiiveri, H., Speed, T., and Carlin, J., (1984) Recursive causal models, Journal of theAustralian Mathematical Society, 36, 30-52.

59Koster, J., (1995) Markov Properties of Non-Recursive Causal Models, To appear in theAnnals of Statistics, November 1995.Lauritzen, S., Dawid, A., Larsen, B., Leimer, H., (1990) Independence properties ofdirected Markov fields, Networks, 20, 491-505.Lee, S. (1987) Model Equivalence in Covariance Structure Modelling. Ph.D. Thesis,Department of Psychology, Ohio State University.Mason, S., (1953) Feedback theory-some properties of signal flow graphs, Proceedings ofthe IRE, 41.Mason, S., (1956) Feedback theory-further properties of signal flow graphs, Proceedingsof the IRE, 44.Muthen,˚B. (1984) A general structural equation model, with dichotomous, orderedcategorical and continuous latent variable indicators. Psychometrika 49: 115-132.Pearl, J., (1986) Fusion, propagation, and structuring in belief networks, ArtificialIntelligence 29, 241-88.Pearl, J., (1988). Probabilistic Reasoning in Intelligent Systems, (Morgan Kaufman: SanMateo, CA).Pearl, J. and Verma, T. (1991) A theory of inferred causation, in Principles of KnowledgeRepresentation and Reasoning: Proceedings of the Second International Conference(Morgan Kaufmann, San Mateo, CA).Richardson, T. (1994a). Equivalence in Non-Recursive Structural Equation Models.Proceedings:Compstat 94 , Physica Verlag.Richardson, T. (1994b). Properties of Cyclic Graphical Models. MS Thesis, CarnegieMellon University.Richardson T.(1995). A polynomial-Time Algorithm for Deciding Markov Equivalenceof Directed Cyclic Graphical Models, Technical Report CMU-PHIL-63, PhilosophyDepartment, Carnegie Mellon University.Sobel, M. E. (1993) Comment in Statistical Science Vol.8 3 p.271.Spirtes, P. Directed Cyclic graphs, Conditional Independence and Non-Recursive LinearStructural Equation Models. Philosophy, Methodology and Logic Technical Report 35,Carnegie Mellon University.Spirtes, P. and Glymour, C., (1990) Causal Structure Among Measured VariablesPreserved with Unmeasured Variables. Technical Report CMU-LCL-90-5, Laboratoryfor Computational Linguistics, Carnegie Mellon University.Spirtes, P., and Glymour, C., (1991) An algorithm for fast recovery of sparse causalgraphs, Social Science Computer Review, 9, 62-72.Spirtes, P., Glymour, C., and Scheines, R., (1993) Causation, Prediction, and Search,(Springer-Verlag Lecture Notes in Statistics 81, New York).

60Spirtes, P., Meek, C., and Richardson, T.,(1996) Causal Inference in the Presence ofSelection Bias, Technical Report CMU-PHIL-64, Philosophy Department, CarnegieMellon University.Stetzl, I. (1986) Changing causal relationships without changing the fit: Some rules forgenerating equivalent LISREL models. Multivariate Behavior Research 21, 309-331.Strotz, R.H. and Wold, H.O.A. (1960) Recursive versus Nonrecursive systems: AnAttempt at Synthesis. Econometrica˚28 pp.417-427. (Also in Causal Models in the SocialSciences, H.M. Blalock Jr. ed., Chicago: Aldine Atherton, 1971).Verma,˚T. & Pearl,˚J., (1990). On Equivalence of Causal Models. Technical Report R-150, Cognitive Systems Lab., UCLA.Wermuth, N. (1992) On Block-Recursive Linear Regression Equations, RevistaBrasileira de Probabilidade e Estatistica 6, pp.1-56 (with discussion).Wermuth, N., (1980) Linear recursive equations, covariance selection and path analysis,Journal of the American Statistical Association, 75, 963-972.Wermuth, N. and Lauritzen, S., (1983) Graphical and recursive models for contingencytables, Biometrika, 72, 537-552.Wermuth, N. and Lauritzen, S., (1990) On substantive research hypotheses, conditionalindependence graphs and graphical chain models, Journal of the Royal Statistical Society,Series B, 52, 21-50.Whittaker, J., (1990) Graphical Models in Applied Multivariate Statistics (Wiley, NewYork).Wold, H.O.A. Ends and Means in Econometric Model Building. Basic ConsiderationsReviewed. in Probability and Statistics, (The Harald Cramer volume) U.˚Grenander, ed.,Stockholm: Almquist & Wiksell, 1959.Wold, H.O.A., Stotz, R.H. (1960) Recursive versus Non-Recursive Systems: An attemptat Synthesis, Econometrica 28 pp.417-427.Wright, S. (1934) The method of path coefficients, Annals of Mathematical Statistics 5,161-215.