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Abstract
The goal of many scientiﬁc experiments, including A/B testing, is to estimate the
average treatment effect (ATE), which is deﬁned as the difference between the expected outcomes of two or more treatments. In this paper, we consider a situation
where an experimenter can assign a treatment to research subjects sequentially.
In adaptive experimental design, the experimenter is allowed to change the probability of assigning a treatment using past observations for estimating the ATE
efﬁciently. However, with this approach, it is not easy to apply a standard statistical method to construct an estimator because the observations are not independent
and identically distributed. We thus propose an algorithm for efﬁcient experiments
with estimators constructed from dependent samples. We also introduce a sequential testing framework using the proposed estimator. To justify our proposed approach, we provide ﬁnite and inﬁnite sample analyses. Finally, we experimentally
show that the proposed algorithm exhibits preferable performance.
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Introduction

Discovering causality from observations is a fundamental task in statistics and machine learning. In
this paper, we follow Rubin (1974) to deﬁne a causal effect as the difference between the average
outcomes resulting from two different actions, i.e., the average treatment effect (ATE). One of these
actions corresponds to the treatment and the other corresponds to the control (Imbens & Rubin,
2015). One naive method for estimating the ATE using scientiﬁc experiments is the randomized
control trial (RCT). In an RCT, we randomly assign one of the two actions to each research subject
(Kendall, 2003) to obtain an unbiased estimator of the ATE (Imbens & Rubin, 2015).
However, while an RCT is a reliable method for scientiﬁc experiments, it often requires a large sample size for estimating the ATE precisely enough. To mitigate this problem, adaptive experimental
designs have garnered increasing attention in various ﬁelds such as medicine and social science
(Chow SC, 2005; van der Laan, 2008; Komiyama et al., 2009; Hahn et al., 2011; Chow & Chang,
2011; Villar et al., 2015; FDA, 2019). Compared to usual non-adaptive designs, adaptive designs
often allow experimenters to detect the true causal effect while exposing fewer subjects to potentially harmful treatment. This motivates the US Food and Drug Administration (FDA) to recommend
adaptive designs (FDA, 2019).
This paper proposes an adaptive experimental design that sequentially estimates a treatment assignment probability that minimizes the asymptotic variance of an estimator of the ATE and assigns a
treatment according to the estimated probability. The proposed method is inspired by van der Laan
Causal Discovery & Causality-Inspired Machine Learning Workshop at Neural Information Processing Systems, 2020.

(2008) and Hahn et al. (2011), which conduct hypothesis testing based on the asymptotic distribution
for samples gathered to minimize the asymptotic variance. In this paper, we show two directions of
hypothesis testing based on the asymptotic distribution and the concentration inequality. The asymptotic variance-based hypothesis testing is an extension of the methods proposed by van der Laan
(2008) and Hahn et al. (2011). The concentration inequality is a recently developed framework for
hypothesis testing (Balsubramani & Ramdas, 2016), which is potentially useful in real-world applications, such as ad-optimization.
One of the theoretical difﬁculties comes from the dependency among samples. Because we update
the assignment probability using past observations, samples are not independent and identically distributed (i.i.d.). Therefore, instead of using existing results under the i.i.d. assumption for deriving
the theoretical properties, we use the theoretical results of martingales. The main contributions of
this paper are as follows: (i) We establish a framework of causal inference from samples obtained
from a time-dependent algorithm with theoretical properties. (ii) We propose an algorithm for scientiﬁc experiments that achieves the lower bound of the asymptotic variance with several statistical
hypothesis testing methods. This paper thus contributes to the literature and practice of RCTs and
A/B testing by proposing an efﬁcient experimental design with theoretical guarantees.
Related Work: Among various methods for the adaptive experimental design, we share the motivation with Hahn et al. (2011) and van der Laan (2008). To the best of our knowledge, other existing studies have not pursued this direction of experimental design. Hahn et al. (2011) proposed
the two-stage adaptive experimental design. Using the samples in the ﬁrst stage, they estimated the
conditional variance of outcomes to construct the optimal policy that minimizes the asymptotic variance of an estimator of the ATE (Proposition 1). In the second stage, they assigned the treatments
to samples following the policy constructed in the ﬁrst stage. There are three essential differences
between them. First, because our method enables us to simultaneously construct the optimal policy and assign a treatment, we do not have to decide the sample size of the ﬁrst stage in advance.
Second, because of this property, our method and sequential testing introduced in Section 4 are compatible. Third, by applying martingale theory as van der Laan & Lendle (2014), we do not require
Donsker’s condition for the nuisance estimator. Our proposed method is also closely related to the
method of van der Laan (2008). Compared with their method, our contributions are a generalization
of the estimator using the martingale-based construction of the nuisance estimator and a proposition of nonparametric sequential testing based on concentration inequality. In addition, following
Klaassen (1987), van der Laan & Lendle (2014), and Chernozhukov et al. (2018), we point out that
Donkser’s condition is unnecessary to the nuisance estimator.
Several existing studies offer statistical inference from samples with dependency (van der Laan,
2008; van der Laan & Lendle, 2014; Luedtke & van der Laan, 2016; Hadad et al., 2019). The
asymptotic normality of our proposed estimator can be regarded as a special and simpliﬁed version
of the estimator proposed by van der Laan (2008) and van der Laan & Lendle (2014), but the concentration inequality of the estimator is a new result. Although Hadad et al. (2019) recommended
using adaptive weights for stabilization, we consider that we can control the behavior of the assignment probability by ourselves in our setting.
While the common goal of the MAB problem is to maximize the proﬁt obtained from treatments,
another framework called the best arm identiﬁcation (BAI) aims to ﬁnd actions with better rewards,
whose motivation is similar to ours. For example, Yang et al. (2017) and Jamieson & Jain (2018)
proposed a method to conduct a statistical test to ﬁnd better actions using as a small sample size as
possible. However, the approach is different. In the BAI without covariates, we typically compare
the sample average of the rewards of each arm and tries to ﬁnd an arm whose expected reward is the
best among those arms with a high probability. On the contrary, in the best arm identiﬁcation with
covariates, we aim to ﬁnd an arm whose expected reward conditional on the covariates is the best
among the arms with a high probability. The problem setting in this paper shares the same goal as
the best arm identiﬁcation without covariates; however, we can also use the covariate information.
In conclusion, the problem setting in this paper can be regarded as a new approach to the BAI. This
setting can be called semiparametric best arm identiﬁcation. Similarly, Deshpande et al. (2018) and
Yao et al. (2020) consider controlling the power of the test in the MAB problem but have different
motivations with different problem setting.
Balsubramani & Ramdas (2016) proposed nonparametric sequential testing based on the law of the
iterated logarithm (LIL). We apply their results to adaptive ATE estimation with the AIPW estimator.
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Some of the adversarial bandit algorithms also use IPW to obtain an unbiased estimator (Auer et al.,
2003), but we have a different motivation. Further discussion of related work is in Appendix F.
Organization of this Paper: In the following sections, we introduce the proposed algorithm with
its theoretical analysis and experimental results. First, in Section 2, we deﬁne the problem setting.
In Section 3, we present a new estimator constructed from samples with dependency. In Section 4,
we introduce sequential hypothesis testing, which can reduce the sample size compared with conventional hypothesis testing. We propose an algorithm for constructing an efﬁcient estimator of the
treatment effect in Section 5. Finally, in Section 6, we elucidate the empirical performance of the
proposed algorithm using synthetic and semi-synthetic datasets.

2

Problem Setting

In the problem setting, a research subject arrives in a certain period, and an experimenter assigns
a treatment to the research subject. For simplicity, we assume the immediate observation of the
outcome of a treatment. After several trials, we decide whether the treatment has an effect.
2.1

Data Generating Process

We deﬁne the data generating process (DGP) as follows. In period t ∈ N, a research subject visits
an experimenter, and the experimenter assigns an action At ∈ A = {0, 1} based on the covariate
Xt ∈ X , where X denotes the space of the covariate. After assigning the action, the experimenter
observes a reward Yt ∈ R immediately, which has a potential outcome denoted by a random variable,
Yt : A → R. We have access to a set ST = {(Xt , At , Yt )}Tt=1 with the following DGP:

T
(Xt , At , Yt ) t=1 ∼ p(x)pt (a | x, Ωt−1 )p(y | a, x),
(1)
where Yt = 1[At = 0]Yt (0)+1[At = 1]Yt (1) for an indicator function 1[·], p(x) denotes the density
of the covariate Xt , pt (a | x, Ωt−1 ) denotes the probability of assigning an action At conditioned
on a covariate Xt , p(y | a, x) denotes the density of an outcome Yt conditioned on At and Xt , and
Ωt−1 ∈ Mt−1 denotes the history deﬁned as Ωt−1 = {Xt−1 , At−1 , Yt−1 , . . . , X1 , A1 , Y1 } with
the space Mt−1 . We assume that p(x) and p(y | a, x) are invariant over time, but pt (a | x) can
take different values. Further, we allow the decision maker to change pt (a | x, Ωt−1 ) based on past

T
observations. In this case, the samples (Xt , At , Yt ) t=1 are correlated over time (i.e., the samples
are not i.i.d.). The probability pt (a | x, Ωt−1 ) is determined by a policy πt : A × X × Mt−1 →
(0, 1), which is a function of a covariate Xt , an action At , and a history Ωt−1 . For the policy
πt (a | x, Ωt−1 ), we consider the following process. First, we draw a random variable ξt following
the uniform distribution on [0, 1] in period t. Then, in each period t, we select an action At such
that At = 1[ξt ≤ πt (Xt , Ωt−1 )]. Under this process, we regard the policy as the probability (i.e.,
pt (a | x, Ωt−1 ) = πt (a | x, Ωt−1 )).
Remark 1 (Observation of a Reward). We assume that an outcome can be observed immediately
after assigning an action. This setting is also referred to as bandit feedback. The case in which we
observe a reward after some time can be regarded as a special case of bandit feedback.
2.2

Average Treatment Effect Estimation

Our goal is to estimate the treatment effect, which is a counterfactual value because we can only
observe an outcome of an action when assigning the action. Therefore, following the causality
formulated by Rubin (1974), we consider estimating the ATE between d = 1 and d = 0 as θ0 =
E[Yt (1)−Yt (0)] (Imbens & Rubin, 2015). For identiﬁcation of θ0 , we put the following assumption.
1
≤ C1 and |Yt | ≤ C2 .
Assumption 1 (Boundedness). There exist C1 and C2 such that pt (a|x)
Remark 2 (Stable Unit Treatment Value Assumption). In the DGP, we assume that the Stable Unit
Treatment Value Assumption, namely, p(y | a, x), is invariant no matter what mechanism is used to
assign an action (Rubin, 1986).
Remark 3 (Unconfoundedness). Existing methods often make an assumption called unconfoundedness: the outcomes (Yt (1), Yt (0)) and the action At are conditionally independent on Xt . In the
DGP, this assumption is satisﬁed because we choose an action based on the observed outcome.
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Notations: Let k be an action in A. Let us denote E[Yt (k) | x], E[Yt2 (k) | x], Var(Yt (k) | x),
and E[Yt (1) − Yt (0) | x] as f ∗ (k, x), e∗ (k, x), v ∗ (k, x), and θ0 (x), respectively. Let fˆt (k, x) and
êt (k, x) be estimators of f ∗ (k, x) and e∗ (k, x) constructed from Ωt , respectively. Let N (µ, var) be
the normal distribution with the mean µ and the variance var.

2.3

Existing Estimators

We review three types of standard estimators of the ATE in the case in which we know the probability of assigning an action and the samples are i.i.d., that is, the probability of assigning an action is
invariant as p(a | x) = p1 (a | x, Ω0 ) = p2 (a | x, Ω1 ) = · · · . The ﬁrst estimator
is an inverse proba
PT
1[At =1]Yt
1[At =0]Yt
1
bility weighting (IPW) estimator given by T t=1 p(1|Xt ) − p(0|Xt ) (Horvitz & Thompson,
1952; Rubin, 1987; Hirano et al., 2003; Swaminathan & Joachims, 2015). Although this estimator
is unbiased when the behavior policy is known, it suffers from high variance.
The second estimator

PT
is a direct method (DM) estimator T1 t=1 fˆt (1, Xt ) − fˆt (0, Xt ) (Hahn, 1998). This estimator is known to be weak against model misspeciﬁcation for E[Yt (k) | Xt ]. The third estimator is
an augmented
IPW (AIPW) estimator
(Robins et al., 1994; Chernozhukov
et al., 2018)
deﬁned as




PT
1[At =1] Yt −fˆT (1,Xt )
1
[At =0] Yt −fˆT (0,Xt )
1
+ fˆT (1, Xt ) −
− fˆT (0, Xt ) . For the unbit=1
T
p(1|Xt )
p(0|Xt )
asedness of the IPW andAIPW
 the variance explicitly. The variance
h ∗ estimators,
i
hwe∗ can calculate
i
(1,Xt )
e (0,Xt )
2
of the IPW estimator is E ep(1|X
+
E
−
θ
0 /T . The variance of the AIPW estip(0|Xt )
 h ∗
i
h ∗ t) i


(1,Xt )
v (0,Xt )
∗
∗
2
mator is E vp(1|X
+
E
+
E
(f
(1,
X
)
−
f
(0,
X
)
−
θ
)
/T , when fˆT = f ∗ .
t
t
0
p(0|Xt )
t)
The asymptotic variances of the IPW and AIPW estimators are the same as their respective variances. Further, the variance and asymptotic variance are equal to the mean squared error (MSE) and
asymptotic MSE (AMSE), respectively. As an important property, the (asymptotic) variance
of the
√
AIPW estimator achieves the lower bound of the asymptotic variance among regular T -consistent
estimators (van der Vaart, 1998, Theorem 25.20).

2.4

Semiparametric Efﬁciency

The lower bound of the variance is deﬁned for an estimator under some posited models of the DGP.
If this posited model is parametric, it is equal to the Cramér–Rao lower bound. When this posited
model is a non- or semiparametric, we can still deﬁne the corresponding lower bound Bickel et al.
(1998). As Narita (2018) showed, the semiparametric
lower bound
(1) under p1 (a
| x) = p2 (a |
 of


2
P1 v k,Xt
x) = · · · = pT (a | x) = p(a | x) is given as E
.
k=0 p(k|Xt ) + θ0 (Xt ) − θ0

2.5

Efﬁcient Policy

We consider minimizing the variance by appropriately optimizing the policy. Following Hahn et al.
(2011), the efﬁcient policies for IPW and AIPW estimators are given in the following proposition.
Proposition 1 (Efﬁcient Probability of Assigning an Action).
√ For an IPW estimator, a probability
minimizing the variance is given as π IPW (1 | Xt ) = √

e∗ (1,Xt )

e∗ (1,X

√

t )+

e∗ (0,Xt )

a probability minimizing the variance is given as π AIPW (1 | Xt ) = √

. For an AIPW estimator,
√ ∗
v (1,Xt )
√ ∗
.

v ∗ (1,Xt )+

v (0,Xt )

The derivation of an AIPW estimator is shown in Hahn et al. (2011). For an IPW estimator, we
show the proof in Appendix B. In the following sections, we show that using the probability in
Proposition 1, which minimizes the variance, we can also minimize the asymptotic variance and upper bound of the concentration inequality of appropriately deﬁned estimators. Because the variance
is equivalent to the MSE, a policy minimizing the variance also minimizes the MSE.
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3

Adaptive Policy for Efﬁcient ATE Estimation

AIPW
As shown
(1 | x) =
√ ∗ in the previous section, by setting the policy as πt (1 | x, Ωt−1 ) = π
v (1,x)
√ ∗
√ ∗
, we can minimize the variance of the estimators. However, how to conduct
v (1,x)+

v (0,x)

statistical inference from the policy is unclear. There are two problems. First, we do not know
v ∗ (k, x) = σ 2 (k, x). The second problem is how to conduct statistical inference from samples
with dependency, which comes from the construction of πt (1 | x, Ωt−1 ) (i.e., the estimation of
v ∗ (k, x)). We solve the ﬁrst problem by estimating v ∗ (k, x) sequentially. For example, we can
estimate v ∗ (k, x) = e∗ (k, x) − (f ∗ (k, x))2 by estimating f ∗ (k, x) and e∗ (k, x). In this section, for
solving the second problem, we propose estimators for samples with dependency and analyze the
behavior of the estimators for inﬁnite and ﬁnite samples.
3.1

Adaptive Estimators from Samples with Dependency

Here, we deﬁne the estimators constructed from samples withdependency. First, we deﬁne

PT
[At =1]Yt
1[At =0]Yt
the adaptive IPW (AdaIPW) estimator as θ̂TAdaIPW = T1 t=1 πt1(1|X
−
πt (0|Xt ,Ωt−1 ) .
t ,Ωt−1 )
P
T
1
Second, we deﬁne the adaptive
AIPW (A2IPW) estimator
as θ̂TA2IPW = T t=1 ht , where




1[At =1] Yt −fˆt−1 (1,Xt )
1[At =0] Yt −fˆt−1 (0,Xt )
ˆt−1 (1, Xt ) − fˆt−1 (0, Xt ) . For zt =
ht =
−
+
f
πt (1|Xt ,Ωt−1 )
πt (0|Xt ,Ωt−1 )


T
ht − θ0 , {zt }t=1 is a martingale difference sequence (MDS), that is, E zt | Ωt−1 = θ0 . Using
this property, we derive the theoretical results of θ̂TA2IPW in the following section. We omit the
discussion for θ̂TAdaIPW , but can derive the theoretical properties as well as θ̂TA2IPW .
3.2

Asymptotic Distribution of A2IPW

For the A2IPW estimator θ̂TA2IPW , we derive the asymptotic distribution.
Theorem 1 (Asymptotic Distribution of A2IPW). Suppose that (i) point convergence in probability
p
of fˆt−1 and πt , i.e., for all x ∈ X and k ∈ {0, 1}, fˆt−1 (k, x) − f ∗ (k, x) −
→ 0 and πt (k | x, Ωt−1 ) −
p
ˆ
π̃(k | x) −
→ 0, where π̃ : A × X → (0, 1) and (ii) there exits a constant
C3 such that
 |ft−1 | ≤ C3 .
√  A2IPW
d
− θ0 −
→ N 0, σ 2 ,
Then, under Assumption 1, for the A2IPW estimator, we have T θ̂T



2 
P1 ν ∗ k,Xt
∗
∗
where σ 2 = E
+
f
(1,
X
)
−
f
(0,
X
)
−
θ
.
t
t
0
k=0 π̃(k|Xt )
The proof is shown in Appendix C. This result is a special case of van der Laan & Lendle
(2014). Unlike van der Laan & Lendle (2014), we do not impose the convergence rate of fˆt−1
owing to the unbiasedness. As well as cross-ﬁtting (Klaassen, 1987; Zheng & van der Laan,
2011; Chernozhukov et al., 2018), we do not have to impose Donsker condition as pointed by
van der Laan & Lendle (2014). The asymptotic variance is semiparametric efﬁcient under the policy π̃. It can also be regarded as the AMSE deﬁned between θ0 and θ̂TA2IPW . In Appendix E, we
show the corresponding estimator and its asymptotic variance for the off-policy evaluation, which
is a generalization of the ATE estimation. Finally, we also show the consistency by using the weak
law of large numbers for an MDS (Proposition 4 in Appendix A). We omit the proof because we can
easily show it from the boundedness of zt .
Theorem 2 (Consistency of A2IPW). Suppose that there exits a constant C3 such that |fˆt−1 | ≤ C3 .
p

Then, under Assumption 1, θ̂TA2IPW −
→ θ0 .
3.3

Regret Bound of A2IPW

For the ﬁnite sample analysis, instead of asymptotic theory, we introduce the regret analysis
framework often used in the literature on the MAB problem. In this paper, we deﬁne regret
based on the MSE. We deﬁne the optimal policy ΠOPT as a policy that chooses a treatment
with the probability π AIPW deﬁned in (1), and an estimator θ̂TOPT with oracle f ∗ as θ̂TOPT =
5

1
T

PT
t=1



1[At =1]



Yt −f ∗ (1,Xt )
π AIPW (1|Xt )

−



1[At =0]

Yt −f ∗ (0,Xt )
1−π AIPW (1|Xt )


+ f ∗ (1, Xt ) − f ∗ (0, Xt ) . Then, for a

policy
the regret of between Π and ΠOPT as regret =
 Π adapted bythe
 experimenter,
 we deﬁne
2 
2
EΠ θ0 − θ̂TA2IPW
−EΠOPT θ0 − θ̂TOPT
, where the expectations are taken over each policy. The upper bound is in the following theorem.
Theorem 3 (Regret Bound of A2IPW). Suppose that there exits a constant C3
the regret
such that |fˆt−1n| ≤ h C3 .
Then, under Assumption 1, i
 h is bounded by
io
p
p
PT P1
1
AIPW (k | X ) −
O
E
π
π
(k
|
X
,
Ω
)
+
O
E f ∗ (k, Xt ) − fˆt−1 (k, Xt )
,
t
t
t
t−1
t=1
k=0
T2
where the expectation is taken over the random variables including Ωt−1 .
The hproof is shown in Appendix D. Then,
the ﬁnite sample
bounds
i by substituting
h
i
p
p
∗
AIPW
ˆ
of E
π
(k | Xt ) − πt (k | Xt , Ωt−1 ) and E f (k, Xt ) − ft−1 (k, Xt ) , the regret
p
bound for ﬁnite samples can be obtained. We can bound fˆt−1 (k, Xt ) and πt (k | Xt , Ωt−1 ) by
the same argument as existing work on the MAB problem such as Yang & Zhu (2002).
Remark 4. This result tells us that regret is bounded by o(1/T ) under the appropriate convergence
rates of πt and fˆt . By contrast, if we use a constant value for πt , regret is O(1/T ).
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Sequential Hypothesis Testing with A2IPW Estimator

The goal of various applications including A/B testing is to conduct decision making between null
(H0 ) and an alternative (H1 ) hypothesis while controlling both false positives (Type I error) and
false negatives (Type II error). Standard hypothesis testing generates a conﬁdence interval based on
a ﬁxed sample size T . In this case, we can use the asymptotic distribution derived in Theorem 1. On
the contrary, for the case in which samples arrive in a stream, there is interest in conducting decision
making without waiting for the sample size to reach T . Under this motivation, we discuss sequential
hypothesis testing, which decides to accept or reject the null hypothesis at any time t = 1, 2, . . . , T .
The preliminaries of the hypothesis testing are in Appendix G.
4.1

Sequential Testing and Control of Type I error

In sequential testing, we sequentially conduct decision making and stop whenever we want (Wald,
1945). However, if we sequentially conduct standard hypothesis testing based on the p-value deﬁned for ﬁxed sample size, the probability of the Type I error increases (Balsubramani & Ramdas,
2016). Therefore, the main issue of sequential testing is to control the Type I error, and various
approaches have been proposed (Wald, 1945). One classical method is to correct the p-value based
on multiple testing corrections, such as the Bonferroni (BF) and Benjamini–Hochberg procedures.
For example, when we conduct standard hypothesis testing at t = 100, 200, 300, 400, 500 by constructing the corresponding p-values of p100 , p200 , p300 , p400 , and p500 , the BF procedure corrects the p-values to p100 , p200 /2, p300 /3, p400 /4, and p500 /5. Although this correction enables
us to control the Type I error, it is also known to be exceedingly conservative and tends to produce suboptimal results (Balsubramani & Ramdas, 2016; Jamieson & Jain, 2018). Further, owing
to this conservativeness, we cannot conduct decision making in each period. For example, in the
case in which we conduct standard hypothesis testing in period t = 1, 2, 3, . . . , t, . . . , the corresponding p-values become too small (p1 , p2 /2, p3 /3, p4 /4, . . . , pt /t, . . . ). Therefore, when conducting sequential testing based on multiple testing, we need to split the stream of samples into
several batches (Balsubramani & Ramdas, 2016). To avoid the drawback of multiple testing, recent work has proposed using adaptive concentration inequalities for an adaptively chosen number of samples (i.e., the inequality holds at any randomly chosen t = 1, 2, . . . ) (Balsubramani,
2014; Jamieson et al., 2014; Johari et al., 2015; Balsubramani & Ramdas, 2016; Zhao et al., 2016;
Jamieson & Jain, 2018). This concentration inequality enables us to conduct sequential testing without separating samples into batches while controlling the Type I error under appropriate conditions.
There are two approaches for introducing such concentration inequalities into sequential testing:
conﬁdence sequence (Darling & Robbins, 1967; Lai, 1984; Zhao et al., 2016) and always valid pvalues (Johari et al., 2015; Jamieson & Jain, 2018). These two approaches are equivalent, as shown
6

by Ramdas (2018), and we adapt the former herein. For simplicity, let us deﬁne the null and alternative hypotheses as H0 : θ0 = µ and H1 : θ0 ̸= µ, respectively, where µ is a constant, and consider
controlling the Type I error at α. Then, for the A2IPW estimator θ̂tA2IPW of θ0 , we deﬁne a sequence
 T
of positive values qt t=1 , which satisﬁes P(∃t ∈ N : tθ̂tA2IPW − tµ > qt ) ≤ α when the null hy T
pothesis is true. Using qt t=1 , we consider the following process: if tθ̂tA2IPW − tµ > qt , we reject

the null hypothesis H0 ; otherwise, we temporally accept the null hypothesis H0 . Because qt t∈N



satisﬁes P reject H0 = P ∃t ∈ N : |tθ̂tA2IPW − tµ| > qt ≤ α when the null hypothesis is true,
we can control the Type I error at α. This procedure of hypothesis testing has some desirable properties. First, it controls the Type I error with α in any period t. Second, the Type II error of the
hypothesis testing with this procedure is less than or equal to that under standard hypothesis testing
(Balsubramani & Ramdas, 2016). Third, it enables us to stop the experiment whenever we obtain
sufﬁcient samples for decision making.
4.2

Sequential Testing with Law of Iterated Logarithm (LIL)

Next, we consider constructing qt t∈N with the Type I error α using the proposed A2IPW estimator. Among the various candidates, concentration inequalities based on the LIL have garnered
attention recently. The LIL was originally derived as an asymptotic property of independent random
variables by Khintchine (1924) and Kolmogoroff (1929). Following their methods, several works
have derived an asymptotic LIL for an MDS under some regularity conditions (Stout, 1970; Fisher,
1992), and Balsubramani & Ramdas (2016) derived a nonasymptotic LIL-based concentration
in
equality for hypothesis testing. Sequential testing with the LIL-based conﬁdence sequence qt t∈N
requires the smallest sample size needed to identify the parameter of interest (Jamieson et al., 2014;
Balsubramani & Ramdas, 2016). For this tightness of the inequality, LIL-based concentration inequalities have been widely accepted in sequential testing (Balsubramani & Ramdas, 2016) and in
the best arm identiﬁcation in the MAB problem (Jamieson
et al., 2014; Jamieson & Jain, 2018).

Therefore, we also construct the conﬁdence sequence qt t∈N based on the LIL-based concentration inequality for the A2IPW estimator derived in the following theorem.
Theorem 4 (Concentration Inequality of A2IPW Estimator). Suppose that there exists C such that
|zt | ≤ C. Suppose that there exists C4 such that |(zt − zt−1 )2 − E[(zt − zt−1 )2 | Ωt−1 ]| ≤ C4 .
Pt
A2IPW
For any δ, with probability ≥ 1 − δ, for all t ≥ τ0 simultaneously,
− tθ0 ≤
i=1 zi = tθ̂t
r







Pt
2C0 (δ)C4
2C
e4
2
∗
∗ log log V̂ ∗ + log 4
C
(δ)
+
2C
V̂
=
C
z
+
,
,
where
V̂
2
2
2
0
1
3
t
t
t
i
i=1
e
δ
4C
e
q
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C0 (δ) = 3(e − 2) + 2 2(e−2)
log 4δ , C1 = 6(e − 2) and C3 is an absolute constant.
We can obtain this result by applying the result of Balsubramani (2014). The proof is in
 T
Appendix D.1. Then, we obtain conﬁdence sequences, qt t=1 , with the Type I error at

α from the results of Theorem 4 and Balsubramani & Ramdas (2016) as qt ∝ log α1 +
r


∑
Pt
log ti=1 zi2
2 i=1 zi2 log
. Balsubramani & Ramdas (2016) proposed using the constant 1.1
α
r



∑

Pt
log ti=1 zi2
1
to specify qt , namely, qt = 1.1 log α + 2 i=1 zi2 log
. This choice is moα
tivated by the asymptotic property of the LIL such that lim supt→∞

|tθ̂A2IPW −tθ0 |
√ t
2Ṽt∗ (log log Ṽt∗ )

= 1 with

probability
Pt 1 for sufﬁciently large samples (Stout, 1970; Balsubramani & Ramdas, 2016), where
Ṽt2 = i=1 E[zi2 | Ωi−1 ], and the empirical results of Balsubramani & Ramdas (2016).

5

Main Algorithm: AERATE

In this section, we deﬁne our main algorithm, referred to as Adaptive ExpeRiments for efﬁcient ATE estimation
(AERATE).
The details
are in Appendix H. First, we consider estimating



f ∗ (a, x) = E Yt (a) | x and e∗ (a, x) = E Yt2 (a) | x . When estimating f ∗ (a, x) and e∗ (a, x), we
need to construct consistent estimators from dependent samples obtained from an adaptive policy.
7

Table 1: Experimental results using Datasets 1–2. The best performing method is in bold.

RCT
A2IPW (K-nn)
A2IPW (NW)
MA2IPW (K-nn)
MA2IPW (NW)
AdaIPW (K-nn)
AdaIPW (NW)
DM (K-nn)
DM (NW)
Hahn 50 (K-nn)
Hahn 50 (NW)
Hahn 100 (K-nn)
Hahn 100 (NW)
OPT

MSE
0.145
0.085
0.064
0.092
0.062
0.151
0.161
0.175
0.111
0.109
0.085
0.141
0.107
0.008

Dataset 1: E[Y (1)] = 0.8, E[Y (0)] = 0.3, θ0 ̸= 0
T = 150
T = 300
ST
STD Testing MSE
STD Testing
LIL
BF
0.178
25.0% 0.073 0.100
46.0% 455.4 370.4
0.116
38.4% 0.038 0.054
67.9% 389.5 302.8
0.092
51.4% 0.025 0.035
88.1% 303.8 239.8
0.126
38.5% 0.044 0.058
66.2% 387.5 303.4
0.085
52.7% 0.023 0.033
90.2% 303.3 236.6
0.208
26.1% 0.075 0.103
43.6% 446.3 367.0
0.232
23.4% 0.081 0.115
41.1% 446.6 375.0
0.252
59.9 164.6
88.7% 0.086 0.126
96.1%
0.167
82.1% 0.045 0.066
95.6% 119.6 176.2
0.149
35.2% 0.046 0.064
63.3% 398.5 316.0
0.128
45.7% 0.033 0.046
82.8% 313.1 257.0
0.200
29.6% 0.057 0.081
60.% 408.2 332.6
0.146
32.1% 0.036 0.050
75.2% 365.3 294.6
0.011 100.0% 0.004 0.005 100.0%
63.9 150.0

MSE
0.084
0.050
0.029
0.052
0.032
0.088
0.094
0.096
0.054
0.060
0.040
0.071
0.043
0.005

Dataset 2: E[Y (1)] = 0.5, E[Y (0)] = 0.5, θ0 = 0
T = 150
T = 300
ST
STD Testing MSE
STD Testing
LIL
BF
0.129
4.7% 0.044 0.062
4.9% 497.2 481.8
0.071
5.6% 0.026 0.037
5.6% 497.2 477.3
0.045
4.4% 0.012 0.018
4.7% 496.2 480.6
0.073
5.4% 0.025 0.034
4.7% 497.9 477.0
0.047
6.3% 0.012 0.018
4.4% 496.6 475.3
0.126
5.6% 0.043 0.062
5.2% 495.8 478.1
0.140
5.8% 0.045 0.064
5.3% 495.6 471.6
0.129
85.3% 0.046 0.063
89.5%
97.3 188.3
0.075
53.7% 0.023 0.032
55.4% 312.8 305.3
0.089
5.4% 0.029 0.041
6.6% 493.8 473.4
0.057
5.6% 0.016 0.025
6.9% 493.7 477.7
0.104
6.3% 0.029 0.044
5.2% 495.2 475.6
0.063
4.8% 0.014 0.019
3.7% 498.2 483.5
0.007
4.4% 0.002 0.003
4.4% 498.4 483.0

In a MAB problem, several nonparametric estimators are consistent, such as the K-nearest neighbor regression estimator and Nadaraya–Watson kernel regression estimator (Yang & Zhu, 2002;
Qian & Yang, 2016).
For simplicity, we only show the algorithm using A2IPW, and we can derive the procedure when
using the AdaIPW estimator similarly. The proposed algorithm consists of three main steps: in period t, (i) estimate ν(k, x) using nonparametric estimators in the MAB problem (Yang & Zhu, 2002;
Qian & Yang, 2016); (ii) assign
√ ∗ an action with an estimator of the optimal policy, which is deﬁned
ν (1,x)
A2IPW
√ ∗
as π
(1 | x) = √ ∗
; and (iii) conduct testing when sequential testing is chosen
ν (1,x)+

ν (0,x)

as the hypothesis testing method. Moreover, to stabilize the algorithm, we introduce the following three elements: (a) the estimator ν̂t−1 (k, x) of ν ∗ (k, x) is constructed as max ν, êt−1 (k, x) −

2
fˆt−1
(k, x) , where ν is the lower bound of ν ∗ , and fˆt−1 and êt−1 are the estimators of f ∗ and e∗ only
√
ν̂t−1 (1,x)
√
using Ωt−1 , respectively; (b) let a policy be πt (1 | x, Ωt−1 ) = γ 21 + (1 − γ) √
,
ν̂t−1 (1,x)+ ν̂t−1 (0,x)
√
where γ = O(1/ T ); and (c) as a candidate of the estimators, we also propose the mixed√A2IPW
(MA2IPW) estimator deﬁned as θ̂tMA2IPW = ζ θ̂tAdaIPW +(1−ζ)θ̂tA2IPW , where ζ = o(1/ t). The
motivation of (a) is to prevent ν̂t−1 from taking a negative value or zero technically, and we do not
require accurate knowledge of the lower bound. The motivation of (b) is to stabilize the probability
of assigning an action. The motivation of (c) is to control the behavior of an estimator by avoiding
the situation in which fˆt−1 takes an unpredicted
√ value in the early stage. Because the nonparametric
AIPW
t) in general,
is
convergence rate is lower bounded
by
O(1/
√
√ the convergence rate of πt to π
also upper bounded by O(1/ t). Therefore, γ = O(1/ t) does not affect the convergence rate of
the policy. Similarly, the asymptotic distribution of θ̂TMA2IPW is the same as θ̂TA2IPW . The pseudo
code is in Appendix H.

6 Experiments
In this section, we show the effectiveness of the proposed algorithm experimentally. We compare
the proposed AdaIPW, A2IPW, and MA2IPW estimators in AERATE with an RCT with p(At =
1|Xt ) = 0.5, the method of Hahn et al. (2011), the estimator θ̂TOPT under the optimal policy, and the
standard DM estimators. To best our knowledge,
there is no recent method proposed in this problem
√
setting. In AERATE, we set γ = 1/ t. For the MA2IPW estimator, we set ζ = t−1/1.5 . When
estimating f ∗ and e∗ , we use K-nearest neighbor regression and Nadaraya–Watson regression. In
the method of Hahn et al. (2011), we ﬁrst use 50 and 100 samples to estimate the optimal policy.
In this experiment, we use synthetic and semi-synthetic datasets. In each dataset, we conduct the
following three patterns of hypothesis testing. For all the settings, the null and alternative hypotheses
are H0 : θ0 = 0 and H1 : θ0 ̸= 0, respectively. We conduct standard hypothesis testing with T statistics when the sample sizes are 250 and 500, sequential testing based on multiple testing with
the BF correction when the sample sizes are 150, 250, 350, and 450, and sequential testing with the
LIL based on the concentration inequality shown in Theorem 4.
First, we conducted an experiment using the following synthetic datasets. We generated a covariate
Xt ∈ R5 at each round as Xt = (Xt1 , Xt2 , Xt3 , Xt4 , Xt5 )⊤ , where Xtk ∼ N (0, 1) for k =
8

P5
1, 2, 3, 4, 5. In this experiment, we used Yt (d) = µd + k=1 Xtk + etd as a model of a potential
outcome, where µd is a constant, etd is the error term, and E[Yt (d)] = µd The error term etd follows
the normal distribution, and we denote the standard deviation as stdd . We made two datasets with
different µd and stdd , Datasets 1–2, with 500 periods (samples). For Datasets 1, we set µ1 = 0.8 and
µ0 = 0.3 with std1 = 0.8 and std1 = 0.3. For Datasets 1, we set µ1 = µ0 = 0.5 with std1 = 0.8
and std1 = 0.3. We ran 1000 independent trials for each setting. The results of experiment are
shown in Table 1. We show the MSE between θ and θ̂, the standard deviation of MSE (STD),
and percentages of rejections of hypothesis testing using T -statistics at the 150th (mid) round and
the 300th (ﬁnal) periods. Besides, we also showed the stopping time of the LIL based algorithm
(LIL) and multiple testing with BF correction. When using BF correction, we conducted testing
at t = 150, 250, 350, 450. In sequential testing, if we do not reject the hypothesis, we return the
stopping time as 500. In many datasets, the proposed algorithm achieves the lower MSE than an
the other methods. The DM estimators rejects the null hypothesis with small samples in Dataset 1,
but also often reject the null hypothesis in Dataset II, i.e, the Type II error is large. The details of
experiments is shown in Appendix I.
Appendix I shows the additional experimental results. In Appendix I, we investigate the performance
of the proposed algorithm for other synthetic and semi-synthetic datasets constructed from the Infant
Health and Development Program (IHDP). The IHDP dataset consists of simulated outcomes and
covariate data from a real study following the simulation proposed by Hill (2011). In the IHDP data,
we reduce the sample size by 1/5 compared with the RCT.

7

Conclusion

In this paper, we proposed an algorithm of the MAB problem that yields an efﬁcient estimator of
the treatment effect. Using martingale theory, we derived the theoretical properties of the proposed
algorithm for cases with both inﬁnite and ﬁnite samples with the framework of sequential testing.
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