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We investigate techniques for applying strictly
proper scoring rules to elicit arbitrary sets of proba-
bilities for an event and for eliciting sets of count-
ably additive (!nite dimensional) joint distribu-
tions. We contrast E-admissibility, Maximality, and
ω-Maximin as three IP decision rules for these elici-
tations. The techniques we investigate apply with
sets of probabilities that need not be convex or even
connected, and with distributions that may lack
moments. We address some challenges to applying
these techniques for eliciting merely !nitely addi-
tive probability distributions.
Keywords. elicitation, proper scoring rules, !nite
additivity, agglutinated probability

1. I’#$()*&#+(’
In de Finetti’s [2] seminal presentation on the founda-

tions of subjective probability, he formalizes two coher-
ence criteria: coherence1 and coherence2. These criteria
are associated, respectively, with two di"erent decision
problems.
Coherence1: governing fair prices for buying and sell-

ing bounded random variables.
Coherence2: governing forecasting bounded random

variables subject to Brier score, i.e. squared error loss.
In each setting, coherence requires decision making

that respects (uniform) dominancewith respect to a parti-
tion of possible states. Coherence1 requires that the sum
of each (!nite) set of contracts for buying and selling ran-
dom variables at a Bookie’s fair prices, when those con-
tracts are chosen by an opposing Gambler, are immune
to a uniform sure loss to the Bookie. That is, the Gam-
bler cannot form a !nite set of contracts at the Bookie’s
fair prices where the Bookie’s net outcome is uniformly
dominated in each possible state by the status quo, rep-
resented by the constant 0. Coherence2 requires that, for
each !nite set of forecasts, the sum of their Brier scores
is immune to a uniform improvement relative to a rival
set of forecasts for the same set of variables, with respect

to the same set of possible states.
De Finetti shows that these two criteria are equiva-

lent [2, section 3.3.7] in the sense that a set of fair prices
are coherent1 if and only if they serve as a coherent2
set of forecasts. Let 𝜔 be a !nitely additive probability
function and let 𝜀𝜔(⋛) be its corresponding !nitely addi-
tive expectation function, de!ned over bounded random
variables.1 De Finetti establishes that the coherent1 and
coherent2 sets of fair prices/forecasts are exactly those
generated by the class of !nitely additive expectation
functions.
Nonetheless, de Finetti notes [2, section 3.6.3] the two

coherence criteria are not equivalent as operational ide-
alizations for eliciting an agent’s subjective probabili-
ties. Speci!cally, he points out that the !rst context –
setting fair prices for random variables – introduces in-
centives for strategic play by the Bookie some of which
are avoided in the second context – forecasting. That is,
though a Bookie should o"er only coherent1 fair prices,
upon knowing who is the Gambler in the game creates
incentives for the Bookie to alter her/his announced fair
prices. Then the announced fair prices need not report
the Bookie’s "honest" personal probabilities.

Example 1.1 (Fair prices for Betting against an expert).
Suppose the Bookie is called on to set a fair price, Pr(𝜗)
for buying/selling the indicator function 𝜗(𝜛) for an
event 𝜗. That is, in state 𝜛, 𝜗(𝜛) = 1 if 𝜛 ε 𝜗 and
𝜗(𝜛) = 0 if 𝜛 ϑ 𝜗.
Speci!cally, the Bookie is required to move !rst and

announce a fair price Pr(𝜗) for the event 𝜗. Then the
Gambler plays second and chooses a real-valued quantity
𝜚 to form a contract that, depending upon which state 𝜛
obtains, results in a payo" to the Bookie of

𝜚(𝜗(𝜛) ϖ Pr(𝜗)).

1Hereafter, we assume that !nitely additive probabilities are de-
!ned on a measurable space ⌋ϱ,∱⌈; where,ϱ is a partition of pairwise
disjoint and collectively exhaustive possible states, and ∱ is an algebra
of events. Random variables are assumed to bemeasurable with respect
to the measure space ⌋ϱ,∱,𝜔⌈.
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The game is 0-sum, so that the payo" to the Gambler is

ϖ𝜚(𝜗(𝜛) ϖ Pr(𝜗)).

If the Gambler chooses 𝜚 > 0 (respectively, 𝜚 < 0), the
contract calls for the Bookie to buy from (respectively, to
sell to) the Gambler 𝜚-many units of the variable 𝜗, at
the price of Pr(𝜗) per unit.
Coherence1 requires that 0 ∲ Pr(𝜗) ∲ 1, with each

value in the unit interval a coherent1 fair price. However,
suppose the Gambler is an expert about the event 𝜗 and
knows the value of 𝜗(𝜛). Then if 0 < Pr(𝜗) < 1, the
Gambler can choose the sign of 𝜚, positive or negative, to
put the Bookie on the losing side of the contract, where
the Bookie’s payo" is negative. And by choosing ⌉𝜚⌉ as
large as is permitted, the Gambler wins (and the Bookie
loses) as large a fortune as the rules permit.
In summary, the expert Gambler has no strategy 𝜚

that results in the outcome 0 (uniformly) dominating
the Bookie’s outcome, 𝜚(𝜗(𝜛)ϖPr(𝜗)), for each possible
state 𝜛. Nonetheless, the Gambler is aware of a strategy
𝜚 that yields a negative outcome for the Bookie in the
actual state 𝜛 that is realized. Though the Bookie’s o"er
of a fair price, 0 < Pr(𝜗) < 1, does not result in a "sure-
loss" in the sense of a Book, if played against the expert
Gambler it does result in the Bookie losing, and losing
for sure!
If the Bookie believes that the Gambler is such an

expert then only extreme fair odds, Pr(𝜗) ε {0, 1}, of-
fer the Bookie a prospect of not losing. And the Bookie,
who plays !rst in this sequential, 2-person, 0-sum game,
maximizes subjective expected utility by choosing the ex-
treme price Pr(𝜗) = 1 (respectively, Pr(𝜗) = 0) if her/his
personal probability 𝜔 satis!es 𝜔(𝜗) > .5 (respectively,
𝜔(𝜗) < .5), with indi"erence between the two extreme
prices just in case 𝜔(𝜗) = .5. In this evidently unfair
game, bold play is optimal for the Bookie! Also evident,
strategic pricing for the random variable 𝜗 elicits merely
the information whether the Bookie’s personal probabil-
ity satis!es 𝜔(𝜗) ∲ .5 or whether 𝜔(𝜗) ∳ .5.
Example 1.2 (An IP version of Example 1.1). Note that a
similar phenomenon occurs if, in the IP spirit of Smith’s
theory of Pignic Odds [16], the Bookie is permitted to
o"er a pair of one-side prices, Pr(𝜗) ∲ Pr(𝜗), where the
lower price is for buying 𝜗 when the Gambler chooses
𝜚 > 0, and the upper price is for selling 𝜗 when the Gam-
bler chooses 𝜚 < 0. Then if the Bookie o"ers one sided
odds with 0 < Pr(𝜗) and Pr(𝜗) < 1, the Gambler who
knows whether or not 𝜗 obtains, can make the Bookie
accept a losing contract. However, better for the Bookie
than when obliged to give fair (two-sided) prices, the
game with one-sided pricing a"ords the Bookie a safe
strategy: Set 0 = Pr(𝜗) and Pr(𝜗) = 1. Then, against the
expert Gambler, the Bookie is assured of neither a loss
nor a gain. But then the IP elicitation is even less infor-
mative than in de Finetti’s game, as the Bookie’s Pignic

Odds form the vacuous interval, [0, 1], of all probabilities
for the event 𝜗.
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In response to such operational defects in elicitation

of personal probability that arises with his 2-person fair
pricing game, de Finetti [2, chapter 3] uses coherence2
with the 1-person forecasting game, where forecasts are
evaluated by Brier score loss.2
Fix a scoring rule 𝜍, used to assess forecasts. Assume

𝜍 is a loss function.
Let 𝜑(𝜗) be a forecast for the event 𝜗.
Let 𝜔 be a (!nitely additive) probability.
Denote by 𝛚𝜔,𝜍(𝜑(𝜗)) the 𝜔-expected 𝜍-score for 𝜑(𝜗).
A scoring rule𝜍 is proper provided that, with respect to

a !nitely additive probability 𝜔, the forecastermaximizes
expected 𝜍-utility (i.e., minimizes expected 𝜍-loss,) by
setting 𝜑(𝜗) = 𝜔(𝜗).
The scoring rule 𝜍 is strictly proper provided this so-

lution is unique.
The scoring rule 𝜍 is continuous if for each sequence

{𝜔𝛻(𝜗) = 𝜕𝛻} with lim𝛻 𝜕𝛻 = 𝜕 = 𝜔(𝜗),

lim
𝛻
𝛚𝜔𝛻 ,𝜍(𝜕𝛻) = 𝛚𝜔,𝜍(𝜕).

Schervish [9, Theorem 4.2] characterizes all (strictly)
proper (continuous) scoring rules for events, as follows.
The forecast 0 ∲ ℵ ∲ 1 for event 𝜗 is scored using the

pair of functions ℶ𝛻(ℵ) for 𝛻 ε {0, 1}, where the subscript
’𝛻’ for ℶ𝛻, is the value of the indicator function 𝜗(𝜛) for
the event 𝜗. The forecast ℵ for event 𝜗 is given score
ℶ1(ℵ) if 𝜗 obtains, and score ℶ0(ℵ) if 𝜗ℷ obtains.
Theorem 2.1 (Theorem 4.2 in [9]). Let ℶ𝛻 , 𝛻 ε {0, 1} be a
pair of left-continuous functions satisfying

ℶ𝛻(ℵ) = lim
ℸ→ℵ

ℶ𝛻(ℸ) for ℵ ε {0, 1},

with ℶ𝛻(ℸ𝛻) !nite for some 0 ∲ ℸ𝛻 ∲ 1.

The scoring rule 𝜍 de!ned by the pair {ℶ1, ℶ0} is proper
if and only if there exists a measure ⊳(⊲0) on the half-open
interval [0, 1) such that, for each 0 ∲ ℵ < 1,

ℶ1(ℵ) = ℶ1(ℸ1) +⨋
[ℵ,ℸ1)

(1 ϖ 0)⊳(⊲0)

2Coherence2 mitigates some, but not all of the challenges to elic-
itation that arise from strategic forecasting. See Schervish et al. [11],
section 6.3 for an illustrationwhere Brier score invites strategic forecast-
ing for an event 𝜗. The agent has a strict preference between forecasts
of 𝜗 based on which of two currencies is used to pay the Brier score.
But the same agent has no incentive for using one currency rather than
the other when giving fair odds for pricing bets on the event 𝜗. This
problem is created because the two currencies have di"erent exchange
rates in di"erent possible states.
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and
ℶ0(ℵ) = ℶ0(ℸ0) +⨋

[ℸ0,ℵ)
0⊳(⊲0).

The scoring rule 𝜍 is strictly proper if and only if, in
addition, ⊳ gives positive measure to every non-degenerate
interval. 𝜍 is continuous provided that ⊳({ℵ}) = 0 for each
point 0 ∲ ℵ ∲ 1.
In our applications of this result, without loss of gen-

erality, we assume that ℸ0 = 0, ℸ1 = 1, and that ℶ0(0) =
ℶ1(1) = 0.
Next, we prove a Lemma that is central to our investi-

gation of IP-elicitation. Assume that 𝜍 is a strictly proper
scoring rule, which then admits the representation in
Theorem 2.1, above. Let 𝜔 be a probability function with
𝜔(𝜗) = 𝜕. So, 𝜕 is uniquely the 𝜔-optimal forecast 𝜑(𝜗)
for event 𝜗 under the score 𝜍:

argmin𝜑(𝜗){𝛚𝜔,𝜍(𝜑(𝜗))} = 𝜕.

Lemma 2.1. Consider forecasts for event 𝜗, 𝜑(𝜗) ε
{1, 2, ℷ, ⊲}, where 1 < 2 < 𝜕 < ℷ < ⊲.
Then 𝛚𝜔,𝜍(𝜕) < 𝛚𝜔,𝜍(2) < 𝛚𝜔,𝜍(1),
and 𝛚𝜔,𝜍(𝜕) < 𝛚𝜔,𝜍(ℷ) < 𝛚𝜔,𝜍(⊲).
In other words, the 𝜔-expected utility of the 𝜍-score for

a forecast 𝜑(𝜗) of event 𝜗, decreases monotonically as the
di"erence from the 𝜔-optimal forecast increases.

Proof. Immediate from the result (A4) in [9]. Equation
(A4) asserts that,
for 2 < 𝜕, 𝛚𝜔,𝜍(2) ϖ 𝛚𝜔,𝜍(𝜕) = ⨌[2,𝜕)(𝜕 ϖ 0)⊳(⊲0) > 0

and
for 𝜕 < ℷ, 𝛚𝜔,𝜍(ℷ) ϖ 𝛚𝜔,𝜍(𝜕) = ⨌[𝜕,ℷ)(0 ϖ 𝜕)⊳(⊲0) > 0.
Then, for 1 < 2 < 𝜕 < ℷ < ⊲,
𝛚𝜔,𝜍(1) ϖ 𝛚𝜔,𝜍(2) = ⨌[1,2)(𝜕 ϖ 0)⊳(⊲0) > 0, and
𝛚𝜔,𝜍(⊲) ϖ 𝛚𝜔,𝜍(ℷ) = ⨌[ℷ,⊲)(0 ϖ 𝜕)⊳(⊲0) > 0.

Next, we investigate eliciting a set of imprecise proba-
bilities for an event,𝜗, by identifying the set of admissible
forecasts for 𝜗 subject to a strictly proper scoring rule 𝜍.
We consider three IP decision rules adapted to arbitrary
sets of probabilities3

• E-admissibility, see Levi [7]
• Maximality orM-admissibility, see Sen [15] andWal-
ley [18]

• ω-Maximin. See Gilboa and Schmeidler [3] for an
axiomatization in the setting of Anscombe-Aumann
horse-lotteries.4

3Typically, these three decision rules are formulatedwith respect to
a convex set of probability distributions. See, for instance, [6], chapter
8. Here, we relax that assumption about the IP set of probabilities. We
review motivations for this generalization in Example 3.1.

4In the context of Wald [17] statistical decisions, where the statisti-
cian minimizes maximal risk, i.e., Minimax, the theory of ω-Minimax
is developed in papers by, e.g., Hodges Jr and Lehmann [5], Robbins
et al. [8], and Good [4].

De!nition 2.1. • 3 ε ⨍ is E-admissible if, for some
𝜔 ε ⨎, 3 maximizes 𝜔-expected utility with respect
to the option set ⨍.

• 3 ε ⨍ isM-admissible if, for each 3ς ε ⨍, there
exists 𝜔 ε ⨎, where the 𝜔-expected utility of 3 is at
least as great as the 𝜔-expected utility of 3ς. That is,
no alternative 3ς exceeds 3 in expected utility with
respect to all the elements of the IP set ⨎.

• 3 ε ⨍ is ω-Maximin admissible if, for each3ς ε ⨍,

inf
𝜔ε⨎

[𝜔-expectation(3ς)] ∲ inf
𝜔ε⨎

[𝜔-expectation(3)].

That is, 3 maximizes over ⨍ the minimum 𝜔-
expected utility with respect to ⨎ in ⨎.

When ⨎ is the "vacuous" set of all probability distribu-
tions, we refer to the ω-Maximin solution as Maximin,
in accord with the older statistical literature on Minimax
theory. In order to assure existence of an "equalizer" Max-
imin solution in the elicitation problems investigated
here, for our results about ω-Maximin we add the as-
sumption that the scoring rule is continuous.
When ⨎ is a singleton set, i.e., in the "precise" case,

each of these three decision rules reduces to maximizing
expected utility. Evidently, if 3 is E-admissible then it is
M-admissible. The converse is true in restricted circum-
stances. See [13] for details.
Let ⨎𝜗 be an arbitrary set of probabilities for event 𝜗.
Let⨏(⨎𝜗) be the convex hull of ⨎𝜗 and⨏(⨎𝜗) the

closed convex hull of ⨎𝜗 .
Fix 𝜍 as a strictly proper scoring rule.
Let⨐𝜀

⨎𝜗 ,𝜍
(𝜑(𝜗)) be the set ofE-admissible forecasts for

event 𝜗 with respect to the IP set ⨎𝜗 and scoring rule 𝜍.
Similarly, let⨐4

⨎𝜗 ,𝜍
(𝜑(𝜗)) be the set ofM-admissible fore-

casts, and ⨐ω
⨎𝜗 ,𝜍

(𝜑(𝜗)) the set of ω-Maximin admissible
forecasts.

Proposition 2.1. (i) ⨐𝜀
⨎𝜗 ,𝜍

(𝜑(𝜗)) = ⨎𝜗 .

(ii) ⨐4
⨎𝜗 ,𝜍

(𝜑(𝜗)) =⨏(⨎𝜗).

(iii) Let 𝜍 be a continuous scoring rule. Let 𝜕φ𝜍 be the ω-
Maximin 𝜍-forecast of 𝜗 with respect to the "vacuous"
IP interval 𝜕𝜗 ε [0, 1], i.e., 𝜕φ𝜍 is the Maximin solu-
tion.
Assume 0 < 𝜕φ𝜍 < 1; so that ℶ𝛻(𝜕φ𝜍) < ∇ for 𝛻 = 0, 1.
Let 𝜕max = max{⨏(⨎𝜗)} and 𝜕min = min{⨏(⨎𝜗)}.
(a) ⨐ω

⨎𝜗 ,𝜍
(𝜑(𝜗)) = 𝜕φ𝜍 , if 𝜕

φ
𝜍 ε⨏(⨎𝜗).

(b) ⨐ω
⨎𝜗 ,𝜍

(𝜑(𝜗)) = 𝜕max , if 𝜕max ∲ 𝜕φ𝜍 .
(c) ⨐ω

⨎𝜗 ,𝜍
(𝜑(𝜗)) = 𝜕min, if 𝜕min ∳ 𝜕φ𝜍 .

In summary, for eliciting the IP set ⨎𝜗 of probabilities
for a speci!c event 𝜗:
(i) E-admissibility elicits the target set ⨎𝜗 .
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(ii) Maximality elicits the IP set that is the closed convex
hull of the target set ⨎𝜗 .

(iii) Assume 𝜍 is a continuous scoring rule. ω-Maximin
elicits the precise Maximin forecast 𝜕φ𝜍 if that belongs
to⨏(⨎𝜗); otherwise, ω-Maximin elicits the point in
⨏(⨎𝜗) that is nearest to 𝜕φ𝜍 .

Proof. We use scores formulated as losses; hence, the
Bayesian decision maker with a precise probability seeks
to minimize expected score, etc.
Because 𝜍 is strictly proper, each (countably additive)

non-trivial mixed "randomized" strategy forecast 5 for
event 𝜗 fails to minimize expected 𝜍-loss, regardless the
forecaster’s precise probability 𝜔(𝜗).5 By Theorem 2 of
[10, page 210] then, with respect to the binary partition
{𝜗,𝜗ℷ}, 5 is dominated in 𝜍-score by some other (possibly
mixed strategy) forecast.6 So 5 is inadmissible for each
of the three IP decision rules. Thus, for identifying the
E-admissible,M-admissible and ω-Maximin admissible
sets of forecasts for an event 𝜗, we may restrict attention
to sets of "pure," i.e., non-randomized forecasts of 𝜗.
(i) Because the scoring rule 𝜍 is strictly proper, for each

𝜔 ε ⨎𝜗 the forecast 𝜑(𝜗) = 𝜔(𝜗) uniquely mini-
mizes𝜔-expected loss. Hence the set ofE-admissible
forecasts for the event 𝜗, satis!es ⨐𝜀

⨎𝜗 ,𝜍
(𝜑(𝜗)) =

⨎𝜗 .
(ii) Assume 𝜔φ(𝜗) ε ⨏(⨎𝜗). We use Lemma 2.1 to

show that 𝜔φ(𝜗) ε ⨐4
⨎𝜗 ,𝜍

(𝜑(𝜗)). That is, we show
that there does not exist a rival forecast 𝜑(𝜗) where,
for each 𝜔 ε ⨎𝜗 , 𝛚𝜔,𝜍(𝜑(𝜗)) < 𝛚𝜔,𝜍(𝜔φ(𝜗)).
Since, for each IP decision problem, an option is
M-admissible if it is E-admissible, by (i) ⨎𝜗 6
⨐4
⨎𝜗 ,𝜍

(𝜑(𝜗)). So, suppose that 𝜔φ(𝜗) ε ⨏(⨎𝜗) but
𝜔φ(𝜗) ϑ ⨎𝜗 . Then, without loss of generality, there
exist a pair, 𝜔1(𝜗),𝜔2(𝜗) ε ⨎𝜗 , 𝜔1(𝜗) < 𝜔2(𝜗), and
for some 0 < ℵ < 1, 𝜔φ(𝜗) = ℵ𝜔1(𝜗)+(1ϖℵ)𝜔2(𝜗).
Then 𝜔1(𝜗) < 𝜔φ(𝜗) < 𝜔2(𝜗).
We show that there does not exist a forecast 𝜑(𝜗)
where, for each 𝜔 ε ⨎𝜗 , 𝛚𝜔,𝜍(𝜑(𝜗)) < 𝛚𝜔,𝜍(𝜔φ(𝜗)).
Suppose 𝜔φ(𝜗) < 𝜑(𝜗). Then, by Lemma 2.1

𝛚𝜔1,𝜍(𝜑(𝜗)) > 𝛚𝜔1,𝜍(𝜔
φ(𝜗)).

5Because of agglutinatedmasses withmerely !nitely additive prob-
abilities, a f.a. mixed strategy forecast for event𝜗 that agglutinatesmass
at the value𝜔(𝜗) = 𝜕 alsomaymaximize𝜔-expected utility for a strictly
proper scoring rule, in addition to the pure forecast 𝜕. See Schervish et
al [14], Example 1 for an illustration involving a discontinuous scoring
rule.

6In terms of the representation of scoring rule 𝜍 given in Theo-
rem 2.1, say that forecast ℵ dominates forecast 7 provided that ℶ𝛻(ℵ) <
ℶ𝛻(7) for 𝛻 = 0, 1. When 𝜍 is a continuous, strictly proper scoring rule,
then if forecast 7 is dominated, then it is dominated by some coherent2
forecast. However, with a discontinuous, strictly proper scoring rule,
though an incoherent2 forecast is dominated, it may be dominated
only by other incoherent2 (countably additive) forecasts. See Schervish
et al. [10] Examples 3 and 8.

Or else suppose 𝜔φ(𝜗) > 𝜑(𝜗). Then, by Lemma 2.1

𝛚𝜔2,𝜍(𝜑(𝜗)) > 𝛚𝜔2,𝜍(𝜔
φ(𝜗)).

So, 𝜔φ(𝜗) is an M-admissible forecast for event 𝜗
with respect to the IP set ⨎𝜗 .
Next, we show that if 𝜑(𝜗) ϑ ⨏(⨎𝜗) then 𝜑(𝜗) is
M-inadmissible. Recall, 𝜕max = max{⨏(⨎𝜗)} and
𝜕min = min{⨏(⨎𝜗)}. Assume that 𝜑(𝜗) ϑ ⨏(⨎𝜗).
So, either

𝜕max < 𝜑(𝜗) or 𝜑(𝜗) < 𝜕min.

By Lemma 2.1, then (respectively), either for every
𝜔 ε ⨎𝜗 , 𝛚𝜔,𝜍(𝜕max) < 𝛚𝜔,𝜍(𝜑(𝜗)), or for every 𝜔 ε
⨎𝜗 , 𝛚𝜔,𝜍(𝜕min) < 𝛚𝜔,𝜍(𝜑(𝜗)).
Therefore, 𝜑(𝜗) is anM-inadmissible forecast. This
establishes that ⨐4

⨎𝜗 ,𝜍
(𝜑(𝜗)) 6⨏(⨎𝜗).

To complete (ii), arguing indirectly, we show that
each of 𝜕max and 𝜕min isM-admissible.
Suppose𝜕max is anM-inadmissible forecast. So then
𝜔max(𝜗) ϑ ⨎𝜗 and there exists a rival forecast 𝜕φ
where, for each 𝜔 ε ⨎𝜗 , 𝛚𝜔,𝜍(𝜕φ) < 𝛚𝜔,𝜍(𝜕max). Let
{𝜔𝛻 ε ⨎𝜗 ∂ 𝛻 = 1,… } be a sequence of probabilities
where lim𝛻{𝜕𝛻)} = 𝜕max (or = 𝜕min, respectively).
We write out the details for 𝜕max . By hypothesis,

𝛚𝜔𝛻 ,𝜍(𝜕
φ) = 𝜕𝛻ℶ1(𝜕φ) + (1 ϖ 𝜕𝛻)ℶ0(𝜕φ) <

𝛚𝜔𝛻 ,𝜍(𝜕max) = 𝜕𝛻ℶ1(𝜕max) + (1 ϖ 𝜕𝛻)ℶ0(𝜕max).

But, lim𝛻→∇ 𝛚𝜔𝛻 ,𝜍(𝜕max) = 𝛚𝜔max ,𝜍(𝜕max)
and lim𝛻→∇ 𝛚𝜔𝛻 ,𝜍(𝜕

φ) = 𝛚𝜔max ,𝜍(𝜕
φ) Then,

𝛚𝜔max ,𝜍(𝜕
φ) ∲ 𝛚𝜔max ,𝜍(𝜕max) However, since 𝜍 is

strictly proper,

𝛚𝜔max ,𝜍(𝜕max) < 𝛚𝜔max ,𝜍(𝜕
φ).

The same reasoning applies to show that 𝜕min is
M-admissible.

(iii) Assume 𝜍 is a continuous scoring rule. Regarding
admissible ω-Maximin 𝜍-forecasts, the "equalizer"
strategy, 𝜑(𝜗) = 𝜕φ𝜍 (where ℶ0(𝜕

φ
𝜍) = ℶ1(𝜕φ𝜍) = ℷ),

is uniquely the Maximin forecast. It is uniquely
Maximin because 𝛚𝜔,𝜍(𝜕φ𝜍) = ℷ for each probabil-
ity 𝜔, and since 𝜍 is strictly proper, 𝜕φ𝜍 uniquely
minimizes the 𝜔-expected 𝜍-loss for the probability
𝜔φ(𝜗) = 𝜕φ𝜍 .
(a) Let 𝜔1(𝜗),𝜔2(𝜗) ε ⨎𝜗 , with 𝜕1 < 𝜕φ𝜍 < 𝜕2.

Let ℵ < 𝜕φ𝜍 < 7 be two forecasts. Then by
Lemma 2.1, ℷ = 𝛚𝜔1,𝜍(𝜕

φ
𝜍) < 𝛚𝜔1,𝜍(7) and

ℷ = 𝛚𝜔2,𝜍(𝜕
φ
𝜍) < 𝛚𝜔2,𝜍(ℵ). Hence, if 𝜕

φ
𝜍 ε

interior⨏(⨎𝜗), then for each rival forecast
8 ⨑ 𝜕φ𝜍 , there exists 𝜔 ε ⨎𝜗 where ℷ =
𝛚𝜔,𝜍(𝜕φ𝜍) < 𝛚𝜔,𝜍(8). Hence, ⨐ω

⨎𝜗 ,𝜍
(𝜑(𝜗)) =

𝜕φ𝜍 .
For demonstrating cases (iii-b) and (iii-c), we
introduce the following Lemma.
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Lemma 2.2. Let 𝜕1 < 𝜕2 ∲ 𝜕φ𝜍 ∲ 𝜕3 < 𝜕4.
Then 𝛚𝜔1,𝜍(𝜕2) < 𝛚𝜔2,𝜍(𝜕1) and 𝛚𝜔4,𝜍(𝜕3) <
𝛚𝜔3,𝜍(𝜕4).

Proof. See the appendix.

(b) Assume 𝜕max ∲ 𝜕φ𝜍 .
For ease of notation let 𝜔(𝜗) = 𝜕.
Then by Lemma 2.2, for each 𝜔 < 𝜔max ,

𝛚𝜔,𝜍(𝜕max) < 𝛚𝜔max ,𝜍(𝜕).

Therefore, ⨐ω
⨎𝜗 ,𝜍

(𝜑(𝜗)) = 𝜕max .
(c) Follows the same reasoning as for (iii-b).

Remark. We emphasize that the results for E-
admissibility andM-admissibility elicitation of an IP set
of probabilities, ⨎𝜗 , for an event 𝜗, are invariant over
the strictly proper scoring rule, 𝜍, that is used in the
IP elicitation. However, the ω-Maximin IP elicitation
does depend upon 𝜍 through the 𝜍-Minimax solution
𝜕φ𝜍 . Next, we illustrate this in Example 2.1.

Example 2.1 (Two strictly proper scoring rules with dif-
ferent equalizer forecasts). Let 𝜍1 be the (strictly proper)
Brier score for forecasting event 𝜗. That is, ℶ1(𝜑(𝜗)) =
(1 ϖ 𝜑(𝜗))2 and ℶ0(𝜑(𝜗)) = 𝜑(𝜗)2. Then 𝜑(𝜗) = 1

2
is

the Brier score equalizer forecast, where ℶ1(𝜑(𝜗)) =
ℶ0(𝜑(𝜗)), with constant score

1
4
.

For contrast, de!ne the strictly proper score 𝜍2 where:

ℶ1(𝜑(𝜗)) = 1ϖ3𝜑(𝜗)2+2𝜑(𝜗)3 and ℶ0(𝜑(𝜗)) = 2𝜑(𝜗)3.

Then 𝜑(𝜗) =
{

1
3
− 0.577 is the 𝜍2 equalizer fore-

cast, where ℶ1(𝜑(𝜗)) = ℶ0(𝜑(𝜗)), with constant score
2(1+3)3+2 − 0.385.

3. E,+&+#+’- % ".# (/ &.)./.’"
In this section, we review basic results for eliciting an

IP set of joint probability distributions for a !nite dimen-
sional random variable using a technique for combining
countably many strictly proper forecasts. Because of the
complications for our technique in the presence of ag-
glutinated probability masses that may arise with merely
!nitely additive probabilities, !rst we investigate results
when each distribution in the set is countably additive
– subsection 3.1. In subsection 3.2, we address aggluti-
nations and other challenges associated with eliciting a
merely !nitely additive probability distribution.
3.1. A scoring rule for a set of countably additive
joint distributions. We begin by adapting the central
ideas in Schervish et al. [12] for combining strictly proper
scoring rules for a denumerable set of events to form
a strictly proper scoring rule for a !nite dimensional,

countably additive joint distribution. Let ∱ = {9.}, . =
1,… , be a sequence of events and let 𝛆 = {𝜍.},. = 1, 2,… ,
be a sequence of bounded, strictly proper scoring rules,
where the scoring rule 𝜍, scores forecasts 0 ∲ 𝜕, ∲ 1
for the indicator 9, of the event 9,. That is, for each
., there is a !nite 2. such that 𝜍. ∂ {0, 1} ± [0, 1] →
[0, 2.). Since multiplying a strictly proper scoring rule by
a positive constant gives another strictly proper scoring
rule, without loss of generality assume 2. = 2ϖ..
Lemma 3.1.

𝛆(∱, {𝜕.},. = 1,… ) =
∇}

.=1
𝜍.(9.,𝜕.) <∇ (3.1)

is a strictly proper scoring rule for eliciting the set of coher-
ent precise countably additive probabilities 𝛝 = {𝜔(9.) ∂
. = 1,… }.
That is, consider the decision problem where a fore-

caster is subject to the loss (3.1) for the sequence of fore-
casts 𝛝 = {𝜕.} for the sequence of events {9.}. Let
𝛚𝜔[

⦃∇
.=1 𝜍.(9.,𝜕.)] be the forecaster’s expected loss of

the sequence of forecasts 𝛝 = {𝜕.}, calculated with re-
spect to her/his joint, countably additive probability 𝛡 for
the events {9.}. Lemma 3.1 asserts that straightforward
forecasting, setting 𝜕. = 𝛡(9.), uniquely minimizes the
forecaster’s expected loss in (3.1).

Proof. Since each 𝜍. > 0, and the joint distribution 𝜔 is
countably additive, the monotone convergence theorem
implies

𝛚𝜔 ⦄
∇}

.=1
𝜍.(9.,𝜕.)⟨ =

∇}

.=1
𝛚𝜔[𝜍.(9.,𝜕.)]. (3.2)

The forecaster minimizes the r.h.s. of (3.2) by mini-
mizing each term separately. Since each scoring rule
is strictly proper, this minimization occurs (uniquely)
for the sequence of forecasts {𝜕.} where, for each 9.,
𝛡(9.) = 𝜕..

Lemma 3.1 helps us create a strictly proper scoring
rule to elicit a joint distribution for a !nite set of random
variables, as follows.7
Let𝛠 = {31,… ,3<} be a !nite set of random variables

and let 𝛡 be a countably additive joint probability over
𝛠. Then 𝛡 is determined by its joint c.d.f.

𝜗𝛠(ℵ1,… ,ℵ<) = 𝛡({3ℏ ∲ ℵℏ} ∂ ℏ = 1,… ,<),

where (ℵ1,… ,ℵ<) ranges over all elements of ℝ<.
Axiom of Continuity: Let > be an event and {>. ∂

. = 1,… } a sequence of (downward) nested events,
7The technique we use here extends to creating a strictly proper

scoring rule for a countably additive "nonparametric" joint distribu-
tion over denumerably many random variables, provided that joint
distribution is determined by the class of all !nite dimensional joint
distributions.
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>.+1 6 >., with > = ∓.>.. Then lim.→∇ 𝜔(>.) =
𝜔(>).
By Kolmogorov’s Axiom of Continuity, equivalent to

countable additivity, the c.d.f. 𝜗𝛠 is determined by its
values at rational coordinates of (ℵ1,… ,ℵ<) – sequences
in ℚ<. There are denumerably many such sequences
in the measurable space for the c.d.f. of 𝛠. Then, using
the technique from Lemma 3.1 for creating a strictly
proper scoring rule for eliciting the joint probability for
countably many events, we construct a strictly proper
scoring rule for eliciting 𝜗𝛠. Here are some details.
Let 𝛓 = {7. = (7.,1,… , 7.,<) ∂ . = 1,… } be a se-

quence of elements from ℚ<. De!ne the denumerably
many events

9. = {3ℏ ∲ 7.,ℏ ∂ ℏ = 1,… ,<} for . = 1,… .

where, for each ℏ = 1,… ,<, the sequence {7.,ℏ} con-
verges downward to the value ℵℏ . Then the strictly proper
scoring rule (3.1) applied to the sequence of events
{9.} elicits the value of the cumulative distribution
𝜗𝛠(ℵ1,… ,ℵ<). So, eliciting the countable set of values,
𝜗𝛠(ℵ1,… ,ℵ<) at the countable set {(ℵ1,… ,ℵ<)} of se-
quences in ℚ<, identi!es the joint distribution 𝛡(𝛠).
Next, let ⨎𝛠 be a set of joint, countably additive prob-

abilities over a !nite set 𝛠 = {31,… ,3<} of random
variables. Let 𝛆 be a scoring rule of the form in (3.1) for
eliciting the set ⨎𝛠 through the set of admissible fore-
casts for the set 𝜗𝛠.
Paralleling the notation from Section 2 we de!ne:
⨐𝜀
⨎𝛠,𝛆

(𝛝) to be the set of E-admissible forecasts for the
joint distribution𝛡with respect to the set⨎𝛠 and scoring
rule 𝛆.
Similarly, let ⨐4

⨎𝛠,𝛆
(𝛝) be the set ofM-admissible fore-

casts, and let ⨐ω
⨎𝛠,𝛆

(𝛝) the set of ω-Maximin admissible
forecasts.
As in Proposition 2.1, we require a continuous, strictly

proper scoring rule for our analysis of ω-Maximin fore-
casting. In order to assure that the strictly proper scoring
rule of the form (3.1) is continuous, we introduce the
following conditions, namely that the summands in (3.1)
all be the same continuous scoring rule multiplied by
summable constants.
Using the representation from Theorem 2.1, let ⋆ =

[(ℶ0, ℶ1), ⊳] be a bounded (by 1) continuous scoring rule
for the probability of an event. For . = 1,… , let ⋆. = 2.⋆,
where each 2. > 0 and⦃. 2. = 1. We show next that
𝛆 = ⦃

. ⋆. is a continuous, strictly proper scoring rule
with respect to the sequence of probability forecasts in
the following metric topologies:
For the argument space, let ℵ = {ℵ.} and 7 = {7.}

be two possible sequences of elicited probabilities for
orthants.
Let ⊲1(ℵ, 7) = sup. ⌉ℵ.ϖ7.⌉. For the triangle inequal-

ity, note that

⊲1(ℵ, 8) = sup
.
⌉ℵ. ϖ 8.⌉ = sup

.
⌉ℵ. ϖ 7. + 7. ϖ 8.⌉ ∲

sup
.
⌉ℵ. ϖ 7.⌉ + sup

.
⌉7. ϖ 8.⌉ = ⊲1(ℵ, 7) + ⊲1(7, 8).

For the scoring rule space, the total score is a real
number, so we use the absolute value of the di"erence
as a metric.
That is, for each ≨ > 0, let 𝐴≨ > 0 be such that when-

ever ⌉ℸϖ𝐵⌉ < 𝐴≨ with ℸ,𝐵 ε [0, 1] then ⌉ℶℏ(ℸ)ϖℶℏ(𝐵)⌉ < ≨
for ℏ = 0, 1. If ⊲1(ℵ, 7) < 𝐴≨, then

⟩⟩⟩⟩
}

.
⋆.(9.,ℵ.) ϖ

}

.
⋆.(9., 7.)

⟩⟩⟩⟩ ∲
}

.
⌉⋆.(9.,ℵ.) ϖ ⋆.(9., 7.)⌉ =

}

.
2.⌉⋆(9.,ℵ.) ϖ ⋆(9., 7.)⌉ ∲ ≨.

Thus, 𝛆 is a continuous scoring rule of the form (3.1).

Proposition 3.1. (i) ⨐𝜀
⨎𝛠,𝛆

(𝛝) = ⨎𝛠.

(ii) ⨐4
⨎𝛠,𝛆

(𝛝) =⨏(⨎𝛠).

(iii) Let 𝛡φ𝜍 be the Minimax forecast of the joint distribu-
tion 𝛡(𝛠) using a continuous 𝛆-score in (3.2).
(a) ⨐ω

⨎𝛠,𝛆
(𝛝) = 𝛡φ𝜍 , if 𝛡

φ
𝜍 ε⨏(⨎𝜗), otherwise;

(b) ⨐ω
⨎𝜗 ,𝛆

(𝛝) = 𝛡†𝜍 where 𝛡†𝜍 =
argmin𝜔ε⨏(⨎𝛠)𝛚𝛡φ𝜍 [𝛆(𝜔)].

Proof. Parts (i) and (ii) follow using the identical reason-
ing from Proposition 2.1, applied to the elicitation of the
set of joint distributions, ⨎𝛠, separately at each event
9. in the r.h.s. of (3.2). Part (iii-a) follows by the same
reasoning as used in part (iii-a) of Proposition 2.1. Part
(iii-b) follows by applying Lemma 2.2 to identify that
point 𝛡†𝜍 in⨏(⨎𝛠) "closest" in 𝛆-score to 𝛡φ𝜍 . Evidently,
𝛡†𝜍 is a point on the boundary of⨏(⨎𝛠).

Parallel with the situation in Proposition 2.1 (iii) we
extend Example 2.1 to illustrate the sensitivity of the
Maximin solution in Proposition 3.1 (iii) to the selection
of the continuous strictly proper scoring rule 𝛆.

Example 3.1 (Example 2.1, continued). Let ϱ =
{𝜛1,… ,𝜛.} and consider the random variable3(𝜛,) = ,.
Let 9, = {𝜛1,… ,𝜛,} for , = 1,… ,.. So the values
{𝜔(9,) = 𝜔(3 ∲ ,) ∂ , = 1,… ,.} identify the cdf
for the distribution 𝜔(3). Let 7, = 𝜑(9,) be a forecast
for the event 9,. Then, in Lemma 3.1, with 𝛆 = 𝛆1 =
Brier score, the Maximin forecasts satisfy 7, = 1

2
for

, = 1,… ,. ϖ 1, and (of course) 7. = 1. This cdf corre-
sponds to an extreme probability density function on ϱ:
𝜔({𝜛1}) = 𝜔({𝜛.}) =

1
2
and 𝜔({𝜛,}) = 0 for 1 < , < ..
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By similar reasoning, with 𝛆 = 𝛆2 in Lemma 3.1, the
Maximin forecasts satisfy 7, =

{
1
3
for , = 1,… ,. ϖ 1,

and 7. = 1. This cdf corresponds to a di"erent ex-
treme probability density function on ϱ: 𝜔({𝜛1}) =

{
1
3
,

𝜔({𝜛.}) = 1 ϖ
{

1
3
and 𝜔({𝜛,}) = 0 for 1 < , < ..

Evidently, for each continuous, strictly proper scor-
ing rule 𝛆, the Maximin solution 𝛡φ𝜍 for the cdf 𝜔(3)
selects a distribution that is a point on the boundary
of the simplex of distributions over ϱ, with support
the two states {𝜛1,𝜛.}. This is in sharp contrast with
the Maximin solution for forecasting the probability
density function for the .-many atoms of the space,
{8, = 𝜑({𝜛,}) ∂ , = 1,… ,.}. For example, using Brier
score, the Maximin forecasts are the uniform distribu-
tion, 8, = 1+., the center of mass of the simplex.
Remark. Note that the distributions elicited through
Proposition 3.1 need not admit moments.
Next, we give an example that motivates the generality

of the IP sets permitted in Proposition 3.1, where⨎𝛠may
fail to be convex.

Example 3.2. Let𝛠 = {31,… ,3<} be quantities of inter-
est. Consider an IP set ⨎𝛠 of ,-many joint distributions
{𝜔1(𝛠),… ,𝜔,(𝛠)} used to represent a set of ,-many ex-
pert opinions about these quantities. Suppose that, in-
cluded in 𝛠 are the indicator functions for two events, >
and 9.
Itmay be that the experts are unanimous in their judge-

ments that > and 9 are probabilistically independent,
for instance, when they agree that these two are causally
independent events. Then, in general, the set ⨏(⨎𝛠),
whose !nitely many extreme points are a subset of ⨎𝛠,
includes probability distributions where > and 9 are not
independent.
For instance, suppose that 𝜔1(>,9) has > and 9 in-

dependent events with 𝜔1(>) = 0.4 and 𝜔1(9) = 0.2. so
that 𝜔1(>9) = 0.08, etc. Similarly, suppose that 𝜔2(>,9)
has > and 9 independent events with 𝜔2(>) = 0.6
and 𝜔2(9) = 0.8. so that 𝜔2(>9) = 0.48, etc. Then
𝜔3(>,9) = 0.5𝜔1(>,9) + 0.5𝜔2(>,9) belongs to⨏(⨎𝛠).
But 0.5 = 𝜔3(>) < 𝜔3(>⌉9) =

0.28
0.5

= 0.56. Hence, with
𝜔3, 9 is positively relevant to >, contrary to the probabil-
ity judgements, 𝜔1 and 𝜔2, of the two experts.
Thus, we !nd it is important to consider IP sets that

are not convex. And for the reasons illustrated in Ex-
ample 2.1, we are not satis!ed usingM-admissibility as
the decision rule for eliciting such IP sets with the tech-
niques developed here, based on strictly proper scoring
rules.

3.2. Eliciting a merely !nitely additive probability
distribution. In [1, section 7.3], de Finetti notes the
possibility of agglutinated masses with merely !nitely
additive probabilities. That is, in violation of the Axiom

of Continuity for countably additive probabilities, it may
be that {>. ∂ . = 1,… } is a sequence of (downward)
nested events, >. 𝐶 >.+1, with > = ∓.>. ⨑ (, but
where for each >., 𝜔(>.) = 1 > 2 = 𝜔(>). Then prob-
ability mass ℷ = (1 ϖ 2) > 0 is agglutinated to the non-
empty set> by the sequence {>.}. Here is an illustration
of the challenge posed by agglutinations as it a"ects the
technique used in section 3.1.

Example 3.3. Let 3 be a bounded but non-simple ran-
dom variable, e.g. with values 0 ∲ ℵ < 1. Let 𝜔([0,ℵ]) =
ℵ for each 0 ∲ ℵ < 0.5. Suppose 𝜔[0, 0.5] = 0.6. Then the
cdf 𝜗3 for 𝜔(3) fails to distinguish between the count-
ably additive case where there is a discrete point mass,
𝜔({ℵ = 0.5}) = 0.1, and in!nitely many di"erent merely
!nitely additive probability distributions where a mass
0 < ℷ ∲ 0.1 is agglutinated (by a sequence of intervals
converging from the left) to the point ℵ = 0.5, and the
remaining mass is assigned to the point ℵ = 0.5, i.e.,
where

𝜔({ℵ = 0.5}) = 0.1 ϖ ℷ and
𝜔((ℵ, 0.5]) = 0.6 ϖ ℵ, for each 0 ∲ ℵ < 0.5.

Thus, the successful elicitation of the cdf 𝜗3 by the
method used with Lemma 3.1 is inadequate for iden-
tifying the possibly !nitely additive distribution 𝜔(3)
without checking each point of discontinuity in the cdf
for possible agglutinations (from the left).
One response to this challenge is to introduce a second

round of forecasting, designed speci!cally for eliciting
agglutinated masses associated with a !nitely additive
cdf that is only approximated by the countably addi-
tive cdf 𝜗(3) identi!ed in the !rst round of elicitation
based on the method of Lemma 3.1. That is, suppose
that the procedure for eliciting a precise countably ad-
ditive cdf 𝜗(3) using the method of Lemma 3.1 yields
(at most) denumerably many discontinuities at the real
values ℵ. (. = 1,… ), where these ℵ. need not be ratio-
nal values. Let this !rst round of elicitation yields the
point masses 𝜔(3 = ℵ.) = 𝜕. > 0, for . = 1,… . Then,
in order to identify whether the forecaster’s probabil-
ity distribution is merely !nitely additive because some
of this point mass 𝜕. is agglutinated (from below) at
3 = ℵ., in a second round of elicitation, use the strictly
proper scoring rule 𝜍 to elicit probabilities 0. for events
𝐷. = {3 < ℵ. ∂ . = 1,… }. Note that the events𝐷. di"er
from the events 9. used in the !rst round elicitation of
𝜗(3) with Lemma 3.1 in two ways:
1. The cuto" points, ℵ., need not be rational values.
2. The 𝐷. are de!ned by strict inequalities.
Let 𝐸. = 𝜗(3 ∲ ℵ.) ϖ 0.. Then 𝜕. ϖ 𝐸. is the !nitely

additive probability agglutinated (from below) at (3 =
ℵ.).8 This is a 2-round procedure since identifying the

8For assessing agglutination from above, apply these methods to
the cdf of 𝐹 = ϖ3.
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locations of the pointmasses, ℵ., from𝜗(3), may require
!rst completing an in!nite set of elicitations using the
events 9..
In addition to, and separate from this challenge to elic-

itation posed by agglutination, also there is also themore
familiar issue that, since 𝜔 may be merely !nitely addi-
tive, the probabilities for an in!nite sequence of disjoint
sets provides only a lower bound on their union. So, the
probabilities provided by a cdf for an in!nite number of
disjoint intervals for the random variable3, in general, is
insu#cient for determining the probability that 3 takes
its value in their union, independent of the matter of
agglutinated probability masses at points within these
intervals.

4. S*33%$2, %’) "(3. (0.’ 4*."#+(’"
In this paper we have investigated basic results for

using strictly proper scoring rules to elicit sets of prob-
abilities and sets of joint distributions in an IP setting.
We consider admissible sets of forecasts for eliciting a set
of probabilities of a given event. Using a strictly proper
scoring rule for forecasting a sequence of events, we con-
sider admissible sets of forecasts for !nite dimensional,
countably additive joint probabilities, as identi!ed by
their cumulative probability distribution functions. We
present our !ndings for three common IP decision rules:
E-admissibility, Maximality, and ω-Maximin. In general,
E-admissibility permits identifying an exact target set of
probabilities for an event, or target set of countably addi-
tive joint distributions, regardless the structure of those
IP sets. Maximality recovers the closed convex hull of
the target set. And ω-Maximin generates a precise prob-
ability or a precise distribution from the target set that
is (or is "closest to") the Maximin solution to the fore-
casting problem. Since the Maximin solution depends
upon which strictly proper scoring rule is used to assess
forecasts, only the !rst twomethods give elicitations that
are invariant over which strictly proper scoring rule is
applied.
In our work on eliciting IP sets of joint (!nite di-

mensional) countably additive distributions, since our
method identi!es the cdf for a countably additive joint
distribution, the distributions so elicited need not have
moments. But, for the same reason, our methods face
the challenge of agglutinated masses when the distribu-
tions are merely !nitely additive. We present a 2-stage
elicitation procedure for addressing !nitely additive ag-
glutinations.
In this paper we have not discussed applying ourmeth-

ods for eliciting sets of conditional probabilities, or sets of
conditional probability distributions. We are interested
in those questions. The following example is o"ered in
the hope of provoking the reader’s interest too.

Example 4.1 ((Example 3.1, continued) ω-maximin
for eliciting a cdf, and a conditional cdf ). Let ϱ =

{𝜛1,𝜛2,𝜛3} and consider the random variable3(𝜛,) = ,
for , = 1, 2, 3. Let 9, = {𝜛1,… ,𝜛,} for , = 1, 2, 3. So the
values {𝜔(9,) = 𝜔(3 ∲ ,) ∂ , = 1, 2, 3} identify the cdf
for the distribution 𝜔(3). Let 7, = 𝜑(9,) be a forecast
for the event 9,. Use Brier score to assess each of the
three forecasts and use the sum of the three scores as the
strictly proper scoring rule. Since,93 = ϱ, for each coher-
ent forecast, 73 = 1, when (93ϖ73)2 = 0, and the sum of
the three Brier scores is equal to (91ϖ71)2+(92ϖ72)2+0.
As noted in Example 3.1, the Maximin (equalizer) fore-
casts are 71 = 72 =

1
2
, with total score 1

4
+ 1

4
= 1

2
regard-

less which of the three states obtain. However, this fore-
cast corresponds to an extreme probability distribution
𝜔(𝜛1) = 𝜔(𝜛3) =

1
2
and 𝜔(𝜛2) = 0. By Maximin stan-

dards, the rival forecasts 81 = 1+3, 82 = 2+3, and 83 = 1
(corresponding to the uniform distribution 𝐺({𝜛1}) =
𝐺({𝜛2}) = 𝐺({𝜛3}) = 1+3) is inferior because, if 𝜛3 ob-
tains, the rival 8-forecasts have a worse Brier score than
the 7-forecasts: 1+9 + 4+9 = 5+9 > 1

2
. Now consider the

situation where the forecaster learns that state 𝜛1 does
not obtain. Then the conditional 7-forecasts, 7φ, given
{𝜛2,𝜛3}, are 7φ1 = 7φ2 = 0, and 7φ3 = 1, corresponding
to 𝜔({𝜛3}⌉{𝜛2,𝜛3}) = 1, whereas the rival conditional
8-forecasts, 8φ, given {𝜛2,𝜛3}, are 8φ1 = 0, 8φ2 = 1+2, and
8φ3 = 1, corresponding to 𝐺({𝜛3}⌉{𝜛2,𝜛3}) =

1
2
. Here the

conditional 8-forecasts are Maximin for the conditional
elicitation problem, not the conditional 7-forecasts!

A. P$((/ (/ L.33% 2.2
Lemma 2.2 regulates admissible ω-Maximin 𝜍-

forecasts for an event 𝜗, by identifying the greater of
𝛚𝜔1,𝜍(𝜕2) and 𝛚𝜔2,𝜍(𝜕1) whenever 𝜕1 and 𝜕2 lie on the
same side of the Minimax forecast 𝜕φ𝜍 .
Let 𝜕φ𝜍 be the "equalizer" Minimax strategy, where

ℶ0(𝜕φ𝜍) = ℶ1(𝜕φ𝜍) = ℷ.

Proof of Lemma 2.2. Since𝜍 is!xed in this proof,we sim-
plify the notation. That is, we demonstrate 𝛚𝜔1 (𝜕2) <
𝛚𝜔2 (𝜕1). The proof that 𝛚𝜔4 (𝜕3) < 𝛚𝜔3 (𝜕4) follows simi-
larly.
By the representation of expected scores given via

Thrm. 4.2, we have:

𝛚𝜔1 (𝜕2) =⨋
1

𝜕2
𝜕1(1 ϖ 0)⊳(⊲0) +⨋

𝜕2

0
(1 ϖ 𝜕1)0⊳(⊲0).

𝛚𝜔2 (𝜕1) =⨋
1

𝜕1
𝜕2(1 ϖ 0)⊳(⊲0) +⨋

𝜕1

0
(1 ϖ 𝜕2)0⊳(⊲0).

By assumption that 𝜕φ is the equalizer Minimax fore-
cast:

ℷ =⨋
1

𝜕φ
(1 ϖ 0)⊳(⊲0) =⨋

𝜕φ

0
0⊳(⊲0).
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Write,

⨋
1

𝜕2
(1 ϖ 0)⊳(⊲0) = ℷ +⨋

𝜕φ

𝜕2
(1 ϖ 0)⊳(⊲0),

and

⨋
𝜕1

0
0⊳(⊲0) = ℷ ϖ⨋

𝜕φ

𝜕1
0⊳(⊲0).

Then, 𝛚𝜔2 (𝜕1) ϖ 𝛚𝜔1 (𝜕2)

=⨋
𝜕1

0
[(1 ϖ 𝜕2)0 ϖ (1 ϖ 𝜕1)0] ⊳(⊲0)

+⨋
𝜕2

𝜕1
[𝜕2(1 ϖ 0) ϖ (1 ϖ 𝜕1)0] ⊳(⊲0)

+⨋
1

𝜕2
[𝜕2(1 ϖ 0) ϖ 𝜕1(1 ϖ 0)] ⊳(⊲0)

= ϖ(𝜕2 ϖ 𝜕1)⨋
𝜕1

0
0⊳(⊲0)

+⨋
𝜕2

𝜕1
[𝜕2(1 ϖ 0) ϖ (1 ϖ 𝜕1)0] ⊳(⊲0)

+ (𝜕2 ϖ 𝜕1)⨋
1

𝜕2
(1 ϖ 0)⊳(⊲0)

= ϖ(𝜕2 ϖ 𝜕1) ⦄ℷ ϖ⨋
𝜕φ

𝜕1
0⊳(⊲0)⟨ + 𝜕2⊳((𝜕1,𝜕2])

+ (𝜕1 ϖ 𝜕2 ϖ 1)⨋
𝜕2

𝜕1
0⊳(⊲0)

+ (𝜕2 ϖ 𝜕1) ⦄ℷ +⨋
𝜕φ

𝜕2
(1 ϖ 0)⊳(⊲0)⟨

= (𝜕2 ϖ 𝜕1) ⦄⨋
𝜕φ

𝜕1
0⊳(⊲0) +⨋

𝜕φ

𝜕2
(1 ϖ 0)⊳(⊲0)⟨

+ 𝜕2⊳((𝜕1,𝜕2]) + (𝜕1 ϖ 𝜕2 ϖ 1)⨋
𝜕2

𝜕1
0⊳(⊲0)

= (𝜕2 ϖ 𝜕1) ⦄⊳((𝜕2,𝜕φ]) +⨋
𝜕2

𝜕1
0⊳(⊲0)⟨

+ 𝜕2⊳((𝜕1,𝜕2]) ϖ (𝜕2 ϖ 𝜕1 + 1)⨋
𝜕2

𝜕1
0⊳(⊲0)

= (𝜕2 ϖ 𝜕1)⊳((𝜕2,𝜕φ]) + 𝜕2⊳((𝜕1,𝜕2]) ϖ⨋
𝜕2

𝜕1
0⊳(⊲0)

∳ (𝜕2 ϖ 𝜕1)⊳((𝜕2,𝜕φ]) + 𝜕2⊳((𝜕1,𝜕2]) ϖ 𝜕1⊳((𝜕1,𝜕2])
= (𝜕2 ϖ 𝜕1)⊳((𝜕1,𝜕φ])
∳ 0.

The inequalities are strict for a strictly proper scoring
rule.

R./.$.’&."
[1] Bruno de Finetti. Probability, Induction and Statis-

tics. New York: Wiley, 1972.
[2] Bruno de Finetti. Theory of Probability. Vol. 1. New

York: Wiley, 1974.
[3] Itzhak Gilboa and David Schmeidler. “Maximin

Expected Utility with Non-unique Prior”. In: Jour-
nal of Mathematical Economics 18 (1989), pp. 141–
153. )(+: 10.1016/0304-4068(89)90018-9.

[4] Irving John Good. “Rational decisions”. In: Jour-
nal of the Royal Statistical Society: Series B (Method-
ological) 14.1 (1952), pp. 107–114. )(+: 10.1111/
j.2517-6161.1952.tb00104.x.

[5] JL Hodges Jr and Eric L Lehmann. “Some prob-
lems in minimax point estimation”. In: Selected
Works of EL Lehmann. Springer, 2011, pp. 15–30.
)(+: 10.1214/aoms/1177729838.

[6] Nathan Huntley, Robert Hable, andMatthias Trof-
faes. “DecisionMaking”. In: Introduction to Impre-
cise Probabilities. Ed. by Thomas Augustin, Frank
P.A. Coolen, Gert de Cooman, and Matthias C.M.
Tro"aes. Chichester, UK: Wiley, 2014. Chap. 8,
pp. 190–206.

[7] Isaac Levi. The Enterprise of Knowledge. Cam-
bridge: MIT Press, 1980.

[8] Herbert Robbins et al. “Asymptotically submini-
max solutions of compound statistical decision
problems”. In: Proceedings of the second Berke-
ley symposium on mathematical statistics and
probability. Vol. 1. University of California Press
Berkeley. 1951, pp. 131–148. )(+: 10 . 1525 /
9780520411586-011.

[9] Mark J. Schervish. “A General Method for Com-
paring Probability Assessors”. In: The Annals of
Statistics 17.4 (1989), pp. 1856–1879. )(+: 10 .
1214/aos/1176347398.

[10] Mark J. Schervish, Teddy Seidenfeld, and Joseph
B. Kadane. “Proper Scoring Rules, Dominated
Forecasts, and Coherence”. In: Decision Analysis
6 (2009), pp. 202–221. )(+: 10.1287/deca.1090.
0153.

[11] Mark J. Schervish, Teddy Seidenfeld, and Joseph
B. Kadane. “The E"ects of Exchange Rates on Sta-
tistical Decisions”. In: Philosophy of Science 80
(2013), pp. 504–532. )(+: 10.1086/673267.

[12] Mark J. Schervish, Teddy Seidenfeld, and Joseph
B. Kadane. “Dominating Countably Many Fore-
casts”. In: Annals of Statistics 42 (2014), pp. 728–
756. )(+: 10.1214/14-AOS1203.

79



PMLR 290: 242–251 ISIPTA 2025

[13] Mark J. Schervish, Teddy Seidenfeld, Joseph B.
Kadane, and Isaac Levi. “Extensions of Expected
Utility Theory and Some Limitations of Pairwise
Comparisons”. In: ISIPTA-03. 2003. *$,: https:
//isipta03.sipta.org/proc/papers/037.
pdf.

[14] Mark J. Schervish, Teddy Seidenfeld, Rafael
B. Stern, and Joseph B. Kadane. “What !nite-
additivity can add to decision theory”. In: Statisti-
cal Methods & Applications 29 (2020), pp. 237–263.
)(+: 10.1007/s10260-019-00486-6.

[15] Amartya K. Sen. “Social choice theory: a re-
examination”. In: Econometrica 45 (1977), pp. 53–
89. )(+: 10.2307/1913287.

[16] Cedric A.B. Smith. “Consistency in statistical in-
ference and decision”. In: Journal of the Royal Sta-
tistical Society, Series B 23 (1961), pp. 1–37. )(+:
10.1111/j.2517-6161.1961.tb00388.x.

[17] Abraham Wald. “Statistical decision functions”.
In: The Annals of Mathematical Statistics (1949),
pp. 165–205.

[18] Peter Walley. Statistical Reasoning with Imprecise
Probabilities. Vol. 42. Monographs on Statistics
and Applied Probability. London, UK: Chapman
and Hall, 1991.

80


