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<latexit sha1_base64="xYZka1EHgeBx11XDNEAJIBtNWIk=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbVqEeiF4+QyCOBDZkdGhiZnd3MzBrJhi/w4kFjvPpJ3vwbB9iDgpV0UqnqTndXEAuujet+O7mV1bX1jfxmYWt7Z3evuH/Q0FGiGNZZJCLVCqhGwSXWDTcCW7FCGgYCm8Hoduo3H1FpHsl7M47RD+lA8j5n1Fip9tQtltyyOwNZJl5GSpCh2i1+dXoRS0KUhgmqddtzY+OnVBnOBE4KnURjTNmIDrBtqaQhaj+dHTohJ1bpkX6kbElDZurviZSGWo/DwHaG1Az1ojcV//Paielf+ymXcWJQsvmifiKIicj0a9LjCpkRY0soU9zeStiQKsqMzaZgQ/AWX14mjbOyd1k+r12UKjdZHHk4gmM4BQ+uoAJ3UIU6MEB4hld4cx6cF+fd+Zi35pxs5hD+wPn8AejVjQQ=</latexit>x <latexit sha1_base64="fSFHYI9Zr8JNHToPEkr14C8WnIo=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomKeix68diC/YA2lM120q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVx71S2a24M5Bl4uWkDDlqvdJXtx+zNEJpmKBadzw3MX5GleFM4KTYTTUmlI3oADuWShqh9rPZoRNyapU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjjZ1wmqUHJ5ovCVBATk+nXpM8VMiPGllCmuL2VsCFVlBmbTdGG4C2+vEya5xXvqnJRvyxXb/M4CnAMJ3AGHlxDFe6hBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MH6lmNBQ==</latexit>y <latexit sha1_base64="xF2+1Dnriudo0aLfowFKMmKS2HQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbVqEeiF4+QyCOBDZkdGhiZnd3MzJrghi/w4kFjvPpJ3vwbB9iDgpV0UqnqTndXEAuujet+O7mV1bX1jfxmYWt7Z3evuH/Q0FGiGNZZJCLVCqhGwSXWDTcCW7FCGgYCm8Hoduo3H1FpHsl7M47RD+lA8j5n1Fip9tQtltyyOwNZJl5GSpCh2i1+dXoRS0KUhgmqddtzY+OnVBnOBE4KnURjTNmIDrBtqaQhaj+dHTohJ1bpkX6kbElDZurviZSGWo/DwHaG1Az1ojcV//Paielf+ymXcWJQsvmifiKIicj0a9LjCpkRY0soU9zeStiQKsqMzaZgQ/AWX14mjbOyd1k+r12UKjdZHHk4gmM4BQ+uoAJ3UIU6MEB4hld4cx6cF+fd+Zi35pxs5hD+wPn8AevdjQY=</latexit>z

<latexit sha1_base64="xYZka1EHgeBx11XDNEAJIBtNWIk=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbVqEeiF4+QyCOBDZkdGhiZnd3MzBrJhi/w4kFjvPpJ3vwbB9iDgpV0UqnqTndXEAuujet+O7mV1bX1jfxmYWt7Z3evuH/Q0FGiGNZZJCLVCqhGwSXWDTcCW7FCGgYCm8Hoduo3H1FpHsl7M47RD+lA8j5n1Fip9tQtltyyOwNZJl5GSpCh2i1+dXoRS0KUhgmqddtzY+OnVBnOBE4KnURjTNmIDrBtqaQhaj+dHTohJ1bpkX6kbElDZurviZSGWo/DwHaG1Az1ojcV//Paielf+ymXcWJQsvmifiKIicj0a9LjCpkRY0soU9zeStiQKsqMzaZgQ/AWX14mjbOyd1k+r12UKjdZHHk4gmM4BQ+uoAJ3UIU6MEB4hld4cx6cF+fd+Zi35pxs5hD+wPn8AejVjQQ=</latexit>x <latexit sha1_base64="fSFHYI9Zr8JNHToPEkr14C8WnIo=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomKeix68diC/YA2lM120q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVx71S2a24M5Bl4uWkDDlqvdJXtx+zNEJpmKBadzw3MX5GleFM4KTYTTUmlI3oADuWShqh9rPZoRNyapU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjjZ1wmqUHJ5ovCVBATk+nXpM8VMiPGllCmuL2VsCFVlBmbTdGG4C2+vEya5xXvqnJRvyxXb/M4CnAMJ3AGHlxDFe6hBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MH6lmNBQ==</latexit>y <latexit sha1_base64="xF2+1Dnriudo0aLfowFKMmKS2HQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbVqEeiF4+QyCOBDZkdGhiZnd3MzJrghi/w4kFjvPpJ3vwbB9iDgpV0UqnqTndXEAuujet+O7mV1bX1jfxmYWt7Z3evuH/Q0FGiGNZZJCLVCqhGwSXWDTcCW7FCGgYCm8Hoduo3H1FpHsl7M47RD+lA8j5n1Fip9tQtltyyOwNZJl5GSpCh2i1+dXoRS0KUhgmqddtzY+OnVBnOBE4KnURjTNmIDrBtqaQhaj+dHTohJ1bpkX6kbElDZurviZSGWo/DwHaG1Az1ojcV//Paielf+ymXcWJQsvmifiKIicj0a9LjCpkRY0soU9zeStiQKsqMzaZgQ/AWX14mjbOyd1k+r12UKjdZHHk4gmM4BQ+uoAJ3UIU6MEB4hld4cx6cF+fd+Zi35pxs5hD+wPn8AevdjQY=</latexit>z
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<latexit sha1_base64="xYZka1EHgeBx11XDNEAJIBtNWIk=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbVqEeiF4+QyCOBDZkdGhiZnd3MzBrJhi/w4kFjvPpJ3vwbB9iDgpV0UqnqTndXEAuujet+O7mV1bX1jfxmYWt7Z3evuH/Q0FGiGNZZJCLVCqhGwSXWDTcCW7FCGgYCm8Hoduo3H1FpHsl7M47RD+lA8j5n1Fip9tQtltyyOwNZJl5GSpCh2i1+dXoRS0KUhgmqddtzY+OnVBnOBE4KnURjTNmIDrBtqaQhaj+dHTohJ1bpkX6kbElDZurviZSGWo/DwHaG1Az1ojcV//Paielf+ymXcWJQsvmifiKIicj0a9LjCpkRY0soU9zeStiQKsqMzaZgQ/AWX14mjbOyd1k+r12UKjdZHHk4gmM4BQ+uoAJ3UIU6MEB4hld4cx6cF+fd+Zi35pxs5hD+wPn8AejVjQQ=</latexit>x <latexit sha1_base64="fSFHYI9Zr8JNHToPEkr14C8WnIo=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomKeix68diC/YA2lM120q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVx71S2a24M5Bl4uWkDDlqvdJXtx+zNEJpmKBadzw3MX5GleFM4KTYTTUmlI3oADuWShqh9rPZoRNyapU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjjZ1wmqUHJ5ovCVBATk+nXpM8VMiPGllCmuL2VsCFVlBmbTdGG4C2+vEya5xXvqnJRvyxXb/M4CnAMJ3AGHlxDFe6hBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MH6lmNBQ==</latexit>y <latexit sha1_base64="xF2+1Dnriudo0aLfowFKMmKS2HQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbVqEeiF4+QyCOBDZkdGhiZnd3MzJrghi/w4kFjvPpJ3vwbB9iDgpV0UqnqTndXEAuujet+O7mV1bX1jfxmYWt7Z3evuH/Q0FGiGNZZJCLVCqhGwSXWDTcCW7FCGgYCm8Hoduo3H1FpHsl7M47RD+lA8j5n1Fip9tQtltyyOwNZJl5GSpCh2i1+dXoRS0KUhgmqddtzY+OnVBnOBE4KnURjTNmIDrBtqaQhaj+dHTohJ1bpkX6kbElDZurviZSGWo/DwHaG1Az1ojcV//Paielf+ymXcWJQsvmifiKIicj0a9LjCpkRY0soU9zeStiQKsqMzaZgQ/AWX14mjbOyd1k+r12UKjdZHHk4gmM4BQ+uoAJ3UIU6MEB4hld4cx6cF+fd+Zi35pxs5hD+wPn8AevdjQY=</latexit>z

<latexit sha1_base64="xYZka1EHgeBx11XDNEAJIBtNWIk=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbVqEeiF4+QyCOBDZkdGhiZnd3MzBrJhi/w4kFjvPpJ3vwbB9iDgpV0UqnqTndXEAuujet+O7mV1bX1jfxmYWt7Z3evuH/Q0FGiGNZZJCLVCqhGwSXWDTcCW7FCGgYCm8Hoduo3H1FpHsl7M47RD+lA8j5n1Fip9tQtltyyOwNZJl5GSpCh2i1+dXoRS0KUhgmqddtzY+OnVBnOBE4KnURjTNmIDrBtqaQhaj+dHTohJ1bpkX6kbElDZurviZSGWo/DwHaG1Az1ojcV//Paielf+ymXcWJQsvmifiKIicj0a9LjCpkRY0soU9zeStiQKsqMzaZgQ/AWX14mjbOyd1k+r12UKjdZHHk4gmM4BQ+uoAJ3UIU6MEB4hld4cx6cF+fd+Zi35pxs5hD+wPn8AejVjQQ=</latexit>x <latexit sha1_base64="fSFHYI9Zr8JNHToPEkr14C8WnIo=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomKeix68diC/YA2lM120q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVx71S2a24M5Bl4uWkDDlqvdJXtx+zNEJpmKBadzw3MX5GleFM4KTYTTUmlI3oADuWShqh9rPZoRNyapU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjjZ1wmqUHJ5ovCVBATk+nXpM8VMiPGllCmuL2VsCFVlBmbTdGG4C2+vEya5xXvqnJRvyxXb/M4CnAMJ3AGHlxDFe6hBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MH6lmNBQ==</latexit>y <latexit sha1_base64="xF2+1Dnriudo0aLfowFKMmKS2HQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbVqEeiF4+QyCOBDZkdGhiZnd3MzJrghi/w4kFjvPpJ3vwbB9iDgpV0UqnqTndXEAuujet+O7mV1bX1jfxmYWt7Z3evuH/Q0FGiGNZZJCLVCqhGwSXWDTcCW7FCGgYCm8Hoduo3H1FpHsl7M47RD+lA8j5n1Fip9tQtltyyOwNZJl5GSpCh2i1+dXoRS0KUhgmqddtzY+OnVBnOBE4KnURjTNmIDrBtqaQhaj+dHTohJ1bpkX6kbElDZurviZSGWo/DwHaG1Az1ojcV//Paielf+ymXcWJQsvmifiKIicj0a9LjCpkRY0soU9zeStiQKsqMzaZgQ/AWX14mjbOyd1k+r12UKjdZHHk4gmM4BQ+uoAJ3UIU6MEB4hld4cx6cF+fd+Zi35pxs5hD+wPn8AevdjQY=</latexit>z

truth
 (unknown)

<latexit sha1_base64="xYZka1EHgeBx11XDNEAJIBtNWIk=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbVqEeiF4+QyCOBDZkdGhiZnd3MzBrJhi/w4kFjvPpJ3vwbB9iDgpV0UqnqTndXEAuujet+O7mV1bX1jfxmYWt7Z3evuH/Q0FGiGNZZJCLVCqhGwSXWDTcCW7FCGgYCm8Hoduo3H1FpHsl7M47RD+lA8j5n1Fip9tQtltyyOwNZJl5GSpCh2i1+dXoRS0KUhgmqddtzY+OnVBnOBE4KnURjTNmIDrBtqaQhaj+dHTohJ1bpkX6kbElDZurviZSGWo/DwHaG1Az1ojcV//Paielf+ymXcWJQsvmifiKIicj0a9LjCpkRY0soU9zeStiQKsqMzaZgQ/AWX14mjbOyd1k+r12UKjdZHHk4gmM4BQ+uoAJ3UIU6MEB4hld4cx6cF+fd+Zi35pxs5hD+wPn8AejVjQQ=</latexit>x <latexit sha1_base64="fSFHYI9Zr8JNHToPEkr14C8WnIo=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomKeix68diC/YA2lM120q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVx71S2a24M5Bl4uWkDDlqvdJXtx+zNEJpmKBadzw3MX5GleFM4KTYTTUmlI3oADuWShqh9rPZoRNyapU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjjZ1wmqUHJ5ovCVBATk+nXpM8VMiPGllCmuL2VsCFVlBmbTdGG4C2+vEya5xXvqnJRvyxXb/M4CnAMJ3AGHlxDFe6hBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MH6lmNBQ==</latexit>y <latexit sha1_base64="xF2+1Dnriudo0aLfowFKMmKS2HQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbVqEeiF4+QyCOBDZkdGhiZnd3MzJrghi/w4kFjvPpJ3vwbB9iDgpV0UqnqTndXEAuujet+O7mV1bX1jfxmYWt7Z3evuH/Q0FGiGNZZJCLVCqhGwSXWDTcCW7FCGgYCm8Hoduo3H1FpHsl7M47RD+lA8j5n1Fip9tQtltyyOwNZJl5GSpCh2i1+dXoRS0KUhgmqddtzY+OnVBnOBE4KnURjTNmIDrBtqaQhaj+dHTohJ1bpkX6kbElDZurviZSGWo/DwHaG1Az1ojcV//Paielf+ymXcWJQsvmifiKIicj0a9LjCpkRY0soU9zeStiQKsqMzaZgQ/AWX14mjbOyd1k+r12UKjdZHHk4gmM4BQ+uoAJ3UIU6MEB4hld4cx6cF+fd+Zi35pxs5hD+wPn8AevdjQY=</latexit>z
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<latexit sha1_base64="xYZka1EHgeBx11XDNEAJIBtNWIk=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbVqEeiF4+QyCOBDZkdGhiZnd3MzBrJhi/w4kFjvPpJ3vwbB9iDgpV0UqnqTndXEAuujet+O7mV1bX1jfxmYWt7Z3evuH/Q0FGiGNZZJCLVCqhGwSXWDTcCW7FCGgYCm8Hoduo3H1FpHsl7M47RD+lA8j5n1Fip9tQtltyyOwNZJl5GSpCh2i1+dXoRS0KUhgmqddtzY+OnVBnOBE4KnURjTNmIDrBtqaQhaj+dHTohJ1bpkX6kbElDZurviZSGWo/DwHaG1Az1ojcV//Paielf+ymXcWJQsvmifiKIicj0a9LjCpkRY0soU9zeStiQKsqMzaZgQ/AWX14mjbOyd1k+r12UKjdZHHk4gmM4BQ+uoAJ3UIU6MEB4hld4cx6cF+fd+Zi35pxs5hD+wPn8AejVjQQ=</latexit>x <latexit sha1_base64="fSFHYI9Zr8JNHToPEkr14C8WnIo=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomKeix68diC/YA2lM120q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVx71S2a24M5Bl4uWkDDlqvdJXtx+zNEJpmKBadzw3MX5GleFM4KTYTTUmlI3oADuWShqh9rPZoRNyapU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjjZ1wmqUHJ5ovCVBATk+nXpM8VMiPGllCmuL2VsCFVlBmbTdGG4C2+vEya5xXvqnJRvyxXb/M4CnAMJ3AGHlxDFe6hBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MH6lmNBQ==</latexit>y <latexit sha1_base64="xF2+1Dnriudo0aLfowFKMmKS2HQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbVqEeiF4+QyCOBDZkdGhiZnd3MzJrghi/w4kFjvPpJ3vwbB9iDgpV0UqnqTndXEAuujet+O7mV1bX1jfxmYWt7Z3evuH/Q0FGiGNZZJCLVCqhGwSXWDTcCW7FCGgYCm8Hoduo3H1FpHsl7M47RD+lA8j5n1Fip9tQtltyyOwNZJl5GSpCh2i1+dXoRS0KUhgmqddtzY+OnVBnOBE4KnURjTNmIDrBtqaQhaj+dHTohJ1bpkX6kbElDZurviZSGWo/DwHaG1Az1ojcV//Paielf+ymXcWJQsvmifiKIicj0a9LjCpkRY0soU9zeStiQKsqMzaZgQ/AWX14mjbOyd1k+r12UKjdZHHk4gmM4BQ+uoAJ3UIU6MEB4hld4cx6cF+fd+Zi35pxs5hD+wPn8AevdjQY=</latexit>z

assumptions 
• causal Markov
• causal faithfulness
• causal sufficiency
• acyclicity
• …

<latexit sha1_base64="xYZka1EHgeBx11XDNEAJIBtNWIk=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbVqEeiF4+QyCOBDZkdGhiZnd3MzBrJhi/w4kFjvPpJ3vwbB9iDgpV0UqnqTndXEAuujet+O7mV1bX1jfxmYWt7Z3evuH/Q0FGiGNZZJCLVCqhGwSXWDTcCW7FCGgYCm8Hoduo3H1FpHsl7M47RD+lA8j5n1Fip9tQtltyyOwNZJl5GSpCh2i1+dXoRS0KUhgmqddtzY+OnVBnOBE4KnURjTNmIDrBtqaQhaj+dHTohJ1bpkX6kbElDZurviZSGWo/DwHaG1Az1ojcV//Paielf+ymXcWJQsvmifiKIicj0a9LjCpkRY0soU9zeStiQKsqMzaZgQ/AWX14mjbOyd1k+r12UKjdZHHk4gmM4BQ+uoAJ3UIU6MEB4hld4cx6cF+fd+Zi35pxs5hD+wPn8AejVjQQ=</latexit>x <latexit sha1_base64="fSFHYI9Zr8JNHToPEkr14C8WnIo=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomKeix68diC/YA2lM120q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVx71S2a24M5Bl4uWkDDlqvdJXtx+zNEJpmKBadzw3MX5GleFM4KTYTTUmlI3oADuWShqh9rPZoRNyapU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjjZ1wmqUHJ5ovCVBATk+nXpM8VMiPGllCmuL2VsCFVlBmbTdGG4C2+vEya5xXvqnJRvyxXb/M4CnAMJ3AGHlxDFe6hBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MH6lmNBQ==</latexit>y <latexit sha1_base64="xF2+1Dnriudo0aLfowFKMmKS2HQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbVqEeiF4+QyCOBDZkdGhiZnd3MzJrghi/w4kFjvPpJ3vwbB9iDgpV0UqnqTndXEAuujet+O7mV1bX1jfxmYWt7Z3evuH/Q0FGiGNZZJCLVCqhGwSXWDTcCW7FCGgYCm8Hoduo3H1FpHsl7M47RD+lA8j5n1Fip9tQtltyyOwNZJl5GSpCh2i1+dXoRS0KUhgmqddtzY+OnVBnOBE4KnURjTNmIDrBtqaQhaj+dHTohJ1bpkX6kbElDZurviZSGWo/DwHaG1Az1ojcV//Paielf+ymXcWJQsvmifiKIicj0a9LjCpkRY0soU9zeStiQKsqMzaZgQ/AWX14mjbOyd1k+r12UKjdZHHk4gmM4BQ+uoAJ3UIU6MEB4hld4cx6cF+fd+Zi35pxs5hD+wPn8AevdjQY=</latexit>z

<latexit sha1_base64="xYZka1EHgeBx11XDNEAJIBtNWIk=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbVqEeiF4+QyCOBDZkdGhiZnd3MzBrJhi/w4kFjvPpJ3vwbB9iDgpV0UqnqTndXEAuujet+O7mV1bX1jfxmYWt7Z3evuH/Q0FGiGNZZJCLVCqhGwSXWDTcCW7FCGgYCm8Hoduo3H1FpHsl7M47RD+lA8j5n1Fip9tQtltyyOwNZJl5GSpCh2i1+dXoRS0KUhgmqddtzY+OnVBnOBE4KnURjTNmIDrBtqaQhaj+dHTohJ1bpkX6kbElDZurviZSGWo/DwHaG1Az1ojcV//Paielf+ymXcWJQsvmifiKIicj0a9LjCpkRY0soU9zeStiQKsqMzaZgQ/AWX14mjbOyd1k+r12UKjdZHHk4gmM4BQ+uoAJ3UIU6MEB4hld4cx6cF+fd+Zi35pxs5hD+wPn8AejVjQQ=</latexit>x <latexit sha1_base64="fSFHYI9Zr8JNHToPEkr14C8WnIo=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomKeix68diC/YA2lM120q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVx71S2a24M5Bl4uWkDDlqvdJXtx+zNEJpmKBadzw3MX5GleFM4KTYTTUmlI3oADuWShqh9rPZoRNyapU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjjZ1wmqUHJ5ovCVBATk+nXpM8VMiPGllCmuL2VsCFVlBmbTdGG4C2+vEya5xXvqnJRvyxXb/M4CnAMJ3AGHlxDFe6hBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MH6lmNBQ==</latexit>y <latexit sha1_base64="xF2+1Dnriudo0aLfowFKMmKS2HQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbVqEeiF4+QyCOBDZkdGhiZnd3MzJrghi/w4kFjvPpJ3vwbB9iDgpV0UqnqTndXEAuujet+O7mV1bX1jfxmYWt7Z3evuH/Q0FGiGNZZJCLVCqhGwSXWDTcCW7FCGgYCm8Hoduo3H1FpHsl7M47RD+lA8j5n1Fip9tQtltyyOwNZJl5GSpCh2i1+dXoRS0KUhgmqddtzY+OnVBnOBE4KnURjTNmIDrBtqaQhaj+dHTohJ1bpkX6kbElDZurviZSGWo/DwHaG1Az1ojcV//Paielf+ymXcWJQsvmifiKIicj0a9LjCpkRY0soU9zeStiQKsqMzaZgQ/AWX14mjbOyd1k+r12UKjdZHHk4gmM4BQ+uoAJ3UIU6MEB4hld4cx6cF+fd+Zi35pxs5hD+wPn8AevdjQY=</latexit>z

truth
 (unknown)

data sample causal structureinference algorithm

sa
m

pl
es

Causal Discovery (from observational data)
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<latexit sha1_base64="xYZka1EHgeBx11XDNEAJIBtNWIk=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbVqEeiF4+QyCOBDZkdGhiZnd3MzBrJhi/w4kFjvPpJ3vwbB9iDgpV0UqnqTndXEAuujet+O7mV1bX1jfxmYWt7Z3evuH/Q0FGiGNZZJCLVCqhGwSXWDTcCW7FCGgYCm8Hoduo3H1FpHsl7M47RD+lA8j5n1Fip9tQtltyyOwNZJl5GSpCh2i1+dXoRS0KUhgmqddtzY+OnVBnOBE4KnURjTNmIDrBtqaQhaj+dHTohJ1bpkX6kbElDZurviZSGWo/DwHaG1Az1ojcV//Paielf+ymXcWJQsvmifiKIicj0a9LjCpkRY0soU9zeStiQKsqMzaZgQ/AWX14mjbOyd1k+r12UKjdZHHk4gmM4BQ+uoAJ3UIU6MEB4hld4cx6cF+fd+Zi35pxs5hD+wPn8AejVjQQ=</latexit>x <latexit sha1_base64="fSFHYI9Zr8JNHToPEkr14C8WnIo=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomKeix68diC/YA2lM120q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVx71S2a24M5Bl4uWkDDlqvdJXtx+zNEJpmKBadzw3MX5GleFM4KTYTTUmlI3oADuWShqh9rPZoRNyapU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjjZ1wmqUHJ5ovCVBATk+nXpM8VMiPGllCmuL2VsCFVlBmbTdGG4C2+vEya5xXvqnJRvyxXb/M4CnAMJ3AGHlxDFe6hBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MH6lmNBQ==</latexit>y <latexit sha1_base64="xF2+1Dnriudo0aLfowFKMmKS2HQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbVqEeiF4+QyCOBDZkdGhiZnd3MzJrghi/w4kFjvPpJ3vwbB9iDgpV0UqnqTndXEAuujet+O7mV1bX1jfxmYWt7Z3evuH/Q0FGiGNZZJCLVCqhGwSXWDTcCW7FCGgYCm8Hoduo3H1FpHsl7M47RD+lA8j5n1Fip9tQtltyyOwNZJl5GSpCh2i1+dXoRS0KUhgmqddtzY+OnVBnOBE4KnURjTNmIDrBtqaQhaj+dHTohJ1bpkX6kbElDZurviZSGWo/DwHaG1Az1ojcV//Paielf+ymXcWJQsvmifiKIicj0a9LjCpkRY0soU9zeStiQKsqMzaZgQ/AWX14mjbOyd1k+r12UKjdZHHk4gmM4BQ+uoAJ3UIU6MEB4hld4cx6cF+fd+Zi35pxs5hD+wPn8AevdjQY=</latexit>z
<latexit sha1_base64="xYZka1EHgeBx11XDNEAJIBtNWIk=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbVqEeiF4+QyCOBDZkdGhiZnd3MzBrJhi/w4kFjvPpJ3vwbB9iDgpV0UqnqTndXEAuujet+O7mV1bX1jfxmYWt7Z3evuH/Q0FGiGNZZJCLVCqhGwSXWDTcCW7FCGgYCm8Hoduo3H1FpHsl7M47RD+lA8j5n1Fip9tQtltyyOwNZJl5GSpCh2i1+dXoRS0KUhgmqddtzY+OnVBnOBE4KnURjTNmIDrBtqaQhaj+dHTohJ1bpkX6kbElDZurviZSGWo/DwHaG1Az1ojcV//Paielf+ymXcWJQsvmifiKIicj0a9LjCpkRY0soU9zeStiQKsqMzaZgQ/AWX14mjbOyd1k+r12UKjdZHHk4gmM4BQ+uoAJ3UIU6MEB4hld4cx6cF+fd+Zi35pxs5hD+wPn8AejVjQQ=</latexit>x <latexit sha1_base64="fSFHYI9Zr8JNHToPEkr14C8WnIo=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomKeix68diC/YA2lM120q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVx71S2a24M5Bl4uWkDDlqvdJXtx+zNEJpmKBadzw3MX5GleFM4KTYTTUmlI3oADuWShqh9rPZoRNyapU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjjZ1wmqUHJ5ovCVBATk+nXpM8VMiPGllCmuL2VsCFVlBmbTdGG4C2+vEya5xXvqnJRvyxXb/M4CnAMJ3AGHlxDFe6hBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MH6lmNBQ==</latexit>y <latexit sha1_base64="xF2+1Dnriudo0aLfowFKMmKS2HQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbVqEeiF4+QyCOBDZkdGhiZnd3MzJrghi/w4kFjvPpJ3vwbB9iDgpV0UqnqTndXEAuujet+O7mV1bX1jfxmYWt7Z3evuH/Q0FGiGNZZJCLVCqhGwSXWDTcCW7FCGgYCm8Hoduo3H1FpHsl7M47RD+lA8j5n1Fip9tQtltyyOwNZJl5GSpCh2i1+dXoRS0KUhgmqddtzY+OnVBnOBE4KnURjTNmIDrBtqaQhaj+dHTohJ1bpkX6kbElDZurviZSGWo/DwHaG1Az1ojcV//Paielf+ymXcWJQsvmifiKIicj0a9LjCpkRY0soU9zeStiQKsqMzaZgQ/AWX14mjbOyd1k+r12UKjdZHHk4gmM4BQ+uoAJ3UIU6MEB4hld4cx6cF+fd+Zi35pxs5hD+wPn8AevdjQY=</latexit>z

<latexit sha1_base64="xYZka1EHgeBx11XDNEAJIBtNWIk=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbVqEeiF4+QyCOBDZkdGhiZnd3MzBrJhi/w4kFjvPpJ3vwbB9iDgpV0UqnqTndXEAuujet+O7mV1bX1jfxmYWt7Z3evuH/Q0FGiGNZZJCLVCqhGwSXWDTcCW7FCGgYCm8Hoduo3H1FpHsl7M47RD+lA8j5n1Fip9tQtltyyOwNZJl5GSpCh2i1+dXoRS0KUhgmqddtzY+OnVBnOBE4KnURjTNmIDrBtqaQhaj+dHTohJ1bpkX6kbElDZurviZSGWo/DwHaG1Az1ojcV//Paielf+ymXcWJQsvmifiKIicj0a9LjCpkRY0soU9zeStiQKsqMzaZgQ/AWX14mjbOyd1k+r12UKjdZHHk4gmM4BQ+uoAJ3UIU6MEB4hld4cx6cF+fd+Zi35pxs5hD+wPn8AejVjQQ=</latexit>x <latexit sha1_base64="fSFHYI9Zr8JNHToPEkr14C8WnIo=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomKeix68diC/YA2lM120q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVx71S2a24M5Bl4uWkDDlqvdJXtx+zNEJpmKBadzw3MX5GleFM4KTYTTUmlI3oADuWShqh9rPZoRNyapU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjjZ1wmqUHJ5ovCVBATk+nXpM8VMiPGllCmuL2VsCFVlBmbTdGG4C2+vEya5xXvqnJRvyxXb/M4CnAMJ3AGHlxDFe6hBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MH6lmNBQ==</latexit>y <latexit sha1_base64="xF2+1Dnriudo0aLfowFKMmKS2HQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbVqEeiF4+QyCOBDZkdGhiZnd3MzJrghi/w4kFjvPpJ3vwbB9iDgpV0UqnqTndXEAuujet+O7mV1bX1jfxmYWt7Z3evuH/Q0FGiGNZZJCLVCqhGwSXWDTcCW7FCGgYCm8Hoduo3H1FpHsl7M47RD+lA8j5n1Fip9tQtltyyOwNZJl5GSpCh2i1+dXoRS0KUhgmqddtzY+OnVBnOBE4KnURjTNmIDrBtqaQhaj+dHTohJ1bpkX6kbElDZurviZSGWo/DwHaG1Az1ojcV//Paielf+ymXcWJQsvmifiKIicj0a9LjCpkRY0soU9zeStiQKsqMzaZgQ/AWX14mjbOyd1k+r12UKjdZHHk4gmM4BQ+uoAJ3UIU6MEB4hld4cx6cF+fd+Zi35pxs5hD+wPn8AevdjQY=</latexit>z

<latexit sha1_base64="xYZka1EHgeBx11XDNEAJIBtNWIk=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbVqEeiF4+QyCOBDZkdGhiZnd3MzBrJhi/w4kFjvPpJ3vwbB9iDgpV0UqnqTndXEAuujet+O7mV1bX1jfxmYWt7Z3evuH/Q0FGiGNZZJCLVCqhGwSXWDTcCW7FCGgYCm8Hoduo3H1FpHsl7M47RD+lA8j5n1Fip9tQtltyyOwNZJl5GSpCh2i1+dXoRS0KUhgmqddtzY+OnVBnOBE4KnURjTNmIDrBtqaQhaj+dHTohJ1bpkX6kbElDZurviZSGWo/DwHaG1Az1ojcV//Paielf+ymXcWJQsvmifiKIicj0a9LjCpkRY0soU9zeStiQKsqMzaZgQ/AWX14mjbOyd1k+r12UKjdZHHk4gmM4BQ+uoAJ3UIU6MEB4hld4cx6cF+fd+Zi35pxs5hD+wPn8AejVjQQ=</latexit>x <latexit sha1_base64="fSFHYI9Zr8JNHToPEkr14C8WnIo=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomKeix68diC/YA2lM120q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVx71S2a24M5Bl4uWkDDlqvdJXtx+zNEJpmKBadzw3MX5GleFM4KTYTTUmlI3oADuWShqh9rPZoRNyapU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjjZ1wmqUHJ5ovCVBATk+nXpM8VMiPGllCmuL2VsCFVlBmbTdGG4C2+vEya5xXvqnJRvyxXb/M4CnAMJ3AGHlxDFe6hBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MH6lmNBQ==</latexit>y <latexit sha1_base64="xF2+1Dnriudo0aLfowFKMmKS2HQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbVqEeiF4+QyCOBDZkdGhiZnd3MzJrghi/w4kFjvPpJ3vwbB9iDgpV0UqnqTndXEAuujet+O7mV1bX1jfxmYWt7Z3evuH/Q0FGiGNZZJCLVCqhGwSXWDTcCW7FCGgYCm8Hoduo3H1FpHsl7M47RD+lA8j5n1Fip9tQtltyyOwNZJl5GSpCh2i1+dXoRS0KUhgmqddtzY+OnVBnOBE4KnURjTNmIDrBtqaQhaj+dHTohJ1bpkX6kbElDZurviZSGWo/DwHaG1Az1ojcV//Paielf+ymXcWJQsvmifiKIicj0a9LjCpkRY0soU9zeStiQKsqMzaZgQ/AWX14mjbOyd1k+r12UKjdZHHk4gmM4BQ+uoAJ3UIU6MEB4hld4cx6cF+fd+Zi35pxs5hD+wPn8AevdjQY=</latexit>z

<latexit sha1_base64="xYZka1EHgeBx11XDNEAJIBtNWIk=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbVqEeiF4+QyCOBDZkdGhiZnd3MzBrJhi/w4kFjvPpJ3vwbB9iDgpV0UqnqTndXEAuujet+O7mV1bX1jfxmYWt7Z3evuH/Q0FGiGNZZJCLVCqhGwSXWDTcCW7FCGgYCm8Hoduo3H1FpHsl7M47RD+lA8j5n1Fip9tQtltyyOwNZJl5GSpCh2i1+dXoRS0KUhgmqddtzY+OnVBnOBE4KnURjTNmIDrBtqaQhaj+dHTohJ1bpkX6kbElDZurviZSGWo/DwHaG1Az1ojcV//Paielf+ymXcWJQsvmifiKIicj0a9LjCpkRY0soU9zeStiQKsqMzaZgQ/AWX14mjbOyd1k+r12UKjdZHHk4gmM4BQ+uoAJ3UIU6MEB4hld4cx6cF+fd+Zi35pxs5hD+wPn8AejVjQQ=</latexit>x <latexit sha1_base64="fSFHYI9Zr8JNHToPEkr14C8WnIo=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomKeix68diC/YA2lM120q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVx71S2a24M5Bl4uWkDDlqvdJXtx+zNEJpmKBadzw3MX5GleFM4KTYTTUmlI3oADuWShqh9rPZoRNyapU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjjZ1wmqUHJ5ovCVBATk+nXpM8VMiPGllCmuL2VsCFVlBmbTdGG4C2+vEya5xXvqnJRvyxXb/M4CnAMJ3AGHlxDFe6hBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MH6lmNBQ==</latexit>y <latexit sha1_base64="xF2+1Dnriudo0aLfowFKMmKS2HQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbVqEeiF4+QyCOBDZkdGhiZnd3MzJrghi/w4kFjvPpJ3vwbB9iDgpV0UqnqTndXEAuujet+O7mV1bX1jfxmYWt7Z3evuH/Q0FGiGNZZJCLVCqhGwSXWDTcCW7FCGgYCm8Hoduo3H1FpHsl7M47RD+lA8j5n1Fip9tQtltyyOwNZJl5GSpCh2i1+dXoRS0KUhgmqddtzY+OnVBnOBE4KnURjTNmIDrBtqaQhaj+dHTohJ1bpkX6kbElDZurviZSGWo/DwHaG1Az1ojcV//Paielf+ymXcWJQsvmifiKIicj0a9LjCpkRY0soU9zeStiQKsqMzaZgQ/AWX14mjbOyd1k+r12UKjdZHHk4gmM4BQ+uoAJ3UIU6MEB4hld4cx6cF+fd+Zi35pxs5hD+wPn8AevdjQY=</latexit>z

assumptions 
• causal Markov
• causal faithfulness
• causal sufficiency
• acyclicity
• …

truth
 (unknown)

data sample
equivalence class of
causal structures

inference algorithm

sa
m

pl
es

Causal Discovery (from observational data)



Assumptions

• Markov Conditon: (conditional) probabilistic dependence 
implies (conditional) d-connection

• Faithfulness Conditon: (conditional) probabilistic independence 
implies (conditional) d-separation
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Assumptions

• Markov Conditon: (conditional) probabilistic dependence 
implies (conditional) d-connection

• Faithfulness Conditon: (conditional) probabilistic independence 
implies (conditional) d-separation

• Causal Sufficiency: there are no unmeasured common causes 
of two or more measured variables.
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implies (conditional) d-connection

• Faithfulness Conditon: (conditional) probabilistic independence 
implies (conditional) d-separation

• Causal Sufficiency: there are no unmeasured common causes 
of two or more measured variables.

• Acyclicity: the causal structure contains no cycles
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Assumptions

• Markov Conditon: (conditional) probabilistic dependence 
implies (conditional) d-connection

• Faithfulness Conditon: (conditional) probabilistic independence 
implies (conditional) d-separation

• Causal Sufficiency: there are no unmeasured common causes 
of two or more measured variables.

• Acyclicity: the causal structure contains no cycles

• Parametric assumption: the causal relation is described by a 
particular functional form.
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z
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z
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 y = f(pa(y)) + ϵy
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Where I ended in 2013:

assumption/ 
algorithm PC / GES FCI CCD LiNGaM lvLiNGaM cyclic 

LiNGaM
non-linear 

additive noise SAT

Markov ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓

faithfulness ✓ ✓ ✓ ✗ ✓ ~ minimality ✓

causal 
sufficiency ✓ ✗ ✓ ✓ ✗ ✓ ✓ ✗

acyclicity ✓ ✓ ✗* ✓ ✓ ✗ ✓ ✗*

parametric 
assumption ✗ ✗ ✗

linear non-
Gaussian

linear non-
Gaussian

linear non-
Gaussian

non-linear 
additive noise ✗

output Markov 
equivalence PAG PAG unique 

DAG set of DAGs set of 
graphs unique DAG query based

application wide use some? none fMRI requires too 
much data fMRI starting in 

development
~ special case

* care needs to be 
taken how cyclicity 
is modeled

https://www.youtube.com/watch?v=PpY7Slo57XQ&t=2098s



Exploiting the independence structure

assumption/ 
algorithm PC / GES FCI CCD LiNGaM lvLiNGaM cyclic 

LiNGaM
non-linear 

additive noise SAT

Markov ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓

faithfulness ✓ ✓ ✓ ✗ ✓ ~ minimality ✓

causal 
sufficiency ✓ ✗ ✓ ✓ ✗ ✓ ✓ ✗

acyclicity ✓ ✓ ✗* ✓ ✓ ✗ ✓ ✗*

parametric 
assumption ✗ ✗ ✗

linear non-
Gaussian

linear non-
Gaussian

linear non-
Gaussian

non-linear 
additive noise ✗

output Markov 
equivalence PAG PAG unique 

DAG set of DAGs set of 
graphs unique DAG query based

application wide use some? none fMRI requires too 
much data fMRI starting in 

development
~ special case

* care needs to be 
taken how cyclicity 
is modeled
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assumptions 
• …

(in)dependence test 
results or local scores

equivalence class of
causal structures

inference algorithm

Exploiting the independence structure

X ?? Y

X 6?? Z

X 6?? W

Y 6?? Z

Y 6?? W

Z 6?? W

<latexit sha1_base64="frZC3RAsmov4qD1ctanrB7fOf0M="></latexit>

X 6?? Y |Z
X 6?? Y |W
X 6?? Z|Y
X 6?? Z|W
X 6?? W |Y
X ?? W |Z

<latexit sha1_base64="2aSs5zNG3BHF9lm0y7vdd6lXmyc="></latexit>

X Y

Z W
?
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assumptions 
• …

(in)dependence test 
results or local scores

equivalence class of
causal structures

inference algorithm

How do indep-structure-based algos differ?

X ?? Y

X 6?? Z

X 6?? W

Y 6?? Z

Y 6?? W

Z 6?? W

<latexit sha1_base64="frZC3RAsmov4qD1ctanrB7fOf0M="></latexit>

X 6?? Y |Z
X 6?? Y |W
X 6?? Z|Y
X 6?? Z|W
X 6?? W |Y
X ?? W |Z

<latexit sha1_base64="2aSs5zNG3BHF9lm0y7vdd6lXmyc="></latexit>

X Y

Z W
?

<latexit sha1_base64="xYZka1EHgeBx11XDNEAJIBtNWIk=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbVqEeiF4+QyCOBDZkdGhiZnd3MzBrJhi/w4kFjvPpJ3vwbB9iDgpV0UqnqTndXEAuujet+O7mV1bX1jfxmYWt7Z3evuH/Q0FGiGNZZJCLVCqhGwSXWDTcCW7FCGgYCm8Hoduo3H1FpHsl7M47RD+lA8j5n1Fip9tQtltyyOwNZJl5GSpCh2i1+dXoRS0KUhgmqddtzY+OnVBnOBE4KnURjTNmIDrBtqaQhaj+dHTohJ1bpkX6kbElDZurviZSGWo/DwHaG1Az1ojcV//Paielf+ymXcWJQsvmifiKIicj0a9LjCpkRY0soU9zeStiQKsqMzaZgQ/AWX14mjbOyd1k+r12UKjdZHHk4gmM4BQ+uoAJ3UIU6MEB4hld4cx6cF+fd+Zi35pxs5hD+wPn8AejVjQQ=</latexit>x <latexit sha1_base64="fSFHYI9Zr8JNHToPEkr14C8WnIo=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomKeix68diC/YA2lM120q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVx71S2a24M5Bl4uWkDDlqvdJXtx+zNEJpmKBadzw3MX5GleFM4KTYTTUmlI3oADuWShqh9rPZoRNyapU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjjZ1wmqUHJ5ovCVBATk+nXpM8VMiPGllCmuL2VsCFVlBmbTdGG4C2+vEya5xXvqnJRvyxXb/M4CnAMJ3AGHlxDFe6hBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MH6lmNBQ==</latexit>y <latexit sha1_base64="xF2+1Dnriudo0aLfowFKMmKS2HQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbVqEeiF4+QyCOBDZkdGhiZnd3MzJrghi/w4kFjvPpJ3vwbB9iDgpV0UqnqTndXEAuujet+O7mV1bX1jfxmYWt7Z3evuH/Q0FGiGNZZJCLVCqhGwSXWDTcCW7FCGgYCm8Hoduo3H1FpHsl7M47RD+lA8j5n1Fip9tQtltyyOwNZJl5GSpCh2i1+dXoRS0KUhgmqddtzY+OnVBnOBE4KnURjTNmIDrBtqaQhaj+dHTohJ1bpkX6kbElDZurviZSGWo/DwHaG1Az1ojcV//Paielf+ymXcWJQsvmifiKIicj0a9LjCpkRY0soU9zeStiQKsqMzaZgQ/AWX14mjbOyd1k+r12UKjdZHHk4gmM4BQ+uoAJ3UIU6MEB4hld4cx6cF+fd+Zi35pxs5hD+wPn8AevdjQY=</latexit>z

sa
m

pl
es

w

What are the model 
space assumptions?

Are scores or 
independence test 
constraints used?

Is there an ordering 
to how constraints 

are processed?
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Discovery guarantees

• Completeness: Given the true (conditional) independence and dependence 
relations [the algorithm] identifies all there is to discover about the true 
underlying graph, namely, its Markov equivalence class.
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Equivalence Classes of Causal Models Over Three Variables 
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Discovery guarantees

• Completeness: Given the true (conditional) independence and dependence 
relations [the algorithm] identifies all there is to discover about the true 
underlying graph, namely, its Markov equivalence class.

For the causally sufficient, acyclic case, 
simulations suggest that on average there are 
about 4-5 DAGs per Markov equivalence class, 
i.e. that the underdetermination is independent of 
the number of variables (Gillispie & Perlman, 
2002; He et al., 2015; Radhakrishnan et al, 2018).
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• Statistical guaranteee: point-wise consistency, i.e. as sample size tends to infinity, 
the Markov equivalence class of the true graph can be identified
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Using faithfulness

assumption/ 
algorithm PC / GES FCI CCD LiNGaM lvLiNGaM cyclic 

LiNGaM
non-linear 

additive noise SAT

Markov ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓

faithfulness ✓ ✓ ✓ ✗ ✓ ~ minimality ✓♣

causal 
sufficiency ✓ ✗ ✓ ✓ ✗ ✓ ✓ ✗

acyclicity ✓ ✓ ✗* ✓ ✓ ✗ ✓ ✗*

parametric 
assumption ✗ ✗ ✗

linear non-
Gaussian

linear non-
Gaussian

linear non-
Gaussian

non-linear 
additive noise ✗

output Markov 
equivalence PAG PAG unique 

DAG set of DAGs set of 
graphs unique DAG query based

~ special case

* care needs to be 

taken how 
cyclicity is 
modeled


✤ there are 
approaches that 
weaken 
faithfulness



Search for the sparsest permutation
Raskutti & Uhler, 2013/18; Solus et al. 2017

x y

z
π = xyz

DAG G Permutation
Associate a DAG with each permutation  and 

distribution :
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πi → πj ∈ G ⟺ i < j and πi ⊥⊥ πj |{π1, …, πj}∖{πi, πj}



Search for the sparsest permutation
Raskutti & Uhler, 2013/18; Solus et al. 2017

x y

z

π = xyz

DAG G Permutation
Associate a DAG with each permutation  and 

distribution :
π

"
πi → πj ∈ G ⟺ i < j and πi ⊥⊥ πj |{π1, …, πj}∖{πi, πj}

π = xyz π = xzy π = yxz π = yzx π = zxy π = zyx

x y

z

x y

z

x y

z

x y

z

x y

z

x y

z

Maximize score(G, ") = {− |G | if G is Markov to "
−∞ otherwise



Search for the sparsest permutation
Raskutti & Uhler, 2013/18; Solus et al. 2017

x y

z

π = xyz

DAG G Permutation
Associate a DAG with each permutation  and 

distribution :
π

"
πi → πj ∈ G ⟺ i < j and πi ⊥⊥ πj |{π1, …, πj}∖{πi, πj}

π = xyz π = xzy π = yxz π = yzx π = zxy π = zyx

x y

z

x y

z

x y

z

x y

z

x y

z

x y

z

Maximize score(G, ") = {− |G | if G is Markov to "
−∞ otherwise



Sparse Permutation Search

• Completeness: Given the true (conditional) 
independence and dependence relations (greedy) 
sparse permutation search identifies all there is to 
discover about the true underlying graph, namely, its 
Markov equivalence class.
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Sparse Permutation Search

• Completeness: Given the true (conditional) 
independence and dependence relations (greedy) 
sparse permutation search identifies all there is to 
discover about the true underlying graph, namely, its 
Markov equivalence class.

• Statistical guarantee:
• Point-wise consistency with an assumption strictly weaker than 

faithfulness (“unique frugality” / “sparsest Markov representation”)

• Uniform consistency with a slight strengthening of faithfulness 

• Accuracy and Scalability Lam et al., 2022



Causal Discovery

assumption/ 
algorithm PC / GES

sparse 
permutation 

search
FCI CCD LiNGaM lvLiNGaM cyclic 

LiNGaM

non-linear 
additive 
noise

SAT

Markov ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓

faithfulness ✓ u-frugality ✓ ✓ ✗ ✓ ~ minimality ✓♣

causal 
sufficiency ✓ ✓ ✗ ✓ ✓ ✗ ✓ ✓ ✗

acyclicity ✓ ✓ ✓ ✗* ✓ ✓ ✗ ✓ ✗*

parametric 
assumption ✗ ✗ ✗ ✗

linear 
non-

Gaussian

linear non-
Gaussian

linear 
non-

Gaussian

non-linear 
additive 
noise

✗

output Markov equivalence class PAG PAG unique 
DAG

set of 
DAGs

set of 
graphs

unique 
DAG query based

~ special case

* care needs to be 

taken how 
cyclicity is 
modeled


✤ there are 
approaches that 
weaken 
faithfulness



Exploiting the parametric form

assumption/ 
algorithm PC / GES

sparse 
permutation 

search
FCI CCD LiNGaM lvLiNGaM cyclic 

LiNGaM

non-linear 
additive 
noise

SAT

Markov ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓

faithfulness ✓ u-frugality ✓ ✓ ✗ ✓ ~ minimality ✓♣

causal 
sufficiency ✓ ✓ ✗ ✓ ✓ ✗ ✓ ✓ ✗

acyclicity ✓ ✓ ✓ ✗* ✓ ✓ ✗ ✓ ✗*

parametric 
assumption ✗ ✗ ✗ ✗

linear 
non-

Gaussian

linear non-
Gaussian

linear 
non-

Gaussian

non-linear 
additive 
noise

✗

output Markov equivalence class PAG PAG unique 
DAG

set of 
DAGs

set of 
graphs

unique 
DAG query based

~ special case

* care needs to be 

taken how 
cyclicity is 
modeled


✤ there are 
approaches that 
weaken 
faithfulness



Linear Non-Gaussian Models (LinGaM)

• Linear causal relations:

• Assumptions:
- causal Markov
- causal sufficiency
- acyclicity

xi =
X

xj2Pa(xi)

�ijxj + ✏i

<latexit sha1_base64="lCofHiE+I+KJGjnzxHT/Z6P0KGE="></latexit>



Linear Non-Gaussian Models (LinGaM)

• Linear causal relations:

• Assumptions:
- causal Markov
- causal sufficiency
- acyclicity

• If         non-Gaussian and independent, 
then the true graph is uniquely 
identifiable from the joint distribution.

xi =
X

xj2Pa(xi)

�ijxj + ✏i

<latexit sha1_base64="lCofHiE+I+KJGjnzxHT/Z6P0KGE="></latexit>

Shimizu et al, 2006

(figure from Glymour et al. 2019) 
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(correct) forward model 

x ⊥⊥ ̂ϵy

(false) backward model 

y ⊥⊥ ̂ϵx



Linear Non-Gaussian Models (LinGaM)

• The residual of a linear regression of 
the effect on the cause will be 
dependent with the cause IFF there is 
confounding of the cause and effect.

x ⊥⊥ ̂ϵy
Tashiro et al, 2014

Confounding

• Linear causal relations:

• Assumptions:
- causal Markov
- causal sufficiency
- acyclicity

xi =
X

xj2Pa(xi)

�ijxj + ✏i

<latexit sha1_base64="lCofHiE+I+KJGjnzxHT/Z6P0KGE="></latexit>
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Independent Noise
Linear Non-Gaussian (Lingam): 

• forwards model      

• backwards model.   

y = ax + ϵy x ⊥⊥ ϵy
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Confounding in Lingam 
• Unconfounded forwards model   
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Independent Noise
Linear Non-Gaussian (Lingam): 

• forwards model      

• backwards model.   

y = ax + ϵy x ⊥⊥ ϵy
x = by + ϵ̃x y ⊥⊥ ϵ̃x

GIN-condition in Lingam with latents (Xie et al 2020):
• Two variable sets  satisfy GIN iff , 

where  is a “cleaned up” version of .
➡ Satisfaction of GIN permits remarkable 

discovery of latent variable structure

Y, Z EY||Z ⊥⊥ Z
EY||Z Y

Confounding in Lingam 
• Unconfounded forwards model   

• Confounded forwards model      

x ⊥⊥ ϵy
y ⊥⊥ ϵ̃x

Is there an underlying 
motivation or justification 

why an independence 
between cause and noise 
on the effect is desirable?

It clearly is not generally 
satisfied: heteroskedastic 
noise can arise from an 

interactive effect between 
the cause and noise

But that violates the 
functional assumption 
of the Lingam model. 

Suggestion: Searching for the independence 
between cause and noise is, within the Lingam 
model, an application of the Principle of 
Independent Mechanisms.  

see Besserve et al, 2018, Sec 4.3



Principle of Independent Mechanisms
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• The causal generative process of a system’s 
variables is composed of autonomous modules 
that do not inform or influence each other. 
(Peters et al. 2017, Janzing et al. 2008)

X Y

P(X) is “uninformative” of P(Y|X)

How to assess PIM for more general model classes: 

• Group Invariance for Causal Discovery (Besserve et al 2018)
➡ Use generic group transformations of X to assess whether 

the observed relation between P(X) and P(Y|X) is expected
• Independent Mechanism Analysis (Gresele et al 2022)
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and cannot be identified, including about latent causal 
structure. 

• Potential for generalizations: The connection to 
approaches based on the principle of independent 
mechanisms raises the hope that maybe the strong 
parametric assumptions can be made much more 
generic. 

Using rather strong 
assumptions about the 

functional form.

Likely to be 
computationally very 

intensive and it remains 
unclear what sorts of 
statistical guarantees 
may be forthcoming.

• Criticisms of PIM apply perhaps more broadly: 
Mechanisms that have been subject to evolutionary 
pressures, are unlikely to exhibit the independence 
required by PIM; presumably a similar argument 
applies for social settings. 

If the search for 
independent noise in the 

Lingam setting is an 
application of PIM, then 

these concerns may carry 
over to Lingam-based 

methods.
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ML joins the discovery game: NOTEARS

assumption/ 
algorithm PC / GES

sparse 
permutation 

search
FCI CCD LiNGaM lvLiNGaM cyclic 

LiNGaM

non-linear 
additive 
noise

SAT

Markov ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓

faithfulness ✓ u-frugality ✓ ✓ ✗ ✓ ~ minimality ✓♣

causal 
sufficiency ✓ ✓ ✗ ✓ ✓ ✗ ✓ ✓ ✗

acyclicity ✓ ✓ ✓ ✗* ✓ ✓ ✗ ✓ ✗*

parametric 
assumption ✗ ✗ ✗ ✗

linear 
non-

Gaussian

linear non-
Gaussian

linear 
non-

Gaussian

non-linear 
additive 
noise

✗

output Markov equivalence class PAG PAG unique 
DAG

set of 
DAGs

set of 
graphs

unique 
DAG query based

~ special case

* care needs to be 

taken how 
cyclicity is 
modeled


✤ there are 
approaches that 
weaken 
faithfulness

In its original form, 
NOTEARS was designed as 
a method for DAG search.
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NOTEARS:                  subject to h(W) =0                     

                                                          

min
W∈ℝd×d

S(W)

consistent 
score

(weighted) 
adjacency 

matrix

differentiable function that 
is 0 iff W represents a DAG

continuous 
optimization

In the linear case: h(W) = tr(eW∘W) − d

matrix exponential of 
Hadamard product

Derivative is simple  ➡ OPTIMIZE! 

Non-convex, so use 
your tricks!
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taken how 
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✤ there are 
approaches that 
weaken 
faithfulness

The optimization constraint requires 
a model parameterization, and there 
are several for linear models. But of 
course other methods also need a 

score or type of independence test.

NOTEARS returns a DAG, but 
the results are still limited to 

Markov equivalence.
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NOTEARS and its variants

NOTEARS:                  subject to h(W) =0                     

                                                          

min
W∈ℝd×d

S(W)

In the linear case: h(W) = tr(eW∘W) − d
Change the constraint 

that describes acyclicity

Derivative is simple  ➡ OPTIMIZE! 

Change how the 
optimization is done.

Change the score.

Continuous optimization-based approaches to 
causal discovery (Vowels et al. 2021)
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X Y

Z U1U2

U3

P(X, Y, Z)compatible?

P(X, Y, Z) = ∑
U1,U2,U3

P(U1)P(U2)P(U3)P(X |U2, U3)P(Y |U1, U3)P(Z |U1, U2) If the observed variables have finite 
cardinality, then the distributions P 

compatible with G form a semi-
algebraic set. 

It follows that the set of distributions 
can be characterized by a finite set of 

polynomial inequalities. 

➡ Inflation is a technique that iteratively 
identifies all these constraints.
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• Potential to advance causal discovery in the categorical setting.

• Important connections to questions in quantum mechanics.



Inflation
• Include inequality constraints in causal discovery

• Technique for testing latent variable models

• Potential to advance causal discovery in the categorical setting.

• Important connections to questions in quantum mechanics.

• I did not say it was efficient.

• Interesting questions about how to test for the inequalities in practice.



Comments

Causal discovery needs:

• contributions to address foundational challenges, 
such as reliable and fast non-parametric 
conditional independence tests

• Well-maintained code bases that are easily 
manipulable

• More users who actually apply the methods to a 
real scientific problem and publish the results in 
that scientific discipline  

A huge shout-out to the 
pcalg group at ETH and 

the Tetrad group at CMU.
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Other resources:
• Simons Institute Causality program bootcamp: https://simons.berkeley.edu/workshops/causality-boot-camp/videos#simons-tabs (note especially the causal discovery 

tutorials by Daniel Malinsky)
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