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ABSTRACT

We investigate techniques for applying strictly
proper scoring rules to elicit arbitrary sets of proba-
bilities for an event and for eliciting sets of count-
ably additive (finite dimensional) joint distribu-
tions. We contrast E-admissibility, Maximality, and
I'-Maximin as three IP decision rules for these elici-
tations. The techniques we investigate apply with
sets of probabilities that need not be convex or even
connected, and with distributions that may lack
moments. We address some challenges to applying
these techniques for eliciting merely finitely addi-
tive probability distributions.

Keywords. elicitation, proper scoring rules, finite
additivity, agglutinated probability

1. INTRODUCTION

In de Finetti’s [2] seminal presentation on the founda-
tions of subjective probability, he formalizes two coher-
ence criteria: coherence; and coherence,. These criteria
are associated, respectively, with two different decision
problems.

Coherence,: governing fair prices for buying and sell-
ing bounded random variables.

Coherence,: governing forecasting bounded random
variables subject to Brier score, i.e. squared error loss.

In each setting, coherence requires decision making
that respects (uniform) dominance with respect to a parti-
tion of possible states. Coherence; requires that the sum
of each (finite) set of contracts for buying and selling ran-
dom variables at a Bookie’s fair prices, when those con-
tracts are chosen by an opposing Gambler, are immune
to a uniform sure loss to the Bookie. That is, the Gam-
bler cannot form a finite set of contracts at the Bookie’s
fair prices where the Bookie’s net outcome is uniformly
dominated in each possible state by the status quo, rep-
resented by the constant 0. Coherence, requires that, for
each finite set of forecasts, the sum of their Brier scores
is immune to a uniform improvement relative to a rival
set of forecasts for the same set of variables, with respect
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to the same set of possible states.

De Finetti shows that these two criteria are equiva-
lent [2, section 3.3.7] in the sense that a set of fair prices
are coherent; if and only if they serve as a coherent,
set of forecasts. Let P be a finitely additive probability
function and let Ep(-) be its corresponding finitely addi-
tive expectation function, defined over bounded random
variables.! De Finetti establishes that the coherent; and
coherent, sets of fair prices/forecasts are exactly those
generated by the class of finitely additive expectation
functions.

Nonetheless, de Finetti notes [2, section 3.6.3] the two
coherence criteria are not equivalent as operational ide-
alizations for eliciting an agent’s subjective probabili-
ties. Specifically, he points out that the first context —
setting fair prices for random variables — introduces in-
centives for strategic play by the Bookie some of which
are avoided in the second context — forecasting. That is,
though a Bookie should offer only coherent; fair prices,
upon knowing who is the Gambler in the game creates
incentives for the Bookie to alter her/his announced fair
prices. Then the announced fair prices need not report
the Bookie’s "honest” personal probabilities.

Example 1.1 (Fair prices for Betting against an expert).
Suppose the Bookie is called on to set a fair price, Pr(F)
for buying/selling the indicator function F(w) for an
event F. That is, in state w, F(w) = 1ifw € F and
Flw)=0ifw &F.

Specifically, the Bookie is required to move first and
announce a fair price Pr(F) for the event F. Then the
Gambler plays second and chooses a real-valued quantity
B to form a contract that, depending upon which state e
obtains, results in a payoff to the Bookie of

B(F(w) — Pr(F)).

IHereafter, we assume that finitely additive probabilities are de-
fined on a measurable space (Q, B); where, Q is a partition of pairwise
disjoint and collectively exhaustive possible states, and 3 is an algebra
of events. Random variables are assumed to be measurable with respect
to the measure space (Q, B, P).
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The game is 0-sum, so that the payoff to the Gambler is

—B(F (@) — Pr(F)).

If the Gambler chooses § > 0 (respectively, 8 < 0), the
contract calls for the Bookie to buy from (respectively, to
sell to) the Gambler S-many units of the variable F, at
the price of Pr(F) per unit.

Coherence; requires that 0 < Pr(F) < 1, with each
value in the unit interval a coherent; fair price. However,
suppose the Gambler is an expert about the event F and
knows the value of F(w). Then if 0 < Pr(F) < 1, the
Gambler can choose the sign of 3, positive or negative, to
put the Bookie on the losing side of the contract, where
the Bookie’s payoff is negative. And by choosing |8]| as
large as is permitted, the Gambler wins (and the Bookie
loses) as large a fortune as the rules permit.

In summary, the expert Gambler has no strategy
that results in the outcome 0 (uniformly) dominating
the Bookie’s outcome, 5(F(w) — Pr(F)), for each possible
state w. Nonetheless, the Gambler is aware of a strategy
B that yields a negative outcome for the Bookie in the
actual state w that is realized. Though the Bookie’s offer
of a fair price, 0 < Pr(F) < 1, does not result in a "sure-
loss” in the sense of a Book, if played against the expert
Gambler it does result in the Bookie losing, and losing
for sure!

If the Bookie believes that the Gambler is such an
expert then only extreme fair odds, Pr(F) € {0,1}, of-
fer the Bookie a prospect of not losing. And the Bookie,
who plays first in this sequential, 2-person, 0-sum game,
maximizes subjective expected utility by choosing the ex-
treme price Pr(F) = 1 (respectively, Pr(F) = 0) if her/his
personal probability P satisfies P(F) > .5 (respectively,
P(F) < .5), with indifference between the two extreme
prices just in case P(F) = .5. In this evidently unfair
game, bold play is optimal for the Bookie! Also evident,
strategic pricing for the random variable F elicits merely
the information whether the Bookie’s personal probabil-
ity satisfies P(F) < .5 or whether P(F) > .5.

Example 1.2 (An IP version of Example 1.1). Note that a
similar phenomenon occurs if, in the IP spirit of Smith’s
theory of Pignic Odds [16], the Bookie is permitted to
offer a pair of one-side prices, Pr(F) < Pr(F), where the
lower price is for buying F when the Gambler chooses
B > 0, and the upper price is for selling F when the Gam-
bler chooses 8 < 0. Then if the Bookie offers one sided
odds with 0 < Pr(F) and Pr(F) < 1, the Gambler who
knows whether or not F obtains, can make the Bookie
accept a losing contract. However, better for the Bookie
than when obliged to give fair (two-sided) prices, the
game with one-sided pricing affords the Bookie a safe
strategy: Set 0 = Pr(F) and Pr(F) = 1. Then, against the
expert Gambler, the Bookie is assured of neither a loss
nor a gain. But then the IP elicitation is even less infor-
mative than in de Finetti’s game, as the Bookie’s Pignic
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0Odds form the vacuous interval, [0, 1], of all probabilities
for the event F.

2. ELICITING A SET OF PROBABILITIES FOR AN
EVENT USING A STRICTLY PROPER SCORING
RULE

In response to such operational defects in elicitation
of personal probability that arises with his 2-person fair
pricing game, de Finetti [2, chapter 3] uses coherence,
with the 1-person forecasting game, where forecasts are
evaluated by Brier score loss.?

Fix a scoring rule S, used to assess forecasts. Assume
S is a loss function.

Let f(F) be a forecast for the event F.

Let P be a (finitely additive) probability.

Denote by Ep s(f(F)) the P-expected S-score for f(F).

A scoring rule S is proper provided that, with respect to
a finitely additive probability P, the forecaster maximizes
expected S-utility (i.e., minimizes expected S-loss,) by
setting f(F) = P(F).

The scoring rule S is strictly proper provided this so-
lution is unique.

The scoring rule S is continuous if for each sequence
{P;(F) = p;} with lim; p; = p = P(F),

1ilm Ep s(pi) = Eps(p).

Schervish [9, Theorem 4.2] characterizes all (strictly)
proper (continuous) scoring rules for events, as follows.

The forecast 0 < x < 1 for event F is scored using the
pair of functions g;(x) for i € {0, 1}, where the subscript
i’ for g;, is the value of the indicator function F(w) for
the event F. The forecast x for event F is given score
g1(x) if F obtains, and score gy(x) if F¢ obtains.

Theorem 2.1 (Theorem 4.2 in [9]). Let g;, i € {0,1} be a
pair of left-continuous functions satisfying
8i(x) = lim g (1) for x € {0, 1},
with g;(t;) finite for some 0 < t; < 1.
The scoring rule S defined by the pair {g;, g0} is proper

if and only if there exists a measure A(dq) on the half-open
interval [0, 1) such that, foreach 0 < x < 1,

1(0) = ga(t) + f (1 - A(dg)

[x.t1)

2Coherence, mitigates some, but not all of the challenges to elic-
itation that arise from strategic forecasting. See Schervish et al. [11],
section 6.3 for an illustration where Brier score invites strategic forecast-
ing for an event F. The agent has a strict preference between forecasts
of F based on which of two currencies is used to pay the Brier score.
But the same agent has no incentive for using one currency rather than
the other when giving fair odds for pricing bets on the event F. This
problem is created because the two currencies have different exchange
rates in different possible states.
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and

20(x) = golto) + f gA(dg).

[£0,%)

The scoring rule S is strictly proper if and only if, in
addition, A gives positive measure to every non-degenerate
interval. S is continuous provided that A({x}) = 0 for each
point0 < x <1

In our applications of this result, without loss of gen-
erality, we assume that t, = 0, t; = 1, and that g,(0) =
gi(1)=o0.

Next, we prove a Lemma that is central to our investi-
gation of IP-elicitation. Assume that S is a strictly proper
scoring rule, which then admits the representation in
Theorem 2.1, above. Let P be a probability function with
P(F) = p. So, p is uniquely the P-optimal forecast f(F)
for event F under the score S:

argmin ;. {Eps(f(F))} = p.

Lemma 2.1. Consider forecasts for event F, f(F) €
{a,b,c,d}, wherea <b<p<c<d.

Then Ep 5(p) < Eps(b) < Eps(a),

and Ep 5(p) < Ep s(c) < Ep5(d).

In other words, the P-expected utility of the S-score for
a forecast f(F) of event F, decreases monotonically as the
difference from the P-optimal forecast increases.

Proof. Immediate from the result (A4) in [9]. Equation
(A4) asserts that,
for b < p, Eps(b) — Ep5(p) = J ,y(p — 9)A(dq) > 0
and
for p < ¢, Eps(c) — Eps(p) = Jfj,(q — p)A(dg) > 0.
Then,fora<b < p<c<d,
Eps(a) — Eps(b) = Jfi, (P — @)A(dq) > 0, and
Eps(d) — Eps(c) = Jfi.4)(@ — P)A(dg) > 0.

Next, we investigate eliciting a set of imprecise proba-
bilities for an event, F, by identifying the set of admissible
forecasts for F subject to a strictly proper scoring rule S.
We consider three IP decision rules adapted to arbitrary
sets of probabilities®

O

« E-admissibility, see Levi [7]
« Maximality or M-admissibility, see Sen [15] and Wal-
ley [18]

« I-Maximin. See Gilboa and Schmeidler [3] for an
axiomatization in the setting of Anscombe-Aumann
horse-lotteries.*

3Typically, these three decision rules are formulated with respect to
a convex set of probability distributions. See, for instance, [6], chapter
8. Here, we relax that assumption about the IP set of probabilities. We
review motivations for this generalization in Example 3.1.

4In the context of Wald [17] statistical decisions, where the statisti-
cian minimizes maximal risk, i.e., Minimax, the theory of I-Minimax
is developed in papers by, e.g., Hodges Jr and Lehmann [5], Robbins
et al. [8], and Good [4].
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Definition 2.1. -« X € X is E-admissible if, for some
P € P, X maximizes P-expected utility with respect
to the option set XX.

« X € X is M-admissible if, for each X’ € X, there
exists P € P, where the P-expected utility of X is at
least as great as the P-expected utility of X’. That is,
no alternative X’ exceeds X in expected utility with
respect to all the elements of the IP set .

e X € X is I-Maximin admissible if, for each X’ € X,

inf [P-expectation(X”’)] < inf [P-expectation(X)].
Pep pep

That is, X maximizes over X the minimum P-
expected utility with respect to P in P.

When 2 is the "vacuous” set of all probability distribu-
tions, we refer to the I'-Maximin solution as Maximin,
in accord with the older statistical literature on Minimax
theory. In order to assure existence of an "equalizer” Max-
imin solution in the elicitation problems investigated
here, for our results about I'-Maximin we add the as-
sumption that the scoring rule is continuous.

When P is a singleton set, i.e., in the "precise” case,
each of these three decision rules reduces to maximizing
expected utility. Evidently, if X is E-admissible then it is
M-admissible. The converse is true in restricted circum-
stances. See [13] for details.

Let P be an arbitrary set of probabilities for event F.

Let ((Pr) be the convex hull of Pr and %(?F) the
closed convex hull of Pr.

Fix S as a strictly proper scoring rule.

Let F gF, s( f(F)) be the set of E-admissible forecasts for
event F with respect to the IP set Pr and scoring rule S.
Similarly, let jAfF ’S( f(F)) be the set of M-admissible fore-

casts, and F JF’F ((f(F)) the set of I-Maximin admissible
forecasts.

Proposition 2.1. (i) 7£F,s(f(F)) = Pr.

(i) Fpl (fF)) = H(Pr).

(it) Let S be a continuous scoring rule. Let pg be the T-
Maximin S-forecast of F with respect to the "vacuous”
IP interval pr € [0,1], i.e, p; is the Maximin solu-
tion.

Assume 0 < pg < 1; so that g;(pg) < oo fori =0,1.
Let pax = max{H(Pr)} and ppin = min{F(Pr)}.
@ F5_(fF) = p, if p} € H(Pp).
() F3, (f(F)) = Pmax, if Pmax < P
(© f;F,S(f(F)) = Pmins if Pmin = Pg-

In summary, for eliciting the IP set Pr. of probabilities
for a specific event F:

(i) E-admissibility elicits the target set Pr.
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(ii) Maximality elicits the IP set that is the closed convex
hull of the target set Pr.

(iii) Assume S is a continuous scoring rule. T-Maximin
elicits the precise Maximin forecast py, if that belongs

to %(?F); otherwise, I'-Maximin elicits the point in
JC(Pr) that is nearest to pg.

Proof. We use scores formulated as losses; hence, the
Bayesian decision maker with a precise probability seeks
to minimize expected score, etc.

Because S is strictly proper, each (countably additive)
non-trivial mixed "randomized” strategy forecast o for
event F fails to minimize expected S-loss, regardless the
forecaster’s precise probability P(F).” By Theorem 2 of
[10, page 210] then, with respect to the binary partition
{F, F¢}, o isdominated in S-score by some other (possibly
mixed strategy) forecast.® So o is inadmissible for each
of the three IP decision rules. Thus, for identifying the
E-admissible, M-admissible and I''Maximin admissible
sets of forecasts for an event F, we may restrict attention
to sets of "pure,” i.e., non-randomized forecasts of F.

(i) Because the scoring rule S is strictly proper, for each
P € Py the forecast f(F) = P(F) uniquely mini-
mizes P-expected loss. Hence the set of E-admissible
forecasts for the event F, satisfies F gF,S( f(F)) =

Pr.

(ii) Assume P*(F) € H(Pr). We use Lemma 2.1 to
show that P*(F) € fjl\fF S(f(F)). That is, we show

that there does not exist a rival forecast f(F) where,
for each P € Pp, Ep s(f(F)) < Ep s(P*(F)).

Since, for each IP decision problem, an option is
M-admissible if it is E-admissible, by (i) Pr C
?%g,s(f(F))' So, suppose that P*(F) € F(Pr) but
P*(F) ¢ Pr. Then, without loss of generality, there
exist a pair, P;(F), P,(F) € Pp, P1(F) < P,(F), and
forsome 0 < x < 1, P*(F) = xP1(F)+ (1 —x)P,(F).
Then P;(F) < P*(F) < P,(F).

We show that there does not exist a forecast f(F)
where, for each P € Pr, Ep s(f(F)) < Ep s(P*(F)).
Suppose P*(F) < f(F). Then, by Lemma 2.1

Ep, s(f(F)) > Ep, s(P*(F)).

SBecause of agglutinated masses with merely finitely additive prob-
abilities, a f.a. mixed strategy forecast for event F that agglutinates mass
atthe value P(F) = p also may maximize P-expected utility for a strictly
proper scoring rule, in addition to the pure forecast p. See Schervish et
al [14], Example 1 for an illustration involving a discontinuous scoring
rule.

6In terms of the representation of scoring rule S given in Theo-
rem 2.1, say that forecast x dominates forecast y provided that g;(x) <
gi(y) fori = 0,1. When S is a continuous, strictly proper scoring rule,
then if forecast y is dominated, then it is dominated by some coherent,
forecast. However, with a discontinuous, strictly proper scoring rule,
though an incoherent, forecast is dominated, it may be dominated
only by other incoherent, (countably additive) forecasts. See Schervish
et al. [10] Examples 3 and 8.
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Or else suppose P*(F) > f(F). Then, by Lemma 2.1
Ep, s(f(F)) > Ep, 5(P*(F)).

So, P*(F) is an M-admissible forecast for event F
with respect to the IP set P.

Next, we show that if f(F) ¢ H(Pp) then f(F) is
M-inadmissible. Recall, p.x = max{H (Pr)} and
Pmin = min{%(?F)}. Assume that f(F) ¢ %(?F).
So, either

pmax<f(F)0rf(F)<pmin-

By Lemma 2.1, then (respectively), either for every
P € Pr, Eps(Pmax) < Eps(f(F)), or for every P €
Pr, Ep s(Pmin) < Ep s(f(F)).

Therefore, f(F) is an M-inadmissible forecast. This
establishes that F gl‘,/; sUE) < H(Pp).

To complete (ii), arguing indirectly, we show that
each of pyh.x and ppin is M-admissible.

Suppose pmax is an M-inadmissible forecast. So then
Prax(F) ¢ Pr and there exists a rival forecast p*
where, for each P € P, Ep s(p*) < Ep 5(Pmax)- Let
{P; € P : i =1,...} be a sequence of probabilities
where lim;{p;)} = Pmax (0T = pmin, respectively).
We write out the details for p,.,. By hypothesis,

Ep, s(p*) = pig1(p*) + (1 — p)go(p™) <

Ep, s(Pmax) = Pi&1(Pmax) + (1 — Pi)80(Pmax)-
But, lirni—»oo EPi,S(pmax) EPm.dX,S(pmax)
and lim;_ Ep, s(p*) Ep_..s(p*) Then,
Ep . s(p*) < Ep_  s(Pmax) However, since S is
strictly proper,

Ep  s(Pmax) <Ep__ s(p*).

The same reasoning applies to show that pp;, is
M-admissible.

(iii) Assume S is a continuous scoring rule. Regarding
admissible I-Maximin S-forecasts, the "equalizer”
strategy, f(F) = pg (where gy(pg) = gi1(pg) = ©),
is uniquely the Maximin forecast. It is uniquely
Maximin because Ep s(pg) = c for each probabil-
ity P, and since S is strictly proper, p; uniquely
minimizes the P-expected S-loss for the probability
P*(F) = pg.

(a) Let Py(F),P,(F) € Pp, with p; < pg < p,.
Let x < pg < y be two forecasts. Then by
Lemma 2.1, ¢ = Ep s(pg) < Ep s(y) and
¢ = Ep,5(p;) < Ep,s(x). Hence, if pg €
interior 7((Pr), then for each rival forecast
z # p§, there exists P € Pr where ¢

Eps(pg) < Epg(2). Hence, ?;F,S(f(F)) =
Ps-

For demonstrating cases (iii-b) and (iii-c), we
introduce the following Lemma.
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Lemma 2.2. Let p; < p; < pg < p3 < P4
Then Ep, 5(p>) < Ep,5(p1) and Ep, 5(p3) <
Ep, 5(pa)-

Proof. See the appendix. O

(b) Assume pyax < pg.
For ease of notation let P(F) = p.
Then by Lemma 2.2, for each P < Py,

EP,S (pmax) < EPmax S (P)

Therefore, F ;F,S( f(F)) = Pmax-
(c) Follows the same reasoning as for (iii-b).
O

Remark. We emphasize that the results for E-
admissibility and M-admissibility elicitation of an IP set
of probabilities, Pr, for an event F, are invariant over
the strictly proper scoring rule, S, that is used in the
IP elicitation. However, the I'-Maximin IP elicitation
does depend upon S through the S-Minimax solution
P Next, we illustrate this in Example 2.1.

Example 2.1 (Two strictly proper scoring rules with dif-
ferent equalizer forecasts). Let S; be the (strictly proper)
Brier score for forecasting event F. That is, g; (f(F)) =

(1 — f(F))* and go(f(F)) = f(F)*. Then f(F) = % is
the Brier score equalizer forecast, where g;(f(F)) =
go(f(F)), with constant score i.

For contrast, define the strictly proper score S, where:

gi1(f(F)) = 1=-3f(F)*+2f(F)’ and go(f(F)) = 2f (F)*.

1 ~

Then f(F) =
cast, where g,(f(F)) = go(f(F)), with constant score

2(1/3)*/? ~ 0.385.

0.577 is the S, equalizer fore-

3. ELICITING A SET OF C.D.F.’S

In this section, we review basic results for eliciting an
IP set of joint probability distributions for a finite dimen-
sional random variable using a technique for combining
countably many strictly proper forecasts. Because of the
complications for our technique in the presence of ag-
glutinated probability masses that may arise with merely
finitely additive probabilities, first we investigate results
when each distribution in the set is countably additive
- subsection 3.1. In subsection 3.2, we address aggluti-
nations and other challenges associated with eliciting a
merely finitely additive probability distribution.

3.1. A scoring rule for a set of countably additive
joint distributions. We begin by adapting the central
ideas in Schervish et al. [12] for combining strictly proper
scoring rules for a denumerable set of events to form
a strictly proper scoring rule for a finite dimensional,
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countably additive joint distribution. Let B = {B,}, n =
1,...,beasequence of eventsandletS = {S,,},n = 1,2, ...,
be a sequence of bounded, strictly proper scoring rules,
where the scoring rule Sy scores forecasts 0 < p, <1
for the indicator By of the event By. That is, for each
n, there is a finite b,, such that S,, : {0,1} x [0,1] —
[0, b,,). Since multiplying a strictly proper scoring rule by
a positive constant gives another strictly proper scoring
rule, without loss of generality assume b,, = 27".

Lemma 3.1.

S(B.{ppthn=1,..)= Y (B, pn) <o  (3.1)

n=1

is a strictly proper scoring rule for eliciting the set of coher-
ent precise countably additive probabilities p = {P(B,,) :
n=1,..}%

That is, consider the decision problem where a fore-
caster is subject to the loss (3.1) for the sequence of fore-
casts p {pn} for the sequence of events {B,}. Let
EP[Z:;I S, (By, Pn)] be the forecaster’s expected loss of
the sequence of forecasts p = {p,}, calculated with re-
spect to her/his joint, countably additive probability P for
the events {B,}. Lemma 3.1 asserts that straightforward
forecasting, setting p,, = P(B,), uniquely minimizes the
forecaster’s expected loss in (3.1).

Proof. Since each S,, > 0, and the joint distribution P is
countably additive, the monotone convergence theorem
implies

Ep

Z Sp(By, pn)] = Z Ep[S,(By, pn)l- (3.2)
n=1

n=1

The forecaster minimizes the r.h.s. of (3.2) by mini-
mizing each term separately. Since each scoring rule
is strictly proper, this minimization occurs (uniquely)
for the sequence of forecasts {p,} where, for each B,
P(Bn) = DPn- O

Lemma 3.1 helps us create a strictly proper scoring
rule to elicit a joint distribution for a finite set of random
variables, as follows.’

LetX = {Xj, ..., X, } be a finite set of random variables
and let P be a countably additive joint probability over
X. Then P is determined by its joint c.d.f.

FX(xl,...,xm) = P({XJ < x]} . ] = 1,...,m),

where (x, ..., X;;,) ranges over all elements of R".
Axiom of Continuity: Let A be an event and {4,, :
n = 1,..} a sequence of (downward) nested events,

"The technique we use here extends to creating a strictly proper
scoring rule for a countably additive "nonparametric” joint distribu-
tion over denumerably many random variables, provided that joint
distribution is determined by the class of all finite dimensional joint
distributions.
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Api1 € Ay, with A = n,A,. Then lim,_,, P(4,) =
P(A).

By Kolmogorov’s Axiom of Continuity, equivalent to
countable additivity, the c.d.f Fx is determined by its
values at rational coordinates of (xy, ..., X,,,) — sequences
in Q™. There are denumerably many such sequences
in the measurable space for the c.d.f. of X. Then, using
the technique from Lemma 3.1 for creating a strictly
proper scoring rule for eliciting the joint probability for
countably many events, we construct a strictly proper
scoring rule for eliciting Fx. Here are some details.

Lety = {y, = Wn1>sYnm) : 1 = 1,...} be a se-
quence of elements from Q™. Define the denumerably
many events

B, ={X;<ynj:j=1..,miforn=1,...

where, for each j = 1,...,m, the sequence {y, ;} con-
verges downward to the value x;. Then the strictly proper
scoring rule (3.1) applied to the sequence of events
{B,,} elicits the value of the cumulative distribution
Fx(x1, ..., X,)- So, eliciting the countable set of values,
Fx(xy,...,Xx,,) at the countable set {(x, ..., x;,)} of se-
quences in Q™ identifies the joint distribution P(X).

Next, let Px be a set of joint, countably additive prob-
abilities over a finite set X = {Xi,...,X,,} of random
variables. Let S be a scoring rule of the form in (3.1) for
eliciting the set Px through the set of admissible fore-
casts for the set Fx.

Paralleling the notation from Section 2 we define:

F gxs(p) to be the set of E-admissible forecasts for the
joint distribution P with respect to the set Px and scoring
rule S.

Similarly, let #M _(p) be the set of M-admissible fore-
?X S

casts, and let F ;X,S(p) the set of I'-Maximin admissible
forecasts.

As in Proposition 2.1, we require a continuous, strictly
proper scoring rule for our analysis of I'-Maximin fore-
casting. In order to assure that the strictly proper scoring
rule of the form (3.1) is continuous, we introduce the
following conditions, namely that the summands in (3.1)
all be the same continuous scoring rule multiplied by
summable constants.

Using the representation from Theorem 2.1, let s =
[(g0,&1), 4] be a bounded (by 1) continuous scoring rule
for the probability of an event. Forn = 1, ..., lets,, = b,,s,
where each b,, > 0 and Zn b, = 1. We show next that
S = Zn s, is a continuous, strictly proper scoring rule
with respect to the sequence of probability forecasts in
the following metric topologies:

For the argument space, let x = {x,} and y = {y,}
be two possible sequences of elicited probabilities for
orthants.

Letd,(x,y) = sup, |x, —y,|. For the triangle inequal-
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ity, note that

do(x,2) = sup |x, — 2| = SUp Xy = yp + Yp — 2n| <
n n

sup |x, = Yl +sup |y, — z,| = do(x,y) + dy (¥, 2).
n n

For the scoring rule space, the total score is a real
number, so we use the absolute value of the difference
as a metric.

That is, for each € > 0, let §. > 0 be such that when-
ever |t —h| < 6. witht, h € [0,1] then |g;(t)—g;(h)| <€
for j =0,1.Ifd,(x,y) < d, then

‘ Z Sn(Bm xn) - Z Sn(Bn7yn)| <

Z 82 (Bys Xp) = 8p(Bp, Yu)l =

n

D buls(Br, Xy) — S(Bp, yu)| < €.
n

Thus, S is a continuous scoring rule of the form (3.1).

Proposition 3.1. (i) F gX,S(P) =Px.

(i) F} (p) = FH(Px).

(iti) Let P be the Minimax forecast of the joint distribu-
tion P(X) using a continuous S-score in (3.2).

(a) f;x,s(p) = P, if P € H(Pp), otherwise;
T i il
(b) ??F’S(p) P, where Pg
argmin, G%(?x)EPE [S(P)].

Proof. Parts (i) and (ii) follow using the identical reason-
ing from Proposition 2.1, applied to the elicitation of the
set of joint distributions, Px, separately at each event
B,, in the r.h.s. of (3.2). Part (iii-a) follows by the same
reasoning as used in part (iii-a) of Proposition 2.1. Part
(iii-b) follows by applying Lemma 2.2 to identify that
point P; in H(Px) "closest” in S-score to P¢. Evidently,

P; is a point on the boundary of H(Px). O

Parallel with the situation in Proposition 2.1 (iii) we
extend Example 2.1 to illustrate the sensitivity of the
Maximin solution in Proposition 3.1 (iii) to the selection
of the continuous strictly proper scoring rule S.

Example 3.1 (Example 2.1, continued). Let Q
{wy, ..., w,} and consider the random variable X (w; ) = k.
Let B, = {wi,..,wi} for k = 1,...,n. So the values
{P(By) = PX < k) : k = 1,..,n} identify the cdf
for the distribution P(X). Let y, = f(By) be a forecast
for the event By. Then, in Lemma 3.1, with S = §;

Brier score, the Maximin forecasts satisfy yj % for
k =1,..,n—1,and (of course) y,, = 1. This cdf corre-
sponds to an extreme probability density function on Q:

P({w,}) = P(w,}) = § and P({ew}) = 0for1 < k < n.
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By similar reasoning, with S = S, in Lemma 3.1, the

Maximin forecasts satisfy y, = \/E fork=1,..,n—1,
and y, = 1. This cdf corresponds to a different ex-

treme probability density function on Q: P({w,}) = \/g ,

P({w,}) =1— \/E and P({ew;}) = 0for1 <k < n.

Evidently, for each continuous, strictly proper scor-
ing rule S, the Maximin solution P for the cdf P(X)
selects a distribution that is a point on the boundary
of the simplex of distributions over Q, with support
the two states {w;, w,}. This is in sharp contrast with
the Maximin solution for forecasting the probability
density function for the n-many atoms of the space,
{zi = fQwi}) : k =1,...,n}. For example, using Brier
score, the Maximin forecasts are the uniform distribu-
tion, z; = 1/n, the center of mass of the simplex.

Remark. Note that the distributions elicited through
Proposition 3.1 need not admit moments.

Next, we give an example that motivates the generality
of the IP sets permitted in Proposition 3.1, where Px may
fail to be convex.

Example 3.2. Let X = {X1, ..., X,,,} be quantities of inter-
est. Consider an IP set Px of k-many joint distributions
{P1(X), ..., P, (X)} used to represent a set of k-many ex-
pert opinions about these quantities. Suppose that, in-
cluded in X are the indicator functions for two events, A
and B.

It may be that the experts are unanimous in their judge-
ments that A and B are probabilistically independent,
for instance, when they agree that these two are causally
independent events. Then, in general, the set %(ﬂ’x),
whose finitely many extreme points are a subset of Py,
includes probability distributions where A and B are not
independent.

For instance, suppose that P;(A, B) has A and B in-
dependent events with P;(A) = 0.4 and P;(B) = 0.2. so
that P;(AB) = 0.08, etc. Similarly, suppose that P,(A, B)
has A and B independent events with P,(A) = 0.6
and P,(B) = 0.8. so that P,(AB) = 0.48, etc. Then
P3(A,B) = 0.5P;(A, B) + 0.5P,(A, B) belongs to H(Px).
But 0.5 = P3(A) < P3(A|B) = ‘Lﬁ = 0.56. Hence, with
Ps, B is positively relevant to A, contrary to the probabil-
ity judgements, P; and P,, of the two experts.

Thus, we find it is important to consider IP sets that
are not convex. And for the reasons illustrated in Ex-
ample 2.1, we are not satisfied using M-admissibility as
the decision rule for eliciting such IP sets with the tech-
niques developed here, based on strictly proper scoring
rules.

3.2. Eliciting a merely finitely additive probability
distribution. In [1, section 7.3], de Finetti notes the
possibility of agglutinated masses with merely finitely
additive probabilities. That is, in violation of the Axiom
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of Continuity for countably additive probabilities, it may
be that {4, : n = 1,...} is a sequence of (downward)
nested events, A, 2 A,.;, with A = N4, # @, but
where for each A,,, P(A4,,) = a > b = P(A). Then prob-
ability mass ¢ = (a — b) > 0 is agglutinated to the non-
empty set A by the sequence {4, }. Here is an illustration
of the challenge posed by agglutinations as it affects the
technique used in section 3.1.

Example 3.3. Let X be a bounded but non-simple ran-
dom variable, e.g. with values 0 < x < 1. Let P([0, x]) =
x foreach 0 < x < 0.5. Suppose P[0, 0.5] = 0.6. Then the
cdf Fy for P(X) fails to distinguish between the count-
ably additive case where there is a discrete point mass,
P({x = 0.5}) = 0.1, and infinitely many different merely
finitely additive probability distributions where a mass
0 < ¢ £ 0.1 is agglutinated (by a sequence of intervals
converging from the left) to the point x = 0.5, and the
remaining mass is assigned to the point x 0.5, i.e.,
where

P({x =0.5}) = 0.1 — cand
P((x,0.5]) = 0.6 — x, foreach 0 < x < 0.5.

Thus, the successful elicitation of the cdf Fx by the
method used with Lemma 3.1 is inadequate for iden-
tifying the possibly finitely additive distribution P(X)
without checking each point of discontinuity in the cdf
for possible agglutinations (from the left).

One response to this challenge is to introduce a second
round of forecasting, designed specifically for eliciting
agglutinated masses associated with a finitely additive
cdf that is only approximated by the countably addi-
tive cdf F(X) identified in the first round of elicitation
based on the method of Lemma 3.1. That is, suppose
that the procedure for eliciting a precise countably ad-
ditive cdf F(X) using the method of Lemma 3.1 yields
(at most) denumerably many discontinuities at the real
values x, (n = 1, ... ), where these x,, need not be ratio-
nal values. Let this first round of elicitation yields the
point masses P(X = x,) = p, > 0, forn = 1, .... Then,
in order to identify whether the forecaster’s probabil-
ity distribution is merely finitely additive because some
of this point mass p,, is agglutinated (from below) at
X = x,, in a second round of elicitation, use the strictly
proper scoring rule S to elicit probabilities g,, for events
C, ={X < x, : n=1,...}. Note that the events C,, differ
from the events B,, used in the first round elicitation of
F(X)with Lemma 3.1 in two ways:

1. The cutoff points, x,,, need not be rational values.
2. The C,, are defined by strict inequalities.

Letr, = F(X < x,,) — q,- Then p,, — r, is the finitely
additive probability agglutinated (from below) at (X =
x,,).2 This is a 2-round procedure since identifying the

8For assessing agglutination from above, apply these methods to
the cdf of Y = —X.
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locations of the point masses, x,,, from F(X), may require
first completing an infinite set of elicitations using the
events B,.

In addition to, and separate from this challenge to elic-
itation posed by agglutination, also there is also the more
familiar issue that, since P may be merely finitely addi-
tive, the probabilities for an infinite sequence of disjoint
sets provides only a lower bound on their union. So, the
probabilities provided by a cdf for an infinite number of
disjoint intervals for the random variable X, in general, is
insufficient for determining the probability that X takes
its value in their union, independent of the matter of
agglutinated probability masses at points within these
intervals.

4. SUMMARY, AND SOME OPEN QUESTIONS

In this paper we have investigated basic results for
using strictly proper scoring rules to elicit sets of prob-
abilities and sets of joint distributions in an IP setting.
We consider admissible sets of forecasts for eliciting a set
of probabilities of a given event. Using a strictly proper
scoring rule for forecasting a sequence of events, we con-
sider admissible sets of forecasts for finite dimensional,
countably additive joint probabilities, as identified by
their cumulative probability distribution functions. We
present our findings for three common IP decision rules:
E-admissibility, Maximality, and I'-Maximin. In general,
E-admissibility permits identifying an exact target set of
probabilities for an event, or target set of countably addi-
tive joint distributions, regardless the structure of those
IP sets. Maximality recovers the closed convex hull of
the target set. And I'-Maximin generates a precise prob-
ability or a precise distribution from the target set that
is (or is "closest to") the Maximin solution to the fore-
casting problem. Since the Maximin solution depends
upon which strictly proper scoring rule is used to assess
forecasts, only the first two methods give elicitations that
are invariant over which strictly proper scoring rule is
applied.

In our work on eliciting IP sets of joint (finite di-
mensional) countably additive distributions, since our
method identifies the cdf for a countably additive joint
distribution, the distributions so elicited need not have
moments. But, for the same reason, our methods face
the challenge of agglutinated masses when the distribu-
tions are merely finitely additive. We present a 2-stage
elicitation procedure for addressing finitely additive ag-
glutinations.

In this paper we have not discussed applying our meth-
ods for eliciting sets of conditional probabilities, or sets of
conditional probability distributions. We are interested
in those questions. The following example is offered in
the hope of provoking the reader’s interest too.

Example 4.1 ((Example 3.1, continued) I'-maximin
for eliciting a cdf, and a conditional cdf). Let Q
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{wq, w,, w3} and consider the random variable X (wy) = k
fork =1,2,3.Let By, = {wy, ..., w} fork = 1,2, 3. So the
values {P(By) = P(X < k) : k = 1,2, 3} identify the cdf
for the distribution P(X). Let y;, = f(By) be a forecast
for the event By. Use Brier score to assess each of the
three forecasts and use the sum of the three scores as the
strictly proper scoring rule. Since, B; = Q, for each coher-
ent forecast, y; = 1, when (B; — y3)2 = 0, and the sum of
the three Brier scores is equal to (B; —y; )+ (B, —y,)*>+0.
As noted in Example 3.1, the Maximin (equalizer) fore-

castsare y; =y, = 1, with total score = + - % regard-
less which of the three states obtain. However, this fore-

cast corresponds to an extreme probability distribution
P(w;) = P(w3) = % and P(w,) = 0. By Maximin stan-
dards, the rival forecasts z; = 1/3,z, =2/3,and z; = 1
(corresponding to the uniform distribution Q({w;}) =
Q({w,}) = Q({ws}) = 1/3) is inferior because, if w; ob-
tains, the rival z-forecasts have a worse Brier score than
the y-forecasts: 1/9 +4/9 =5/9 > % Now consider the
situation where the forecaster learns that state w; does
not obtain. Then the conditional y-forecasts, y*, given
{w,, w3}, are y; = y5 = 0, and y; = 1, corresponding
to P({ws}|{w,,ws}) = 1, whereas the rival conditional
z-forecasts, z*, given {w,, w3}, are zf =0, z’z" =1/2,and
z3 = 1, corresponding to Q({ws}|{w,, ws3}) = % Here the

conditional z-forecasts are Maximin for the conditional
elicitation problem, not the conditional y-forecasts!

A. PROOF OF LEMMA 2.2

Lemma 2.2 regulates admissible I'-Maximin S-
forecasts for an event F, by identifying the greater of
Ep, s(p,) and Ep, 5(p;) whenever p, and p, lie on the
same side of the Minimax forecast py.

Let pg be the "equalizer” Minimax strategy, where

8o(Py) = &1(pg) =c.

Proof of Lemma 2.2. Since S is fixed in this proof, we sim-
plify the notation. That is, we demonstrate Ep (p,) <
Ep,(p1)- The proof that Ep,(p3) < Ep,(ps4) follows simi-
larly.

By the representation of expected scores given via
Thrm. 4.2, we have:

P2

1
Ep,(p2) = f 11— A(dg) + f (1 - pr)gA(dg).

D2 0

P1

1
Ep,(p1) = f pd— A+ [ (= py)aidg).

D1 0

By assumption that p* is the equalizer Minimax fore-
cast:

1 p*
c= f (1-qg)iA(dq) = f qA(dq).
p* 0
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Write,

1 D
f 1 -q@A(dg) =c+ f
P2 p

2

D1 p
f gA(dq) = ¢ — f
0 p

1
Then, Ep,(p1) — Ep,(p2)

s«

1 -qg)A(dg),

and

5

qA(dq).

P1
= f [(1 = p2)g — (A — p1)q] A(dg)
0

D2
" f [pa(1 - q) — (1 — py)ql A(dg)
b1

1
" / [p2(1 — g) — pr(1 — )] A(dg)

P2

P
=—(py— Pl)f qA(dq)
0

D2
N f [pa(1 - q) — (1 — py)ql A(dg)
D1
1

+(p2—p1) | A—-q@A(dg)

+ p2A((p1, p21)

P2
p*
=—(p2—p1) [c - / qA(dq)
)48
b2

+(Pr—p2—1) qA(dq)
b1
p*
Cc+
P2

p*
= (o - p1) [ f gA(dq) +
b1

+ (P2 — p1)

1- q)/l(dq)]
p*

1- q)l(dq)]

P2

D2
AP pa]) + (pr = pr — 1) f gA(dq)
D1

D2
=(P2—P1)[/1((P2,P*])+ f qA(dq)]

P
D2
+ p2A((p1, p2) = (p2 —p1 +1) qA(dq)
P1
b2
= (p2 — pA(P2, P*D) + P2A((p1, P2]) — f qA(dq)

J 41
> (p2 — pA(p2, p*]) + P2A((p1, P2]) — P1A((P1, P2
= (p2 — pA(p1, P*D
> 0.

The inequalities are strict for a strictly proper scoring
rule. O
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