1Directed Cyclic Graphical Representations of FeedbackModels1byPeter Spirtes1. IntroductionThe introduction of statistical models represented by directed acyclicgraphs (DAGs) has proved fruitful in the construction of expert systems,in allowing efficient updating algorithms that take advantage ofconditional independence relations (Pearl, 1988, Lauritzen et. al., 1993),and in inferring causal structure from conditional independence relations(Spirtes and Glymour, 1991, Spirtes, Glymour and Scheines, 1993, Pearland Verma, 1991, Cooper, 1992). As a framework for representing thecombination of causal and statistical hypotheses, DAG models have shedlight on a number of issues in statistics ranging from Simpson’s Paradox toexperimental design (Spirtes, Glymour and Scheines, 1993). The relationsof DAGs with statistical constraints, and the equivalence anddistinguishability properties of DAG models, are now well understood,and their characterization and computation involves three propertiesconnecting graphical structure and probability distributions: (i) a local

1 Research for this paper was supported by the National Science Foundation throughgrant 9102169 and the Navy Personnel Research and Development Center and the Officeof Naval Research through contract number N00014-93-1-0568. I am indebted to Clark

2directed Markov property, (ii) a global directed Markov property, (iii) andfactorizations of joint densities according to the structure of a graph(Lauritizen, et al., 1990).Recursive structural equation models are one kind of DAG model.However, non-recursive structural equation models are not DAG models,and are instead naturally represented by directeed cyclic graphs in which afinite series of edges representing influence leads from a vertexrepresenting a variable back to that same vertex. Such graphs have beenused to model feedback systems in electrical engineering (Mason, 1953,1956), and to represent economic processes (Haavelmo, 1943,Goldberger, 1973). In contrast to the acyclic case, almost nothing generalis known about how directed cyclic graphs (DCGs) represent conditionalindependence constraints, or about their equivalence or identifiabilityproperties, or about characterizing classes of DCGs from conditionalindependence relations or other statistical constraints. This paperaddresses the first of these problems, which is a prerequisite for the others.The issues turn on how the relations among properties (i), (ii) and (iii)essential to the acyclic case generalize--or more typically fail togeneralize--to directed cyclic graphs and associated families ofdistributions. It will be shown that when DCGs are interpreted by analogywith DAGs as representing functional dependencies with independentlydistributed noises or "error terms," the equivalence of the fundamentalglobal and local Markov conditions characteristc of DAGs no longerholds, even in linear systems, and in non-linear systems both Markovproperties may fail. For linear systems associated with DCGs withindependent errors or noises, a characterisation of conditionalindependence constraints is obtained, and it is shown that the result

Glymour, Richard Scheines, Christopher Meek, Thomas Richardson, and Marek Druzdel

3generalizes in a natural way to systems in which the error variables ornoises are statistically dependent. For non-linear systems withindependent errors a sufficient condition for conditional independence ofvariables in associated distributions is obtained.The remainder of this paper is organized as follows: Section 2 definesrelevant mathematical ideas and gives some necessary technical results onDAGs and DCGs. Section 3 obtains results for non-recursive linearstructural equations models. Section 4 treats non-linear models of thesame kind.2. Directed GraphsI place sets of variables and defined terms in boldface, and individualvariables in italics. A directed graph is an ordered pair of a finite set ofvertices V, and a set of directed edges E. A directed edge from A to B isan ordered pair of distinct vertices <A,B> in V in which A is the tail of theedge and B is the head; the edge is out of A and into B, and A is parent ofB and B is a child of A. A sequence of distinct edges <E1,...,En> in G is anundirected path if and only if there exists a sequence of vertices<V1,...,Vn+1> such that for 1 £ i £ n either <Vi,Vi+1> = Ei or <Vi+1,Vi> =Ei. A path U is acyclic if no vertex occurring on an edge in the path occursmore than once. A sequence of distinct edges <E1,...,En> in G is adirected path if and only if there exists a sequence of vertices<V1,...,Vn+1> such that for 1 £ i £ n <Vi,Vi+1> = Ei. If there is an acyclicdirected path from A to B or B = A then A is an ancestor of B, and B is adescendant of A. A directed graph is acyclic if and only if it contains nodirected cyclic paths.2 for helpful conversations.2An undirected path is often defined as a sequence of vertices rather than a sequence of

4A directed acyclic graph (DAG) G with a set of vertices V can be giventwo distinct interpretations. On the one hand, such graphs can be used torepresent causal relations between variables, where an edge from A to Bin G means that A is a direct cause of B relative to V. A causal graph is aDAG given such an interpretation. On the other hand, a DAG with a set ofvertices V can also represent a set of probability measures over V.Following the terminology of Lauritzen et. al. (1990) say that a probabilitymeasure over a set of variables V satisfies the local directed Markovproperty for a DAG G with vertices V if and only if for every W in V, Wis independent of V\(Descendants(W,G) ¨ Parents(W,G)) givenParents(W,G), where Parents(W,G) is the set of parents of W in G, andDescendants(W,G) is the set of descendants of W in G. A DAG Grepresents the set of probability measures which satisfy the local directedMarkov property for G. The use of DAGs to simultaneously represent aset of causal hypotheses and a family of probability distributions extendsback to the path diagrams introduced by Sewell Wright (1934). Variantsof DAG models were introduced in the 1980’s in Wermuth (1980),Wermuth and Lauritzen (1983), Kiiveri, Speed, and Carlin (1984), Kiiveriand Speed (1982), and Pearl (1988). 3Lauritzen et. al. also define a global directed Markov property that isequivalent to the local directed Markov property for DAGs. Several

edges. The two definitions are essentially equivalent for acyclic directed graphs, becausea pair of vertices can be identified with a unique edge in the graph. However, a cyclicgraph may contain more than one edge between a pair of vertices. In that case it is nolonger possible to identify a pair of vertices with a unique edge.3It is often the case that some further restrictions are placed on the set of distributionsrepresented by a DAG. For example, one could also require the Minimality Condition,i.e. that for any distribution P represented by G, P does not satisfy the local directedMarkov Condition for any proper subgraph of G. This condition, and others are discussedin Pearl(1988) and Spirtes, Glymour, and Scheines(1993). We will not consider suchfurther restrictions here.

5preliminary notions are required. Let An(X,G) be the set of ancestors ofmembers of X in G. Let G(X) be the subgraph of G that contains onlyvertices in X, with an edge from A to B in X if and only if there is an edgefrom A to B in G. GM moralizes a directed graph G if and only if GM is anundirected graph with the same vertices as G, and a pair of vertices X andY are adjacent in GM if and only if either X and Y are adjacent in G, orthey have a common child in G. In an undirected graph G, X is separatedfrom Y given Z if and only if every undirected path between a member ofX and a member of Y contains a member of Z. If X, Y and Z are disjointsets of variables, X and Y are d-separated given Z in a directed graph Gjust when X and Y are separated given Z in GM(An(X ¨ Y ¨˚Z,G)). Therelation defined here was stated in Lauritzen, et. al. (1990). "d-separation"is a graphical relation introduced by Pearl (1986). Since Lauritzen et. al.(1990) proved that their graphical relation is equivalent to Pearl’s foracyclic graphs, and the proof is readily extended to the cyclic case, I willalso use "d-separation" to refer to the graphical relation just described.Now the definition: A probability measure over V satisfies the globaldirected Markov property for DAG G if and only if for any threedisjoint sets of variables X, Y, and Z included in V, if X is d-separatedfrom Y given Z, then X is independent of Y given Z. Lauritzen et. al.(1990) shows that the global and local directed Markov properties areequivalent in DAGs, even when the probability distributions representedhave no density function. In section 2, I show that the local and globaldirected Markov properties are not equivalent for cyclic directed graphs.The following lemmas relate the global directed Markov property tofactorizations of a density function. Denote a density function over V byf(V), where for any subset X of V, f(X) denotes the marginal of f(V). Iff(V) is the density function for a probability measure over a set of

6variables V, say that f(V) factors according to directed graph G withvertices V if and only if for every subset X of V,

f(An(X,G)) = g V (V,Parents (V,G)

V∈An(X,G)

∏_)

Equation 1where g V is a non-negative function. The following result was proved inLauritzen et. al. (1990).Lemma 1: If V is a set of random variables with a probability measure Pthat has a density function f(V), then f(V) factors according to DAG G ifand only if P satisfies the global directed Markov property for G.As in the case of acyclic graphs, the existence of a factorization accordingto a cyclic directed graph G does entail that a measure satisfies the globaldirected Markov property for G. The proof given in Lauritzen et. al.(1990) for the acyclic case carries over essentially unchanged for thecyclic case.Lemma 2: If V is a set of random variables with a probability measure Pthat has a density function f(V) and f(V) factors according to directed(cyclic or acyclic) graph G, then P satisfies the global directed Markovproperty for G.However, unlike the case of acyclic graphs, if a probability measure overa set of variable V satisfies the global directed Markov property for cyclicgraph G and has a density function f(V), it does not follow that f(V)factors according to G.

7The following weaker result relating factorization of densities and theglobal directed Markov property does hold for both cyclic and acyclicdirected graphs.Lemma 3: If V is a set of random variables with a probability measure Pthat has a positive density function f(V), and P satisfies the global directedMarkov property for directed (cyclic or acyclic) graph G, then f(V) factorsaccording to G.3. Non-recursive Linear Structural Equation ModelsThe problem considered in this section is to investigate the generalizationof the Markov properties to linear, non-recursive structural equationmodels. First we must relate the social scientific terminology to graphicalrepresentations, and clarify the questions.Linear structural equation models (which, following the terminology ofBollen (1989), will be referred to as linear SEMs) can also be representedas directed graph models. In a linear SEM the random variables aredivided into two disjoint sets, the error terms and the non-error terms.Corresponding to each non-error random variable V is a unique error termeV . A linear SEM contains a set of linear equations in which each non-error random variable V is written as a linear function of other non-errorrandom variables and eV . A linear SEM also specifies a joint distributiono v e r t h e e r r o r t e r m s . S o , f o r e x a m p l e , t h e f o l l o w i n g i s a l i n e a r S E M , where a and b are real constants, e X ,eY, and e Z are jointly independent"error terms", and X, Y, Z, are random variables:X = a Y + eXY = b Z + eYZ = eZ

8eX , eY , eZ are jointly independent and normally distributedEquation 2The directed graph of a linear SEM with uncorrelated errors is writtenwith the convention that an edge does not appear if and only if thecorresponding entry in the coefficient matrix is zero; the graph does notcontain the error terms. Figure 1 is the DAG that represents the SEMshown above. A linear SEM is recursive if and only if its directed graphis acyclic.Z Y X

Figure 1: Example of Recursive SEMInitially I will consider only linear SEMs in which the error terms arejointly independent, but we will see that in the linear case in an importantsense nothing is lost by this restriction: a linear SEM with dependenterrors generates the same restrictions on the covariance matrix as doessome linear SEM with extra variables and independent errors. Further,such an SEM with extra variables can always be found with the samegraphical structure on the original variables as obtain in the original graph.A linear SEM containing disjoint sets of variables X, Y, and Z linearlyentails that X is independent of Y given Z if and only if X is independentof Y given Z for all values of the non-zero linear coefficients and alldistributions of the exogenous variables in which they have positivevariances. Let rXY.Z be the partial correlation of X and Y given Z. A linearSEM containing X, Y, and Z, where X „˚Y and X and Y are not in Z,linearly entails that rXY.Z = 0 if and only rXY.Z = 0 for all values of thenon-zero linear coefficients and all distributions of the exogenous

9variables in which they have positive variances and in which rXY.Z isdefined. It follows from Kiiveri and Speed (1982) that if the error termsare jointly independent, then any distribution that forms a linear, recursiveSEM with a directed graph G satisfies the local directed Markov propertyfor G. One can therefore apply d-separation to the DAG in a linear,recursive SEM to compute the conditional independencies and zero partialcorrelations it linearly entails. The d-separation relation provides apolynomial (in the number of vertices) time algorithm for decidingwhether a given vanishing partial correlation is linearly entailed by aDAG.Linear non-recursive structural equation models (linear SEMs) arecommonly used in the econometrics literature to represent feedbackprocesses that have reached equilibrium.4 Corresponding to a set of non-recursive linear equations is a cyclic graph, as the following example fromWhittaker (1990) illustrates.X1 = eX1X2 = eX2X3 = b31X1 + b34X4 + eX3X4 = b42X2 + b43X3 + eX4eX1, eX2, eX3, eX4 are jointly independent and normally distributedEquation 3

4Cox and Wermuth (1993), Wermuth and Lauritzen(1990) and (indirectly)Frydenberg(1990) consider a class of non-recursive linear models they call blockrecursive. The block recursive models overlap the class of SEMs, but they are neitherproperly included in that class, nor properly include it. Frydenberg (1990) presentsnecessary and sufficient conditions for the equivalence of two block recursive models.

10X1X2X4X3

Figure 2: Example of Non-recursive SEMIn DAGs the global directed Markov property entails the local directedMarkov property, because a variable V is d-separated from its non-parental non-descendants given its parents. This is not always the case incyclic graphs. For example, in figure 4, X4 is not d-separated from its non-p a r e n t a l n o n - d e s c e n d a n t X1 g i v e n i t s p a r e n t s X 2 a n d X 3 , s o t h e l o c a l directed Markov property does not hold.5Theorem 1: The probability measure P of a linear SEM L (recursive ornon-recursive) with jointly independent error terms satisfies the globaldirected Markov property for the directed (cyclic or acyclic) graph G of L,i.e. if X, Y, and Z are disjoint sets of variables in G and X is d-separatedfrom Y given Z in G, then X and Y are independent given Z in P.6

5 Note that this use of cyclic directed graphs to represent feedback processes representsan extension of the causal interpretation of directed graphs. The causal structurecorresponding to Figure 2 is described by an infinite acyclic directed graph containingeach variable indexed by time. The cyclic graph can be viewed as a compactrepresentation of such a causal graph. I am indebted to C. Glymour for pointing out thatthe local Markov condition fails in Whittaker’s model. Indeed, there is no acyclic graph(even with additional variables) that linearly entails all and only conditionalindependence relations linearly entailed by Figure 2, although Thomas Richardson haspointed out that the directed cyclic graph of Figure 2 is equivalent to one in which in theedges from X1 to X3 and X2 to X4 are replaced, respectively, by edges from X1 to X4 andfrom X2 to X36 This theorem has been independently proved by Jan Koster of the Erasmus UniversityRotterdam, in a paper which has not yet been published but has been submitted toStatistical Science.

11Theorem 2: In a linear SEM L with jointly independent error terms anddirected (cyclic or acyclic) graph G containing disjoint sets of variables X,Y and Z, if X is not d-separated from Y given Z then L does not linearlyentail that X is independent of Y given Z.Applying Theorems 1 and 2 to the directed graph in Figure 2, only twoconditional independence relations are entailed: X1 is independent of X2,and X1 is independent of X2 given X3 and X4. .Theorem 3: In a linear SEM L with jointly independent error terms and(cyclic or acyclic) directed graph G containing X, Y and Z, where X „˚Yand Z does not contain X or Y, X is d-separated from Y given Z if and onlyif L linearly entails that rXY.Z = 0.As in the acyclic case, d-separation provides a polynomial time procedurefor deciding whether cyclic graphs entail a conditonal independence orvanishing partial correlationTheorem 3 can be used to relax the restriction that the error terms in an alinear SEM L be jointly independent. If eX and e Y are not independent inlinear SEM L, there is a linear SEM L’ with independent error terms suchthat the marginal distribution of L’ over the variables in L has the samecovariance matrix as L. Form the graph G’ of L’ from the graph G of L inthe following way. Add a latent variable T to G, and add edges from T toX and Y. In L’, modify the equation for X by making it a linear functions ofthe parents of X (including T) in G’, and replace eX by e ’ X ; modify theequation for Y in an analogous way. There always exist linear coefficientsand distributions over T and the new error terms such that the marginalcovariance matrix for L’ is equal to the covariance matrix of L, and e’X and

12e’Y are independent. The process can be repeated for each pair of variableswith correlated errors in L. Hence the zero partial correlations entailed byL can be derived by applying Theorem 3 to the graph of L’. Figure 3illustrates this process. The set of variables V in the graph on the left is{X1,X 2,X 3,X 4}. The graph on the left correlates the errors between X 1 andX 2 (indicated by the undirected edges between them.) The graph on theright has no correlated errors, but does have a latent variable T that is aparent of X1 and X 2 . The two graphs linearly entail the same zero partialcorrelations involving only variables in V (in this case they both entail nonon-trivial zero partial correlations).X3 = a · X2 + b · X4 + e3X3 = a · X2 + b · X4 + e3X4 = c · X1 + d · X3 + e4 X4 = c · X1 + d · X3 + e4X1 = e1X1 = e · T + e’1X2 = e2X2 = f · T + e’2e1 and e2 correlatede’1 and e’2 uncorrelatedEquation 4X1X2X4X3

X1X2X4X3T

Graph with Correlated Error Graph without Correlated Error and Same Partial Correlations Over VFigure 3: Correlated Errors3. Non-linear Structural Equation Models

13A linear SEM is a special case of a SEM in which the equations relating agiven variable to other variables and a unique error term need not belinear. In a SEM the random variables are divided into two disjoint sets,the error terms and the non-error terms. Corresponding to each non-errorrandom variable V is a unique error term eV . A SEM contains a set ofe q u a t i o n s i n w h i c h e a c h n o n - e r r o r r a n d o m v a r i a b l e V is written as ameasureable function of other non-error random variables and eV .. Theconvention is that in the directed graph of a SEM there is an edge from Ato B if and only if B is an argument in the function for A. As in the linearcase, I will still assume that density functions exist for both the probabiltymeasure over the error terms and the non-error terms, that each non-errorterm V can also be written as a function of the error terms of its ancestorsin G, that each eV is a function of V and its parents in G (which will be thecase if the errors are additive or multiplicative), and that the Jacobean ofthe transformation between the error terms and the non-error terms iswell-defined. Call such a set of equations and its associated graph apseudo-indeterministic SEM (because the equations are actuallydeterministic if the unmeasured error terms are included, but appearindeterministic when the error terms are not measured.) A directed graphG pseudo-indeterministically entails that X is independent of Y given Zif and only if in every pseudo-indeterministic SEM with graph G, X isindependent of Y given Z.This section establishes that d-separation again provides a fast algorithmfor deciding whether a DAG pseudo-indeterministically entails aconditional independence relation, but in a cyclic directed graph d-separation may not pseudo-indeterministically entails a conditionalindependence relation. Instead, a different condition, yielding a

14polynomial time algorithm, is found to suffice for a cyclic direected graphto pseudo-indeterministically entail a conditional independence relation.By Theorem 2, d-separation is a necessary condition for a conditionalindependence claim to be entailed by an SEM. The following remarksshow d-separation is also sufficient for acyclic SEMs, but not for cyclicSEMS.Theorem 4: If G is a DAG containing disjoint sets of variables X, Y andZ, X is d-separated from Y given Z if and only L pseudo-indeterministically entails that X is independent of Y given Z.The following example gives a concrete illustration that there is a cyclicgraph G in which X is d-separated from Y given {Z,W}, but G does notpseudo-indeterminstically entail that X is independent of Y given {Z,W}.XYZW

Figure 4: Graph G X = eXY = eYZ = W · Y + eZW = Z · X + eYeX, eX, eX, eX with independent standard normal distributionsEquation 5The transformation from eX , e Y eZ, eW to X , Y, Z, W is 1-1 except whereeX · eY = 1 because

15X = eXY = eY

Z = εW × εY + εZ 1− (εX × εY) W = εZ × εX + εW 1− (εX × εY)

Equation 6The Jacobean of the transformation from the e’s is 1/(1 + X · Y). Hence,transforming the joint normal density of the e’s yields

fXYZWxyzwywzxXY( , , , )exp( ) exp( ) exp( ( ) ) exp( ( ) )( ) =- · - · - - · · - - ·�Ł� �ł� ·+ ·14 2 2 2 2112 2 2 2 2p

Equation 7X is not independent of Y given {Z,W} in this distribution because it is notpossible to factor it into a product of terms, no one of which contains bothX and Y.However, it is possible to modify the graphical representation of thefunctional relations in such a way that d-separation applied to the newgraph does entail conditional independence. In a directed graph G, a cycleis a cyclic directed path, in which each vertex occurs on exactly twoedges. A set of cycles C is a cyclegroup if and only if it is a smallest setof cycles such that for each cycle C1 in C, C contains the transitiveclosure of all of the cycles intersecting C1, i.e. it contains all of the cyclesthat intersect C1 , all of the cycles that intersect cycles that intersect C1,

16etc. For example, in figure 7, there are two distinct cyclegroups: the first is{C1,C2,C3}, and the second is {C4, C5}.

ABDEFGHJC1C2C3C4C5I

Figure 5: CyclegroupsLet the set of all cycles in G be Cycles(G). If a vertex V or an edge <V,W>occurs in some set C of cycles, for brevity write V ˛ C or <V,W> ˛ Crespectively, although strictly speaking neither a vertex nor an edge is amember of a set of cycles. Form the collapsed graph G’ from G by thefollowing operations on each cyclegroup:1. remove all of the edges between members of the cyclegroup;2. arbitrarily number the vertices in the cyclegroup;3. add an edge from each lower number vertex to each higher numbervertex;4. for each parent A of a member of the cyclegroup that is not itself in thecyclegroup, add an edge from A to each member of the cyclegroup.

17(The procedure does not define a unique collapsed graph due to thearbitrariness of the numbering, but since all of the collapsed graphs sharethe same d-separation relations, it does not matter.) Note that even if G isa cyclic graph, the collapsed graph is acyclic. The collapsed graph can begenerated in polynomial time.Theorem 5: In an SEM with directed graph G (cyclic or acyclic) andcollapsed graph G’ containing disjoint sets of variables X, Y and Z, if X isd-separated from Y given Z in G’ then the SEM entails that X isindependent of Y given Z.A collapsed graph for the graph in figure 7 is shown in figure 8a, and acollapsed graph for the graph in figure 4 is shown in figure 8b.I do not know whether the follow conjecture holds:Conjecture:Let G (cyclic or acyclic) have collapsed graph G’ containingdisjoint sets of variables X, Y and Z. If G pseudo-indeterministicallyentails that X is independent of Y given Z, then in G’ X is d-separatedfrom Y given Z.

18ABDEFGHIJ

X1X2X4X3

(a) (b)Figure 6: Collapsed Graphs5. ConclusionThese results raise a number of interesting questions whose answers maybe of practical importance. Under what conditions, for example, are theirresults about conditional independence comparable to the equivalence ofvanishing partial correlations in models with depndent errors and latentvariable models with independent errors? There are polynomialalgorithms (Verma and Pearl, 1990, Frydenberg, 1990) for determiningwhen two arbitrary directed acyclic graphs entail the same set ofconditional independence relations. Is there a polynomial algorithm fordetermining when two arbitrary directed graphs (cyclic or acyclic) linearlyentail the same set of conditional independence relations? There arepolynomial algorithms (Spirtes and Verma, 1992) for determining whentwo arbitrary directed acyclic graphs entail the same set of conditionalindependence relations over a common subset of variable O. Is there apolynomial algorithm for determining when two arbitrary directed graphs

19(cyclic or acyclic) linearly entail the same set of conditional independencerelations over a common subset of variables O? Assuming Markovproperties hold and completely characterize the condiitonal independencefacts in distributions considered, there are correct polynomial algorithmsfor inferring features of (sparse) directed acyclic graphs from a probabilitydistribution when there are no latent common causes (see Spirtes andGlymour, 1991, Cooper and Herskovitz, 1992). Are there comparablecorrect, polynomial algorithms for inferring features of directed graphs(cyclic or acyclic) from a probability distribution when there are no latentcommon causes? There are similarly correct, but not polynomial,algorithms for inferring features of directed acyclic graphs from aprobability distribution even when there may be latent common causes(see Spirtes, 1992 and Spirtes, Glymour and Scheines, 1993). Are therecomparable algorithms for inferring features of directed graphs (cyclic oracyclic) from a probability distribution even when there may be latentcommon causes?ReferencesBollen, K., 1989, Structural Equations with Latent Variables. (Wiley, NewYork).Frydenberg, M., 1990, The chain graph Markov property,ScandinvaianJournal of Statistics, 17, 333-353.Geiger, D., and Pearl, J., 1988, Logical and Algorithmic properties ofConditional Independence. Technical Report R-97, Cognitive SystemsLaboratory, University of California, Los Angeles.Goldberger, A., Duncan, O. (eds.), 1973, Structural Equation Models inthe Social Sciences (Seminar Press, New York).Haavelmo, T., 1943, The statistical implications of a system ofsimultaneous equations, Econometrica, 11, 1-12.

20Kiiveri, H. and Speed, T.,1982, Structural analysis of multivariate data: Areview, Sociological Methodology, Leinhardt, S. (ed.). Jossey-Bass, SanFrancisco.Kiiveri, H., Speed, T., and Carlin, J., 1984, Recursive causal models,Journal of the Australian Mathematical Society, 36, 30-52.Lauritzen, S., Dawid, A., Larsen, B., Leimer, H.,1990, Independenceproperties of directed Markov fields, Networks, 20, 491-505.Mason, S., 1953, Feedback theory-some properties of signal flow graphs,Proceedings of the IRE, 41.Mason, S., 1956, Feedback theory-further properties of signal flowgraphs, Proceedings of the IRE, 44.Pearl, J.,1986, Fusion, propagation, and structuring in belief networks,Artificial Intelligence 29, 241-88.Pearl, J., 1988,. Probabilistic Reasoning in Intelligent Systems,(Morgan Kaufman: San Mateo, CA).Pearl, J. and Verma, T. (1991). A theory of inferred causation, inPrinciples of Knowledge Representation and Reasoning: Proceedingsof the Second International Conference (Morgan Kaufmann, SanMateo, CA).Spirtes, P. and Glymour, C., 1990, Causal Structure Among MeasuredVariables Preserved with Unmeasured Variables. Technical Report CMU-LCL-90-5, Laboratory for Computational Linguistics, Carnegie MellonUniversity.Spirtes, P., and Glymour, C., 1991, An algorithm for fast recovery ofsparse causal graphs, Social Science Computer Review, 9, 62-72.Spirtes, P., Glymour, C., and Scheines, R., 1993, Causation, Prediction,and Search, (Springer-Verlag Lecture Notes in Statistics 81, New York).Wermuth, N.,1980, Linear recursive equations, covariance selection andpath analysis, Journal of the American Statistical Association, 75, 963-972.Wermuth, N. and Lauritzen, S.,1983, Graphical and recursive models forcontingency tables, Biometrika, 72, 537-552.

21Wermuth, N. and Lauritzen, S., 1990,. On substantive researchhypotheses, conditional independence graphs and graphical chain models,Journal of the Royal Statistical Society, Series B, 52, 21-50.Whittaker, J.,1990, Graphical Models in Applied MultivariateStatistics (Wiley, New York).Wright, S. (1934). The method of path coefficients, Annals ofMathematical Statistics 5, 161-215.

22Proofs for RefereesLemma 3: If V is a set of random variables with a probability measure Pthat has a positive density function f(V), and P satisfies the global directedMarkov property for directed (cyclic or acyclic) graph G, then f(V) factorsaccording to G.Proof. Assume that probability measure over V satisfies the globaldirected Markov property for directed (cyclic or acyclic) graph G. I willnow show that for any disjoint sets of variables R, S, and T included inAn(X ¨ Y ¨˚Z,G), if R and S are separated given T in GM(An(X ¨ Y¨˚Z,G)), then R and S are independent given T. If R, S, and T areincluded in An(X ¨ Y ¨˚Z,G), then An(R ¨ S ¨˚T,G) is included inAn(X ¨ Y ¨˚Z,G). Any pair of vertices A and B adjacent in GM(An(R ¨S ¨˚T,G)) is also adjacent in GM(An(X ¨ Y ¨˚Z,G)) because G(An(R ¨S ¨˚T,G)) is a subgraph of G(An(X ¨ Y ¨˚Z,G)). Hence GM(An(R ¨ S¨˚T,G)) is a subgraph of GM(An(X ¨ Y ¨˚Z,G)). It follows that if R andS are separated given T in GM(An(X ¨ Y ¨˚Z,G)) they are also separatedin GM(An(R ¨ S ¨˚T,G)). But by the global directed Markov property, ifR and S are separated given T in GM(An(R ¨ S ¨˚T,G)) then R and S areindependent given T. It follows from the Hammersly-Clifford Theoremthat the density function f(An(X ¨ Y ¨˚Z,G)) can be factored as

f(An(X∪ Y∪ Z,G)) = gV(V,Parents (V,G)

V∈An(X∪ Y∪ Z,G) ∏ )

Equation 8

23where each gV i s a p o s i t i v e f u n c t i o n , i . e . , t h e d e n s i t y f u n c t i o n f a c t o r s according to G. \Theorem 1: The probability measure P of a linear SEM L (recursive ornon-recursive) with jointly independent error terms satisfies the globaldirected Markov property for the directed (cyclic or acyclic) graph G of L,i.e. if X, Y, and Z are disjoint sets of variables in G and X is d-separatedfrom Y given Z in G, then X and Y are independent given Z in P.Proof. Let Err(X) be the set of error terms corresponding to a set of non-error variables X. In order to distinguish the density function for V fromthe density function for the error terms we will use fV to represent thedensity function (including marginal densities) for the latter and fE r r torepresent the density function of the former. If V is the set of variables inG, then by hypothesis,

fErr (Err (V)) = fErr (ε)

ε∈Err (V)∏

Equation 9It is possible to integrate out the error terms not in Err(An(X,G)) andobtain

fErr (Err (An(X,G))) = fErr (ε)

ε∈Err (An(X,G)) ∏

Equation 10Because for each variable X in V, X is a linear function of its parents in Gplus a unique error term eX , it follows that eX is a linear function g X of Xand the parents of X in G. Hence Err(An(X,G)) is a function of An(X,G).Following Haavelmo (1943) it is possible to derive the density function

24for the set of variables An(X,G) by replacing each eX in f E r r (eX ) b y gX(X,Parents(X)) and multiplying by the absolute value of the Jacobean:

fV(An(X,G)) = fErr (gX(X,Parents (X,G)))

X∈An(X,G)∏ × J

Equation 11where J is the Jacobian of the transformation. Because the transformationis linear, the Jacobian is a constant. All of the terms in the multiplicationare non-negative because they are either a density function or a positiveconstant. It follows from lemma 1 that if X and Y are d-separated given Zthen X and Y are independent given Z. \Lemma 4: In a directed graph G with vertices V, if X, Y, and Z aredisjoint subsets of V, and X is d-connected to Y given Z in G, then X is d-connected to Y given Z in an acyclic directed subgraph of G.Proof. I will use the sense of d-connection defined in Pearl (1988) whichLauritzen et. al. (1990) proved equivalent to their sense of d-connectionfor acyclic graphs. The proof of the equivalence given by Lauritzen et. alcan easily be extended to cyclic graphs. Vertex X is a collider on anacyclic undirected path U in directed graph G if and only if there are twoadjacent edges on U directed into X. According to Pearl’s definition, forthree disjoint sets X, Y, and Z, X and Y are d-separated given Z in G ifand only if there is no acyclic undirected path U from a member of X to amember of Y such that every non-collider on U is not in Z, and everycollider on U has a descendant in Z. For three disjoint sets X, Y, and Z, Xand Y are d-connected given Z in G if and only if X and Y are not d-separated given Z

25Suppose that U is an undirected path that d-connects X and Y given Z, andC is a collider on U. Let length(C,Z) be 0 if C is a member of Z, or thelength of a shortest directed path from C to a member of Z. Let size(U)equal the number of collider on U plus the sum over all colliders C on Uof length(C,Z). U is a minimal path that d-connects X and Y given Z, ifthere is no other path U’ that d-connects X and Y given Z such that size(U’)< size(U). If there is a path that d-connects X and Y given Z there is atleast one minimal path that d-connects X and Y given Z.Suppose X is d-connected to Y given Z. Then for some X in X and Y in Y,X is d-connected to Y given Z by some minimal path U in G. First I willshow that no shortest acyclic directed path Di from a collider Ci on U to amember of Z intersects U except at Ci. Suppose this is false. I will showthat it follows that there is a path U’ that d-connects X and Y given Z suchthat size(U’) < size(U), contrary to the assumption that U is minimal. Seefigure 9.X W C W Y

XYiZUD i’X W C W Y

XYiZU’Figure 7Form the path U’ in the following way. If Di intersects U at a vertex otherthan Ci then let WX be the vertex on Di and U that is closest to X on U, andWY be the vertex on Di and U that is closest to Y on U. Suppose without

26loss of generality that WX is after WY on Di. Let U’ be the concatenation ofU(X,WX), Di(WY,WX), and U(WY,Y) (where U(X,WX) denotes the subpathof U between X and WX.) It is now easy to show that U’ d-connects X andY given Z, and size(U’) < size(U) because U’ contains no more collidersthan U and a shortest directed path from WX to a member of Z is shorterthan Di. Hence U is not minimal, contrary to the assumption.Next, I will show that if U is minimal, then it does not contain a pair ofcolliders C and D such that a shortest directed path from C to a member ofZ intersects a shortest path from D to a member of Z. Suppose this isfalse. See figure 10.X C M D Y

RZUX C M D Y

RZU’Figure 8Let D1 be a shortest directed acyclic path from C to a member of Z thatintersects D2, a shortest directed acyclic path from D to a member of Z.Let the vertex on D1 closest to C that is also on D2 be R . Let U’ be theconcatenation of U(X,C), D1(C,R), D2(C,R), and U(Y,D). It is now easy toshow thatU’ d-connects X and Y given Z and size(U’) < size(U) because U’

27contains fewer colliders than U. Hence U is not minimal, contrary to theassumption.For each collider C on a minimal path U that d-connects X and Y given Z,a shortest directed path from C to a member of Z does not intersect Uexcept at C, and does not intersect a shortest directed path from any othercollider D to a member of Z. It follows that the subgraph consisting of Uand a shortest directed acyclic path from each collider on U to a memberof Z is acyclic. \Theorem 2: In a linear SEM L with jointly independent error terms anddirected (cyclic or acyclic) graph G containing disjoint sets of variables X,Y and Z, if X is not d-separated from Y given Z thenL does not linearlyentail that X is independent of Y given Z.Proof. Suppose then that X is not d-separated from Y given Z. By lemma4, if X is not d-separated from Y given Z in a cyclic graph G, then there issome acyclic subgraph G’ of G in which X is not d-separated from Ygiven Z. Geiger and Pearl (1988) have shown that if X is not d-separatedfrom Y given Z in a DAG, then there is some distribution represented bythe DAG in which X is not independent of Y given Z, and it has beenshown (Spirtes, Glymour and Scheines, 1993) that there is in particular alinear normal distribution P in which X is not independent of Y given Z.If P satisfies the global directed Markov property for G’ it also satisfies itfor G because every d-connecting path in G’ is a d-connecting path in G.Hence there is some linear normal distribution represented by G in whichX is not independent of Y given Z. \Theorem 3: In a linear SEM L with jointly independent error terms and(cyclic or acyclic) directed graph G containing X, Y and Z, where X „˚Y

28and Z does not contain X or Y, X is d-separated from Y given Z if and onlyL linearly entails that rXY.Z = 0.Proof. (This proof for cyclic or acyclic graphs is based on the proof foracyclic graphs in Verma and Pearl, 1990.) Let L’ be a linear SEM with thesame directed graph G and that is the same as L except that the exogenousvariables are jointly normally distributed with the same variances as thecorresponding variables in L. By theorems 1 and 2, L’ linearly entails thatX is independent of Y given Z if and only if X is d-separated from Y givenZ in G. Hence for all values of the linear coefficients and all joint normaldistributions over the exogenous variables in which the exogenousvariables have positive variance and rXY.Z exists, rXY.Z = 0 if and only ifX is d-separated from Y given Z in G. Because the value of a partialcorrelation in a linear SEM depends only on the values of the linearcoefficients and the variances of the exogenous variables, L’ linearlyentails rXY.Z = 0 if and only if X is d-separated from Y given Z in G andhence L also linearly entails that rXY.Z = 0 if and only if X is d-separatedfrom Y given Z in G. \Note that for an SEM with graph G, if V „˚X, then

∂εV / ∂X

is non-zeroonly if there is an edge from X to V in G (because eV is a function only ofV and V ’s parents in G.) Associate with each non-zero partial derivative

∂εV ∂X

the edge from X to V in G. A product of partial derivatives forma loop in G if and only if the corresponding edges form a cycle in G. Twoloops intersect if and only if their corresponding cycles intersect.Let JErr(V ) - > V be the Jacobean of the transformation from Err(V) to V,and JV->Err(V) be the Jacobean of the transformation from V to Err(V). A

29product of partial derivatives S occurring in a term T in JErr(V ) - > V isminimally sufficient in T if for each variable occurring in S , all of itsoccurrences in T are in S, and no subset of S has this property. Forexample, in

∂εW∂X × ∂εX∂Y × ∂εY∂W × ∂εU∂U × ∂εV∂V

Equation 12the three minimally sufficient products are

∂εW∂X × ∂εX∂Y × ∂εY∂W , ∂εU∂U , and ∂εV∂V

Equation 13JErr(V )->V is equal to 1/JV->Err(V ) , but it turns out to simplify the proofsif at intermediate stages we work with JV->Err(V ) than if we work withJErr(V)->V. JV->Err(V) is the determinant of a matrix in which the elementin the ith row and jth column is

∂εVi / ∂Vj

.X is an ancestral set for a directed graph G with vertices V if and only ifX = An(Y,G) for some Y included in V.Theorem 4: In an acylic graph G containing disjoint sets of variables X,Y and Z, G pseudo-indeterministically entails that X is d-separated fromY given Z if and only L entails that X is independent of Y given Z.Proof. The first part of the proof is essentially the same as that ofTheorems 1 and 2, and shows that

f(An(X,G)) = f(gX(X,Parents (X,G))

X∈An(X,G)∏ × J

Equation 14In an acyclic graph, the Jacobian of the transformation is a single termconsisting of the product of the terms along the diagonal of thetransformation matrix:

J = ∂εV∂V V∈An(X,G)∏ = mV(V,Parents (V,G))

V∈An(X,G)∏

Equation 15(This is because for an acyclic graph the transformation matrix can bearranged so that it is lower triangular.) Each term

∂εV / ∂V

is somefunction mV of V and its parents, because e V is a function of V and itsparents. Hence by lemma 1, if X and Y are d-separated given Z, then Xand Y are independent given Z.Suppose that X and Y are not d-separated given Z. Then by Theorem 2,there is a linear SEM in which X and Y are not independent given Z.Since a linear SEM is a special case of an SEM, there is an SEM in whichX and Y are not independent given Z. \Lemma 5: In an SEM with directed graph G with vertices V, if X is anancestral set for G, then each minimally sufficient product of termsoccurring T of JX - > Err(X ) t h a t i s n o n - z e r o i s e i t h e r a l o o p i n G(X), or

∂εV ∂V

for V in X.Proof. Each term in JX - > Err(X ) is a product of partial derivatives in thet r a n s f o r m a t i o n m a t r i x , o n e f r o m e a c h r o w , a n d o n e f r o m e a c h c o l u m n ,

31times a variable that is either equal to 1 or -1. Hence each variable in Xappears exactly once in the numerator of some partial derivative in theterm, and exactly once in the denominator of some partial derivative in theterm. If

∂εV ∂V

occurs in T, it is minimally sufficient.Suppose then that some minimally sufficient product of partial derivativesS occurring in T is not equal to

∂εV ∂V

for any V in X. Then S does notcontain

∂εV ∂V

for V in X, because otherwise it would not be minimallysufficient. Hence each partial derivative in S is of the form

∂εV ∂Y

where V „˚Y. Such a term is non-zero only if there is an edge from Y to Vin G. Because V and Y are both in ancestral set X, if there is an edge fromY to V in G, then there is an edge from Y to V in G(X). Since all of theoccurrences of the variables in S are in S, each variable occurs once in thenumerator and once in the denominator of a partial derivative in S; so inG(X) there is a path in which all of the variables in S occur once at thehead of an edge and once at the tail. It follows that there is a cycle in G(X)that corresponds to the product of partial derivatives in S. \A cycleset is a set of non-intersecting cycles. Let Cycleset(G) be the setof all cyclesets in G. Let Vertices(C) be the set of vertices occuring in acycleset C.Lemma 6: In an SEM with directed graph G with vertices V, if X is anancestral set for G then

JX− >Err (X) = d(C)× ∂εY∂W <W,Y> ∈ C∏ ∂εV∂V V∈X\ Vertices(C) ∏ C∈Cycleset(G(X)) ∑

Equation 16

32where in each term d(C) is either equal to either 1 or -1.Proof. For each C that is a set of loops in G(X) that do not intersect, let g(C) = d(C)× ∂εY∂W <W,Y> ∈ C∏ ∂εV∂V V∈X\ Vertices(C) ∏

Equation 17I will show that that for each cycleset C in G(X) that g(C) is a term in JX->Err(X), every non-zero term in J V - > Err(V ) i s e q u a l t o g (C) for somecycleset C in G(X), and if C1 and C2 are distinct cyclesets then g (C1) „g(C2).For each C, a variable occurs once in the denominator of a partialderivative in g(C), and once in the numerator of partial derivative in g(C).Hence one partial derivative from each row and each column of thetransformation matrix occurs in g(C). But every product of partialderivatives which consists of one partial derivative from each column andeach row of the transformation matrix is a term in JX- > Err(X) (because JX->Err(X) is the determinant of the transformation matrix). Hence g(C) is aterm in JX->Err(X).Let C1 be a set of cycles such that no pair of cycles in C1 intersect, andsimilarly for C2. Suppose that C1 „˚C2; then g(C1) „˚g(C2) unless there issome way to rearrange the edges in C1 into the cycles in C2. But becauseno pair of cycles in C1 intersect, each vertex that appears in C1 occurs inexactly two edges, once as the head, and once as the tail. Hence the edgesin C1 cannot be rearranged into the loops in C2, and g(C1) „˚g(C2).

33By lemma 5, each minimally sufficient product of terms occurring in T ofJX->Err(X ) i s e i t h e r a l o o p o r

∂εV ∂V

for V in X. By definition, thevariables in distinct minimally sufficient product of terms do not overlap.Hence T consists of a product of non-intersecting minimally sufficientproducts of terms. Hence, for every non-zero term T in JX - > Err(X) there isa cycleset C such that T = g(C). \Let Cyclegroup(G) be the set of all cyclegroups in G. If C is a cyclegroupin G, let Cycleset(C) be the set of all cyclesets included in C.Lemma 7: In an SEM with directed graph G, if X is an ancestral set forG, then

JX− >Err (X) =∂εV∂V

V∉ Cycles(G(X)) ∏ × d(D)× ∂εV∂V V∈ C\D∏ ∂εY∂W <W,Y> ∈D∏ D ∈ Cycleset(C) ∑ C ∈ Cyclegroup (G(X)) ∏

Equation 18where d(D) is a variable equal either to 1 or -1.Proof. By lemma 6,

JX− >Err (X) = d(C)× ∂εY∂W <W,Y> ∈ C∏ ∂εV∂V V∈X\ Vertices(C) ∏ C∈Cycleset(G(X)) ∑

Equation 19

34If V is not in a cycle in G(X) then it is not in any cycleset. Hence, bylemma 5, every occurrence of V in each non-zero term in JX->Err(X ) is ofthe form

∂εV ∂V

. Hence it is possible to factor

∂εV∂V V∉ Cycles(G(X)) ∏

Equation 20from each non-zero term in the previous equation, because if V does notoccur in a cycle, it does not occur in any cycleset. This leads to

JX− >Err (X) = ∂εV∂V V∉Cycles(G(X))∏ d(C)× ∂εY∂W<W,Y>∈ C∏ ∂εV∂V V∈Cycles(G(X))\ Vertices (C) ∏ C∈Cycleset(G(X))∑

Equation 21The set of cyclegroups in G partitions the set of cycles in G. Hence eachcycleset in G can be partitioned into a set of cyclesets, where eachcycleset contains only cycles from the same cyclegroup. In addition,suppose that C is a set of cyclesets, where each cycleset in C containscycles from only one cyclegroup, and each pair of cyclesets in C containscycles from different cyclegroups. Then the union of any two cyclesets inC is also a cycleset. Hence

d(D)× ∂εY ∂W <W,Y> ∈ C∏ ∂εV ∂V V∈Cycles(G(X))\ C ∏ C∈Cycleset(G(X)) ∑_= d(D)× ∂εV ∂V V∈C\D∏ ∂εY ∂W <W,Y> ∈ D∏ D∈Cycleset(C)∑ C∈Cyclegroup (G(X)) ∏

Equation 22\Lemma 8: For an SEM with directed graph G with vertices V, if X is anancestral set for G then

fV(X) = gV(V,Parents (V,G(X))

V∉ Cycles(G(X)) ∏ × gC(C,Parents (C,G(X)) C∈Cyclegroup (G(X)) ∏

Equation 23where each g is a non-negative function.Proof. The transformed density function of Err(X) is equal to

fErr (hX(X,Parents (X,G(X))) X∈X∏ × JErr (X)− >X

Equation 24where eX = hX(X,Parents(X,G(X)). By lemma 7,

JX− >Err (X) = ∂εV ∂V V∉ Cycles(G(X))∏ × d(D)× ∂ε_V∂V

V∈ C \ D∏ ∂εY ∂W <W,Y>∈D∏ D ∈ Cycleset(C)∑ C ∈ Cyclegroup (G(X)) ∏

Equation 25Each term in

∂εV∂V V∉ Cycles(G(X)) ∏

Equation 26is a function of V and Parents(V,G(X)). Each term in

d(D)× ∂εV∂V V∈C\D∏ ∂εY∂W <W,Y> ∈ D∏ D∈Cycleset(C)∑ C∈Cyclegroup (G(X)) ∏

Equation 27contains only error terms associated with variables in C, and hence is afunction of C and Parents(C,G(X)). Hence, there exist functions mV suchthat

JX− >Err (X) = mV(V,Parents (V,G(X))

V∉ Cycles(G(X))∏

× mC (C,Parents (C,G(X)))

C ∈ Cyclegroup (G(X)) ∏

Equation 28

37Because JErr(X ) - > X = 1/JX->Err(X ) , JErr(X ) - > X can also be factored as inEquation 28. Combining this with Equation 24, there exist functions non-negative functions gV such that

fV(X) = gV(V,Parents (V,G(X))

V∉ Cycles(G(X)) ∏ × gC(C,Parents (C,G(X)))

C ∈ Cyclegroup (G(X)) ∏

Equation 29 \Theorem 5: In an SEM L with directed (cyclic or acyclic) graph G withvertices V and collapsed graph G’ containing disjoint sets of variables X,Y and Z, if X is d-separated from Y given Z in G’ then X is independentof Y given Z.Proof. By lemma 8

fV(An(X∪ Y∪ Z,G)) = gV(V,Parents (V,G(An(X∪ Y∪ Z,G))

V∉ Cycles(G(An(X∪ Y∪ Z,G))) ∏ × gC(C,Parents (C,G(An(X∪ Y∪ Z,G))))

C ∈ Cyclegroup (G(An(X∪ Y∪ Z,G))) ∏

Equation 30This is a factorization according to the collapsed graph G’, and hence bylemma 1, for three disjoint sets of variables X, Y and Z, if X and Y are d-separated given Z in G’, then X and Y are independent given Z. \