1Technical Report CMU-Phil-72Using D-separation to Calculate Zero Partial Correlations inLinear Models with Correlated ErrorsPeter SpirtesThomas RichardsonChristopher MeekRichard ScheinesClark GlymourAbstractIt has been shown in Spirtes(1995) that X and Yare d-separated given Z in a directedgraph associated with a recursive or non-recursive linear model without correlated errors ifand only if the model entails that rXY.Z = 0. This result cannot be directly applied to a linearmodel with correlated errors, however, because the standard graphical representation of alinear model with correlated errors is not a directed graph. The main result of this paper isto show how to associate a directed graph with a linear model L with correlated errors, andthen use d-separation in the associated directed graph to determine whether L entails that aparticular partial correlation is zero.In a linear structural equation model (SEM) some partial correlations may be equal to zerofor all values of the model�s free parameters (for which the partial correlation is defined).(When we refer to �all values� of the free parameters, we assume that there are noconstraints upon the models parameters except for the coefficients and the correlationsamong the error variables that are fixed at zero.) In this case we will say that the SEMlinearly entails that the partial correlation is zero. It has been shown in Spirtes(1995) thatX and Y are d-separated given Z in a directed graph associated with a recursive or non-recursive linear model with uncorrelated errors if and only if the model linearly entails thatrXY.Z = 0. This result cannot be directly applied to a linear model with correlated errors,however, because the standard graphical representation of a linear model with correlatederrors is not a directed graph. The main result of this paper is to show how to associate adirected graph with a linear model L with correlated errors, and then use d-separation in theassociated directed graph to determine whether L linearly entails that a particular partial

2correlation is zero. The standard graph terminology in this paper, the standard terminologyfor linear structural equation models, and the relationship between the two terminologiesare described in the Appendix.If G is the graph of SEM L with correlated errors, let Transform(G) be the graphresulting from replacing a double headed arrow between correlated errors ei and ej with anew latent variable Tij (i < j) and edges from Tij to Xi and Xj, and then removing the errorterms from the graph. See Figure 1. A trek between Xi and Xj is an undirected pathbetween Xi and Xj that contains no colliders. If there is a trek Xi ‹ Tij fi Xj inTransform(G), we will say that Xi and Xj are d-adjacent in Transform(G). A trek Xj ‹Tij fi Xi is called a correlated error trek in Transform(G). In Transform(G), acorrelated error trek sequence is a sequence of vertices <Xi,..., Xk> such that no pairof vertices adjacent in the sequence are identical, and for each pair of vertices Xr and Xsadjacent in the sequence, there is a correlated error trek between Xr and Xs. For example inFigure 1, the sequence of vertices <X,A,B,C,D,Y> is a correlated error trek sequencebetween X and Y.eX eA eB eC eD eYX A B C D Y

G TXA TAB TBC TCD TDYX A B C D Y

Transform(G)Figure 1

3It might at first glance appear that for every parameterization of G, there is aparameterization of Transform(G) with the same covariance matrix. The following theoremshows that this is not the case.Theorem 1: There exists a SEM L with measured variables X , correlated errors, graphG, and correlation matrix S(X) such that no linear parameterization of Transform(G) hasmarginal correlation matrix S(X).Proof. Assume that L has no structural equations, but every pair of errors is correlated inL. G and Transform(G) are shown in Figure 2.e1 e2 e3X1 X2 X3

G T1 T2X1 X2 X3 T3

Transform(G)Figure 2Suppose that the marginal correlation matrix S(X) is the following:

S( )

. . .

. . .

. . .

X =

�

Ł

�

�

�

ł

�

�

1 0 0 99 0 99

0 99 1 0 0 99

0 99 0 99 1 0

Every parameterization of Transform(G)isofthefollowingform:

XaTaTb XaTaTb XaTaTb

1 111 133 11 1 2 211 22 2 22 2 3 32 2 333 33 3

= + +

= + +

= + +

e

e

e

'

'

'

(1)Suppose first that the variance of each of the variables is equal to 1. It follows then that

4

var()var()var()X a a b

X a a b

X a a b

1 112 132 112

2 212 222 222

3 322 332 332

1= = + +

= = + +

= = + +

(2)

corrcorrcorr( , ) .( , ) .( , ) .X X a aX X a aX X a a1 2 11212 3 22323 13330 990 991 0 99= == == =

(3)From (1), the absolute values of each of the coefficients is less than one. From (2), itfollows that a11, a21, a22, a32, a13, and a33 all have absolutevaluesgreaterthan0 . 9 9 . Hencevar(T1) is greater than 1, which is acontradiction.Itfollows thathereareno solutions to(2) and (3).Suppose now that we do notfixthevariancesof theexogenous variablesatone. Wewillshow thatifthecorresponding setof equationshas asolution, thenso do (2) and( 3 ) , whichisacontradiction.

var()' var( ) ' var( ) ' var( ' )var( ) ' var( ) ' var( ) ' var( ' )var( ) ' var( ) ' var( ) ' var( ' )X a T a T bX a T a T bX a T a T b1 11 2 1 13 2 3 11 2 12 21 2 1 22 2 2 22 2 23 32 2 2 33 2 3 33 2 311= = + += = + += = + + e e e

(2�)

corrcorrcorr( , ) . ' ' var( )( , ) . ' ' var( )( , ) . ' ' var( )X X a a TX X a a TX X a a T1 2 11 21 12 3 22 32 21 3 13 33 30 990 990 99= == == =

(3�)Suppose now that 2� and 3� have a solution. Then set

a a T a a T a a T a a T a a T a a T b b b b b b

11 11 1 21 21 1 22 22 2

32 32 2 13 13 3 33 33 3

11 11 1 22 22 2 33 33 3

= = =

= = =

= = =

' var( ) ' var( ) ' var( )

' var( ) ' var( ) ' var( )

' var( ' ) ' var( ' ) ' var( ' ) e e e

These now form a solution to (2) and (3), which is a contradiction. \Lemma 1: If S is a positive definite matrix, thenthereexists apositivedefinitematrixS�= S - dI, where d is a real positive number.Proof. Suppose that S is a positive definite matrix. It follows then that for all solutions ofdet(S - lI) = 0, l is positive. Let the smallest solution of det(S - lI) = 0 be l1 . Letd be

5less than l1 and greater than 0. Let S� = S - dI. We will now show that all of the solutionsof det(S� - l�I) = 0 are positive. S� - l�I = S - dI - l�I = S - (l� + d)I. If we set l� = l -d, then for each solution of det(S - lI) = 0, there is a solution of det(S - (l� + d)I) = 0.Since l� = l - d, and d is less than l1, thesmallestsolutionof det(S� - l�I) = 0 is greaterthan 0. \A linear transformation of a set of random variables is lower triangular if and only ifthere is an ordering of the variables such that the matrix representing the transformation iszero for all entries aij, when j > i.Lemma 2: If X1 , … , X n haveajointnormaldistributionN ( 0 , S), where S is positivedefinite, then there is a set of n mututally independent standard normal variables T1, …,T n ,such that X1, …, Xn are a lower triangular linear transformation of T 1 , … , Tn andfor eachi,thecoefficientofTiintheequationforXiisnotequaltozero.Proof . For every positive definitecorrelation matrixS, a complete directed graph can begiven a linear parameterization that represents S (Spirtes et al. 1993). The reduced form ofa complete directed graph is a lower triangular transformation of independent errorvariables that is non-zero on the diagonal, because S is positive definite. \Theorem 2: If G is the graph of SEM L with measured variables X, normally distributedcorrelated errors, and marginal correlation matrix S(X), {X, Y} ¨ Z ˝ X, and X is d-separated from Y given Z in Transform(G), then rXY.Z = 0 in S(X).Proof . First we willconstructalatentvariablemodelof e1 , . . . , e n . Thenwe willuse thismodeltoformthelatentvariablemodelL�withgraph G� that has marginal correlationmatrix S(X) but no correlated errors, and in which X is d-separated from Y given Z in G�.It follows that rXY.Z = 0 in S (X ).Order thevariables so thatX is first, Yis second, followed by eachvariablewith adescendant in Z, followed by any remaining variables that have X or Y as descendants,followed by the rest of the variables. Given this ordering, we will now refer to thevariables as X1,...,Xn, where for all i, Xi is the ith variable in the ordering. Suppose for thegraphinFigure1weareinterestedinwhetherXY = 0 (i.e. Z = ˘). One renaming of thevariables for the graph in Figure 1 that is compatible with the ordering rules given above isshown in Figure 3.

6eX1 eX3 eX5 eX4 eX6 eX2X1 X3 X5 X4 X6 X2 G

T13 T35 T54 T46 T26X1 X3 X5 X4 X6 X2 Transform(G)

Figure 3Suppose that the correlation matrix among the error terms of L is S. We will show thatthere is a latent variable model of S of the form

eei ij jj i ia T= +£� ' '

where each of the Tiande�iareuncorrelated.By hypothesis, S is a positive definite matrix. By Lemma 1, there is a set of variablese�1,...,e�n with positive definite matrixS� = S - dI. As a first step to constructing a latentvariable model of e, we will construct a latent variable model of e�, represented by adirected graph H. Note that H does not contain any of the X variables or e variables.By Lemma 2, there is a set of variables T1 , . . . , Tn such thate�1 , . . . , e�n withcorrelationmatrixS�(e�) are a lower triangular linear transformation of T1 , . . . , Tn andfor eachi, thecoefficientofTiintheequationfore�iisnotequaltozero.Thatis

e' i ij jj i a T= <�

where aii „ 0. Thetransformation canbe represented by adirectedgraph H in which foreach i, there are edges from Ti to e�j, j ‡ i.

7From the construction of H, there are no edges from Tj to e’1 unless j = 1. Hence, for everyj „˚1, in H every every trek between e�1 and e�j contains T1. It follows thathereis atmostone trek between e�1 and e�j. The edge from T1 to e�1 is not zero. Henceife1 and ej arenotcorrelatedinL(i.e.X1and Xjarenotd-adjacentinTransform(G))thentheedgefromT1 toej is zero. In the example from Figure 3, a12 = a14 = a15 = a16 = 0.ApplyingthisstrategytoeachoftheTi variablesinturn, we cannow show thatfor eachiandr>i,ifthereisnotrekbetweene�rande�icontainingavariableT j, where j< i, andXris not d-adjacent to Xi in Transform(G) (i.e. ei and ej areuncorrelatedinL), thentheTi fie�r edge can be removed from the graph (i.e. air can be set to zero.) Suppose on the contrarythatthereisnotrekbetweene�rande�icontainingavariableTj,wherej<i,andXrisnotd-adjacenttoXiinTransform(G) (i.e. ei and ej are uncorrelated in L), but the Ti fi e�r edgeisnotremovedfromthegraph by thisprocedure(i.e. air is notsettozero.) By theconstruction of H, if k > i, then there is no edge from Tk to e’i. Itfollows thatifinH thereis no trek between e�rande�icontainingavariableT j, where j< i, theneverytrekbetweene�iandanyothervariablecontainstheedgefromTitoe�i,whichisnotequaltozero.The Tifi e�r edgeexists by hypothesis, so thereis exactlyonetrekbetweene�i ande�r inH.Hence �iande�rarecorrelatedineveryparameterizationofH . (Note thatthis could not beclaimedif therewere more than one trek between e�i ande�r sinceinthatcasethetreksmightcanceleachother.)Sincethecovariancesbetweendistincte� variables are equal to thecorrelations between the corresponding e variables, it follows that eiander arecorrelatedinL�, andhenced-adjacentinTransform(G). This is a contradiction. The end result of thisprocess of edge removal for the graph in Figure 3 is shown in Figure 4.T1 T3 T5 T4 T6 T2e’X1 e’X3 e’X5 e’X4 e’X6 e’X2

Figure 4: H a f t e r e x t r a e d g e s a r e r e m o v e d From the latent variable model without correlated errors of the ’ variables, we can nowform a latent variable model without correlated errors of the variables. For each i, let e�ibe a normally distributed variable with variance dthatisindependentofalloftheTi,andalloftheothere� variables. It follows then that

8

e e

i ij j j i

i a T = +

£

� ' '

because the addition of the �itermdoesnotchangeanyof thecorrelations, andadds d tothe variance of e�i.From thelatentvariablemodelwithoutcorrelatederrors of the variables, we can nowform a latent variable model without correlated errors of S(X). If we use the aboveequation to replace each ei intheSEML, we formaSEML�which has no correlatederrors,buthasthesamemarginalcovariancematrixasL.IftheequationsinLare:

XbXi ij jj i i= +„� e

then the equations in L� are:

XbXaTi ij jj i ij jj i i= + +„ <� � e ' '

L� has a graph G� obtained from G and H in the following way: Remove each errorvariable from G (because all of the error terms are uncorrelated in L�), add each of the Tivariables to G, and add an edge from Ti toX j ifinH there is an edge from Ti toe�j. NotethattheancestorrelationsamongtheX variables in G� is the same as theancestor relationsamong the X variables in Transform(G). Given the graph G from Figure 3 and the graph Hfrom Figure 4, the end result is shown in Figure 5. As in Transform(G), we will call a trekXj ‹ Tm fi Xi that contains a T variable a correlated error trek in G�.T1 T3 T5 T4 T6 T2X1 X3 X5 X4 X6 X2

Figure 5: G �

9We will now show that if there is a correlated error trek between Xi andX j inG� thatcontains a variable Tr, theninTransform(G) there is a correlated error trek sequencebetween Xi and Xj, such thateveryvariableinthecorrelatederror treksequence, withthepossible exceptionof theendpoints, has index(i.e. subscript) less thanor equaltor(henceforthreferredtoasthecorrelatederrortreksequenceinTransform(G) correspondingto the correlated error trek between Xi andX j inG�.) The proof is by induction on r.Suppose first that r = 1. If there is a correlated error trek between Xi andX j inG� thatcontains T1 thentherearecorrelatederror treks betweenX i andX 1 inTransform(G), andbetween XjandX1.Theconcatenationofthesetwocorrelatederrortreksformsacorrelatederror treksequenceinwhich (trivially)everyvariableinthesequenceexceptfor theendpoints has an index less than or equal to 1. The induction hypothesis is that for all r £ n,if there is a correlated error trek between Xi andX j inG� that contains Tr, theninTransform(G) there is a correlated error trek sequence between Xi andX j , such thateveryvariableinthesequence,withthepossibleexceptionoftheendpointshasanindexlessthanr. Suppose now that inG’ there is a correlated error trek between Xi andX j such thathetrekcontainsT n+1 , where i, j‡ n+1. Since the edge between Tn+1 andX i exists inG�, itfollows fromthemethodof constructionof G� thateitherthereis acorrelatederror trekbetween Xi and Xn+1 in G’ that contains some Tr, r < n+1, or X n+1 andX i ared-adjacentinTransform(G). In the former case, by the induction hypothesis there is a correlated errortrek sequence between Xi andX n+1 that, exceptfor theendpoints, containsonlyverticeswhose indicesareless thanor equalton+1. In thelattercase, < X i , X n+1 > is acorrelatederrortreksequencebetweenXiandXn+1. Similarly, there is a correlated error trek sequencebetweenX n+1 andX j that, exceptfor theendpoints, containsonlyverticeswhose indicesarelessthanorequalton+1.Thesetwocorrelatederrortreksequencescanbeconcatenatedtoformacorrelatederror treksequencebetweenX i andX j that, exceptfor theendpoints,containsonlyverticeswhose indicesareless thanor equalton+1. For theG’ shown inFigure 5, there is a correlated error trek between X5 and X6, and a corresponding correlatederror trek sequence <X5,X4,X6> in the graph Transform(G) in Figure 3.We will now show that if X1 and X2 are d-connected given Z in G�, thenX 1 andX 2 ared-connectedgivenZ in Transform(G) using Lemma 3.3.1+ (Richardson 1994, which is anextension to the cyclic case of Lemma 3.3.1 in Spirtes et al. 1993). Lemma 3.3.1+ statesthat there is a path in a directed graph G that d-connects X and Y given Z if and only ifthere is a sequence of vertices Q and a set P of paths in G between pairs of adjacentvertices in Q that have the following properties: (i) For each occurrence of a pair of adjacentvariables Xi and Xj in Q, i „˚j, and there is a unique path in P that d-connects Xi andX j

10given Z\{Xi,Xj}; (ii) if <Xi,Xj,Xk> is a subsequence of Q, the corresponding path betweenXi and Xj in P is into Xj, and the corresponding path between Xj and Xk inP is into Xj (inwhich case we say that the occurrence of Xj is a collider in Q) then Xj has a descendantinZ; and (iii) if there is an occurrence of Xj thatis anon-colliderinQ, then Xj is notinZ.Note that we do not require that a vertex occur only once in Q. Hence one occurrence of avertex in Q may be a collider, and another occurrence of the same vertex in Q may be anon-collider.Suppose now that there is an undirected path U that d-connects X1 andX 2 givenZ in G�.Intuitively, in G’ we would like to form Q and P by breaking U into pieces, such thateachcorrelatederror trek occurs as aseparate piece. Moreformally, form asequence Q ofvertices and an associated sequence P of paths in G’ with the following properties: (i)every vertex in Q is in X and occurs on U; (ii) no vertex occurs in Q more than once; (iii) ifA occurs before B in Q, then A occurs before B on U; (iv) if the subpath of U between Aand B is a correlated error trek, then A and B both occur in that order in Q. The path in Passociated with a pair A and B of adjacent vertices in Q is the subpath of U between A andB. In the example in Figure 5, in G’ the d-connecting path between X1 and X2 given Z = ˘is X1 ‹ X5 ‹ T4 fi X 6 fi X 2 , Q = < X 1 , X 5 , X 6 , X 2 >, andP = <X1 ‹ X 5 , X 5 ‹ T4 fiX6, X6 fi X2>. In this example, there are no colliders in Q.Because U is a path that d-connects X1 and X2 given Z in G�, it is easy to see that thepathsinP have the following properties in G�: (i) Each path in Q d-connects its endpoints Xi andXj given Z\{Xi,Xj}; (ii) if there is an occurrenceof X i inQ that is a collider then Xi has adescendantinZ; and (iii) if there is an occurrence of Xi inQ that is a non-collider, then Xiis not in Z.Wewillnow show how toconstructasequenceof verticesQ� and a set P� of paths inTransform(G) between pairs of adjacent vertices in Q� that have the following properties:(i) For each occurrence of a pair of adjacent variables XiandXjinQ�thereisauniquepathin P� that d-connects Xi and X j givenZ\{Xi, X j}; (ii)ifthereis anoccurrenceof X i inQ�that is a collider, then Xi has adescendantinZ; and (iii) if there is an occurrence of Xi inQ� that is a non-collider, then Xi is not in Z. It will follow from Lemma 3.3.1+ that X andYared-connectedgivenZ in Transform(G).We will create Q� by several modifications of Q. Step (1) in creatingQ� is to replace eachsubsequence <Xr,Xs> of Q such that Xr and Xs are on a correlated error trek inQ, with thecorresponding correlated error trek sequence <Xr, …, Xs> in Transform(G). Note that each

11occurrence of Xk between< X r , … ,Xs > is acolliderinQ�. In the example, after the firststep Q� = <X1 , X 5 , X 4 , X 6 , X 2 > and P’ = <X1 ‹ X5 , X5 ‹ T45 fi X4 , X4 ‹ T46 fi X6 , X6fi X2>, i.e. we replaced the subsequence <X4, X 6> in Q by <X5, X 4, X 6> . RecallthattheancestorrelationsamongtheX variables (which includes thevariables in Z)in G� is the same as the ancestor relations among the X variables in Transform(G). Afterstage (1) in creating Q�, if Xk is not anancestorof Z in Transform(G) (or in G�), but hasan occurrence in Q� that is a collider, it follows that Xk was addedtoQ� by replacing asubsequence <Xr,Xs> of Q by a corresponding correlated error treksequence< X r , … ,Xs >in Transform(G). Hence any such Xk lies between some pair of verticesXr andX s thatareadjacentinQ. Because every vertex in <Xr , … , Xs> inQ� (except for Xr andX s) has anindex less than r and s, and Xk is notanancestorof Z in G�, it follows from the orderingof the variables that we chose, that XrandXsarenotancestorsofZ in G�. Because Xr andX s areon U butnotancestorsof Z in G�, there is a subpath of U that is a directed pathfrom Xr to X1 and a subpath of U thatis adirectedpathX s toX 2 , or viceversa. In eithercase, in G�, Xr is an ancestor of X1 and Xs is an ancestor of X 2 , or Xr is anancestorof X 2and Xs is an ancestor of X1. Because in G �, Xr is anancestorof X 1 andX s anancestorofX2 or vice-versa, andk < r ands, itfollows fromtheorderingof thevariablesthatX k isalso an ancestor of X1 or X2 in G�. Hence Xk is an ancestorof X 1 or X 2 inTransform(G).In the example, in Transform(G) X4isnotanancestoroftheemptysetbutisanancestorofX1, and it is between two vertices X5 and X6 which also arenotancestorsof theemptysetbut are ancestors of X1 or X2.If there is some vertex Xk in Q� that is not an ancestor of Z, but occurs in Q� as acollider,suppose without loss of generality that there is a vertex that is an ancestor of X 1 butnotofZ, that occurs as a collider in Q�. Let XabethelastoccurrenceofacolliderinQ� thatis anancestor of X1 but not of Z, if there is one, otherwiseletX a = X 1 . Step(2) informingQ�and P� is to replace the subsequence <X1 , … , X a > by < X 1 , X a > ifX a „ ˚X 1 , andreplacingthecorresponding paths inP� by a directed path from Xa toX 1 ifX a „ ˚X 1 . (Such adirectedpathexists ifX a „ ˚X 1 becauseX a is anancestorof X 1 .) ThisremovesalloccurencesofverticesbetweenX 1 andX a thatarenotancestorsof Z, but are colliders inQ�. In the example, Xa = X4, and after step 2, Q� = <X1, X 4, X 6, X 2> and P� = <X1 ‹ X 4 ,X 4 ‹ T46 fi X6 , X6 fi X2 > . Bydefinition,everyvertexthatoccursasacolliderbetweenXaandX2 in Q� is anancestorof Z or of X2. Let Xb be the first vertex afterX a inQ� that is an ancestor of X2 butnotofZ, if there is one, otherwise let Xb = X 2 . Step(3) informingQ� and P� is to replace the

12subsequence <Xb , … , X 2 > by <Xb , X 2 > if Xb „ X 2 , andreplacingthecorresponding pathsinP� by a directed path from Xb toX 2 ifX b „ ˚X 2 . ThisremovesalloccurrencesofcollidersbetweenX b andX 2 thatarenotancestorsof Z. Note that all occurrences ofcolliders that are left are between XaandXb,andeveryoccurrenceofacolliderbetweenX aand Xb is an ancestor of Z by construction. In the example, Xb = X2, and after step (3), Q�and P� are unchanged.We will now show that every path between a pair of variables Xu andX v inP� d-connectsXu and Xv given Z\{Xu,Xv}. If the path between Xu and Xv is also in P, thenitd-connectsXu and Xv given Z\{Xu,Xv} because every path in P has this property. If thepathbetweenX u andX v is notinP, but was added in step (1) of the formation of P�, then the pathbetween Xu andX v is acorrelatederror trek, which d-connectsX u andX v givenZ\{Xu,Xv} because no Tvariableis inZ. If the path between Xu andX v is notinP, butwas added in step (2) of the formation of P�, then Xu = X1, Xv = Xa, and thepathbetweenXu and Xv is a directed path from Xa to X 1 thatdoes notcontainanymemberof Z. Hencethe path d-connects XuandXu given Z.Similarly,ifthepathbetweenpathbetweenX u andXv is not in P, but was added in step (3) of theformationo f P�, then Xu = X b , X v = X 2 ,andthepathbetweenXuandXvisadirectedpathfromX b toX 2 thatdoes notcontainanymember of Z. Hence the path d-connects Xu and Xv given Z.Wewillnowshowthateveryvertexthatoccursas acolliderinQ� has a descendant in Z,and every vertex that occurs as a non-collider in Q� is not in Z. Every vertex that occurs asa collider in Q� is an ancestor of Z, because steps (2) and (3) in the formation of Q�removed all occurrences of colliders that were not ancestors of Z. Every vertex that occursas a non-collider in Q and as a non-collider in Q� is not in Z, because every vertex thatoccurs as a non-collider in Q is not in Z. The only vertices that may occur as non-collidersin Q� but not in Q are Xa andX b . X a is notinZ, because either it is equal to X1 or X 2 ,neither of which is in Z, or it is not an ancestor of Z by construction. Similarly, Xb is notin Z.Hence Q� is a sequence of paths that satisfy properties (i), (ii), and (iii). It follows fromLemma 3.3.1+ that X1 and X2 are d-connected given Z in Transform(G).By contraposition, since X1 and X 2 ared-separatedinTransform(G), they are d-separatedgiven Z in G�. Because G� is the directed graph of a latent variable model L� withcorrelation matrix that has marginal S(X), no correlated errors, and X1 andX 2 are

13d-separated given Z in G�, it follows from Theorem 3 (Spirtes 1995) that rXY.Z = 0 inS(X). \Theorem 3: If G is the graph of SEM L with normally distributed correlated errors andmarginal correlation matrix S(X), and X is d-connected to Y given Z in Transform(G) thenL does not linearly entail that rXY.Z=0.Proof. If X is notd-separatedfromYgivenZ in Transform(G), then by Theorem 3(Spirtes 1995) there is a parameterization of Transform(G) with correlation matrix S(X)such that rXY.Z „ 0. By theconvention adopted for new latentvariables names inTransform(G), no new latent variable was called Tji where j>i. For thesakeof notationalconvenience,wewillalsousethenameTjitorefertoTij.Inthatparameterization,

XbXaTi ij jj i ij ijj i i= + +< „� � e '

Now define

ei ij ijj i ia T= +„� '

It follows then that

XbXi ij jj i i= +<� e

which is a parameterization of L in which rXY.Z „ 0. \Because the covariance matrix of the non-error variables in a linear SEM does not dependupon whether the error terms are normally distributed, but depends only upon the linearcoefficients and the covariance matrix among the errors, Theorem 2 and Theorem 3 canobviously be extended to the case where the error terms are not normally distributed.

14AppendixSets of variables and defined terms are in boldface. A directed graph is an ordered pairof a finite set of vertices V, and a set of directed edges E. A directed edge from A to B isan ordered pair of distinct vertices <A,B> in V in which A is the tail of the edge and B isthe head; the edge is out of A and into B, and A is parent of B and B is a child of A. Asequence of edges <E1 , . . . , E n > inG is anundirected path if and only if there exists asequence of vertices <V1 , . . . , V n + 1 > such thatfor 1 £ i < n either <Vi,Vi+1> = Ei or< V i+1, V i> = Ei. A path U is acyclic if no vertexoccurringon anedgeinthepathoccursmore than once. A sequence of edges <E1,...,En> inG is adirected path if and only ifthere exists a sequence of vertices <V1,...,Vn+1> such that for 1 £ i < n <Vi,Vi+1> = E i .If there is an acyclic directed path from A to B or B = A then A is an ancestor of B, and Bis adescendant of A. A directed graph is acyclic if and only if it contains no directedcyclic paths.1Vertex X is a collider on an acyclic undirected path U in directed graph G if and only ifthere are two edges on U that are directed into X. Three disjoint sets X, Y, and Z, X andY are d-separated given Z in G if and only if there is no acyclic undirected path U from amember of X to a member of Y such that every non-collider on U is not in Z, and everycollider on U has a descendant in Z. For three disjoint sets X, Y, and Z, X and Y are d-connected given Z in G if and only if X and Y are not d-separated given Z.The variables in a linear structural equation model (SEM) can be divided into two sets, the�error variables� or �error terms,� and the substantive variables. Corresponding to eachsubstantive variable XiisalinearequationwithXionthelefthandsideoftheequation,andthedirectcausesofXiplustheerrortermeiontherighthandsideoftheequation.Sincewehavenointerestinfirstmoments,withoutlossofgeneralityeachvariablecanbeexpressedasadeviationfromitsmean.

1An undirected path is often defined as a sequence of vertices rather than a sequence of edges. The twodefinitions are essentially equivalent for acyclic directed graphs, because a pair of vertices can be identifiedwith a unique edge in the graph. However, a cyclic graph may contain more than one edge between a pair ofvertices. In that case it is no longer possible to identify a pair of vertices with a unique edge.

15Consider, for example, two SEMs S1 and S2 over X = {X1, X2, X3}, where in bothSEMsX1 is a direct cause of X2 and X2 is a direct cause of X3. The structural equations2 in Figure6 are common to both S1 and S2.X 1 = e1X2 = b1 X 1 + e2X3 = b2 X 2 + e3Figure 6: Structural Equations for SEMs S1 a n d S 2where b1 and b2 arefreeparametersrangingoverrealvalues, ande1 , e2 and e3 areerrorterms. In addition suppose that e1, e2 and e3 are distributed as multivariate normal. In S 1 wewillassume thathecorrelationbetweeneachpairof distincterror termsis fixedatzero.The free parameters of S1 are q = <b, P>, where b is the set of linear coefficients {b1 , b 2 }andP is the set of variances of the error terms. We will use SS1 ( q1 ) todenotethecovariancematrixparameterizedbythevectorq1 for modelS 1 , andoccasionallyleaveoutthemodelsubscriptifthecontextmakesitclearwhichmodelis beingreferredto. If allthepairsoferrortermsinaSEMS areuncorrelated,we say S is aSEMwithuncorrelatederrors.S2 contains the same structural equations as S1, but in S2 we willallowtheerrors betweenX2 and X3 to be correlated, i.e., we make the correlation between the errors of X2 andX3 afreeparameter,insteadoffixingitatzero, as inS 1 . In S 2 the free parameters are q = <b,P�>, where b is the set of linear coefficients {b1 , b 2 } andP� is the set of variances of theerror terms and the correlation between e2 and e3 . If thecorrelationsbetweenanyof theerror terms in a SEM are not fixed at zero, we will call it a SEM with correlated errors.3It is possible to associate with each SEM with uncorrelated errors a directed graph thatrepresents the causal structure of the model and the form of the linear equations. Forexample, the directed graph associated with the substantive variables in S1 is X 1fi X 2 fiX3 , becauseX 1 is theonlysubstantivevariablethatoccurs on therighthandsideof theequation for X2, and X2 is the only substantive variable thatappearson therighthandsideof theequationfor X 3 . Wegenerallydo notincludeerror termsinthedirectedgraph

2 We realize that it is slightly unconventional to write the trivial equation for the exogenous variableX1 in terms of its error, but this serves to give the error terms a unifiedandspecial status as providing allthe external sources of variation for the system3We do not consider SEMs with other sorts of constraints on the parameters, e.g., equality constraints.

16associated with a SEM unless the errors are correlated. We enclose measured variables inboxes, latent variables in circles, and leave error variables unenclosed.X1X2X3e2e3

Figure 7. SEM S2 w i t h c o r r e l a t e d e r r o r s The typical path diagram that would be given for S2 is shown inFigure 7. Thisis notstrictlyadirectedgraphbecauseofthedouble-headedarrowbetweenerror termse2 and e3 ,whichindicatesthate2 ande3arecorrelated.Itisgenerallyacceptedthatcorrelationis tobeexplainedby someformof causalconnection. Accordinglyife2 and e3 arecorrelatedwewill assume that either e2 causes e3, e3 causes e2, some latent variable causes bothe2 and e3 ,or somecombinationof these. In otherwords, double-headedarrows areanambiguousrepresentationofacausalconnection.

17Bibliography(T. Richardson) Properties of Cyclic Graphical Models, Master’s Thesis, Carnegie MellonUniversity, 1994.(P. Spirtes, C. Glymour and R. Scheines) Causation, Prediction, and Search, Springer-Verlag Lecture Notes in Statistics 81, N.Y., 1993.(P. Spirtes) "Directed Cyclic Graphical Representation of Feedback Models", inProceedings of the Eleventh Conference on Uncertainty in Artificial Intelligence, ed. byPhilippe Besnard and Steve Hanks, Morgan Kaufmann Publishers, Inc., San Mateo, 1995.