Causal Inference in the Presence of Latent Variables and SelectionBias1byPeter Spirtes, Christopher Meek, and Thomas Richardson

1 We wish to thank Clark Glymour and Greg Cooper for many helpful conversations. This researchwas supported in part by ONR contract Grant #: N00014-93-1-0568

2I. IntroductionWhenever the use of non-experimental data for discovering causal relations orpredicting the outcomes of experiments or interventions is contemplated, two difficultiesare routinely faced. One is the problem of latent variables, or confounders: factorsinfluencing two or more measured variables may not themselves have been measured orrecorded. The other is the problem of sample selection bias: values of the variables orfeatures under study may themselves influence whether a unit is included in the datasample.Latent variables produce an association between measured variables that is not due tothe influence of any measured variable on any other. It is well known that whereunrecognized latent common causes occur, regression methods, for example, no matterwhether linear or nonlinear, give incorrect estimates of influence. When two or morevariables under study both influence membership in a sample or inclusion in a database,an association between the variables occurs in the sample that is not due to any influenceof a measured variable on other measured variables, nor to an unmeasured commoncause.Difficult as these problems are separately, they can both occur in the same sample ordatabase, as in the following example. Suppose a survey of college students is done todetermine whether there is a link between intelligence and sex drive. Let student status bea binary variable that takes on the value 1 when someone is a college student. Supposeage causes sex drive, and age and intelligence also causes student status . Hence whetheror not one is in the sample is influenced by the two variables in the study, and there maybe a statistical dependency between intelligence and sex drive in the sample even whenno such dependency exists in the population. (This example will be discussed in moredetail in section II. Here age is obviously a proxy for a combination of physical andmental states associated with age.) The combination of a latent variable (age) and aselection variable (student status) would produce a dependency which (naivelyinterpreted) would make it appear as if there is a causal connection of some kind betweenintelligence and sex drive, even though none exists.A reasonable attitude toward most uncontrolled convenience samples (and a lot of�experimental� samples as well) is that they may be liable to both difficulties. For thatreason many statistical writers have implicitly or explicitly concluded that reliable causaland predictive inference is impossible in such cases, no matter whether by human or bymachine. We think it is more fruitful to consider whether, under conditions only slightly

3stronger than those used for causal inference from experimentally controlled data, causalinferences can sometimes reliably be made. This paper uses Bayesian network models forthat investigation. Bayesian networks, or directed acyclic graph (DAG) models haveproved very useful in representing both causal and statistical hypotheses. The nodes ofthe graph represent vertices, directed edges represent direct influences, and the topologyof the graph encodes statistical constraints. We will consider features of such models thatcan be determined from data under assumptions that are related to those routinely appliedin experimental situations:• The Markov condition for DAGs interpreted as causal hypotheses. An instance ofthe Causal Markov Assumption is the foundation of the theory of randomizedexperiments. It is also the foundation for the practice of constructing Bayesiannetworks to be used for diagnosis or classification by eliciting causal relationsfrom experts.• An assumption that the population selected by sampling criteria has the samecausal structure (although because of sample selection bias not necessarily thesame statistical properties) as the population about which causal inferences are tobe made. This assumption, which we call the Population Inference Assumption isof course essential whenever experimental results on a sample are used to guidepolicy on a larger population.• A version of the Causal Faithfulness Assumption, which says essentially thatobserved independence and conditional independence relations are due to thetopology of the causal graph rather than to special parameter values. Theassumption is used, implicitly or in other terms through the behavioral sciences,for example in econometrics to test �exogeneity�. See Epstein (1987).In order to deal with the problems raised by latent variables and selection bias, wewill use, partial ancestor graphs (or PAGs), to represent a class of DAGs. For a DAG Gwhich may have both latent and selection variables, the PAG that represents G containsinformation about both the conditional independencies entailed by G, and partialinformation about the ancestor relations in G. We will briefly describe how PAGs can beused to search for latent variable DAG models, to perform efficient classifications, and topredict the effects of interventions in causal systems. The advantages of the PAGsrepresentation include:• The space of PAGs is smaller than the space of DAGs they represent, makingsearch over PAGs more feasible than a search over DAGs. For a given set of

4measured variables, the set of PAGs is finite, whereas the set of DAGs thatcontain the measured variables but may also contain latent variables is infinite.• In some cases where large sample (or even population) data would notdiscriminate between different DAGs, the same data would select a single PAG,which could be used to answer some (but not all) questions about the effects ofintervening upon an existing causal structure.• Quite apart from any causal interpretation of PAGs, in some cases there is a PAGthat is a more parsimonious representation of a distribution than any DAGcontaining the same variables. Hence a PAG may be used to obtain unbiasedestimates of population parameters that have lower variance than estimatesobtained from any DAG without latent variables.Using PAGs, we characterize the causal information that can (and in some casescannot) be obtained from independence and conditional independence relations in apopulation subject to both sample selection bias and latent variables. Given an oracle(such as a family of statistical tests) for judging population conditional independencerelations among a set of recorded variables, we provide an asymptotically reliablealgorithm for constructing PAGs, under the set of assumptions described above (anddescribed again more precisely in sections I and II). The algorithm is exponential in theworst case, but feasible for sparse graphs with up to 100 variables. We will also describethe results of a simulation study on the reliability of the algorithm.II. Representation of Selection BiasWe distinguish two different reasons why a sample distribution may differ from thepopulation distribution from which it is drawn. The first is simply the familiarphenomenon of sample variation, or as we shall say, sample bias: the frequencydistribution of a finite random sample of variables in a set V does not in general perfectlyrepresent the probability distribution over V from which the sample is drawn. The secondreason is that causal relationships between variables in V, on the one hand, and themechanism by which individuals in the sample are selected from a population, on theother hand, may lead to differences between the expected parameter values in a sampleand the population parameter values. In this case we will say that the differences are dueto selection bias. Sampling bias tends to be remedied by drawing larger samples;selection bias does not.

5We will not consider the problems of sample bias in this paper (except in thesimulation studies); we will always assume that we are dealing with an idealized selectedsubpopulation of infinite size, but one which may be selection biased.For the purposes of representing selection bias, following Cooper (1995) we assumethat for each measured random variable A, there is a binary random variable SA that isequal to one if the value of A has been recorded, and is equal to zero otherwise. (We willsay that a variable is measured if its value is recorded for any member of the sample.) IfV is a set of variables, we will always suppose that V can be partitioned into three sets:the set O (standing for observed) of measured variables, the set S (standing for selection)of selection variables for O, and the remaining variables L (standing for latent). Althoughthis representation allows for the possibility that some units have missing values for somevariables and not others, the algorithms for causal inference that we will describe assumethat we are using only the data for the subset of the sample in which all of the units haveno missing data for any of the measured variables (i.e. S = 1). Since in somecircumstances this reduces the usable sample dramatically (or even to zero) it wouldobviously be desirable to make use of the full sample; how to do this is an open researchproblem.In the marginal distribution over a subset X of O in a selected subpopulation, the setof selection variables S has been conditioned on, since its value is always equal to 1 in theselected subpopulation. Hence for disjoint subsets X, Y, and Z of O, we will assume thatwe cannot determine whether X

Z | Y, but that we can determine whether X

Z |(Y ¨ (S = 1)). (X

Z |Y means X is independent of Z given all values of Y. If Y isempty, we simply write X

Z. If the only member of X is X, then we write X

Z |Yinstead of {X}

Z | Y. X

Z | (Y ¨ (S = 1)) means X is independent of Z given allvalues of Y, and the value S = 1.) There may be cases in which all of the variables in Salways take on the same value; this corresponds to the case where there are no missingvalues in the sample. In such cases we will represent the selection with a single variableS.The three causal DAGs for a given population shown in Figure 1 illustrate a numberof different ways in which selection variables can be related to non-selection variables.The causal DAG in (i) would occur, for example if the members of the population whoseX values were recorded and the members of the population whose Y values were recordedwere randomly selected by flips of a pair of independent coins. The DAG in (ii) wouldoccur if the flip of a single coin was used to choose units which would have both their Xand Y values recorded (i.e. SX = SY and there are no missing values in the sample). The

6DAG in (iii) would occur if, for example, X is years of education, and people with higherX values respond to a questionnaire about their education--and thus appear in the sample--more often than people with lower X values. We do not preclude the possibility that avariable Y can be cause of SX for some variable X „˚Y, nor do we preclude the possibilitythat SX can be a cause as well as an effect, respectively, of one or more different variables.X YX YX YS SXY

S SXYS(i) (ii) (iii)Figure 1The causal DAG that represents the intelligence and sex drive example described insection I is shown in Figure 2. IQ AgeStudent Status sex drive

Figure 2The causal inferences that we make rest on three different assumptions. The CausalMarkov and Causal Faithfulness Assumptions are described in the Introduction. ThePopulation Inference Assumption described below is the third assumption we make thatguarantees the asymptotic correctness of the causal inference procedures described in thefollowing sections.Consider the case where one is interested in causal inferences about the wholepopulation from the selected subpopulation. The notion of a causal graph, as we havedefined it is relative to a set of variables and a population. Hence the causal graph of thewhole population and the causal graph of the selected subpopulation can conceivably bedifferent. For example, if a drug has an effect on people with black hair, but no effect onpeople with brown hair, then there is an edge from drug to outcome in the firstsubpopulation, but not in the second. Because of this, in order to draw causal conclusionsabout either the whole population or the unselected subpopulation (e.g. the black haired

7subpopulation) from the causal graph of the selected subpopulation (e.g. the brown hairedsubpopulation), we will make the following assumption:Population Inference Assumption: If V is a causally sufficient set of variables, thenthe causal DAG relative to V in the population is identical with the causal DAGs relativeto V in the selected subpopulation and the unselected subpopulation.This is the sort of assumption that is routinely made when, for example, the results ofdrug trials conducted in Cleveland are generalized to the rest of the country. Of course,there may be examples where the assumption is less plausible. For example, a drug mayhave no effect on outcome in men, but have an effect on women.There are some subtleties about the application of these assumptions to different setsof variables and different populations which are explained in more detail in the Appendix,but are not needed in order to understand the rest of the paper.III. Using Partial Ancestral GraphsLet us consider several different sets of conditional independence and dependencerelations, and what they can tell us about the causal DAGs that generated them, under avariety of different assumptions.Given a causal graph G over a set of variables V, we will say there is no selection biasif and only if for any three disjoint sets of variables X, Y, and Z included in V\S, Gentails X

Z | (Y ¨ (S = 1)) if and only if G entails X

Z | Y. This happens, forexample, when the variables in S are causally unconnected to any other variables in V.(Note that this does not in general entail that the distributions in˚the selectedsubpopulation and the population are the same; it just entails that the same conditionalindependence relations holds in both.) In that case, when we depict a DAG in a figure wewill omit the variables in S, and edges that have an endpoint in S.For a given DAG G, and a partition of the variable set V of G into observed (O),selection (S), and latent (L) variables, we will write G(O,S,L). We assume that the onlyconditional independence relations that can be tested are those among variables in Oconditional on any subset of O when S = 1; we will call this the set of observableconditional independence relations. If X, Y, and Z are included in O, and X

Z | (Y ¨(S = 1)), then we say it is an observed conditional independence relation. Let Cond be aset of conditional independence relations among the variables in O. A DAG G(O,S,L) isin O-Equiv(Cond) just when G(O,S,L) entails that X

Z | (Y ¨ (S = 1)) if and only if

8X Z | Y is in Cond. If G�(O,S�,L�) entails that X

Z | (Y ¨ (S� = 1)) if and only ifG(O,S,L) entails that X

Z | (Y ¨ (S = 1)), then G�(O,S�,L�) is in O-Equiv(G).Imagine now that a researcher does not know the correct causal DAG, but candetermine whether an observed conditional independence relation is in Cond, perhaps byperforming statistical tests of conditional independence on the selected subpopulation.(As we will see later, because many of the conditional independencies in Cond entailother members of Cond, only a small fraction of the membership of Cond actually needbe tested.) From this information alone, and the Causal Markov Assumption, the CausalFaithfulness Assumption, and the Population Inference Assumption, the most he or shecould conclude is that the true causal DAG is some member of O-Equiv(Cond). Thisinformation by itself is not very interesting, unless the members of O-Equiv(Cond) allshare some important features. The examples below show that sometimes the members ofO-Equiv(Cond) do share important features.Our strategy for finding PAGs even when there may be latent variables or selectionbias, is a generalization of the strategy without selection bias described in Spirtes, et al.,1993. A is an ancestor of B in DAG G when there is a directed path from A to B, or A =B. We will construct from Cond a graphical object called a partial ancestral graph(PAG)2, using the Causal Markov, Causal Faithfulness, and Population InferenceAssumptions. The PAG represents information about which variables are or not ancestorsof other variables in all of the DAGs in O-Equiv(Cond). If A is an ancestor of B in allDAGs in O-Equiv(Cond), then although from Cond we cannot tell exactly which DAGin O-Equiv(Cond) is the true causal DAG, because we know that all of the DAGs in O-Equiv(Cond) contain a directed path from A to B we can reliably conclude that in thetrue causal DAG A is a (possibly indirect) cause of B. This strategy is representedschematically in Figure 3. In the following examples we will apply this strategy toparticular sets of observed conditional independence relations. We will also show whatfeatures of DAGs can be reliably inferred, and what features cannot.

2 A similar object was called a partially oriented inducing path graph (POIPG) in Spirtes et al. 1993.PAGs in effect represent a kind of equivalence class of what Wermuth et al.(1994) call summary graphs.

9CondG 1(O,S1,L1) G 2(O,S2,L2) G 3(O,S3,L3) G 4(O,S4,L1) ....O-Equiv(Cond) PAGrepresentsfeatures incommon

Causal Markov AssumptionCausal Faithfulness AssumptionPopulation Inference Assumption

Observed+Figure 3The formal definition of a PAG is given below. There are three kinds of endpoints anedge in a PAG can have: �-�, �o�, or �>�. These can be combined to form the followingfour kinds of edges: A fi B, A « B, A ofi B, or A o�o B. Let �*� be a meta-symbol thatstands for any of the three kinds of endpoints. More formally:A PAG p represents a DAG G(O,L,S) if and only:1. The set of variables in p is O.2. If there is any edge between A and B in p, it is one of the following kinds: A fi B,A ofi B, A o�o B, or A « B.3. There is at most one edge between any pair of vertices in p.4. A and B are adjacent in p if and only if for every subset Z of O\{A,B} G does notentail that A and B are independent conditional on Z ¨ S.5. An edge between A and B in p is oriented as A fi B only if A is an ancestor of Bbut not S in every DAG in O-Equiv(G).6. An edge between A and B in p is oriented as A *fi B only if B is not an ancestorof A or S in every DAG in O-Equiv(G).7. A *�

*B* �* C in p only if in every DAG in O-Equiv(G) either B is an ancestorof C, or A, or S. (Suppose that A and B are adjacent, and B and C are adjacent, andA and C are not adjacent, and the edges in the PAG are not both into B, i.e. thePAG does not contain A *fi B ‹* C. Then the underlining of B should beassumed to be present, although we do not explicitly put the underlining in p.)A �o� on the end of an edge places no restriction on the ancestor relationships. Notethat more than one PAG can represent a DAG G(O,L,S). Two such PAGs p1 and p2 that

10represent G(O,L,S) have the same adjacencies, but are differently oriented in the sensethat p1 may contain a �o� where p2 contains a �>� or a �-�, or vice-versa. Examples ofPAGs are shown in the following subsections.A. Example 1We will start out with a very simple example, in which the set of observed conditionalindependence relations is not very informative. (For simplicity, in all of the followingexamples we assume that all of the variables in S take on the same value, and hence canbe represented by a single variables S.) For example, suppose first that the set Cond1 ofobserved conditional independence relations is empty, i.e. Cond1 = ˘. We now want tofind out what DAGs are in O-Equiv(Cond1). Let V be a set of causally sufficientvariables. Suppose that we assume or know from background knowledge that O = {A,B}is causally sufficient and there is no selection bias. (In general it is not possible to testthese assumption from observational data alone.) Under these assumptions there areexactly two DAGs that entail Cond1, labeled (i) and (ii) in Figure 4. In general, whenthere are no latent variables and no selection bias, there is an edge between A and B if andonly if for any subset X of O\{A,B}, G(O,S,L) entails that A and B are dependent givenX. T U A B (vi) T A S B (v) A S B (iv) T A B (iii) A B (ii) A B (i)

Some Members of O-Equiv(Cond1) A o o B PAG Cond1 = ˘

Figure 4Now suppose that there are latent variables but no selection bias, and that the set ofmeasured variables O = {A,B}. Then, if we do not limit the number of latent variables ina DAG, there are an infinite number of DAGs that entail Cond1 many of which do notcontain an edge between A and B. Two such DAGs are shown in (iii) and (vi) of Figure 4.

11(Latent variables in L are represented by variables in boxes.) The examples in (iii) and(vi) of Figure 4 show that when there are latent variables it is not the case that there is anedge between A and B if and only if for all subsets X of O\{A,B}, G(O,S,L) entails that Aand B are dependent given X. (Recall that if there is no selection bias then A and B aredependent given X ¨ (S = 1) if and only if A and B are dependent given X.)Finally, let us consider the case where there are latent variables and selection bias.Examples of DAGs in O-Equiv(Cond1) with selection bias are shown in (iv) and (v) ofFigure 4.The DAGs in O-Equiv(Cond1) seem to have little in common, particularly whenthere is the possibility of both latent variables and selection bias. While there are a greatvariety of DAGs in O-Equiv(Cond1), it is not the case that every DAG is in O - Equiv(Cond1). For example, a DAG G(O,S,L ) with no edges at all is not in O-Equiv(Cond1).If Cond1 is observed, it is not possible to determine anything about the ancestorrelationships between A and B in the causal DAG describing the population. We representthis information in a partial ancestral graph with the edge A o�o B. The �o� on each endof the edge means that the PAG does not specify whether or not A is an ancestor of B, orB is an ancestor of A. (Since there are DAGs in O-Equiv(Cond1) in which A is anancestor of B, and others in which B is an ancestor of A, every PAG which represents O-Equiv(Cond1) has and �o� on each end of the edge between A and B.)B. Example 2Let O = {A,B,C,D} and Cond2 = {D

{A,B }| C, A

B} and all of the otherconditional independence relations entailed by these. Once again the simplest case iswhen it is assumed that there are no latent variables and no selection bias. In that case theonly DAG that entails Cond2 is (i) in Figure 5.

12A T1 C DB T2 (ii)A C DB (i)

A T1 C DB (iii)

A C DB T2 (iv)

A S T1 C DB (v)

A C DB S T2 (vi)

A o C DB o PAG Cond2 ={ D {A,B}| C, A B }

Some Members of O-Equiv(Cond2)Figure 5Now suppose that we consider DAGs with latent variables so V „˚O, but no selectionbias. In that case if there is no upper limit to the number of latent variables allowed, thenthere are an infinite number of DAGs in O-Equiv(Cond2), several of which are shown in(ii), (iii) and (iv) of Figure 5.Suppose that we now consider DAGs with selection bias. (v) and (vi) of Figure 5show some examples of DAGs that are in O-Equiv(Cond2) that have selection bias andlatent variables.Is there anything that all of the DAGs in Figure 5 have in common? In any of theDAGs in O-Equiv(Cond2), for each of the pairs <A,D>, <B,D>, and <A,B>, there is asubset Z of O such that the pair is independent conditional on Z ¨ {S}. This isrepresented in the PAG by the lack of edges between A and D, between B and D, andbetween A and B. Moreover, in some of the DAGs in Figure 5, A is an ancestor of C,while in others it is not. Note that in none of them is C an ancestor of A or any member ofS. It can be shown that in none of the DAGs in O-Equiv(Cond2) is C an ancestor of A orof any member of S. In the PAG representing O-Equiv(Cond2) we represent this by Aofi C.The �o� on the A end of the A ofi C edge means the PAG does not say whether or notA is an ancestor of C; and the �>� on the C end of the edge means that C is not an

13ancestor of A or any member of S in all of the DAGs in O-Equiv(Cond2). It is also thecase that in all of the DAGs in Figure 5, C is an ancestor of D but not of any member ofS, and D is not an ancestor of C or any member of S. It can be shown that in all of theDAGs in O-Equiv(Cond2) C is an ancestor of D but not of any member of S and D is notan ancestor of C or any member of S. These facts are represented in the PAG by the edgebetween C and D having a �>� at the D end and a �-� at the C end.There is an important distinction between the conditional distribution of D on C = c,and the distribution that results when C is forced (by intervening on the structure) to havethe value c. The latter quantity depends upon the causal relations between C and D. If C isa cause of D, then forcing the value c on C will in general have an effect on the value ofD, while if C is an effect of D, then forcing a value of c on C will not have an effect onthe value of D. See Spirtes et al. (1993) and Pearl (1995) for details. In this particularcase, it is possible to make both qualitative and quantitative predictions about the effectson the value of D of interventions that set the value of C from the PAG and the measuredconditional distribution of D on C = c. This is because every DAG in O-Equiv(Cond2)makes the same quantitative prediction about the effects of intervening to set the value ofC to c. The details of the algorithm for making this prediction are given in Spirtes,Glymour and Scheines (1993). In this case we can determine that the only source ofdependency between C and D are directed paths from C to D, so if P(D | C = c) is theconditional distribution of D on C in the population, and C is forced to have the value c,then the new distribution of D will be P(D | C = c).C. Example 3Finally, consider an example in which Cond3 = {D

{A,B} | C, A

{C,D}}.There is no DAG in O-Equiv(Cond3) in which both V = O and there is no selection bias.Hence we can conclude that the DAG that entails Cond3 either contains a latent variableor there is selection bias or both. (i) and (ii) of Figure 6 are examples of DAGs with latentvariables that entail Cond3. Note that in each of them, there is a latent cause of B and C,B is not an ancestor of C or any member of S, and C is not an ancestor of B or anymember of S. As long as there is no selection bias, these properties can be shown to holdof any DAG in O-Equiv(Cond3).

14 TA B C D (i) TA B C D U (ii)

T1 S T2A B C D (iii)

Some Members of O-Equiv(Cond3) A o o D B C PAG Cond3 ={ {D} {A,B}, {A} {C,D} }

Figure 6Suppose now that we also consider DAGs with selection bias. (iii) of Figure 6 is anexample of a DAG with selection bias that entails Cond3. Note that (iii) in Figure 6 doesnot contain a latent common cause of C and B. However, in each of the DAGs in Figure 5B is not an ancestor of C or any member of S, and C is not an ancestor of B or anymember of S; these properties can be shown to hold of any DAG in O-Equiv(Cond3),even when there are latent variables and selection bias. Hence in the PAG we have anedge B « C. Thus, if the conditional independence relations in Cond3 are ever observed,it can be reliably concluded that even though there may be latent variables and selectionbias, regardless of the causal connections of the latent variables and selection variables toother variables, in the causal DAG that generated Cond3, B is not a direct or indirectcause of C and C is not a direct or indirect cause of B.Suppose P(O) is a distribution that has just the conditional independence relations inCond3. The PAG in Figure 6 can be parameterized in such a way that it represents P(O),and is more parsimonious (its parameterization is lower dimensional) than any DAG thatcontains just the variables in O and represents P(O). (For example in the linear case, thePAG can be given a complete orientation with all �o� ends removed, and interpreted as alinear structural equation models with correlated errors. See Spirtes, et al. 1996 fordetails.) Hence the PAG can be used to find an unbiased estimator of the populationparameters that has lower variance than any unbiased estimator based on a DAG with thesame set of variables. Even if one is not interested in predicting the effects ofinterventions, but merely seeks to find a parsimonious representation of a distribution in

15order to classify or diagnose members of a population, the PAG in Figure 6 hasadvantages over any DAG with the same variables.IV. Summary of PAG TheoremsNote that it follows from the definition of a PAG and the assumed acyclicity of thedirected graphs, that there are no edges A � B in a PAG, and no directed cycles in aPAG. (PAGs can also be used to represent directed cyclic graphs. See Richardson 1996).Informally, a directed path in a PAG is a path that contains only �fi� edges pointingin the same direction.Theorem 1: If p is a partial ancestral graph, and there is a directed path U from A toB in p, then in every DAG G(O,S,L) with PAG p, there is a directed path from A to B,and A is not an ancestor of S.(This follows directly from the definition of an �fi� edge in a PAG.A semi-directed path from A to B in a partial ancestral graph p is an undirected pathU from A to B in which no edge contains an arrowhead pointing towards A, (i.e. there isno arrowhead at A on U, and if X and Y are adjacent on the path, and X is between A andY on the path, then there is no arrowhead at the X end of the edge between X and Y).Theorems 4, 5, and 6 give information about what variables appear on causal pathsbetween a pair of variables A and B, i.e. information about how those paths could beblocked.Theorem 2: If p is a partial ancestral graph, and there is no semi-directed path from Ato B in p that contains a member of C, then every directed path from A to B in every DAGG(O,S,L) with PAG p that contains a member of C also contains a member of S.Theorem 3: If p is a partial ancestral graph of DAG G(O,S,L), and there is no semi-directed path from A to B in p, then every directed path from A to B in every DAGG(O,S,L) with PAG p contains a member of S.Theorem 4: If p is a partial ancestral graph, and every semi-directed path from A to Bcontains some member of C in p, then every directed path from A to B in every DAGG(O,S,L) with PAG p contains a member of S ¨ C.V. An Algorithm for Constructing PAGsWe have seen that a PAG contains valuable information about the causal relationshipsbetween variables; it also represents conditional independence relations in the margin,

16and can be used for classification. However, the number of observable conditionalindependence relations grows exponentially with the number of members of O . Inaddition, some of the independence relations are conditional on large sets of variables,and often these cannot be reliably tested on reasonable sample sizes. Is it feasible toconstruct a PAG from data?The Fast Causal Inference (FCI) algorithm constructs PAGs that are correct evenwhen selection bias may be present (under the Causal Markov Assumption, the CausalFaithfulness Assumption, the Population Inference Assumption, and the assumption thatconditional independence relations can be reliably tested). The description in Spirtes et al.1993 did not allow the possibility of selection bias. If the possibility of selection bias isallowed, the algorithm described there gives the correct output, (called a POIPG inSpirtes et al. 1993) but the conclusions that one can draw from the PAG are the slightlydifferent ones described in section IV, rather than those described in Spirtes et al. 1993.)Since the algorithm decides which conditional independence tests to perform, we willassume that for each X, Y, and Z included in O, the algorithm has some method forreliably determining if X is independent of Y given Z ¨ (S = 1) in the distribution P(V);we will call this method an oracle for P(V) over O given S = 1. In practice, the oracle canbe a statistical test of conditional independence (which is of course not completelyreliable on finite sample sizes.)Theorem 5: If P(V) is faithful to G1(O,S1,L1), and the input to the FCI algorithm is anoracle for P(V) over O given S = 1, the output is a PAG of G1(O,S1,L1).Even if one drops the assumptions relating causal DAGs to probability distributions,then the output PAG is still a parsimonious representation of the marginal of thedistribution.In the worst case the number of times the FCI algorithm consults the oracle isexponential in the number of variables (as is any correct algorithm whose output is afunction of the answers of a conditional independence oracle). Even when the maximumnumber of vertices any given vertex is adjacent to is held fixed, in the worse case thealgorithm is exponential in the number of variables. In light of this the title �Fast CausalInference Algorithm� is perhaps somewhat over-optimistic; however, on simulated data itcan often be run on up to 100 variables provided the true graph is sparse. This is becauseit is (usually) not necessary to examine the entire set of observable conditionalindependence relations; many conditional independence relations are entailed by otherconditional independence relations. The FCI algorithm relies on this fact to test a

17relatively small set of conditional independence relations, and test independence relationsconditional on as few variables as possible.The FCI algorithm can be divided into two parts. First the adjacencies in the PAG arefound, and then the edges are oriented. First we will describe how the adjacencies arefound.A. Fast Causal Inference Algorithm - AdjacenciesThe details of the adjacency phase of the FCI algorithm are stated at the end of thissection. Here we will give an informal description and motivation for the steps of thealgorithm.There is a very simple, but slow and unreliable way of determining when twovariables in a PAG are adjacent. Start off with a complete undirected graph. Bydefinition, two variables A and B in a PAG for G(O,L,S) are adjacent if and only if thereis no subset Z of O\{A,B} such that A and B are entailed to be independent given Z ¨ S.So, for each pair of variables A and B, and each subset Z of O\{A,B}one could simplyask the oracle if A and B are entailed to be independent given Z ¨ S. The edge between Aand B is removed if and only if the oracle answers yes to any of these questions. Theproblems with this algorithm are that the number of questions asked of the oracle growsexponentially with the number of variables in O, and in practice, the oracle is unreliable ifthe number of variables in Z is large. Clearly it is desirable to ask as few questions of theoracle as possible, and to ask questions in which Z is as small as possible.Since when the algorithm asks an oracle a question, it is trying to limit the size of theconditioning sets, it makes sense to first ask the oracle about independencies conditionalon the empty set, then independencies conditional on sets with one variable, thenindependencies conditional on sets with two variables, etc. However, this still leads toasking unnecessary questions of the oracle.The strategy that the FCI algorithm adopts for avoiding asking such unnecessaryquestions of the oracle is based on the following idea. Suppose the original unknowngraph is G(O,L,S) in Figure 7 (i), where for purposes of illustration there is no selectionbias, so we do not need to condition on S. If we applied the strategy described above, wewould first create the complete undirected graph shown in Figure 7(ii). After we askedthe oracle if W is independent of X, Y, and Z (in each case receiving the answer �yes�),we would obtain the result shown in Figure 7 (iii). At this point, although the graphcreated is not a PAG for G(O,L,S) (because it contains the wrong adjacencies), and wehave very incomplete information about G(O,L,S), it is easy to show that W does not lie

18on any path between X and Z in G(O,L,S). Hence if X and Z are independent conditionalon any subset of O\{A,B} that contains W, they are also independent given some othersubset of O\{A,B} that does not contain W. So there is never any need to ever ask theoracle if X and Z are independent given any subset containing W. For example, thealgorithm never asks whether X and Z are independent given W. This reduces the numberof questions asked of the oracle, and limits the size of the conditioning sets. X Y Z W (ii) T X Y Z W O = {X,Y,Z} G(O,L,S) (i)

X Y Z W {Z} {X}|{Y} (iv) X Y Z W{W} {X}, {W} {Y}, {W} {Z} (iii)

Figure 7The adjacency phase of the FCI algorithm, which is stated at the end of this section,contains four steps, A), B), C) and D).Step A) of the algorithm simply creates a complete undirected graph.In step B), in searching for a subset Z of O\{A,B} such that A and B are independentconditional on Z ¨ S, the algorithm restricts the search to subsets of variables that areadjacent to A in the undirected graph it has constructed thus far, or subsets of variablesadjacent to B. If there were no latent variables or selection bias in G, no more questionswould need to be asked of the oracle in order to determine the correct set of adjacenciesin the PAG. Unfortunately, if there are latent variables or selection bias, some furtherquestions are needed. This is done in step D) of the FCI algorithm.Consider the DAG G(O,L,S) shown in Figure 8 (i). The PAG for G(O,L,S) is shownin Figure 10 (ii). In the PAG, X3 is not adjacent to either X1 or X5. However, in G(O,L,S),the only subset Z of O such that X1 and X5 are independent conditional on Z ¨ S, containsX3. Hence we need to consider asking independence questions conditional on sets ofvariables that contain variables not adjacent to either X1 or X5. The algorithm constructs a

19set of variables called Possible-D-Sep(A,B,p), which is a function of A , B, and thegraphical object p constructed by the algorithm thus far which has the following property:if A and B are independent conditional on any subset of O\{A,B} ¨ S, then they areindependent given some subset of Possible-D-Sep(A,B,p) or Possible-D-Sep(B,A,p).A, B, and C form a triangle in a graph or a PAG if and only if A and B are adjacent, Band C are adjacent, and A and C are adjacent.V is in Possible-D-Sep(A,B,p) in p if andonly if there is an undirected path U between A and B in p such that for every subpath X*�* Y *�* Z of U either Y is a collider on the subpath, or X, Y, and Z form a triangle inp.. In Figure 8 (vi), Possible-D-Sep(X1,X5p) = Possible-D-Sep(X5,X1, p) = {X2,X3,X4}.Thus in step D) of the algorithm, the only independence questions that are asked of theoracle for a given pair of variables A and B are conditional on subsets of Possible-D-Sep(A,B,p) or Possible-D-Sep(B,A,p).The construction of Possible-D-Sep(A,B,p) requires some limited orientationinformation about the edges in the PAG. Step C) performs some orientation of the PAG,so that the membership of Possible-D-Sep(A,B,p) can be calculated in step D). Theorientation principles used in step C) are essentially the same as those used in step F) ofthe orientation phase of the algorithm. Step F) will be discussed in the next section, so wewill not discuss step C) here.When the algorithm removes an edge between A and B, it does so because it hasfound some subset Z of O\{A,B} such that A and B are independent conditional on Z ¨ S.The subset Z is recorded in Sepset(A,B) and Sepset(B,A). This information is used laterin the orientation phase of the algorithm. Because each edge is removed at most once,Sepset(A,B) contains at most one subset of O\{A,B}. In the algorithm, Adjacencies(Q,X)is the set of vertices that are adjacent to X in Q. Adjacencies(Q,X) changes as thealgorithm progresses, because the algorithm removes edges from Q. (However, Possible-D-Sep is calculated only once, and remains fixed, even as the graph changes.Fast Causal Inference Algorithm - AdjacenciesA). Form the complete undirected graph Q on the vertex set V.B). n = 0.repeatrepeatselect an ordered pair of variables X and Y that are adjacent in Q such thatAdjacencies(Q,X)\{Y} that contains at least n members,

20repeatselect a subset T of Adjacencies(Q,X)\{Y} with n members, and if X and Yare independent given T ¨ S delete the edge between X and Y from Q, andrecord T in Sepset(X,Y) and Sepset(Y,X)until all subsets of Adjacencies(Q,X)\{Y} of size n have been checked forindependence given T ¨ S or there is no edge between X and Y;until all ordered pairs of adjacent variables X and Y such thatAdjacencies(Q,X)\{Y} has at least n members have been selected;n = n + 1;until for each ordered pair of adjacent vertices X, Y, Adjacencies(Q,X)\{Y} hasfewer than n members.C). Let p0 be the undirected graph resulting from step B). Orient each edge as �-�.For each triple of vertices A, B, C such that the pair A, B and the pair B, C are eachadjacent in p0 but the pair A, C are not adjacent in p0, orient A � B � C as A fiB ‹ C if and only if B is not in Sepset(A,C).D). Let p1 be the undirected graph resulting from step C.) For each pair ofvariables A and B adjacent in p1, if there is a subset T of Possible-D-SEP(A,B,p1)\{A,B} or of Possible-D-SEP(B,A, p1)\{A,B} such that A and B are independentconditional on T ¨ S, remove the edge between A and B from p1, and record T inSepset(A,B) and Sepset(B,A).E.) Orient each edge as �o�o�. Call this graph p2.Figure 8 illustrates the application of the adjacency phase of the FCI algorithm toDAG G(O,L,S). We show only those steps which make changes to the PAG beingcreated.

21 T1 T2X1 X2 X3 X4 X5 (i) G(O,L,S)

X1 X2 X3 X4 X5 (ii) A.

X1 X2 X3 X4 X5 X5 X3 (iii) B.0. X1 X3

X1 X2 X3 X4 X5 (iv) B.1 X2 X4|X3

X1 X2 X3 X4 X5 (v) C.

X1 X2 X3 X4 X5 (vi) D X1 X5|{X2,X3,X4} o oX1 o oX2o o X3o oX4o oX5 o o (vi) E.

Figure 8B. Fast Causal Inference Algorithm - OrientationsStep F) states that for each triple of vertices A, B, C such that the pair A, B and thepair B, C are each adjacent in p2 but the pair A, C are not adjacent in p2, orient A *�* B*�* C as A *fi B ‹* C if and only if B is not in Sepset(A,C). The intuition behindrule F) is the following. It is easy to see if a DAG G with a set of variables V contains Afi B ‹ C, and A and C are not adjacent, then the path between A and C entails that Aand C are dependent given every subset of V\{A,C} that contains B. Alternatively, if Gcontains A fi B fi C, A ‹ B ‹ C, or A ‹B fi C, and A and C are not adjacent, thenA and C are entailed to be dependent given any subset of V\{A,C} that does not containB. This property generalizes to PAGs as well. Hence, if a PAG contains A *�* B *�*C and A and C are not adjacent in the PAG, a PAG can be oriented as A *fi B ‹* C ifand only if Sepset(A,C) does not contain B. (In the version of the algorithm that we

22implemented for the simulation studies in this paper, we have actually replaced step F) bya more complicated step which is more reliable on small samples.)The proofs of correctness of the orientation rules in step G) of the algorithm are allinductive arguments that show that the n+1st application of an orientation rule is correctif the first n application of the orientation rules are correct.G(i) states that if there is a directed path from A to B, and an edge A *�* B, orient A*�* B as A *fi B. This is correct because if there is a directed path from A to B in p2,and p2 has been oriented correctly thus far, then A is an ancestor of B in every member ofthe O-equivalence class of G(O,S,L). Because each member of the O-equivalence classof G(O,S,L) is acyclic, it follows that B is not an ancestor of A in any member of the O-equivalence class of G(O,S,L ). Hence the edge can be oriented as A *fi B. (In theversion of the algorithm that we implemented for the simulation studies in this paper, wehave actually deleted step G (i) because, although theoretically correct it is expensive tocalculate, and leads to errors on small samples.)G(ii) states that if P *fi

M * �* R then orient as P *fi M fi R. The underliningmeans that M is an ancestor of either P or R in every member of the O-equivalence classof G(O,S,L). P *fi M means that M is not an ancestor of P in any member of the O-equivalence class of G(O,S,L). It follows that M is an ancestor of R in every member ofthe O-equivalence class of G(O,S,L). Hence the edge can be oriented as M fi R.G(iii) states that if B is a collider along <A,B,C> (i.e. A *fi B ‹* C) in p2, B isadjacent to D, and D is in Sepset(A,C), then orient B *�* D as B ‹* D. Suppose that Dis in Sepset(A,C). Because the PAG contains orientation information about everymember of the O-equivalence class of G(O,S,L), in some cases it is possible to showfrom even a partially oriented PAG that X and Y are entailed to be dependent conditionalon Z in every member of the O-equivalence class of G(O,S,L). Suppose that there weresome member G�(O,S�,L�) of the O-equivalence class of G(O,S,L) in which B was anancestor of D. We have shown that in that DAG, A and C are entailed to be dependentconditional on any set containing D. But this is a contradiction, because D is inSepset(A,C), A and C are entailed to be independent given Sepset(A,C) in every memberof the O-equivalence class of G(O,S,L), and Sepset(A,C) does not contain D. Hence B isnot an ancestor of D in any member of the O-equivalence class of G(O,S,L).Rule G(iv) states that if B ‹*C, B fi D, and D o�* C, then orient as D ‹* C. Byhypothesis, B is not an ancestor of C, but is an ancestor of D. Hence D is not an ancestorof C.

23Rule G(v) is somewhat complicated, and not often applied, so the reader may wish toskip the following discussion of it. G(v) uses definite discriminating paths to orient edgesin the PAG. The concept of a definite discriminating path is illustrated in Figure 9, anddefined more formally below.Consider the graph shown in Figure 9. All of the orientations shown can be derivedwithout using step G(v) of the FCI algorithm. We have proved that in every memberG�(O,S�,L�) of the O-equivalence class of G(O,S,L), if G�(O,S�,L�) entails that A and Care entailed to be independent conditional on Z ¨ S, and G�(O,S�,L�) does not entail thatA and C are independent conditional on any proper subset of Z ¨ S�, then Sepset(A,C)contains B if and only if the edges between B and C, and B and D do not collide at B.This orientation rule, when applied repeatedly, can lead to �long distance� orientations,i.e. a conditional independence relation between A and C can orient edges into B, eventhough the shortest path from A to B is arbitrarily long. The sorts of paths that have toexist in order to perform this �long distance� orientation are called definite discriminatingpaths. (In a partial ancestral graph p, U is a definite discriminating path for B if andonly if U is an undirected path between X and Y, B is the predecessor of Y on U, B „ X,every vertex on U except for the endpoints and possibly B is a collider on U, for everyvertex V on U except for the endpoints there is an edge V fi Y, and X and Y are notadjacent.). An example of a definite discriminating path is given in Figure 9. C o A o D o B

Figure 9: <A, D,B,C> is a definite discriminating path for BFast Causal Inference Algorithm - OrientationsF. For each triple of vertices A, B, C such that the pair A, B and the pair B, C areeach adjacent in p2 but the pair A, C are not adjacent in F’, orient A *�* B *�*C as A *fi B ‹* C if and only if B is not in Sepset(A,C).G. repeat(i) If there is a directed path from A to B, and an edge A *�* B, orient A*�* B as A *fi B,(ii) else if P *fi

M * �* R then orient as P *fi M fi R.,

24(iii) else if B is a collider along <A,B,C> in p2, A is not adjacent to C, B isadjacent to D, and D is a non-collider along <A,D,C>, then orient B *�*D as B ‹ * D,(iv) else if B ‹ *C, B fi D, and D o�* C, orient as D ‹ * C;(v) If U is a definite discriminating path between A and C for B in p2, D isadjacent to C on U, and D, B, and C for a triangle, then if B is inSepset(A,C) then mark B as a non-collider on subpath D *�

*B * �* Celse orient D *�* B *�* C as D *fi B ‹ * C. until no more edges can be oriented.Figure 10 shows the application of the orientation part of the FCI algorithm to theexample begun in Figure 8.X1 X2 oX3 o X4 X5 (ii) G(ii).

oX1 X2 oX3o X4 X5 o (i) F.

Figure 10We do not know whether the orientation rules of the FCI algorithm are complete inthe sense that if any edge A o�* B occurs in the output, then in some member of the setof DAGs represented by the PAG, A is an ancestor of B, and in some other member of theset of DAGs represented by the PAG A is not an ancestor of B. However, we have provedthat the FCI algorithm provides enough orientations so that any two DAGs representedby the output are in the same O-equivalence class. See Spirtes and Verma (1992) fordetails.VI. Simulation StudyWe ran some preliminary simulation studies of the FCI algorithm which wereintended to show how making various variables latent or selection variables wouldchange what information could theoretically be inferred from population information, andhow much sample bias would affect the actual performance of the algorithm.We used 10,000 cases generated pseudo-randomly by Cooper(1992) from the Alarmnetwork, shown in Figure 11. The ALARM network was developed to model anemergency medical system (Beinlich, et al. 1989). The 37 variables are all discrete,taking 2, 3 or 4 distinct values. There are 46 edges in the DAG. In most instances a

25directed arrow indicates that one variable is regarded as a cause of another. Thephysicians who built the network also assigned it a probability distribution: each variableV is given a probability distribution conditional on each vector of values of the variableshaving edges directed into V. This data has been used to test several different discoveryalgorithms. (Spirtes et al. 1993, Cooper and Herskovits 1992, Chickering 1994) Theinterpretation of the variables is not relevant to the study described here.6542711323435363719203115231610212213172829122425182678912330

3314

Figure 11We scored the PAGs output by the algorithm in the following way. For each orderedpair of variables A and B the PAG either entails nothing about whether A is an ancestor ofB, or it entails that A is an ancestor of B, or it entails that A is not an ancestor of B. Wecount the number of ordered pairs for which the output PAG entails that A is an ancestorof B, the percentage of times the entailment is correct, the number of ordered pairs forwhich the output PAG entails that A not is an ancestor of B, and the percentage of timesthe entailment is correct. For purposes of comparison, we note that in the Alarm DAGthat there are 122 ordered pairs of distinct variables <A,B> such that A is an ancestor of B(18.32% of the ordered pairs), and 544 ordered pairs of distinct variables <A,B> such thatA is not an ancestor of B (81.68% of the ordered pairs.) Of course, making a variable orvariables latent and conditioning on a value of a selection variable will reduce the numberof ancestor pairs.We ran the algorithm on 6 different versions of the Alarm network, variouslyobtained by treating some of the Alarm variables as latent, and by selecting on values of

26some of the Alarm variables. The results are shown in Table 1. A variable A is madelatent by simply removing all of its value from the original data set. A variable B is madea selection variably by choosing a subpopulation which all share the same B value Sinceconditioning on a B value reduces the sample size, we chose by hand selection variablevalues that did not reduce the sample size too much. In no case was the sample sizereduced below 6000. We ran the algorithm with no latent variables or selection variables,with variable 29 made latent (abbreviated as 29L in Table 1), with variables 29 and 22made latent, with variable 29 latent and 8 a selection variable (abbreviated by 8S in Table1), with 29 latent and 1 a selection variable, and with 29, 22, and 4 latent and 8 and 1 asselection variables.Results of Simulation StudiesModelNumber ofAncestorRelationsPredicted% AncestorRelationsPredictedCorrectNumber ofNon-AncestorRelationsPredicted% Non-AncestorRelationsPredictedCorrectAlarm62100.00108896.9729L21100.00111990.8029L, 22L25100.00105991.6029L, 8S4397.67108292.0529L, 1S3183.87111786.7529L, 22L, 4L, 8S, 1S2386.9686191.52Table 1Often, when the output PAG incorrectly states that A is not an ancestor of B themistake would produce only small errors in predicting the effects on B of intervening onA, because the influence of A on B is very weak. For example, in the last simulation testwe did, the output PAG incorrectly stated that 32 is not an ancestor of 6. However, 6 and32 are almost independent; they pass a test of independence at the .01 significance level.So for the purposes of predicting the effects of intervention, this particular error is notimportant. However, we have not yet systematically calculated how important the errorsthat algorithm makes are for prediction.

27VII. Future WorkThe FCI algorithm could be improved in several ways. First, when the results of thestatistical tests that it performs are conflict in the sense that they are not compatible withany DAG, it could make more intelligent compromises based on what the preponderanceof the evidence is. Second, there has been some progress recently in heuristic greedyDAG searches based upon maximizing some model score such as the posteriorprobability of the minimum description length. (Cooper and Herskovits 1992, Heckermanet al. 1994, Chickering et al. 1995.) Combining an independence test algorithm for DAGsearch (essentially a special case of FCI) and greedy DAG searches based uponmaximizing a score has proved successful in simulation studies (Spirtes and Meek 1995,Singh and Valorta 1993). An analogous strategy might improve the accuracy of the FCIalgorithm, although the task of calculating scores for a PAG faces a number of obstacles.The FCI algorithm will also be tested on a wider variety of DAGs, and empiricalexamples.VIII. AppendixA. The AssumptionsThe Causal Markov Assumption does not hold for every set of variables, nor forevery subpopulation. Consider the following example. Suppose that the DAG in (i) is anaccurate description of the causal relations in a population Pop for the set of variables V= {age, intelligence, sex drive, student status}and the Causal Markov Assumption and theCausal Faithfulness Assumption hold in Pop for V.Let V� = {intelligence, sex drive}. The causal DAGs for the sets of variables V andV� are shown in (i) and (ii) respectively of Figure 12. age intelligencesex drive student status (i)Causal DAG for V in Popand Pop� intelligencesex drive (ii)Causal DAG for V� in Popand Pop�

28Figure 12There is no edge between intelligence and sex drive in (ii) because intelligence is nota cause of sex drive and sex drive is not a cause of intelligence. Note that although (i) and(ii) are different DAGs, the causal facts represented in (ii) are a subset of the causal factsrepresented in (i).It follows from the Causal Markov Assumption and the Causal FaithfulnessAssumption for V in P o p , that sex drive and intelligence are dependent in thesubpopulation Pop� of college students. (Causal Faithfulness entails that sex drive andintelligence are dependent conditional on some value of student status, and becausestudent status is binary, it follows that sex drive and intelligence are dependent on bothvalues of student status).The Causal Markov Assumption is not true in Pop� for V�, because sex drive andintelligence are dependent in the subpopulation Pop� of college students, i.e. they are notindependent given the parents in (ii) of sex drive or of intelligence (i.e. not independentgiven the empty set). Indeed because the Causal Markov and Causal FaithfulnessAssumptions hold in Pop for V, the Causal Markov Assumption is entailed to fail in Pop�for V�.As a consequence, in general we will not assume that for the set of measuredvariables, and the subpopulation from which the sample was drawn, that the CausalMarkov and Causal Faithfulness Assumptions hold. Rather we will assume, as in thisexample, that there is a larger set of variables that includes the measured variables, and alarger population that includes the subpopulation from which the sample was drawn suchthat:• the causal DAG in the expanded set of variables for the expanded populationsatisfies the Causal Markov and Causal Faithfulness Assumptions;• the causal structure in the subpopulation is the same as the causal structure in theexpanded population.In general, there will be more than one way of expanding the set of variables and thepopulation so that the conditions described above are satisfied; corresponding to thesedifferent sets of variables and populations will be different causal DAGs. (For example,instead of adding just age and student status to V�, we could add age , student status, andsome irrelevant variable such as eye color, with no edges between eye color and any of

29the other variables.) This does not matter, because the conclusions that we will draw willbe true of all of the causal DAGs that satisfy the conditions we have laid down.The assumptions that (i) the S = 1 subpopulation from which the sample is drawn ispart of a population Pop in which the Causal Mark and Causal Faithfulness Assumptionshold for some causally sufficient set of variables V and (ii) the causal structures relativeto V in Pop and the S = 1 subpopulation are the same, are sufficient (but not necessary)conditions for the following assumption:Selection Bias Causal Assumption: For each set of variables O, and each populationPop such that S = 1, there is a causally sufficient set of variables V such that O ¨ S ˝ Vand for all A, B, C ˝ O, A

B | (C ¨ (S = 1)) in Pop if and only if the causal DAG Grelative to V in Pop entails that A

B | (C ¨ (S = 1)) in PopThe Selection Bias Causal Assumption is sufficient for the asymptotic correctness ofthe methods of inference described in this paper.B. ProofsIn this section we will prove all of the theorems in the main body of the paper. Inorder to simplify the proofs, the theorems are not proved in the order they were stated.In the usual graph theoretic definition, a graph is an ordered pair <V,E> where V is aset of vertices, and E is a set of edges. The members of E are pairs of vertices (an orderedpair in a directed graph and an unordered pair in an undirected graph). For example, theedge A fi B is represented by the ordered pair <A,B>. In directed graphs the ordering ofthe pair of vertices representing an edge in effect marks an arrowhead at one end of theedge. For our purposes we need to represent a larger variety of marks attached to the endsof undirected edges. In general, we allow that the end of an edge can be marked �out of�by �-�, or can be marked with �>�, or can be marked with an �o�.In order to specify completely the type of an edge, therefore, we need to specify thevariables and marks at each end. For example, the left end of "A ofi B" can berepresented as the ordered pair [A, o]3, and the right end can be represented as the orderedpair [B, >]. We will also call [A, o] the A end of the edge between A and B. The firstmember of the ordered pair is called an endpoint of an edge, e.g. in [A, o] the endpoint isA. The entire edge consists of a set of ordered pairs that represent both of the endpoints,

3It is customary to represent the ordered pair A, B with angle brackets as <A, B>, but for endpoints ofan edge we use square brackets so that the angle brackets will not be misread as arrowheads.

30e.g. {[A, o], [B, >]}. The edge {[B, >],[A, o]} is the same as {[A, o],[B, >]} since it doesn’tmatter which end of the edge is listed first.Note that a directed edge such as A fi B has a mark �-�at the A end.We say a graph is an ordered triple <V,M,E> where V is a non-empty set of vertices,M is a non-empty set of marks, and E is a set of sets of ordered pairs of the form{[V1,M1],[V2,M2]}, where V1 and V2 are in V, V1 „ V2, and M1 and M2 are in M. If G =<V,M,E> we say that G is over V.We distinguish the following kinds of edges. An edge {[A, -],[B,>]} is a directededge from A to B, and is written A fi B or A ‹ B. An edge {[A, -],[B, -]} is anundirected edge between A and B, and is written A � B. An edge {[A, >],[B, >]} is abidirected edge between A and B, and is written A « B. An edge {[A, o],[B, >]} is apartially directed edge between A and B, and is written A ofi B or A ‹o B. An edge{[A, o],[B, o]} is a nondirected edge between A and B, and is written A o�o B. VerticesX, Y, and Z are in a triangle in graph G if and only if A and B are adjacent, B and C areadjacent, and A and C are adjacent.For a directed edge A fi B, A is the tail of the edge and B is the head; the edge is outof A and into B, and A is parent of B and B is a child of A. A sequence of edges<E1,...,En> in G is an undirected path if and only if there exists a sequence of vertices<V1,...,Vn+1> such that for 1 £ i £ n Ei has endpoints Vi and Vi+1, and Ei „ Ei+1. An emptysequence of edges with an associated sequence of vertices <V1> is an empty pathbetween V1 and V1. A path U is acyclic if no vertex appears more than once in thecorresponding sequence of vertices. We will assume that an undirected path is acyclicunless specifically mentioned otherwise. A sequence of edges <E1,...,En> in G is adirected path D from V1 to Vn if and only if there exists a sequence of vertices <V1,...,Vn+1> such that for 1 £ i £ n, there is a directed edge Vi fiVi+1 on D. If there is an acyclicdirected path from A to B or B = A then A is an ancestor of B, and B is a descendant ofA. If Z is a set of variables, A is an ancestor of Z if and only if it is an ancestor of amember of Z, and similarly for descendant. If X is a set of vertices in directed acyclicgraph G(O,S,L), let Ancestors(G,X) be the set of all ancestors of members of X inG(O,S,L). (If the context makes clear what graph is being referred to, we will simplywrite Ancestors(X).)In a directed graph, all of the edges are directed edges. A directed graph is acyclic ifand only if it contains no directed cyclic paths. A vertex V is a collider on an undirectedpath U if and only if U contains a pair of distinct edges adjacent on the path and into V.

31The orientation of an acyclic undirected path between A and B is the set consisting of theA end of the edge on U that contains A, and the B end of the edge on U that contains B.If U is an undirected path that is a sequence of edges <E1,...,En>, and U� is asubsequence of the edges in U that is also an undirected path, then U� is a subpath of U.Note that if U is a cyclic undirected path, and U contains edges Ei = X fi Y and Ej = YfiZ that are not adjacent on U, then a subpath U� may leave out all of the edges between Eiand Ej. If U is acyclic, then there for any two vertices on U there is a unique subpath of Ubetween the two vertices. If U is an acyclic undirected path between X and Y, and Ucontains distinct vertices A and B, then U(A,B) is the unique subpath of U between A andB.For three disjoint sets of variables A, B, and C, A is d-separated from B given C inDAG G, if and only if there is an undirected path from some member of A to a memberof B such that every collider on that path is either in C or has a descendant in C, andevery non-collider on the path is not in C. For three disjoint sets of variables A, B, and C,A is d-connected to B given C in DAG G if and only if A is not d-separated from Bgiven C. Geiger, Pearl, and Verma have shown that G entails A is independent of Bgiven C if and only if A is d-separated from B given C in G. See Pearl(1988).Lemma 1: In a directed acyclic graph G over V, if X and Y are not in Z, and there is asequence H of distinct vertices in V from X to Y, and there is a set T of undirected pathssuch that(i) for each pair of adjacent vertices V and W in H there is a unique undirected path inT that d-connects V and W given Z\{V,W}, and(ii) if a vertex Q in H is in Z, then the paths in T that contain Q as an endpoint collideat Q, and(iii) if for three vertices V, W, Q occurring in that order in H the d-connecting paths inT between V and W, and W and Q collide at W then W has a descendant in Z,then there is a path U in G that d-connects X and Y given Z. In addition, if all of theedges in all of the paths in T that contain X are into (out of) X then U is into (out of) X,and similarly for Y.Proof. Let U� be the concatenation of all of the paths in T in the order of the sequenceH. U� may not be an acyclic undirected path, because it may contain some vertices morethan once. Let U be the result of removing all of the cycles from U’. If each edge in U’that contains X is into (out of) X, then U is into (out of) X, because each edge in U is anedge in U�. Similarly, if each edge in U’ that contains Y is into (out of) Y, then U is into

32(out of) Y, because each edge in U is an edge in U�. We will prove that U d-connects Xand Y given Z.We will call an edge in U containing a given vertex V an endpoint edge if V is in thesequence H, and the edge containing V occurs on the path in T between V and itspredecessor or successor in H; otherwise the edge is an internal edge.First we prove that every member R of Z that is on U is a collider on U. If there is anendpoint edge containing R on U then it is into R because by assumption the paths in Tcontaining R collide at R. If an edge on U is an internal edge with endpoint R then it isinto R because it is an edge on a path that d-connects two variables A and B not equal toR given Z\{A,B}, and R is in Z. All of the edges on paths in T are into R, and hence thesubset of those edges that occur on U are into R.Next we show that every collider R on U has a descendant in Z. R is not equal toeither of the endpoints X or Y, because the endpoints of a path are not colliders along thepath. If R is a collider on any of the paths in T then R has a descendant in Z because it isan edge on a path that d-connects two variables A and B not equal to R given Z\{A,B}. IfR is a collider on two endpoint edges then it has a descendant in Z by hypothesis.Suppose then that R is not a collider on the path in T between A and B, and not a collideron the path in T between C and D, but after cycles have been removed from U’, R is acollider on U. In that case U’ contains an undirected cycle containing R. Because G isacyclic, the undirected cycle contains a collider. Hence R has a descendant that is acollider on U’. Each collider on U’ has a descendant in Z. Hence R has a descendant in Z.\Lemma 2: If G is a directed acyclic graph, R is d-connected to Y given Z byundirected path U, and W and X are distinct vertices on U not in Z, then U(W,X) d-connects W and X given Z.Proof. Suppose G is a directed acyclic graph, R is d-connected to Y given Z byundirected path U, and W and X are distinct vertices on U not in Z. Each non-collider onU(W,X) except for the endpoints is a non-collider on U, and hence not in Z. Everycollider on U(W,X) has a descendant in Z because each collider on U(W,X) is a collideron U, which d-connects R and Y given Z. It follows that U(W,X) d-connects W and Xgiven Z = Z\{W,X}. \Lemma 3: If G is a directed acyclic graph, R is d-connected to Y given Z byundirected path U, there is a directed path D from R to X that does not contain any

33member of Z, and X is not on U, then X is d-connected to Y given Z by a path U’ that isinto X. If D does not contain Y, then U’ is into Y if and only if U is.Proof. Let D be a directed path from R to X that does not contain any member of Z,and U an undirected path that d-connects R and Y given Z and does not contain X. Let Qbe the point of intersection of D and U that is closest to Y on U. Q is not in Z because it ison D.If D does contain Y, then Y = Q, and D(Y,X) is a path into X that d-connects X and Ygiven Z because it contains no colliders and no members of Z.If D does not contain Y then Q „ Y. X „ Q because X is not on U and Q is. By Lemma2U(Q,Y) d-connects Q and Y given Z\{Q,Y} = Z. Also, D(Q,X) d-connects Q and X givenZ\{Q,X} = Z. D(Q,X) is out of Q, and Q is not in Z. By Lemma 1 there is a path U� thatd-connects X and Y given Z that is into X. If Y is not on D, then all of the edgescontaining Y in U� are on U(Q,Y), and hence by Lemma 1 U� is into Y if and only if U is.\U is an inducing path between A and B in DAG G(O, S ,L) relative to O given S ifand only if there is an undirected path from A to B such that every collider on U has adescendant in {A,B} ¨ S, and no non-collider on U is in O ¨ S. For example, all of thepaths between A and B in Figure 4 are inducing paths relative to O given S. Thefollowing theorems generalize Verma and Pearl (1990).Lemma 4: In directed graph G(O,S,L), if there is an inducing path between A and Bthat is out of A and into B, then for any subset Z of O\{A,B} there is an undirected path Cthat d-connects A and B given Z ¨ S that is out of A and into B.Proof. Let U be an inducing path between A and B that is out of A and into B. Everymember of O ¨ S on U except for the endpoints is a collider, and every collider is anancestor of either A or B or a member of S.If every collider on U has a descendant in Z ¨ S, then let C = U. C d-connects A andB given Z ¨ S because every collider has a descendant in Z ¨ S, and no non-collider is inZ ¨ S. C is out of A and into B.Suppose that not every collider on U has a descendant in Z ¨ S. Let R be the collideron U closest to A that does not have a descendant in Z ¨ S, and W be the collider on Uclosest to A. R „ A and R „ B because A and B are not colliders on U.Suppose first that R = W. R is not in Z ¨ S because R has no descendant in Z ¨ S.There is a directed path from R to B that does not contain A, because otherwise there is a

34cycle in G(O,S,L). B is not on U(A,R). U(A,R) d-connects A and R given Z ¨ S, and isout of A. By Lemma 3 there is a d-connecting path C between A and B given Z ¨ S that isout of A and into B.Suppose then that R „ W. Because U is out of A, W is a descendant of A. W has adescendant in Z ¨ S by definition of R. It follows that every collider on U that is anancestor of A has a descendant in Z ¨ S. Hence R is an ancestor of B, and not of A. B isnot on U(A,R). U(A,R) d-connects A and R given Z ¨ S and is out of A. By hypothesis,there is a directed path D from R to B that does not contain A or any member of Z ¨ S.By Lemma 3, there is a path that d-connects A and B given Z ¨ S that is out of A and intoB. \Lemma 5: If G(O,S,L) is a directed acyclic graph, and there is an inducing path Ubetween A and B that is into A and into B then for every subset Z of O\{A,B} there is anundirected path C that d-connects A and B given Z ¨ S that is into A and into B.Proof. If every collider on U has a descendant in Z ¨ S, then U is a d-connecting pathbetween A and B given Z ¨ S that is into A and into B. Suppose then that there is acollider that does not have a descendant in Z ¨ S. Let W be the collider on U closest to Athat does not have a descendant in Z ¨ S. Suppose that W is the source of a directed pathD to B that does not contain A. B is not on U(A,W). U(A,W) is a path that d-connects Aand W given Z ¨ S, and is into A. By Lemma 3, there is an undirected path C that d-connects A and B given Z ¨ S and is into A and into B. Similarly, if R is the closestcollider to B on U that does not have a descendant in Z ¨ S, and R is the source of adirected path D to A that does not contain B, then by Lemma 3, A and B are d-connectedgiven Z ¨ S by an undirected path into A and into B.Suppose then that the collider W on U closest to A that does not have a descendant inZ ¨ S is not the source of a directed path to B that does not contain A, and that thecollider R on U closest to B that does not have a descendant in Z ¨ S is not the source ofa directed path to A that does not contain B. The subpath of U from W to A does notcontain B or a member of Z ¨ S, and the subpath of U from R to B does not contain A ora member of Z ¨ S. It follows that there exist two colliders E and F on U such that thereis a directed path from E to A that does not contain B, there is a directed path from F to Bthat does not contain A, F is between E and B, and every collider between E and F is anancestor of a member of Z ¨ S. U(E,F) d-connects E and F given (Z ¨ S)\{E,F} becauseno member of O ¨ S is a non-collider on U(E,F) except for the endpoints, and everycollider on U(E,F) has a descendant in Z ¨ S. The directed path from E to A d-connects E

35and A given (Z ¨ S)\{E,A} and the directed path from F to B d-connects F and B given(Z ¨ S)\{F,B}. By Lemma 1 there is an undirected path that d-connects A and B given Z¨ S that is into A and into B. \Lemma 6: If G(O,S,L) is a directed acyclic graph and U is an inducing path out ofboth A and B then every collider on U is an ancestor of a member of S.Proof. Let W be the collider on U closest to A and let R be the collider on U closest toB. Since U is out of A and G(O,S,L) is acyclic, W is not an ancestor of A. Similarly, R isnot an ancestor of B. Let Q be the collider on U closest to A that is not an ancestor of amember of S.Suppose that W = Q. Hence Q is an ancestor of B. Q „ R since R is not an ancestor ofB. R is not an ancestor of A, since otherwise there would be a cycle in G(O,S,L). Thus Ris an ancestor of a member of S and Q is an ancestor of a member of S. This is acontradiction. The argument for R = Q is similar.Suppose that W „ Q and R „ Q. Because G(O,S,L) is acyclic, either W or R is anancestor of S. Without loss of generality, suppose that W is an ancestor of S. If R is anancestor of A then R is an ancestor of S since A is an ancestor of W. If R is not an ancestorof A, then R is an ancestor of a member of S from the definition of inducing path. Ineither case R is an ancestor of S. Since W and R are ancestors of S, A and B are ancestorsof S and therefore Q is an ancestor of S\Lemma 7: If G(O,S,L) is a directed acyclic graph over V, and there is an inducingpath U between A and B that is out of A and out of B then for every subset Z of O\{A,B}there is an undirected path C that d-connects A and B given Z ¨ S that is out of A and outof B.Proof. Let U be an inducing path out of both A and B. By Lemma 6 every collider onU has a descendant in Z ¨ S. Thus U d-connects A and B given Z ¨ S and is out of bothendpoints. \Lemma 8: If G(O,S,L) is a directed acyclic graph over V and an undirected path U inG d-connects A and B given ((Ancestors(G,{A,B} ¨˚S) ˙ O) ¨ S)\{A,B} then U is aninducing path between A and B.Proof. If there is a path U that d-connects A and B given ((Ancestors(G,{A,B} ¨˚S) ˙O ) ¨ S)\{A ,B } then every collider on U is an ancestor of a member of((Ancestors(G,{A,B} ¨˚S) ˙ O) ¨ S)\{A,B}, and hence has a descendant in {A,B} ¨˚S.Every vertex on U is an ancestor of either A or B or a collider on U, and hence every

36vertex on U is an ancestor of A or B or S. If U d-connects A and B given((Ancestors(G,{A ,B } ¨ ˚S) ˙ O ) ¨ S)\{A ,B }, then every member of((Ancestors(G,{A,B} ¨˚S) ˙ O) ¨ S)\{A,B} that is on U, except for the endpoints, is acollider. Since every vertex on U is in Ancestors(G,{A,B} ¨˚S), every member of O thatis on U, except for the endpoints, is a collider. Every member of S on U is a collider.Hence U is an inducing path between A and B. \Lemma 9: G(O,S,L)) entails that for all subsets X of O, A is dependent on B given(X ¨ S)\{A,B} if and only if there is an inducing path between A and B.Proof. This follows from Lemma 4, Lemma 5, Lemma 7, and Lemma 8 \If G(O,S,L) is a directed acyclic graph, and in G(O,S,L) there is a sequence ofvertices M (each of which is in O) starting with A and ending with C, and a set of paths Fsuch that for every pair of vertices I and J adjacent in M in that order there is exactly oneinducing path W between I and J in F, and if J „ C then W is into J, and if I „˚A then W isinto I, and I and J are ancestors of {A,C} ¨ S, then F is an inducing sequence between Aand C.Lemma 10: If G(O,S,L) is a directed acyclic graph and there is an inducing sequenceF between A and B in G(O,S,L), then in G(O,S,L) a subpath of the concatenation of thepaths in F is an inducing path T between A and C such that if the path in F between A andits successor in M is into A then U is into A, and if the path in F between C and itspredecessor in M is into C then U is into C.Proof. Suppose that in G(O,S,L) there is a sequence M of vertices in O starting with Aand ending with C, and a set of paths F such that for every pair of vertices I and Jadjacent in M there is exactly one inducing path W between I and J, and if J „ C then W isinto J, and if I „˚A then W is into A, and I and J are ancestors of either A or C or S. Let T�be the concatenation of the paths in F. T� may not be an acyclic undirected path because itmight contain undirected cycles. Let T be an acyclic undirected subpath of T� between Aand C. We will now show that except for the endpoints, every vertex in O ¨ S on T is acollider, and every collider on T is an ancestor of {A,C} ¨ S.If V is a vertex in O ¨ S that is on T but that is not equal to A or C, every edge onevery path in F is into V. Hence, every edge on T that contains V is into V because theedges on T are a subset of the edges on inducing paths in F.Let R and H be the endpoints of a path W in F. We will now show that every vertex onW is an ancestor of {A,C} ¨ S. By hypothesis, R is an ancestor of {A,C} ¨ S, and H is an

37ancestor of {A,C} ¨ S. Because W is an inducing path, every collider on W is an ancestorof {R,H} ¨ S, and hence an ancestor of {A,C} ¨ S. Every non-collider on W is either anancestor of R or H, or an ancestor of a collider on W. Hence every vertex on W is anancestor of either {A,C} ¨ S. It follows that every collider on T is an ancestor of {A,C} ¨S, because the vertices on T are a subset of the vertices on paths in T�.By definition, T is an inducing path between A and C. Suppose the path in F betweenA and its successor is into A. If the edge on T with endpoint A is on the path in F on whichA is an endpoint, then T is into A because by hypothesis that inducing path is into A. If theedge on T with endpoint A is on an inducing path in which A is not an endpoint of thepath, then T is into A because A is in O, and hence a collider on every inducing path forwhich it is not an endpoint. Similarly, T is into C if in F the path between C and itspredecessor is into A. \Lemma 11: If G(O,S,L) is a directed acyclic graph, A and B are in O, and G(O,S,L)contains an inducing path U between A and B that is out of A and into B, and A is not anancestor of S, then there is a directed path from A to B in G(O,S,L).Proof. Suppose that A is not an ancestor of S, and U is an inducing path between Aand B that is out of A and into B. If U does not contain a collider, then U is a directed pathfrom A to B. If U does contain a collider, let D be the first collider after A. By definitionof inducing path, there is either a directed path from D to B, D to a member of S, or D toA. There is no path from D to A because there is no cycle in G(O,S,L). There is nodirected path from D to a member of S, because A is an ancestor of D, but not an ancestorof a member of S. Hence there is a directed path from D to B. Because U is out of A, andD is the first collider after A, there is a directed path from A to D. Hence there is adirected path from A to B. \V ˛ D-SEP(A,B) in DAG G(O,S,L) if and only if there is a sequence of vertices U ”<A�V> in O ˙ Ancestors({A,B} ¨ S) such that1. there is an inducing path between every consecutive pair of vertices on U2. with the exception of the endpoints every vertex on U is not an ancestor of thevertices preceding or succeeding it in the sequence U nor an ancestor of S.Lemma 12: If there is some subset W ˝ O\{A,B} such that A and B are d-separatedby W ¨ S then A and B are d-separated given D-SEP(A,B) ¨ S.Proof. Suppose there is some subset W ˝ O\{A,B} such that A and B are d-separatedby W ¨ S, but A and B are d-connected given D-SEP(A,B) ¨ S. Let P ” <A,�B> be apath d-connecting A and B given D-SEP(A,B) ¨ S.

38If every vertex in O on P occurs as a collider then every observed vertex on P is anancestor of A or B or S (since D-SEP(A,B) ¨ S )˝ Ancestors({A,B} ¨ S).) Hence in thiscase P constitutes an inducing path between A and B, and so there is no subset W ˝O\{A,B} such that A and B are d-separated by some W ¨ S.Hence there is some vertex O ˛ O, such that O is a non-collider on P. Supposewithout loss that O is the first such vertex on P. We will now show that O ˛ D-SEP(A,B)¨ S.Consider the subpath P(A,O). Let <C1,�Cm> denote the (possibly empty) sequenceof colliders on P(A,O), which are ancestors of D-SEP(A,B), but not ancestors of S. Hencethere is a directed path (possibly of length 0) from Cifi�fiDi, where Di ˛ D-SEP(A,B).Let Fi be the first measured vertex on the path Ci fi�fi Di; such an Fi is guaranteed toexist since Di ˛ O.We will now show that there is an inducing path between Fi and Fi+1. It follows thatno Fi is an ancestor of S, because no Ci is an ancestor of S. Consider the path Qi formedby concatenating the directed path Fi ‹�‹ Ci, the subpath P(Ci,Ci+1), and the directedpath Ci+1 fi�Fi+1. It follows from the construction, that with the exception of Fi andFi+1 the only measured vertices on Qi are on P(Ci,Ci+1). Moreover, since O is the firstnon-collider on P that is in O, every measured vertex on P(Ci,Ci+1) is a collider. Henceby construction of the sequence <C1,�Cm>, every measured vertex on P(Ci,Ci+1) is anancestor of S. Hence Qi is an inducing path.Similarly, by concatenating the path P(A,C1) and the path C1 fi�fi F1, and byconcatenating the path Fm ‹�‹ Cm and P(Cm,O), we may form inducing paths Q0 andQm between A and F1, and between Fm and O respectively.Note that all of the inducing path Qk that we have constructed are into the Fi vertices.The sequence R ” <A ” F0,F1,�Fm,Fm+1 ” O> thus consists of a sequence each of whichis an ancestor of A or B or S, and such that each consecutive pair in the sequence isconnected by an inducing path. Hence this sequence satisfies the first condition necessaryto show that O ˛ D-SEP(A,B).We now construct a subsequence of T ”<A ” Fa(0),Fa(1)�Fa(t) ” O> satisfyingproperty (ii) as follows:1. Let a(0) = 0, so Fa(0) = F0 ” A.2. Let a(1) be the largest h such that there is an inducing path between Fa(0) and Fhwhich is into Fh if there is such an inducing path, else let Fa(1) ” O.

393. Let a(k+1) be the largest h > k such that there is an inducing path between Fa(k)and Fh which is into Fa(k) and, if h < m+1, into Fh.4. If a(k) = m+1 then stop.(Note that at each stage in the construction, so long as a(k) < m+1, there is guaranteedto be some h such that there is an inducing path between Fa(k) and Fh which is into Fa(k)and, if h < m+1, into Fh, since, for i >0 there is an inducing path between Fi and Fi+1,which is into Fi, and for i+1 < m+1, into Fi+1.)We will now show that for i „ 0, and i „˚m+1, Fa(i) is not an ancestor of Fa(i—1) orFa(i+1). Suppose that Fa(i) is an ancestor of Fa(i—1) or Fa(i+1). By construction there is aninducing path between Fa(i) and Fa(i—1)) which is into Fa(i), likewise there is an inducingpath between Fa(i) and Fa(i+1) which is into Fa(i). Hence if Fa(i) is an ancestor of Fa(i—1)or Fa(i+1) then there is an inducing path between Fa(i—1) and Fa(i+1) which is into bothFa(i—1) and Fa(i+1) (unless Fa(i—1) or Fa(i+1) is an endpoint). But in that case a(i) is not thelargest h such that there is an inducing path between Fa(i—1) and Fh which is into Fa(i—1)and, if h < m+1, into Fh. This is a contradiction. \Lemma 13: If p0 is the partially oriented graph constructed in step C) of the FastCausal Inference Algorithm for G(O,S,L), A and B are in O, and A is not an ancestor of Bin G�, then every vertex in D-SEP(A,B) in G(O,S,L) is in Possible-D-SEP(A,B, p0).Proof. Suppose that A is not an ancestor of B. If V is in D-SEP(A,B), in G(O,S,L)there is a sequence of vertices U ” <A�V> in O ˙ Ancestors({A,B} ¨ S), an inducingpath between every consecutive pair of vertices on U with the exception of the endpoints,and every vertex on U is not an ancestor of the vertices preceding or succeeding it in thesequence U. The proof is by induction on the length of U. If the length of U is 1,Possible-D-SEP(A,B, p0) includes D-SEP(A,B) because it contains all edges adjacent toA in p0. Suppose that each vertex V that is in D-SEP(A,B)because of a sequence U of nomore than length n, V is in Possible-D-SEP(A,B,p0). Let W be a vertex in D-SEP(A,B)because of a sequence U of length n + 1, and X is the predecessor of W in U, and Y is thepredecessor of X in U. If there is an inducing path between W and Y, then W is inPossible-D-SEP(A,B,p0). Suppose that there is no inducing path between W and Y.Because X is not an ancestor of Y or W, the inducing path between W and X is into X.Similarly, the inducing path between Y and X is into X. Hence X is not in any set that d-separates Y and W. Y and W are d-separated given a subset of O\{W,Y} because there isno inducing path between them. Hence, step C) of the FCI algorithm orients the edgebetween W and X into X. It follows that W is in Possible-D-SEP(A,B,p0). \

40Because p0 contains more edges than the output PAG, the orientations in p may not becorrect for the two following reasons. First, an edge that is in p0, but not in the outputPAG, may hide some collider along a path. Second, a vertex may be oriented as a colliderin p0, but not in the output PAG, because of a �collision� involving an edge in p that doesnot occur in the output PAG. However, either of these mistakes in orientation in p simplymakes Possible-D-SEP(A,B,p) larger, and so it still includes D-SEP(A,B,G�).Lemma 14: Suppose that in a graph G(O,S,L), X, Y, Z ˛ O, and Y is not an ancestorof X or Z or S. If there is a set Q ˝ O, containing Y, such that for every subset T ˝Q\{Y}, X and Z are d-connected given T ¨ S, then X and Z are d-connected given Q ¨S.Proof: Let T *= (Ancenstors({X,Z} ¨ S)) ˙ Q . Now T * ˝ Q , but since, byhypothesis, Yˇ Ancenstors({X,Z} ¨ S), it follows that T* ˝ Q\{Y}. Hence, again, byhypothesis, there is a path P d-connecting X and Z given T* ¨ S. By the definition of ad-connecting path, every vertex on P is either an ancestor of X or Z, or T* ¨ S. Since T*˝ (Ancenstors({X,Z} ¨ S)) ˙ Q , it follows that every vertex on P is inAncenstors({X,Z} ¨ S). Since no vertex in Q\T* is in Ancenstors({X,Z} ¨ S), itfollows that no vertex in Q\T* lies on P. But since T* ¨ S ˝ Q ¨ S, the only way inwhich P could fail to d-connect X and Z given Q ¨ S would be if some vertex in (Q ¨S)\(T *¨ S) = Q\T* lay on the path. Hence P still d-connects X and Z given Q ¨ S.\In a graph G(O,S,L) if X and Z are d-separated given Q¨S, ({X,Z}¨Q˝O), and forany proper subset T�Q, X and Z are d-connected given T¨S, then Q is a minimald-separating set for X and Z in G(O,S,L).Corollary: If Y is in a minimal d-separating set for X and Z in G(O,S,L), then Y isan ancestor of X or Z or S in G(O,S,L).Proof: Suppose for a contradiction that there were a minimal d-separating set Q for Xand Z, which contained some vertex Y ˇ Ancenstors({X,Z} ¨ S). It would then followfrom Lemma 14, and the definition of a minimal d-separating set, that X and Z wered-connected given Q ¨ S, which is a contradiction.\Theorem 5: If P(V) is faithful to G1(O,S1,L1), and the input to the FCI algorithm isan oracle for P(V) over O given S = 1, the output is a PAG of G1(O,S1,L1).Proof. The adjacencies are correct by Lemma 12 and Lemma 13. We will now showthat the orientations are correct. The proof is by induction on the number of applicationsof orientation rules in the repeat loop of the Fast Causal Inference Algorithm.. Let the

41object constructed by the algorithm after the nth iteration of the repeat loop be p�n (Notethat according to the notation of the algorithm, p�0 = p2.) Note that each set Sepset(A,C) isa minimal d-connecting set, because if there were any subset X of Sepset(A,C) such thatX ¨ S d-separated A and C, then the algorithm would have found X at an earlier stageand made Sepset(A,C) equal to X.Base Case: Suppose that the only orientation rule that has been applied is that if A*�* B *�* C in p�0, but A and C are not adjacent in p�0, A *�* B *�* C is oriented asA *fi B ‹* C if B is not a member of Sepset(A,C) and as A *�

*B * �* C if B is amember of Sepset(A,C). Suppose first that B is not in Sepset(A,C), and that contrary tothe hypothesis that B is an ancestor of A or C or S. If G(O,S,L) is an arbitrary member ofO-Equiv(G1(O,S1,L1)), there is an inducing path between A and B and an inducing pathbetween B and C . Hence there are is a path U1 that d-connects A and B givenSepset(A,C)\{A} ¨ S and a path U2 that d-connects B and C given Sepset(A,C)\{C} ¨ S.If U1 and U2 do not collide at B then, by Lemma 1, A and C are d-connected givenSepset(A,C) ¨ S, which is a contradiction. If U1 and U2 do collide at B, and B is anancestor of S, then, by Lemma 1, A and C are d-connected given Sepset(A,C) ¨ S, whichis a contradiction. If B is an ancestor of A or C but not of S, then either there is a directedpath D from B to C that does not contain A or S, or there is a directed path D from B to Cthat does not contain A or S. Suppose without loss of generality that the latter is the case.It follows that D d-connects B and C given Sepset(A,C)\{C} ¨ S and is out of B. Itfollows by Lemma 1 that A and C are d-connected given Sepset(A,C) ¨ S, which is acontradiction.Suppose next that B is in Sepset(A,C), but that B is not an ancestor of A or C or S. Itfollows from Lemma 11 that the inducing paths in G(O,S,L) are both into B. It followsfrom Lemma 1 that A and C are d-connected given Sepset(A,C) ¨ S, which is acontradiction. Hence, B is an ancestor of A or C or of S.Induction Case: Suppose p�n is a partial ancestral graph of G(O,S,L). We will nowshow that p�n+1 is a partial ancestral graph of G(O,S,L).Case 1: There is a directed path from D from A to B and an edge A *�* B in p�n, so A*�* B is oriented as A *fi B. By the induction hypothesis, there is a directed path fromA to B in G(O,S,L). Hence B is not an ancestor of A in G(O,S,L).Case 2: If B is a collider along <A,B,C> in p2, A is not adjacent to C, B is adjacent toD, and D is a non-collider along <A,D,C>, then orient B *�* D as B ‹ * D. Because Dis a non-collider along <A,D,C>, D is an ancestor of A or C or S. If B is an ancestor of D,

42then B is an ancestor of A or C or S. But because B is a collider along <A,B,C>, it is notan ancestor of A or C or S. Hence B is not an ancestor of D.Case 3: If P *fi

M * �* R then the orientation is changed to P *fi M fi R. By theinduction hypothesis, if P *fi

M * �* R in p�n, then in G(O,S,L) M is an ancestor ofeither P or R or S. Because P *fi M in p�n, M is not an ancestor of P or S. Hence M is anancestor of R..Case 4: If B ‹ * C, B fi D, and D o�* C, then orient as D ‹* C. By the inductionhypothesis, B is not an ancestor of C, but is an ancestor of D. Hence D is not an ancestorof C.Case 5: If U is a definite discriminating path between A and C for B in p�n, and D isadjacent to C on U, and D, B, and C form a triangle, then if B is in Sepset(A,C) then markB as a non-collider on subpath D *�

*B * �* C else orient D *�* B *�* C as D *fiB ‹ * C.There are two cases. First suppose that B is in Sepset(A,C). Suppose, contrary to thehypothesis that B is not an ancestor of C or D or S in G(O,S,L). Because Sepset(A,C) is aminimal d-connecting set, and B is in Sepset(A,C) then B is an ancestor of A or C or S.Because it is not an ancestor of C or S it is an ancestor of A. Because there are inducingpaths between B and C, and B and D in G(O,S,L), but B is not an ancestor of C or D or S,it follows from Lemma 11 that the inducing paths between D and B, and between B andC, are both into B. The directed edge from each vertex Xi on U (except for A) to C in p�,entails that Xi is an ancestor of C but not of S in G(O,S,L). So, the inducing path inG(O,S,L) corresponding to a bi-directed edge between Xi and Xi+1 on U is into Xi and Xi+1.Hence in G(O,S,L) there is in inducing sequence between A and C. Hence, by Lemma 10in G(O,S,L) there is an inducing path between A and C, which is a contradiction.Suppose next that B is not in Sepset(A,C). First we will show that every vertex alongU except for the endpoints is an ancestor of Sepset(A,C) in G(O,S,L). Suppose, contraryto the hypothesis that some vertex on U is not an ancestor of Sepset(A,C), and let W bethe closest such vertex on U to B. It follows that in G(O,S,L) there is a sequence ofvertices <A,X1,...,Xn,W> such that each pair of vertices Xi and Xi+1 that are adjacent in thesequence are d-connected given Sepset(A,C)\{Xi,Xi+1} (because of the existence of theinducing path into Xi and Xi+1), and if a pair of paths d-connects Xi-1 and Xi, and Xi and Xi+1respectively, they collide at Xi. By hypothesis, in G(O,S,L ) Xi is an ancestor ofSepset(A,C), and W is an ancestor of C but not of Sepset(A,C). It follows there is a pathD from W to C that d-connects W and C given Sepset(A,C)\{W} in G(O,S,L). By Lemma

431 it follows that A and C are d-connected given Sepset(A,C) in G(O,S,L), which is acontradiction.Since every vertex along U except for the endpoints is an ancestor of Sepset(A,C) inG(O,S,L), it follows that there is a sequence of vertices <A,X1,...,Xn,B> such that each pairof vertices Xi and X i+1 that are adjacent in the sequence are d-connected givenSepset(A,C)\{Xi,Xi+1}, and if a pair of paths d-connects Xi-1 and X i, and Xi and X i+1respectively, they collide at Xi. Since each of the Xi has a descendant in Sepset(A,C) inG(O,S,L), A and B are d-connected given Sepset(A,C) in G(O,S,L)Suppose, contrary to the hypothesis, that B is an ancestor of C. There are two cases. IfB is an ancestor of Sepset(A,C), then in G(O,S,L) A and B are d-connected givenSepset(A,C), and B and C are d-connected given Sepset(A,C), and B is an ancestor ofSepset(A,C) but not in Sepset(A,C). It follows from Lemma 1 that A and C are d-connected given Sepset(A,C), which is a contradiction. If in G(O,S,L ) B is not anancestor of Sepset(A,C) but is an ancestor of C, then in G(O,S,L) there is a directed pathD from B to C that contains no member of Sepset(A,C). By Lemma 1 it follows that Band C are d-connected given Sepset(A,C) in G(O,S,L) which is a contradiction. It followsthat B is not an ancestor of C. Because in G(O,S,L) B is not an ancestor of C, but D is anancestor of C by hypothesis, B is not an ancestor of D. \Theorem 1: If p is a partial ancestral graph, and there is a directed path U from A toB in p, then in every DAG G(O,S,L) with PAG p, there is a directed path from A to B andA is not an ancestor of S.Proof. By Theorem 5, for each directed edge between M and N in U there is a directedpath from M to N in G(O,S,L) and M is not an ancestor of S. The concatenation of thedirected paths in G(O,S,L) contains a subpath that is a directed path from A to B inG(O,S,L). Because there is a directed edge between A and its successor on U, A is not anancestor of S. \A semi-directed path from A to B in partial ancestral graph p is an undirected path Ufrom A to B in which no edge contains an arrowhead pointing towards A, that is, there isno arrowhead at A on U, and if X and Y are adjacent on the path, and X is between A andY on the path, then there is no arrowhead at the X end of the edge between X and Y.Lemma 15: If p is a partial ancestral graph of directed acyclic graph G(O,S,L), thereis a directed path D from A to B in G(O,S,L) that does not contain any member of S, andC is the set of vertices in O on D, then there is a semi-directed path from A to B in p thatcontains just the members of C.

44Proof. Suppose there is a directed path D from A to B in G(O,S,L) that does notcontain any member of S. Let C be the set of vertices in O on D, and D� in p be thesequence of edges between vertices in O along D in the order in which they occur on D.Let X and Y be any pair of vertices adjacent on D� for which X is between A and Y or X =A. Because X is an ancestor of Y in G(O,S,L), the edge in p between X and Y has either a�o� or �-� at the X end of the edge. Hence D� is a semi-directed path from A to B in p thatcontains the members of C.Theorem 2: If p is a partial ancestral graph, and there is no semi-directed path from Ato B in p that contains a member of C, then every directed path from A to B in every DAGG(O,S,L) with PAG p that contains a member of C also contains a member of S.Proof. This follow from Lemma 15. \Theorem 3: If p is a partial ancestral graph of DAG G(O,S,L), and there is no semi-directed path from A to B in p, then every directed path from A to B in every DAGG(O,S,L) with PAG p contains a member of S.Proof. By Lemma 15, if there is a directed path from A to B in G(O,S,L) that containsno member of S, there is a semi-directed path from A to B in p. \Theorem 4: If p is a partial ancestral graph, and every semi-directed path from A to Bcontains some member of C in p, then every directed path from A to B in every DAGG(O,S,L) with PAG p contains a member of S ¨ C.Proof. Suppose that U is a directed path in G(O,S,L) from A to B that does not containa member of C or S. Then by Lemma 15 there is a semi-directed path from A to B in pthat does not contain any member of C. \IX. BibliographyBeinlich, I., Suermondt, H., Chavez, R., and Cooper, G. (1989). The ALARM monitoringsystem: A case study with two probabilistic inference techniques for belief networks,in Proc. Second European Conference on Artificial Intelligence in Medicine, London,England. 247-256.Bollen, K. (1989). Structural Equations with Latent Variables. Wiley, NY.Chickering, D., Geiger, D., and Heckerman, D. (1994) "Learning Bayesian networks:Search methods and experimental results". Preliminary papers of the fifthinternational workshop on Artificial Intelligence and Statistics.Cooper, G., and Herskovits, E. (1992). �A Bayesian Method for the Induction ofProbabilistic Networks from Data.� Machine Learning, 9, 309-347.

45Cooper, G. (1995). �Causal Discovery from Data in the Presence of Selection Bias�.Preliminary Papers of the Fifth International Workshop on Artificial Intelligence andStatistics, Fort Lauderdale, FL, January 5-7, 1995, pp. 140-150.Epstein, R. (1987) A History of Econometrics, North-Holland, New York.Heckerman, D., Geiger, D., and Chickering, D. (1994). �Learning Bayesian Networks:The Combination of Knowledge and Statistical Data.� Proceedings of the TenthConference on Uncertainty in Artificial Intelligence, pp. 293-302, Morgan Kaufmann.Lauritzen, S., Dawid, A., Larsen, B., Leimer, H. (1990). "Independence Properties ofDirected Markov Fields." Networks, 20, 491-505.Meek, C. (1995) �Strong Completeness and Faithfulness in Bayesian Networks�.Uncertainty in Artificial Intelligence: Proceedings of the XI Conference. MorganKaufmann.Pearl, J. (1988). Probabilistic Reasoning in Intelligent Systems. Morgan and Kaufman,San Mateo.Pearl, J. (1995). �Causal Diagrams for empirical research.� Biometrika, 82, 669-710.Richardson, T. (1996) �A Discovery Algorithm for Directed Cyclic Graphs�, Proceedingsof the Twelfth Conference on Uncertainty in Artificial Intelligence, Eric Horvits andFinn Jensen (Eds.), Morgan Kaufmann Publishers, Inc., San Mateo, CA.Singh, M. and Valtorta, M. (1993), An algorithm for the construction of Bayesiannetwork structures from data, Proceedings of the Ninth conference on Uncertainty inArtificial Intelligence 259-265, Morgan Kaufmann.Spirtes P., Glymour C., Scheines, R. (1990). Causality from probability. ConferenceProceedings: Advanced Computing for the Social Sciences, Williamsburgh, VA.Spirtes, P., Glymour, C., and Scheines, R. (1991). An algorithm for fast recovery ofsparse causal graphs. Social Science Computer Review, vol. 9, 1991, pp. 62-72.Spirtes, P., and Verma, T. (1992) Equivalence of Causal Models with Latent Variables,Carnegie Mellon University Department of Philosophy Technical Report Phil-33.Spirtes, P., Glymour, C., and Scheines, R. (1993).Causation, Prediction, and Search.Springer-Verlag Lecture Notes in Statistics 81, NY.Spirtes, P. (1992). Building causal graphs from statistical data in the presence of latentvariables", forthcoming in Proceedings of the IX International Congress on Logic,Methodology, and the Philosophy of Science, B. Skyrms, ed., Uppsala, Sweden,1991.Spirtes, P. and Meek, C. (1995) Learning Bayesian Networks with Discrete Variablesfrom Data", in Proceedings of The First International Conference on KnowledgeDiscovery and Data Mining, ed. by Usama M. Fayyad and Ramasamy Uthurusamy,AAI Press, pp. 294-299.Spirtes, P., Richardson, T., Meek, C., Scheines, R., and Glymour, C. (1996) Using D-separation to Calculate Zero Partial Correlations in Linear Models with CorrelatedErrors, Carnegie Mellon University Department of Philosophy Technical Report Phil-72.Verma, T. and Pearl, J. (1990). Equivalence and synthesis of causal models. Proc. SixthConference on Uncertainty in AI. Association for Uncertainty in AI, Inc., MountainView, CA, 220-227.

46Verma, T. and Pearl, J. (1991). Equivalence and synthesis of causal models. TechnicalReport R-150, Cognitive Systems Laboratory, University of California, Los Angeles.Wermuth, N., Cox, D., and Pearl, J. (1994). �Explanations for multivariate structuresderived from univariate recursive regressions�, Report 94-1, University of Mainz,1994.Wright, S. (1934). The method of path coefficients. Ann. Math. Stat. 5, 161-215.