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Abstract
Infectious diseases remain among the top contributors to human illness
and death worldwide [Murray et al., 2012, World Health Organization]. While
some infectious disease activity appears in consistent, regular patterns within
a population, many diseases produce less predictable epidemic waves of illness. Uncertainty and surprises in the timing, intensity, and other characteristics of these epidemics stymies planning and response of public health
officials, health care providers, and the general public. Accurate forecasts of
this information with well-calibrated descriptions of their uncertainty can assist stakeholders in tailoring countermeasures, such as vaccination campaigns,
staff scheduling, and resource allocation, to the situation at hand, which in
turn could translate to reductions in the impact of a disease.
Domain-driven epidemiological models of disease prevalence can be difficult to fit to observed data while incorporating enough details and flexibility
to explain the data well. Meanwhile, more general statistical approaches can
also be applied, but traditional modeling frameworks seem ill-suited for irregular bursts of disease activity, and focus on producing accurate single-number
estimates of future observations rather than well-calibrated measures of uncertainty on more complicated functions of the data. The first part of this
work develops variants of simple statistical approaches to address these issues,
and a way to incorporate features from certain domain-driven models.
Epidemiological surveillance systems commonly incorporate a data revision process, whereby each measurement may be updated multiple times to
improve accuracy as additional reports and test results are received and data
is cleaned. The second part of this work discusses how this process impacts
proper forecast evaluation and visualization. Additionally, it extends the
models above to “backcast” how existing measurements will be revised, which
in turn can be used to improve forecast accuracy. These models are then expanded further to include auxiliary data from other surveillance systems.
The preceding sections describe several prediction algorithms, and many
more are available in existing literature and deployed in operational systems.
The final part of this work demonstrates one method to combine output from
multiple such prediction systems with consideration of the domain, which on
average tends to match or outperform its best individual component.

vi

Acknowledgments
First, I would like to thank my advisor, Roni Rosenfeld, for his kind and patient
guidance throughout the program. His vision and drive for operational, impactful
research benefiting the social good in consultation with stakeholders has been an
inspiration academically, as his altruism, amiability, and leadership have been personally. Without his eye for detail and ability to connect people, none of this work
would have been possible.
During the PhD program, I have also been fortunate to receive the mentorship
of Ryan Tibshirani. Roni and Ryan formed the Delphi Research Group at Carnegie
Mellon University (CMU) in 2013, fostering a welcoming, congenial environment and
discussion of ideas.
I am grateful to have been able to work and exchange ideas with many other
members of the Delphi Research Group and for their cordiality. Their contributions
are too many to enumerate in full, but a few are particularly relevant in the context of
this document. David Farrow constructed data scraping, querying, and visualization
tools, along with other utilities, that have been essential in implementing many of
these models. David, as well as Sangwon Hyun and Aaron Rumack, have contributed
to the design, implementation, analysis, deployment, and monitoring of many or all
of these systems. Many members, including Shannon Gallagher, Daren Wu, Zirui
Wang, and Nuoyu Li have provided ideas, in-depth study, and paths to improvement
of particular models herein, while others have provided essential comparisons to other
approaches, collection and investigation of additional data, and improvement of the
ILI-Nearby nowcasting system and Delphi’s server infrastructure upon which these
downstream models rely.
This project has been enabled and shaped by efforts of U.S. government agencies
to advance the science and practice of epidemic forecasting, particularly in the context of influenza, beginning with the “Predict the Influenza Season Challenge”. I am
grateful for the Centers for Disease Control and Prevention personnel who hosted
vii

this challenge, those who paved the way for this idea, and those who carried it forward into later years. In particular, without the efforts of Matthew Biggerstaff and
Michael Johansson and others involved in the Epidemic Prediction Initiative for establishing and maintaining quantitative forecast comparisons and dialogue between
external forecasters and stakeholders. Thanks also go to those at the Council of
State and Territorial Epidemiologists who have enabled discussions with additional
stakeholders and paths forward to more detailed and widely useful forecasts. Many
other organizations and individuals, within and beyond the U.S. government, have
also contributed to these types of efforts via funding research, as well as preparing,
and providing, and sharing useful data resources.
CMU has a remarkable number of dedicated staff members and initiatives that
work to eliminate troubles beyond the latest overfitting estimator. In particular, I am
thankful for the lightning-fast response time, enduring patience, and kind outreach
of Christy Melucci, Deborah Cavlovich, and Catherine Copetas.
I would like to thank the committee for contributing their time and expertise, and
for their flexibility in arranging presentations and tolerance reviewing some rather
coarse rough drafts and preliminary work. Their feedback has called attention to
surprising trends in the analysis, and identified promising alternative approaches
and opportunities for future work.
Finally, I would like to extend my gratitude to past mentors, teachers, family,
and friends, who have guided me toward enriching and rewarding graduate studies
and research, and have encouraged and supported me throughout this endeavor.

viii

Contents
1 Introduction
1.0.1

1

Infectious diseases and the motivation for forecasting . . . . . .

1

1.1

Models of disease dynamics . . . . . . . . . . . . . . . . . . . . . . . . . .

3

1.2

Models of observations . . . . . . . . . . . . . . . . . . . . . . . . . . . .

6

1.3

Epidemiological surveillance data . . . . . . . . . . . . . . . . . . . . . .

7

1.3.1

The ILINet surveillance system . . . . . . . . . . . . . . . . . . .

8

1.4

Evaluation metrics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

12

1.5

Overview . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

15

2 Probabilistic forecasting of the spread of epidemics
2.1

17

Revision-ignorant forecasting task . . . . . . . . . . . . . . . . . . . . . .

18

2.1.1

Entire-trajectory models: . . . . . . . . . . . . . . . . . . . . . . .

18

2.1.2

Chained one-ahead models: . . . . . . . . . . . . . . . . . . . . .

19

2.2

Empirical Bayes framework . . . . . . . . . . . . . . . . . . . . . . . . . .

20

2.3

Kernel delta density . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

31

2.4

Quantile autoregression . . . . . . . . . . . . . . . . . . . . . . . . . . . .

35

2.4.1

Connection to smoothing kernel approaches . . . . . . . . . . .

36

2.4.2

Incorporating covariates inspired by mechanistic models . . . .

37

Incorporating holiday effects . . . . . . . . . . . . . . . . . . . . . . . . .

53

2.5

3 Modeling surveillance data revisions
ix

59

3.1

Examples of provisional data . . . . . . . . . . . . . . . . . . . . . . . . .

60

3.2

Notation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

62

3.3

Nonparametric one-ahead backcasting and forecasting methods . . . .

62

3.3.1

Kernel residual density . . . . . . . . . . . . . . . . . . . . . . . .

65

3.3.2

Quantile ARX . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

65

4 Incorporating additional surveillance sources into pancasters

69

4.1

Latency of initial wILI values and “nowcasting” . . . . . . . . . . . . .

70

4.2

Backcasting and nowcasting wILI using kernel residual density and
ILI-Nearby . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

72

4.3

Unified quantile ARX-based pancast filtering model . . . . . . . . . . .

75

4.3.1

77

Unified quantile autoregression pancast performance . . . . . .

5 Combining multiple methods: stacking approach to model averaging
85
5.1

Background, motivation for combining forecasts . . . . . . . . . . . . .

86

5.2

A stacking approach to model averaging . . . . . . . . . . . . . . . . . .

87

5.3

Ensemble performance . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

89

5.3.1

Cross-validation of ensemble and its components . . . . . . . .

89

5.3.2

External, prospective evaluation . . . . . . . . . . . . . . . . . .

97

A “Missed possibilities” and -10 log score threshold

99

A.1 Analysis of full Delphi-Stat ensemble . . . . . . . . . . . . . . . . . . . . 100
A.2 Analysis of a subset of presented methods . . . . . . . . . . . . . . . . . 103
B Description of all ensemble components in the 2015/2016 DelphiStat forecasting system
109
B.1 Ensemble components . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 109
B.1.1 Methods based on delta density . . . . . . . . . . . . . . . . . . . 110
B.1.2 Methods based on empirical distribution of curves . . . . . . . 110
B.1.3 Basis regression approach . . . . . . . . . . . . . . . . . . . . . . 112
x

B.1.4 No-trajectory approaches . . . . . . . . . . . . . . . . . . . . . . . 113
C Log of changes to Delphi-Stat throughout the 2015/2016 season and
for cross-validation analysis
115
C.1 Initial description (2015 EW42) . . . . . . . . . . . . . . . . . . . . . . . 115
C.2 Changes, 2015 EW43 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 117
C.3 Changes and clarifications, 2015 EW44 . . . . . . . . . . . . . . . . . . . 118
C.4 Changes, 2015 EW46 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 119
C.5 Changes, 2016 EW03 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 119
C.6 Changes, for cross-validation analysis . . . . . . . . . . . . . . . . . . . . 119
D Additional details on selected elements of pancasting system

121

D.1 Ensemble forecasting . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 121
D.2 Quantile pancasting framework . . . . . . . . . . . . . . . . . . . . . . . 125
D.3 Handling missing data in quantile regression framework . . . . . . . . . 126
D.4 Delta density forecasters . . . . . . . . . . . . . . . . . . . . . . . . . . . 128
Bibliography

133

xi

xii

List of Figures
1.1

Snapshot of national-level wILI data from a FluView report. . . . . . .

10

1.2

Snapshot of recent national-level wILI data from a FluView report,
cut into year-long seasons and superimposed. . . . . . . . . . . . . . . .

11

1.3

Illustration of a distributional forecast and unibin log score calculation. 13

2.1

Trend filtering, SIR, and smoothing spline fits for HHS region 3 for
two seasons. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

23

2.2

Examples of possible peak week, peak height, and pacing transformations, and different noise levels. . . . . . . . . . . . . . . . . . . . . . . .

25

2.3

Sample forecasts generated using the empirical Bayes framework. . . .

28

2.4

Cross-validated mean absolute error estimates and standard error bars
for point predictions for (A) onset, (B) peak week, (C) peak height,
and (D) duration. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

30

The delta density method conditions on real and simulated observations up to week u − 1 when building a probability distribution over
the observation at week u. . . . . . . . . . . . . . . . . . . . . . . . . . .

34

2.6

Simple SIRS models’ state approaches a fixed point. . . . . . . . . . . .

45

2.7

A posynomial reformulation of SIRS equations appears to coincide
numerically with the original equations for some time, but subsequent
time steps demonstrate superexponential error growth. . . . . . . . . .

52

2.8

On average, wILI is higher on holidays than expected based on neighboring weeks. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

55

3.1

Initial surveillance data values and subsequent revisions form a “provisional data triangle”. . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

63

2.5

xiii

3.2

Backcasting Bayes net template. . . . . . . . . . . . . . . . . . . . . . . .

66

4.1

Delta and residual density methods generate wider distributions over
trajectories than methods that treat entire seasons as units. . . . . . .

74

4.2

Using finalized data for evaluation leads to optimistic estimates of
performance, particularly for seasonal targets, “backcasting” improves
predictions for seasonal targets, and nowcasting can improve predictions for short-term targets. . . . . . . . . . . . . . . . . . . . . . . . . .

76

4.3

Pancasting Bayes net template incorporating an auxiliary nowcasting
data source. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

77

4.4

Expansion of the Bayes net template above for a short trajectory. . .

78

4.5

Quantile ARX pancasting variants of the best forecasting approaches
considered have higher cross-validation log scores for ILINet national
and regional forecasts compared to forecasting-only variants. . . . . .

79

4.6

Cross-validation overall multibin log scores for national and regional
ILINet forecasts. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

81

4.7

Incorporating backcasts and nowcasts into ILINet forecasts from the
extended delta density method yields higher cross-validation log scores
for all targets; the unified pancaster has mixed results across targets
relative to the two-step backcast&nowcast-forecast approach. . . . . .

82

Incorporating backcasts and nowcasts into ILINet forecasts from the
extended delta density method yields higher cross-validation log scores
for all locations, and the unified pancaster has similar or still better
average scores. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

83

4.9

ILINet absolute-scale revision distributions by location. . . . . . . . . .

84

5.1

Delta density based methods cover more events than alternatives operating on seasons as a unit; ensemble approaches can eliminate missed
possibilities while retaining high confidence when justified. . . . . . . .

92

The ensemble method matches or beats the best component overall,
consistently improves log score across all times, and, for some sets of
components, can provide significant improvements in both log score
and mean absolute error. . . . . . . . . . . . . . . . . . . . . . . . . . . .

94

Cross-validation overall unibin log scores for FluSurv-NET forecasts
for a few pancaster-forecaster pairs. . . . . . . . . . . . . . . . . . . . . .

95

4.8

5.2

5.3

xiv

5.4

Cross-validation overall unibin log scores for FluSurv-NET forecasts
broken down by target and pancaster, using the ExtendedDeltaDensity forecaster; “x wk behind” targets are included for additional information and not considered in overall score comparisons. . . . . . . .

96

A.1 Figure 5.1 from the main text: log score means and histograms for
each method using a log score threshold of -10, and ensemble weights
trained ignoring the log score threshold. . . . . . . . . . . . . . . . . . . 101
A.2 Log score means and histograms for each method using a log score
threshold of -7 and ensemble weights trained ignoring the log score
threshold. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 102
A.3 Thresholded mean log scores for each method and thresholds from -15
to 0. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 103
A.4 Log score means and histograms for each method using a log score
threshold of -3 and ensemble weights trained ignoring the log score
threshold. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 104
A.5 Log score means and histograms for each method using a log score
threshold of -3 and ensemble weights trained using a concave relaxation of thresholded log score. . . . . . . . . . . . . . . . . . . . . . . . . 105
A.6 Mean log score for each method in the full ensemble, with no thresholding but throwing out the lowest p percent of log scores for each
method for various values of p. . . . . . . . . . . . . . . . . . . . . . . . . 106
A.7 Log score means and histograms for a subset of methods using a log
score threshold of -10, and ensemble weights trained ignoring the log
score threshold. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 107
A.8 Mean log score for each method in the subset ensemble, with no thresholding but throwing out the lowest p percent of log scores for each
method for various values of p. . . . . . . . . . . . . . . . . . . . . . . . . 108

xv

xvi

List of Tables
3.1

One potential choice of Φ[u],QARXlinear and Ψ[u] . . . . . . . . . . . . . .

66

5.1

Backcasting stable hospitalization data removes almost all bias in initial reports; this in turn removes most bias in ensemble 1 wk ahead
point predictions. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

93

Delphi-Stat consistently attains high ranks in comparisons organized
by CDC’s Epidemic Prediction Initiative. . . . . . . . . . . . . . . . . .

98

5.2

xvii

xviii

Chapter 1
Introduction
Much of this chapter is based on material from Brooks et al. [2018].

1.0.1

Infectious diseases and the motivation for forecasting

Despite modern medical advances, infectious diseases remain among the top causes
of human illness and death worldwide, and pose major threats even in high-income
countries [Lozano et al., 2012, Murray et al., 2012, World Health Organization].
Within the scope of infectious diseases, leading contributors include lower respiratory infections (e.g., with pneumonia or influenza) and diarrheal diseases (e.g., from
foodborne bacteria and viruses) [El Bcheraoui et al., 2018, Lozano et al., 2012, Murray et al., 2012, World Health Organization]. Some infectious disease activity occurs
in consistent, regular “endemic” patterns within a population, but many diseases
produce less predictable “epidemic” waves of illness. Uncertainty and surprises in
the timing, intensity, and other characteristics of these epidemics stymies planning
and response of public health officials, health care providers, and the general public,
and contributes to a high health and economic burden.
For instance, in the United States and other temperate regions, lower respiratory infection activity various classes of respiratory and circulatory disease, such as
lower respiratory infections, present fairly uniform “baseline” patterns repeating each
year, punctuated by sharp spikes in prevalence often associated with influenza epidemics [Kyeyagalire et al., 2014, Serfling, 1963, Thompson et al., 2010, 2003, Zhou
et al., 2012]. Influenza epidemics typically occur once a year during the “influenza
1

season” (roughly from October to May in the Northern Hemisphere), but vary in
timing, intensity, and other traits; these “seasonal” epidemics are associated with an
estimated 250 000 to 500 000 annual deaths worldwide [World Health Organization,
2016], with a range of 3000 to 56 000 deaths in the US alone [Centers for Disease
Control and Prevention, National Center for Immunization and Respiratory Diseases (NCIRD), 2016a, Rolfes et al., 2016, Thompson et al., 2010]. Additionally,
influenza “pandemics”, which are rare global outbreaks of especially novel influenza
viruses [Centers for Disease Control and Prevention, National Center for Immunization and Respiratory Diseases (NCIRD), 2016b, 2017b], can cause deaths on even
greater scales [Johnson and Mueller, 2002, Viboud et al., 2010]. Potential countermeasures include [Niska and Shimizu, 2011] adjusting scheduling and providing
on-site child care for health workers to better handle increased patient loads; canceling or rebooking less urgent medical appointments and procedures, admitting
emergency department patients to inpatient hallway beds and reconfigured or alternative spaces; transferring patients to other facilities to avoid or reduce overcrowding;
producing and tuning composition of vaccines; manufacturing, allocating, and redistributing antiviral medication, respirators, and other resources; inducing insurance
companies to pay for more expensive brands of the same medications when availability of cheaper alternatives is limited; and launching or modifying campaigns to
promote vaccination, effective hand-washing practices, wearing face masks [Aiello
et al., 2008, Cowling et al., 2009, Rabie and Curtis, 2006, Simmerman et al., 2011,
Suess et al., 2012, Talaat et al., 2011], and other beneficial behaviors, targeted to sick
individuals, their close contacts, or health workers, in order to curtail the spread and
consequences of infections.
The design and effectiveness of these efforts depends
on the range of expectations for and ultimate reality of an epidemic’s size, timing,
and other characteristics.
Accurate and reliable forecasts of this information could provide early warning,
bolster situational awareness, and assist in designing countermeasures, which in turn
may reduce the overall impact of infectious disease. While the idea of epidemic
modeling and forecasting is not new, recent years have seen growing interest driving
government initiatives that standardize datasets, tasks, and metrics to improve forecast usability, address decision-maker needs, attract and assist external modelers,
and allow for rigorous evaluation and comparison. These efforts include the U.S.
government’s Dengue Forecasting project, CHIKV (Chikungunya virus) Challenge,
and a series of influenza forecast comparisons. This document will focus on these
influenza forecasting testbeds and corresponding surveillance systems in the US.
The Centers for Disease Control and Prevention (CDC) monitors influenza preva2

lence with several well-established surveillance systems [Centers for Disease Control
and Prevention, 2013]; the recurring nature of seasonal epidemics and availability of
historical data provide promising opportunities for the formation, evaluation, and
application of statistical models. Starting with the 2013/2014 “Predict the Influenza
Season Challenge” [Biggerstaff et al., 2016] and continuing each season thereafter
as the Epidemic Prediction Initiative’s FluSight project [Biggerstaff et al., 2018],
CDC has solicited and compiled forecasts of influenza-like illness (ILI) prevalence
from external research groups and worked with them to develop standardized forecast formats and quantitative evaluation metrics. Targets of interest include disease
prevalence in the near future, as well as features describing the timing and overall
intensity of the disease activity in the season currently underway. Policymakers desire not only in point predictions of these quantities, but full distributional forecasts;
recent initiatives solicit both types of estimates, but base evaluation on customized
log scores of distributional forecasts.

1.1

Models of disease dynamics

Various approaches to influenza epidemic forecasting are summarized in literature reviews [Chretien et al., 2014, Nsoesie et al., 2014, Unkel et al., 2012] and descriptions of
the CDC comparisons [Biggerstaff et al., 2016, 2018]. Some common approaches are
described below, with references to work applicable to the current FluSight project
and related seasonal dengue forecasting tasks, emphasizing more recent work that
may not be listed in the above three literature reviews:
• Mechanistic models: describe the disease state and interaction between individuals with causal models, as well as the surveillance data generation process.
• Compartmental models (e.g., [Hickmann et al., 2015, Kandula et al.,
2017, Shaman and Karspeck, 2012a, Shaman et al., 2013a, Zhang et al.,
2017]) break down the population into a number of discrete “compartments” describing their characteristics (e.g., age, location) and state (e.g.,
susceptible to, infectious with, or recovered from a particular disease), and
describe how the occupancy of these compartments changes over time, either deterministically or probabilistically. In many of these models, this
division describes solely the state with respect to a single disease, ignoring details regarding age, spatial dynamics, and mixtures of ILI diseases, but keeping the number of parameters to infer low. Methods to fit
3

these models to data include variants of particle and ensemble Kalman filters [Yang et al., 2014], naïve importance sampling [Brooks et al., 2015a],
iterative augmented-state filtering [Ionides et al., 2006, 2015, Lindström
et al., 2012], general Bayesian frameworks [Osthus et al., 2019] (using
JAGS [Plummer, 2003], Stan [Carpenter et al., 2017], etc.), filtering using linear noise approximation [Zimmer et al., 2017, 2018], and Gaussian
process approximations [Buckingham-Jeffery et al., 2018].
• Agent-based models (e.g., [Deodhar et al., 2015, Nsoesie et al., 2014]),
also known as individual-based models, these approaches use more detailed descriptions of disease state and/or individual characteristics and
behavior, which are not easily simplified into a compartmental form, typically studied using computation-heavy simulations. These approaches
usually include many more parameters than compartmental models, which
may be set based on heuristics or additional data sources and studies,
or, alternatively, inferred based on the surveillance data, often by using
Markov chain Monte Carlo (MCMC) procedures. Developing effective inference and prediction techniques is an active area, with scalability to large
populations still on the frontier of research, requiring special techniques
and/or likelihood approximations [O’Neill, 2010].
• Phenomenological models: also referred to as statistical models, these approaches describe the surveillance data without directly incorporating the epidemiological underpinnings.
• Direct regression models (e.g., [Brooks et al., 2015a, Chakraborty et al.,
2014, Ray et al., 2017, Viboud et al., 2003]) attempt to estimate future
prevalence or targets of interest using various types of regression, including nonparametric statistical approaches and alternatives from machine
learning literature.
• Time series models (e.g., [Generous et al., 2014, Höhle et al., 2017, Johansson et al., 2016, Lampos et al., 2015, Lowe et al., 2013, Martinez et al.,
2011, Paul et al., 2014a, Yang et al., 2015, 2017]) represent the expected
value of (transformations of) observations and/or underlying latent state
at a particular time as (typically linear) functions of these quantities at
previous times and additional covariates, paired with Gaussian, Poisson,
negative binomial, or other noise distributions. This category includes
linear dynamical systems and frameworks such as SARIMAX.
Complicated mechanistic approaches such as agent-based models are often too
4

complex to efficiently fit to surveillance data and are instead less strictly “calibrated” based on summary measures, which may not produce a close match to the
surveillance observations. Instead, mechanistic forecasting approaches have focused
on simpler compartmental models and frameworks for fitting them to surveillance
data. However, oversimplified compartmental models often cannot tightly match the
surveillance data for an entire season simultaneously [Brooks et al., 2015a], which
can degrade prediction quality. Some degree of mismatch can be attributed to observation models that do not reflect important details of the surveillance system,
which are discussed in the next section. Another contributor is the rigidity of compartmental models with deterministic state transitions, the full mixing assumption,
and shallow-tailed observational noise, leading to overconfident forecasts; some paths
forward are to incorporate variance inflation factors [Shaman and Karspeck, 2012a],
overdispersed observational noise [Lowe et al., 2013], stochastic variants or process
noise [King et al., 2015], random walk discrepancy terms [Osthus et al., 2019], error
breeding procedures [Pei and Shaman, 2017], more complex models with appropriate
filtering algorithms [Pei et al., 2018], or use of improper conditioning procedures to
combat overconfidence.
Phenomenological models, on the other hand, offer a wide range of generalpurpose methods designed around efficient, straightforward predictions. Univariate
response models are extremely flexible, but seem inappropriate when the target of
interest is a function of a surveillance time series. The most popular statistical time
series methods, falling within “alphabet soup” frameworks such as SARIMAX and
GARCH, directly model the time series, but sacrifice some flexibility by focusing on
linear dynamics and Gaussian noise.
Chapter 2 expands the phenomenological front and moves toward the mechanistic one, presenting methods that incorporate the flexibility of univariate response
models into ARI-type time series models, and ways to tailor these models to epidemiological settings to resemble a compartmental model. Concurrent work similar
expands flexibility of time series models using an alternative copula approach [Ray
et al., 2017], and other work incorporates additional aspects of epidemiological data
within a Bayesian optimization framework [Osthus and Moran, 2019]; many additional alternatives are listed in [Biggerstaff et al., 2018] and [Biggerstaff et al., 2016].

5

1.2

Models of observations

Most epidemic modeling work, including much of the epidemic forecasting literature,
tends to focus on the disease transmission dynamics, with the nature of surveillance
system modeled with a very simple observational noise term. However, recognizing some details of surveillance systems is essential when performing retrospective
forecast preparation and evaluation, and using these details to inform models can
improve forecast accuracy. For example, surveillance data may contain spikes around
holidays, which may be explained by differences in health care seeking behavior producing artifacts in the surveillance system, and/or due to changes in disease transmission behavior. Chapter 2 touches on some model settings that can be used to
acknowledge holiday effects.
A more fundamental issue is that the ground truth from traditional surveillance
systems used for evaluation is not available in real-time for use in forecasts. It takes
time for symptoms to be recorded, diagnoses to be made, lab tests to complete; for
health care workers to prepare and submit reports; and for public health officials to
compile, clean, summarize, and publish the data. Furthermore, a case might only
be reported after recovery or death, but recorded with a time closer to the onset
of symptoms. In short, there is a trade-off between the accuracy of an observation
and its timeliness. Traditional surveillance systems often address this problem by
publishing an initial observation for a given time once the level of reliability is deemed
acceptable, then later reporting a revised value or sequence of revised values that
improve the expected accuracy. After some time, the observation may be finalized in
the surveillance system or considered stabilized enough to be interchangeable with
the finalized value and used as ground truth for forecast evaluation. Within this
document, the distinction between these two cases will be ignored, and “finalized”
will be used to refer to the data used for forecast evaluation. Chapter 3 discusses
how the revision process impacts proper retrospective forecast evaluation, and how
forecast accuracy can be improved by modeling the revision process.
In recent years, a number of novel digital surveillance sources and derived estimators have been prepared using internet search query data [Ginsberg et al., 2009],
social media activity [Dredze et al., 2014], web page hits [Farrow, 2016, Hickmann
et al., 2015], self-reported illness [Smolinski et al., 2015], internet-integrated monitoring and testing devices [Farrow, Accessed 2017-04-26, Miller et al., 2018], electronic
health records and derived statistics [Santillana et al., 2015], insurance claims [Jahja
et al., 2018, Viboud et al., 2014], or some combination along with traditional surveillance data (discussed further in Section 4.1). These estimates are not used as ground
6

truth for evaluation, but may have better timeliness and temporal, geographic, or demographic resolution, and offer opportunities for improved forecasting. Some of these
sources undergo a similar revision process as more traditional surveillance data. For
truly real-time systems, initial estimates for a given time interval may be available
before the end of that time interval (e.g., an initial estimate for cases for an entire
Sunday-to-Saturday week may be available based on data from Sunday through Tuesday). Chapter 4 discusses how to incorporate these additional data sources within
the modeling framework presented in the previous chapters.

1.3

Epidemiological surveillance data

Epidemiological surveillance data exhibit a number of behaviors which are problematic for traditional time series methods:
• Rare or one-time events cause major shifts in reported disease prevalence, including
• invasions: introduction of a disease into an area that has not encountered
it before;
• novel strain pandemics: epidemics with wider geographical spread or high
incidence, often occurring at unseasonal times of year, caused by mutations in a strain of a disease that result in more effective transmission;
• mass vaccination and eradication campaigns: coordinated efforts by
public health officials to drastically increase the proportion of the population that is vaccinated against a disease; and
• sudden shifts in reporting practices or suitability: changes in reporting requirements; the type or number of reporting health care providers (in
a passive surveillance system (define)); disease definitions, testing procedures, testing equipment, or testing sensitivity to prevalent disease strains;
reporting frequency, geographical and temporal scope and resolution, disease specificity; among other changes;
• Seasonality in transmissibility which results in irregular seasonal behavior in
case counts: epidemic waves of varying heights and times that usually occur
with some wide “on-season” time window (in addition to more predictable
background seasonality for which sinusoidal or seasonal autoregressive terms
and Gaussian-like noise seem more appropriate)
7

• Nonadditive holiday effects on health care seeking, reporting, or disease transmission rates;
• Data revisions to past surveillance data are common, as the reporting delay
for cases may vary based on the attending health care provider and duration
of illness, suspected cases of a disease may be included in early estimates but
ruled out later, and, for rapidly available datasets, the time window for data
aggregation may include times in the future (e.g., later days of the current
week) which are necessarily not observed yet; and
• Ragged data availability , used here to refer to differences among surveillance
signals in geotemporal and demographic resolution, availability, and reliability
patterns; timeliness of release; and underlying stimuli, complicate the creation
and use of models incorporating multiple signals simultaneously.

1.3.1

The ILINet surveillance system

This subsection reproduces or incorporates content from Brooks et al. [2018].

One example of a traditional surveillance system designed to monitor influenza
activity is the U.S. Outpatient Influenza-like Illness Surveillance Network (ILINet).
Recording every case of influenza is not practicable; infections are often asymptomatic [Leung et al., 2015] or symptomatic but not clinically attended [Hayward
et al., 2014], laboratory testing may not be performed for clinically attended cases
or give false negative results, and reporting of lab-confirmed cases is not mandatory
in most instances. Instead, estimates of true influenza activity are often based on
syndromic clinical surveillance data from ILINet [Brammer et al., 2013, Centers for
Disease Control and Prevention, 2013], a group of health care providers that voluntarily report statistics regarding ILI, where ILI is defined as a 100 °F (37.8 ○C) fever
with a cough and/or sore throat without a known cause other than influenza. CDC
aggregates these reports and estimates the weekly percentage of patients seen that
have ILI, %ILI, across all health care providers using a measure called weighted %ILI
(wILI).
• Geographical resolution: CDC reports wILI for each of the 10 U.S. Department of Health & Human Services (HHS) Regions, as well as for the nation
as a whole; the wILI for each of these locations is a weighted average of the
ILINet %ILI for state-level units based on population.
8

• Temporal resolution: wILI is available on a weekly basis; weeks begin on Sunday, end on Saturday, and are numbered according to the epidemiological week
(epi week) convention in the United States.
• Timeliness: Initial wILI estimates for a given week are typically released on
Friday of the following week; additional reports and revisions from participating
health care providers are incorporated in updates throughout the season and
after it ends.
• Specificity: Influenza is just one of many potential causes of ILI. Laboratory
testing data [Centers for Disease Control and Prevention, 2013] suggest that
influenza is responsible for a significant portion of ILI cases during the flu
season, especially for weeks when wILI is high, but only for a very small fraction
of cases in the typical flu off-season. Much of the variance and “peakiness” in
wILI can be associated with influenza epidemics, but wILI trajectories do not
taper off to near-zero values as one might expect in a direct measurement of
influenza prevalence.
• Influence of non-ILI cases: Since wILI depends on records of both ILI cases
and total cases, patterns in non-ILI cases can impact wILI trajectories. We
discuss one such pattern in Section 2.5.
CDC hosts the latest ILINet report and other types of surveillance data through
FluView Interactive, a collection of web modules [Centers for Disease Control and
Prevention, National Center for Immunization and Respiratory Diseases (NCIRD),
2017a]; the Delphi Group at Carnegie Mellon University provides current and historical ILINet reports and some other data sources through our delphi-epidata
API [The Delphi Group at Carnegie Mellon University, Accessed 2017-04-26] and
epivis visualizer [Farrow, Accessed 2017-04-26]. Figure 1.1 and Figure 1.2 show
wILI data at the national level from one such report.
Forecasting targets
Starting with the 2013/2014 “Predict the Influenza Season Challenge” [Biggerstaff
et al., 2016] and continuing each season thereafter as the Epidemic Prediction Initiative’s FluSight project [Biggerstaff et al., 2018], CDC has solicited and compiled
forecasts of ILI prevalence from external research groups and worked with them
to develop standardized forecast formats and quantitative evaluation metrics. The
9
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Figure 1.1: Snapshot of national-level wILI data from a FluView report.
Red dashed lines mark calendar week 31, roughly the beginning of August, emphasizing the annual seasonality of ILI in the US. The maximum wILI value obtained
within each season varies widely.
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Figure 1.2: Snapshot of recent national-level wILI data from a FluView
report, cut into year-long seasons and superimposed. Not only does the
maximum wILI value obtained within each season vary widely, but the timing of
this peak varies as well. Holiday effects are evident around winter holidays and
Thanksgiving.
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FluSight project focuses on in-season distributional forecasts and point predictions
of key targets of interest to public health officials:
• Short-term wILI: the four wILI values following the last available observation
(incorporating all data revisions through some week well after the season’s end)
• Season onset: the first week in the first run of at least three consecutive weeks
with wILI values above a location- and season- specific baseline wILI level set
by CDC [Centers for Disease Control and Prevention, 2013], or “none” if no
such runs exist; describes whether and when an influenza epidemic started in
a given season
• Season peak percentage: the maximum of all wILI values for a given season
• Season peak week: the week or weeks in which wILI takes on its maximum
value, or “none” if there was no onset in the 2015/2016 comparison
When making distributional forecasts, wILI values are discretized into CDC-specified
bins and a probability assigned to each bin, forming a histogram over possible observations. The width of the bins was set at 0.5 %wILI for the 2015/2016 comparison
and 0.1 %wILI for the 2016/2017, 2017/2018, and 2019/2020 comparisons; we use a
width of 0.1 %wILI for cross-validation analysis. CDC typically presents wILI values
rounded to a resolution of 0.1 %wILI; some targets and evaluations are based on
these rounded values.

1.4

Evaluation metrics
This section reproduces or incorporates content from Brooks et al. [2018].

We focus on three metrics for evaluating performance of a forecast for a given
target:
• Unibin log score: log p̂i , where p̂i is the probability assigned to i, the bin containing the observed value. This scoring rule is illustrated in Figure 1.3. We
use this score for ensemble weight selection and most internal evaluation as it
has ties to maximum likelihood estimation, and is “proper score” [Hendrickson and Buehler, 1971]. A score for a (reported) distributional prediction p̂ is
12

Unibin log score and loss: example
Assigned probability

0.5
0.4
0.3
0.2

Observed
value: 49

Assigned
probability: 0.35
Score: log( 0.35 )
≈ − 1.05

0.1
0.0
47

48

49

Potential target value

50

Figure 1.3: Illustration of a distributional forecast and unibin log score
calculation. The potential target values displayed would often reasonable selections
for the “Season onset” target in the FluSight forecasting context, although actual
forecasts for this target will assign probabilities to 33 or 34 possibilities rather than
just 4.
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called “proper” if its expected value according to any (internal) distributional
prediction q̂ is maximized when reporting p̂ = q̂, i.e., forecasters can maximize
their expected scores by reporting their true beliefs. We refer to the “unibin log
score” simply as the “log score” except for when comparing it with the multibin
log score, which is defined next. The exponentiated mean unibin log scoreis the
(geometric) average probability assigned to events that were actually observed.
The exponentiated difference in the mean log scores of method A and method B
is an estimate of the (geometric) expected winnings of unit-sized bets of the
form “this bin will hold the true value” when bets are placed optimally according to the forecasts of A, and (relative) prices are set optimally according to
the forecasts of B. A distributional prediction assigning a probability of zero
to an event that actually occurred will be assigned a “raw” unibin log score
of −∞, and cause the corresponding forecaster to receive an overall raw log
score of −∞; in some analyses, we will threshold individual unibin log scores
at −10 ≈ log 0.0000454 to enable more meaningful comparisons; in others, we
will use raw log score, but only compare variants of methods that avoid infinite
and extremely low individual scores.
• Multibin log score: log ∑i near observed value p̂i , where the i’s considered are typically bins within 0.5 %wILI of observed values for a wILI target, or within
1 week for a timing target. Similarly to the unibin log score, the multibin
log score may be thresholded, e.g., at a minimum of −10 ≈ log 0.0000454, to
limit the sensitivity of the mean score on any individual score. A thresholded
multibin log score was designed by FluSight hosts in consultation with participants, and the judgment “near observed value” was selected as a level of
error that would not significantly impact policymakers’ decisions. The exponentiated mean multibin log score, or “skill score”, is the (geometric) average
amount of mass a forecaster placed within this margin for error of observed
target values.
• Absolute error: ∣ŷ − y∣, where ŷ is the point prediction and y is an observed
value. (In the case of onset, we consider point predictions for the value of onset conditioned on the fact that an onset actually occurs. We do not consider
absolute error for onset in instances where no onset occurred. Some methods
considered would sometimes fail to produce such conditional onset point predictions when they were confident that there was no onset, but these methods
are not included in any of the figures containing absolute errors.)
The FluSight 2015/2016, 2016/2017, and 2018/2019 forecast comparison overall eval14

uations were based solely on the thresholded multibin log score [Epidemic Prediction
Initiative, 2016], while the 2019/2020 comparison is set to use the unibin log score.

1.5

Overview

This work focuses on building models for disease data that accommodate seasonality,
holiday effects, data revisions, and ragged data availability. Chapter 2 focuses on
building nonparametric univariate time series models that factor in holiday effects
and seasonality in transmissibility, ignoring the fact that data revisions occur and
additional surveillance signals may be available. Chapter 3 deals with the modeling of data revisions. Chapter 4 discusses incorporation of additional data sources
with differing availability patterns. Chapter 5 describes a method to combine pancasts from multiple methodologies leveraging information about their behavior from
retrospective forecasts.
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Chapter 2
Probabilistic forecasting of the
spread of epidemics
Stakeholders desire accurate and reliable forecasts of disease prevalence in the next
few weeks, and of summary statistics about the timing and intensity of epidemics.
The goal is to improve situational awareness and decision-making regarding, for example, hospital staffing and scheduling impacting readiness for surges in the number
of inpatients, or the timing of a vaccination campaign. Each of the prediction targets
could be handled separately: one model could be built to forecast disease prevalence
next week, another to forecast the week when prevalence is highest, and so on. However, we focus on a more unified approach: first, forecasting the distribution of the
disease prevalence trajectory for the entire season, then extracting the corresponding
distributions for the targets of interest. This chapter discusses methods of forecasting
the future of a trajectory given observed values of this trajectory in the past. These
methods fall into two categories: “entire-trajectory models”, which treat Y1..T as a
vector, and “chained one-ahead models”, which break it into scalars using Markovlike assumptions. Section 2.2, Section 2.3, and Section 2.4 lay out specific modeling
frameworks falling within one of these two categories. Subsection 2.4.2 discusses how
to incorporate mechanistic model-inspired covariates into one of these frameworks.
Finally, Section 2.5 discusses approaches to incorporating holiday effects in these
frameworks. All of the methods described in this chapter are “revision-ignorant”,
assuming that these past values do not undergo a revision process; this aspect of
surveillance data is addressed in Chapter 3 and Chapter 4.
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2.1

Revision-ignorant forecasting task

Given past observations Y1..t of a univariate surveillance time series Y1..T for a semiregular seasonal epidemic, we want to estimate the distribution of future trajectories,
Yt+1..T . The distributional aspect of the forecast is important: many time series methods focus on conditional mean estimation, and incorporate Gaussian observational
and/or process noise as a matter of convenience to obtain a generative model; we
seek a more flexible noise model able of capturing heavy tails and multi-modality.
Furthermore, we prefer the conditional mean estimates that are produced to have a
flexible, nonparametric flavor. Being able to produce a sample from the distribution
for Yt+1..T is sufficient; we do not need an explicit representation of the model.
The forecasting methodologies described below are based on two general approaches satisfying the above criteria:
• Entire-trajectory models: characterize the set or distribution of possible trajectories Y1..T , and use conditioning or inference techniques to obtain a related
conditional distribution Yt+1..T ∣ Y1..t .
• Chained one-ahead models: construct many “one-ahead” conditional density
models Yu ∣ Y1..u−1 and piece them together to form (a sample from) an estimate
of the conditional distribution Yt+1..T ∣ Y1..t .
Hybrid approaches are also possible, combing conditional future mean curves E [Yt+1..T ∣ Y1..t ]
from some entire-trajectory model with a chained one-ahead model for the residuals
(Yt+1..T − E [Yt+1..T ∣ Y1..t ]) ∣ Y1..t .

2.1.1

Entire-trajectory models:

Entire-trajectory models directly characterize the full set or distribution of trajectories Y1..T , often as some latent mean curve Z1..T plus noise Y1..T − Z1..T . This
entire-trajectory characterization is transformed into (a sample from) a related estimate of Yt+1..T ∣ Y1..t either via techniques to condition on Y1..t (such as importance
sampling) or via maximum likelihood or maximum a posteriori estimation of Z1..t or
Z1..T (e.g., involving regression to fit means of Y1..t ). This document will describe one
such method, an empirical Bayes style approach that fits a library of mean curves and
noise models and performs importance sampling to extract a posterior over related
parameters and a sample from a predictive distribution for Yt+1..T ∣ Y1..t .
18

2.1.2

Chained one-ahead models:

Chained one-ahead models can borrow from well-known, flexible methods for univariate regression and density estimation and repurpose them for time series estimation.
A simple procedure allows us to sample from an estimate of Yt+1..T ∣ Y1..t based on samplers for estimates of one-step-ahead conditional distributions Yt+1 ∣ Y1..t , Yt+2 ∣ Y1..t+1 ,
. . . , YT ∣ Y1..T −1 :
sim
• Draw Yt+1
∼ Yt+1 ∣ Y1..t
sim
sim
• Draw Yt+2
∼ Yt+2 ∣ Y1..t , Yt+1 = Yt+1
(using model for Yt+2 ∣ Y1..t+1 )
sim
sim
• Draw Yt+3
∼ Yt+3 ∣ Y1..t , Yt+1,t+2 = Yt+1,t+2
(using model for Yt+3 ∣ Y1..t+2 )

• ...
sim
• Draw YTsim ∼ YT ∣ Y1..t , Yt+1..t = Yt+1..T
−1 (using model for YT ∣ Y1..T −1 )
sim
• Record Yt+1..T
and repeat this process to obtain additional simulated futures.

There are essentially no restrictions on the models selected for Yu ∣ Y1..u−1 for each u.
It would be more faithful to condition, e.g., in the first step, on the random variable
sim
sim
Yt+1
rather than on the condition Yt+1 = Yt+1
, but also more algorithmically and
computationally challenging.
One natural approach to building the conditional distributions above is to first
directly estimate the conditional distribution Ψ[u] ∣ Φ[u] , where Ψ[u] is a (potentially
u-specific) function of Y1..u from which Yu can be recovered given Y1..u−1 (e.g., Ψ[u] =
∆Yu = Yu − Yu−1 or Ψ[u] = log Yu ), and Φ[u] is a (potentially u-specific) vector of
sim
features derived from Y1..u−1 .1 During simulation, Y1..u−1
will be used to calculate
[u],sim
corresponding simulated feature values Φ
, which are used to draw a simulated
transformed value Ψ[u],sim , from which a corresponding simulated value Yusim can be
recovered. Nonparametric methods along these lines include:
• Kernel delta density, which draws ∆Yusim from an estimate of the conditional
density for ∆Yu ∣ Φ[KDD,u] based on smoothing kernel methods with some
heuristic modifications, where Φ[KDD,u] is a vector of heuristically constructed
and weighted features for time u derived from Y1..u−1 , and
1

Note that ∆ denotes a backward difference rather than a forward difference throughout this
document.
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• Quantile autoregression using locally linear quantile regression and optional
post-processing noise, which selects Ψ[u],sim as the sum of a random estimated
conditional quantile and (optionally) some smoothing noise, where the conditional quantile is estimated for Ψ[u] ∣ Φ[QARlinear,u] , Φ[QARkernel,u] as a linear
function of covariates Φ[QARlinear,u] , with training data weighted with a smoothing kernel on covariates Φ[QARkernel,u] .
The entire-trajectory empirical Bayes framework and chained one-ahead kernel
delta density and quantile autoregression approaches are described and studied in
more detail in their own sections, and the latter two are extended in subsequent
chapters.

2.2

Empirical Bayes framework

This section reproduces or incorporates content from Brooks et al. [2015a].
The empirical Bayes framework was initially designed by Ryan Tibshirani and Roni
Rosenfeld; other authors in the original paper and later collaborators contributed to
the implementation, extension, application, and study of the method. Below, certain
details of the model are selected with a certain disease and surveillance system in
mind, but can (and have [van Panhuis et al., 2014]) been adjusted when applied in
other contexts.
The forecasting framework is composed of five major procedures:
1. Model past seasons’ epidemic curves as smoothed versions plus i.i.d. Gaussian
noise.
2. Construct a prior for the current season’s epidemic curve by considering sets
of transformations of past seasons’ curves.
3. Set a point estimate for the ground truth values for the recent past given
provisional values and auxiliary data sources.
4. Repeatedly sample whole-season trajectories and assign them weights, such
that the product of the sampling frequency and assigned weights is proportional to the posterior probability: the prior probability times the likelihood
of the point estimates for ground truth in the recent past. (E.g., by sampling
trajectories from the prior and assigning weights based on the likelihood.)
20

5. Use the sampled trajectories and their associated weights to calculate a posterior distribution over any desired forecasting target.
The first two steps only need to be executed once, at the beginning of the current
season. As additional data becomes available throughout the season, we generate
forecasts using steps 3–5.
We perform predictions for each geographical unit — the US as a whole or individual HHS Regions — separately. Historically, surveillance has focused on influenza
activity between epidemiological weeks 40 and 20, inclusive. We define seasons as
epidemic weeks 21 to 39, the “preseason”, together with weeks 40 to 20. During
the 2013/2014 competition, data was available for 15 historical seasonal influenza
epidemics. We excluded the 2009/2010 season from the data since it included nonseasonal behavior from the 2009 pandemic in the preseason. Additionally, there was
partial data available for the 2013/2014 season (updated weekly).
Data model
We view wILI trajectories for a geographical unit r as the sum of some underlying
ILI curve plus noise:
yir, s = f r, s (i) + r,i s ,

r,i s ∼ N (0, τ r, s ),

for each week i,

(2.1)

where yir, s is the wILI observation for the ith week of season s, f r, s is the underlying
curve, and si is (independent) zero-mean normally distributed noise. We estimate the
underlying ILI curve fˆr, s from the wILI curve y r, s with quadratic trend filtering [Tibshirani, 2014] for each historical season s. This method smooths out fluctuations in
the wILI data, producing a new set of points that lie on a piecewise quadratic curve.
We use the cv.trendfilter [Arnold and Tibshirani, 2014] method to select an appropriate amount of smoothness for each curve, then estimate the corresponding
noise level τ̂ r, s :
(τ̂ r, s )2 = avg[yir, s − fˆr, s (i)]2 .
i

The quadratic trend filtering procedure produces one point for each available wILI
observation, i.e., 33 or 34 for the first six seasons, where only data from the flu season
is available, and 52 or 53 for the rest. We fill in the curve on the rest of the real line —
the missing off-season observations in the first six seasons, plus any additional values
requested from any season’s curve due to time shift transformations described below
— by copying the first available wILI value at earlier times, copying the last measurement at later times, and using linear interpolation at non-integer values. These
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filled-in values are later used to construct variants of these curves that are shifted
and/or stretched along the time axis in order to obtain a wider library of curves in
the prior. Trend filtering seems better suited for epidemic data with than the more
common smoothing spline fit because it is more “locally adaptive”, responding better
to varying levels of smoothness in data [Tibshirani, 2014], e.g., relatively sharp peaks
mixed with smoother, flatter, less active regions. Figure 2.1 compares trend filtering, SIR, and smoothing spline fits for two fairly representative wILI trajectories. A
reviewer for this work identified Bayesian nonparametric covariance regression [Fox
and Dunson, 2011] as another alternative for fitting curves and noise models, which
can incorporate heteroscedasticity and spatial relationships. More realistic versions
of each of these smoothing methods would explicitly incorporate holiday effects on
both the trend and on the noise; from Figure 2.1 and similar plots, we observe some
potential issues with fits of the first three methods: (a) smoothing out and removing
the holiday effects (which sometimes leads to inappropriately low trend estimates
around the peak week), (b) undersmoothing of non-holiday weeks due to the impact
of the holiday on smoothness parameter selection, and/or (c) oversmoothing of the
entire curve, each accompanied by a related effect on estimates of noise levels.
Prior
The key assumption of the framework is that the current season will resemble one of
the past seasons, perhaps with a few changes.
• Shape: The general shape f r of the underlying curve is taken from one of the
past seasons. We select each of the historical shapes with equal probability:
f r ∼ Unif{fˆr, s ∶ historical season s}.
• Noise: The standard deviation of the normally distributed noise at each week is
assumed to take on values from the past years’ candidates with equal probability: σ ∼ Unif{τ̂ r, s ∶ historical season s}.
• Peak height: The distribution of underlying peak heights is drawn from a continuous uniform distribution: θ ∼ U [θm , θM ]. We use an unbiased estimator [Lehmann and Casella, 1998, Chapter 2] for θm and θM based on past sear
r
r
sons’ trend filtered curves. The resulting curve is f2r (i) = br + maxjθ f−b
r (j)−br (f (i)−
br ), where br is the current year’s CDC baseline wILI level (i.e., the onset
threshold) for the selected geographical region r, e.g., 2% for the US as a nation for the 2013/2014 flu season.
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Figure 2.1: Trend filtering, SIR, and smoothing spline fits for HHS region 3 for two seasons. The quadratic trend filtering fit was performed with the
cv.trendfilter [Arnold and Tibshirani, 2014] method, which automatically selects
an base level of smoothness to use, and adapts to differences in smoothness in different parts of the trajectory. The cubic natural smoothing spline fit was produced
by smooth.spline [R Core Team, 2015], which also automatically selects a level
of smoothness, but by different criteria. (A) 2008/2009 season: trend filtering and
smoothing splines both smooth out the holiday effects. The smoothing spline appears
to overfit to noise in the preseason and early flu season. (B) 2006/2007 season: in
addition to holiday effects, there is a large jump in wILI at week 40, which coincides
with the beginning of the influenza season and a large jump in the number of reporting providers (from about 30 to over 100). The trend filtering procedure has trouble
matching the beginning-of-season and holiday effects, attributing most of these effects
to noise and smoothing them out. The smooth.spline procedure selects a level of
smoothness that essentially duplicates the observed wILI and would produce a noise
estimate near 0, which does not seem appropriate. Alternative methods of selecting
a level of smoothness may produce looser fits and avoid these near-0 noise estimates,
though. Beginning-of-season and holiday effects can be incorporated in both of the
smoothing procedures, and would likely improve the resulting fits. Regional wILI
dynamics are generally not tightly fit by the described SIR model.
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• Peak week: The distribution of underlying peak weeks is formed in a similar
manner to the peak height distribution; we find unbiased estimators µm , µM
for uniform distribution bounds, but restrict the distribution to integral output:
µ ∼ Unif{i ∈ {1..53} ∶ µm ≤ i ≤ µM }. The resulting curve is f3r (i) = f2r (i − µr +
arg maxj f2r (j)).
• Pacing: We allow for variations in the “pace” of an epidemic by incorporating a time scale that stretches the curve about the peak week; the distribution of time scale factors is ν ∼ U [0.75, 1.25]. The resulting curve is f4r (i) =
i−arg maxj f3r (j)
+ arg maxj f3r (j)).
f3r (
ν
To generate a possible curve for the current season, i.e., to sample from the prior,
we independently sample a shape, noise level, peak height, peak week, and pacing
parameter from the above distributions, then generate the corresponding wILI curve.
We have also developed and are investigating an alternative “local” transformation
prior [van Panhuis et al., 2014] that does not use information from other historical
curves when transforming a particular historical curve f , but instead reuses the noise
level for f and makes smaller changes to the peak week and height of f , which are
restricted to a smaller, predefined range; this is more appropriate for surveillance
data with less regular seasonal behavior, such as dengue case counts in Brazil.
In total, we model the underlying curve f r, scurr for the current season as the curve
generated by a randomly sampled parameter configuration ⟨f r , σ r , ν r , θr , µr ⟩, using
the following equation:
f r, scurr (i) = f4r (i) = br +

r
θ r − br
r i−µ
[f
(
+ arg max f r (j)) − br ] .
maxj f r (j) − br
νr
j

Figure 2.2 illustrates the peak week, peak height, and pacing transformations, and
different levels of noise that could be considered. The data model for the current
season’s wILI values y r, scurr is the same as that for historical seasons, shown in Equation 2.1.
Sampling from the posterior
We use importance sampling [Liu, 2008] to obtain a large set of curves from the
posterior weighted by how closely they match the epidemic curve so far, beginning
with week 40. More concretely, we obtain a single weighted sample from the posterior by (i) sampling a historical smoothed curve f , noise level σ, and transformation
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Figure 2.2: Examples of possible peak week, peak height, and pacing transformations, and different noise levels. Thick black, original curve; red, possible
peak week transformations; thick red, a random peak week transformation; purple,
possible peak height transformations; thick purple, a random peak height transformation; blue, possible pacing transformations; thick blue, a random pacing transformation; dotted green, 5th and 95th (pointwise) percentiles of noise distribution for
possible noise levels; dashed green, percentiles for a random noise level; thick green,
one possible trajectory for the selected transformations and noise level. (A) Peak
week transformations. Peak weeks of historical smoothed curves occurred between
weeks 51 and week 10 of the next year, so we limit transformations to give peak
weeks roughly within this range. (B) Peak height transformations. Peak heights of
historical smoothed curves were between 2% and 8%, so we limit transformations to
give peak heights roughly within this range. (C) Pacing transformations. We stretch
the curve by a factor between 75% and 125% about the peak week. (D) Noise levels.
We randomly select one of 15 noise levels from the fitting procedure and add this
level of Gaussian noise to the transformed curve.
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parameters ν, θ, and µ from the prior; (ii) applying the peak height, peak week, and
pacing transformations; (iii) assigning the curve an “importance weight” or “likelihood” based on how well it matches existing observations for the current seasons; and
(iv) drawing noisy wILI observations around the curve for the rest of the season. We
apply this procedure many times to obtain a collection of possible wILI trajectories
and associated weights, forming a probability distribution over possible futures for
the current season.

Sampling algorithm Outlined below is a simpler version of the sampling algorithm that does not use importance sampling.
Algorithm 1: One weighted sampling procedure for empirical Bayes model
Data: y r, scurr , the wILI observations so far; z r,scurr , a version of y r, scurr with
two extra points estimated from GFT; prior distributions of wILI
curves, noise levels, and transformations
Result: weighted collection of curves
Let φ(x; µ, σ) be the normal pdf;
for a large number of times do
Randomly draw f r , σ, ν, θ, and µ from the corresponding priors;
r
r
r
r i−µ
r
r
Let f r, scurr (i) = f4r (i) = br + maxjθ f−b
r (j)−br [f ( ν r + arg max j f (j)) − b ];
length(z r,scurr )

φ(z; f r, scurr (i), σ);
Calculate weight w = ∏i=1
Let v be a 53-length vector, a possible curve for this season;
for i in 1..length(y r, scurr ) do
vi ∶= yir, scurr ;
end
for i in (length(y r, scurr ) + 1)..53 do
vi ∶= f r, scurr (i);
end
Add curve v with weight w to the collection of possibilities for this
season (the posterior estimate)
end
To improve computational efficiency, we also use an importance sampling technique that first divides up the possible values of f r , σ, ν, θ, and µ into bins and
estimates the average weight of f r, scurr ’s in each bin using a single configuration
from that bin. By sampling values of f r , σ, ν, θ, and µ more frequently from the
higher-weighted bins (and compensating appropriately for this decision in the weight
calculation), we are able to construct a collection of curves with a high total weight
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more quickly than the version above.
Forecasting targets
For the initial CDC ILINet forecasting challenge, we were interested in four forecasting targets: the epidemic’s onset, peak week, peak height, and duration. These
features were already used to summarize epidemic curves and perform retrospective analysis, and CDC selected them as forecasting targets for the competition,
as accurate predictions of these milestones would assist policy makers in planning
vaccination campaigns, resource allocation, and messages to the public.
• Onset: The first week that the wILI curve is above a specified CDC baseline
wILI level, and remains there for at least the next two weeks. For example,
the 2013/2014 national baseline wILI level was 2%, so the onset was the first
in at least three consecutive weeks with wILI levels above 2%.
• Peak Week: The week(s) in which the wILI curve attains its maximum value.
• Peak: The maximum observed wILI value in a season.
• Duration: Roughly, how many weeks the wILI level remained above the CDC
baseline since the onset. We defined this more rigorously as the sum of the
lengths of all periods of three or more consecutive weeks with wILI levels above
the CDC baseline.
We generate distributions for each of these targets by repeatedly (i) sampling a
possible wILI trajectory and associated weight from the posterior, (ii) calculating
the four forecasting targets for that trajectory, and (iii) storing these four values
along with the trajectory’s weight. We represent these forecasting target posterior
distributions with histograms, and generate point estimates by taking the posterior
mean for each target.
Sample empirical Bayes forecasts
Figure 2.3 illustrates some forecasts made by a version of the system described above
for the same location at different times throughout the same influenza season.
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Figure 2.3: 2013/2014 national forecast, using empirical Bayes framework,
retrospectively, using the final revisions of wILI values, using revised wILI
data through epidemiological weeks (A) 47, (B) 51, (C) 1, and (D) 7.
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Cross-validation point prediction performance
Figure 2.4 shows the cross-validated error for national point predictions of our current
empirical Bayes framework, as well a few other approaches, for each for the above
four forecasting targets. The methods for predicting tarrj (y r, scv ) are summarized
below.
• Baseline (Mean of Other Seasons): takes the average target value across the
14 other seasons, completely ignoring any data from the current season; provides an idea of whether other forecasters provide reasonable levels of error at
the beginning of the season, and how much they benefit from incorporating
data from the season they are forecasting.
• Pinned Baseline (Mean of Other Seasons, Conditioned on Current Season to Date):
constructs 14 possible wILI trajectories for the current season by using the
available observations for previous weeks and other historical curves for future
weeks; reports the mean target value across these 14 trajectories; this is another
very generic baseline that allows us to see the effect of using more complex wILI
models and forecasting methods.
• Pointwise Percentile (P2014) [van Panhuis et al., 2014]: Constructs a single possible future wILI trajectory using the pointwise qth quantile from other
seasons; estimates an appropriate value of q from the observed data so far,
trying to match more recent observations more closely than less recent ones.
• k Nearest Neighbors (knn): Uses a method similar to existing systems for
shorter-term prediction [Viboud et al., 2003] to identify k sections of other
seasons’ data that best match recent observations, and uses them to construct
and weight k possible future wILI trajectories.
• Empirical Bayes (Transformed Versions of Other Seasons’ Curves): Our
current framework, using transformed versions of other seasons’ curves to form
the prior.
• Empirical Bayes (SIR Curves): Our current framework, using scaled and shifted
SIR curves rather than other seasons’ curves to form the prior; this is a somewhat similar approach to the SIRS-EAKF method used by the contest winner [Shaman and Karspeck, 2012a]. Figure 2.1 shows two fits to regional data.
Figure 2.4 indicates that, for all forecasting targets and most weeks, the average
point prediction error for the EB method is similar (overlapping error bars) or lower
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Figure 2.4: Cross-validated mean absolute error estimates and standard
error bars for point predictions for (A) onset, (B) peak week, (C) peak
height, and (D) duration. (The onset and duration were defined based on the
2% national threshold set by CDC for the 2013/2014 season.)
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than the average error for the best predictor for that target and week. An important
feature of this approach is that it provides a smooth distribution over possible curves
and target values, rather than just a single point. From this distribution, we can
calculate point predictions to minimize some expected type of error or loss, build
credible intervals, and make probabilistic statements about future wILI and target
values.

2.3

Kernel delta density
This section reproduces or incorporates content from Brooks et al. [2018].

Kernel density estimation and kernel regression use smoothing kernels to produce
flexible estimates of the density of a random variable (e.g., fYt+1..T ) and the conditional
expectation of one random variable given the value of another (e.g., E[Yt+1..T ∣ Y1..t ]),
respectively; we can combine these two methods to obtain estimates of the conditional
density of one random variable given the value of another. One possible approach
would be to use the straightforward entire-trajectory model
S
∑s=1 I [1..t] (y1..t , Y(1..t)+(∆t)s )O[t+1..T ] (yt+1..T , Y(t+1..T )+(∆t)s )
ˆ
,
fYt+1..T ∣Y1..t (yt+1..T ∣ y1..t ) = S
∑s=1 I [1..t] (y1..t , Y(1..t)+(∆t)s )

where {1..S} is the set of fully observed historical training seasons, and I [1..t] and
O[t+1..T ] are smoothing kernels describing similarity between “input” trajectories and
between “output” trajectories, respectively. However, while basic kernel smoothing methods can excel in low-dimensional settings, their performance scales very
poorly with growing dimensionality. During most of the season, neither Y1..t nor
Yt+1..T is low-dimensional, and the current season’s observations are extremely unlikely to closely match any past Y(1..t)+(∆t)s or Y(t+1..T )+(∆t)s . This, in turn, can lead
to kernel density estimates for Yt+1..T based almost entirely on the single season s
with the closest Y(1..t)+(∆t)s when conditioning on Y1..t , and unrealistic density estimates for Yt+1..T even without conditioning on Y1..t . The high-dimensional output
issue is readily resolved by the chained one-ahead approach, combining univariate
conditional density estimates for each observation conditioned on previous observations: f∆Yu ∣Y1..u−1 for each u from t + 1 to T , where ∆Yu = Yu − Yu−1 . Estimating
single-dimensional densities requires relatively little data. However, this reformulation exacerbates the high-dimensional input problem since we are conditioning on
Y1..u−1 , which can be considerably longer than Y1..t . We address the high-dimensional
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input problem by approximating f∆Yu ∣Y1..u−1 with f∆Yu ∣Φ[KDD,u] where Φ[KDD,u] is some
low-dimensional vector of features derived from Y1..u−1 . The straightforward conditional density estimation method described above for Yt+1..T ∣ Y1..t can be applied
to the chained distributions ∆Yu ∣ Φ[KDD,u] , although literature indicates that this
approach is suboptimal [Hansen, 2004].
We developed the conditional estimates above based on combining kernel regression and univariate kernel density estimation techniques, it can also be understood as
sampling from a joint kernel density estimate over input and output variables using a
product kernel. A slightly more complicated take on the former viewpoint has been
found to yield faster theoretical and simulated statistical convergence rates [Hansen,
2004]. The latter interpretation offers additional alternatives such as deriving results
from a joint density estimate based on a kernel that is not the product of an input
and output kernel, as well as copula techniques. These approaches have been incorporated in a separate epidemiological forecasting system working directly with the
higher-dimensional inputs and outputs rather than the one-step-ahead approach [Ray
et al., 2017]. A host of work on kernel conditional density estimation offers avenues
to improving these kernel delta density approaches, as well as resolving the original
issues regarding high dimensionality.
We use two sets of choices for the approximate conditional density function and
summary features to form two versions of the method.
• Markovian delta density: approximates the conditional density of ∆Yu given
Y1..u−1 with its conditional density given just the previous (real or simulated)
observation, Yu :
T2

fˆYt+1..T ∣Y1..t (yt+1..T ∣ y1..t ) = ∏ fˆ∆Yu ∣Y1..u−1 (∆yu ∣ y1..u−1 )
u=t+1
T2

= ∏ fˆ∆Yu ∣Yu−1 (∆yu ∣ yu−1 )
u=t+1
T2

∑s I [u] (yu−1 , Yu−1+(∆t)s ) ⋅ O[u] (∆yu , ∆Yu+(∆t)s )
,
[u] (y
u−1 , Yu−1+(∆t)s )
u=t+1 ∑s I

= ∏

where I [u] and O[u] are Gaussian smoothing kernels. The first equality corresponds to the chain rule of probability on the actual (not estimated) densities;
the second incorporates the Markov assumption (i.e., selects Φ[u] = [Yu−1 ]); and
the third gives our choice of estimators for the conditional densities fˆ∆Yu ∣Yu−1
for each u. The bandwidth of each I [u] and O[u] is chosen separately using
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bandwidth selection procedures for regular kernel density estimation of Yu−1
and ∆Yu , respectively. (Specifically, we use the bw.SJ function from the R[R
Core Team, 2015] built-in stats package, with bw.nrd0 as a fallback in the
case of errors. These functions do not accept weights for the inputs; it may
be possible to improve forecast performance by incorporating these weights or
by using other approaches to select the bandwidths.) Note that density estimates for ∆Yu are based on data from past seasons on week u only, allowing
the method to incorporate seasonality and holiday effects (for holidays that
consistently occur at the same time of year).
Forecasts are based on Monte Carlo simulations of Yt+1..T ∣ Y1..t using the
chained one-step-ahead procedure described in the previous section. This process is illustrated in Figure 2.5. Repeating this procedure many times yields
a sample from the model for Yt+1..T ∣ Y1..t ; stopping at 2000 draws seems sufficient for use in our ensemble forecasts, while at least 7000 are needed to smooth
out noise when displaying distributional target forecasts for the delta density
method in isolation. Any negative simulated wILI values in these trajectories
are clipped off and replaced with zeroes.
• Extended delta density: approximates the conditional density of ∆Yu given
Y1..u−1 with its conditional density given four features:
• the previous wILI value, Yu−1 ;
• the sum of the previous k u wILI values, roughly corresponding to the sum
of wILI values for the current season;
• an exponentially weighted sum of the previous k u wILI; values, where the
′
′
weight assigned to time u′ is 0.5t −u ; and
• the previous change in wILI value, ∆Yu−1 .
The approximate conditional density assigns each of these features a weight
(0.5, 0.25, 0.25, and 0.5, respectively) in order to reduce overfitting and emphasize some relative to the others, and incorporates data from other weeks
close to u (specifically, within lu weeks; the choice of lu is discussed in a later
sectionadd holiday section somewhere and reference here) with a truncated
Laplacian kernel. We selected these weights and other settings, such as kernel
bandwidth selection rules, somewhat arbitrarily based on intuition and experimentation on out-of-sample data; a cross-validation subroutine could be used
to make the selection as well, but would multiply the amount of computation
required. In case the resulting product of Gaussian and Laplacian kernels is
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Figure 2.5: The delta density method conditions on real and simulated observations up to week u − 1 when building a probability distribution over
the observation at week u. This figure demonstrates the process for drawing a
single trajectory from the Markovian delta density estimate. The past data Y1..t ,
which incorporates observations through week 48, is shown in black. Kernel smoothing estimates for future values at times u from t + 1 to T2 are shown in blue, as are
simulated observations drawn from these estimates. Past seasons’ trajectories are
shown in red, with alpha values proportional to the weight they are assigned by the
kernel I u .
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too narrow, we mix its results with a wide boxcar kernel which evenly weights
all data from time u − lu to u + lu :
fˆ∆Y ∣Y
(∆yu ∣ y1..u−1 )
u

1..u−1

u

0.5

u+l
∑s ∑u′ =u−lu 0.7∣u −u∣ [I1u (yu−1 , Y(u′ −1)+(∆t)s )] ⋯Ou (∆yu , ∆Y(u′ )+(∆t)s )
= 0.9 ⋅
0.5
0.5
′
lu
∑s ∑u′ =u−lu 0.7∣u −u∣ [I1u (yu−1 , Y(u′ −1)+(∆t)s )] ⋯[I4u (∆yu−1 , ∆Y(u′ −1)+(∆t)s )]
′

u+lu

∑s ∑u′ =u−lu Ou (∆yu , ∆Y(u′ )+(∆t)s )
+ 0.1 ⋅
.
u+lu
∑s ∑u′ =u−lu 1
Using data from u′ ≠ u incorporates additional reasonable outcomes for ∆yu
by incorporating past wILI patterns with different timing, but risks including
some very unreasonable possibilities produced by repeatedly drawing from the
same u′ rather than following seasonal trends with increasing u′ ’s. For example, when a portion of a past season that is more similar to itself with a slight
time shift than to any other past season, it may be selected for multiple consecutive u’s and produce an unreasonable trajectory. This could potentially occur
when drawing data from the relatively flat regions of wILI trajectories of many
seasons, or when incorporating observations around an unusually early, late,
high, or low peak. To prevent this possibility, we combine the natural estimate
for Yu arising from the density estimate for ∆Yu with a random draw Yuncondu
from the unconditional density estimate for Yu (using a Gaussian kernel and
only data from week u):
Yusim = 0.9 ⋅ (Yu−1 + ∆Yusim ) + 0.1 ⋅ Yuuncond .

2.4

Quantile autoregression

Locally linear quantile regression offers an alternative approach to modeling Yu ∣
Y1..u−1 offering greater flexibility in covariate relationships and better anticipated
behavior with larger numbers of covariates; post-processing its output with additional
random noise is one way to address potential issues with discrete outputs that do
not cover the entire support of Yu . Basic linear quantile regression estimates the
τ th conditional quantile of some variable Y given covariates X as a linear function
of X; locally linear quantile regression additionally allows for weighting of training
instances based on a smoothing kernel on another set of covariates X ′ (potentially
overlapping with X). Additionally, the same types of transformations can be applied
on the output and covariates as in the kernel smoothing case. A specification of a
simple locally linear quantile autoregression approach could consist of:
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• Ψ[u] : a transformation of Yu from which we can recover Yu (potentially using
information from Y1..u−1 ),
• Φ[QARlinear,u] : a set of features (derived from Y1..u−1 ) to use in the linear combination estimating some quantile of Yu ,
• Φ[QARkernel,u] , K Φ
: a set of features (derived from Y1..u−1 ) and corresponding smoothing kernel (or “weighted” smoothing kernel as used in extended
delta density) that assigns weights to training instances, and
[QARkernel,u]

• K Ψ , a smoothing kernel that defines the distribution of additive post-processing
noise.
[u]

The corresponding sampling procedure for Yusim is:
1. Draw quantile level τ ∼ U [0, 1].
2. Compute estimate q̂ of the level τ quantile of Ψ[u] ∣ Φ[QARlinear,u] , Φ[QARkernel,u]
using locally linear quantile regression.
3. Draw  ∼ K Ψ

[u]

from post-processing noise distribution.

4. Let Ψ[u],sim = q̂ + .
5. Let Yusim be the value of Yu given by Ψ[u] = Ψ[u],sim and Y1..u−1 .
Quantile autoregression has already been formulated and studied from a theoretical perspective and applied to economic datasets [Koenker and Xiao, 2006]. A
recent application to flu forecasting [Wang, 2016] studied different data weighting approaches based on time of season. Similarly, quantile autoregression can be applied
to epidemiological data and customized based on domain knowledge.

2.4.1

Connection to smoothing kernel approaches

The family of locally linear quantile autoregression approaches above subsumes the
considered delta density approaches after mirroring any heuristic modifications to the
kernel conditional density estimates. Consider a kernel conditional density estimate
[KDD,u]
of ∆Yu ∣ Φ[KDD,u] using covariate kernel K Φ
. If the response kernel K ∆Yu is replaced with the degenerate Dirac delta distribution, the resulting kernel conditional
“density” estimates are just weighted empirical distributions. The corresponding
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quantiles are weighted sample quantiles of ∆Yu with weights based on K Φ
;
this coincides with the estimated quantiles of the locally linear/constant quantile
regression model with the same Ψ[u] , Φ[QARlinear,u] = (1) (the model only fits an
[QARkernel,u]
[KDD,u]
“intercept”), Φ[QARkernel,u] = Φ[KDD,u] , and K Φ
= KΦ
. The sampling
procedures also coincide: drawing from a weighted empirical distribution function
gives an equivalent distribution to selecting a weighted sample quantile with a level
randomly distributed on the unit interval. (“Sample quantile” here is restricted to
quantiles of the type outputted by quantile regression; for a finite number of quantile levels, there will not be a unique associated sample quantile and the one selected
may vary across implementations, but these levels are drawn with probability 0.
For other types of quantiles, e.g., from continuous quantile functions [Hyndman and
Fan, 1996], this is normally not the case.) Using K ∆Yu instead of the Dirac distribution is equivalent to just adding additional noise to a draw from the weighted
empirical distribution; thus, the smoothing kernel approach can be completely mimicked by a locally linear quantile regression approach using the same K ∆Yu as the
post-processing noise distribution.
[KDD,u]

2.4.2

Incorporating covariates inspired by mechanistic models

While quantile regression can be restricted and post-processed to match the output
of the kernel conditional density method, it is natural to favor use of Φ[QARlinear,u]
covariates not only in appeal to more general statistical arguments regarding scaling
with higher dimensionality inputs and boundary bias, but also due to similarities
with domain-driven mechanistic models when incorporating autoregressive terms.
Furthermore, additional covariates can be constructed to strengthen this resemblance
while maintaining the flexibility of quantile modeling and smoothing kernel weighting.
Epidemiological compartmental models are a popular class of mechanistic model
that divides a population into a fixed number of “compartments” and considers
all individuals within each compartment to behave identically. System dynamics
are characterized by the manner in which individuals are added, removed, or flow
between different compartments. For example, “SIRS” compartmental models represent population state by the number or proportion of individuals in each of three
states: those
• Susceptible to infection with some disease,
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• Infectious and spreading the disease, and
• Recovered from the infectious stage of a disease and currently immune to future
reinfection;
Susceptible individuals can become Infectious by interacting with Infectious individuals, Infectious individuals transition to Recovered over time, and Recovered
individuals can become Susceptible again due to waning immunity or mismatches
of antibodies with currently circulating strains of a pathogen; these possible transitions are the basis for the initialism “SIRS”. A simple deterministic, continuous-time,
proportion-based SIRS model can be specified with the following system of differential equations:
s′ (t) = −s(t) ⋅ βi(t) + r(t) ⋅ µ
i′ (t) = +s(t) ⋅ βi(t) − i(t) ⋅ γ
r′ (t) = +i(t) ⋅ γ − r(t) ⋅ µ
s(0) + i(0) + r(0) = 1, s(0) ≥ 0, i(0) ≥ 0, r(0) ≥ 0,
where
• s(t), i(t), and r(t) are the proportions of the population in the Susceptible,
Infectious, and Recovered states, respectively, at time t;
• β is the rate at which any individual experiences contact with another person
in which the latter could potentially spread an infection to the former (assumed
to be the same across all pairs of individuals, regardless of their current state),
potentially modulated by the current weather (i.e., β(w) where w is a vector
of weather variables) or other data;
• µ is the rate at which recovered individuals become susceptible again;
• γ is the rate at which infectious individuals recover; and
• the conditions on the state at t = 0 are preserved as invariants for all other t.
The underlying proportions s(t), i(t), and r(t) are latent; a simple noiseless observation model assumes that infectious individuals produce some kind of reported health
care events at a steady rate, with no false positives from the other compartments:
y(t) = i(t) ⋅ N ρ,
where
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• y(t) is the number of reported health care events at time t,
• N is the population size, and
• ρ is the rate at which infectious individuals generate reported health care
events;
we sometimes refer to SIRS models incorporating observations of medically “Attended” cases as a “SIRSA” models. Already, this formulation suggests the use of
models with linear autoregressive terms, as changes to compartment occupancy depend linearly or quadratically on the current occupancy, and the observations depend
linearly on compartment occupancy. However, the latent dynamics and quadratic
terms complicate the relationship; fortunately, a few manipulations will allow us to
fully characterize the dynamics of y(t) without any reference to latent state, revealing a very direct relationship with linear autoregressive and additional auxiliary
terms. (These types of manipulations and others have been developed before [Heffernan et al., 2005, Hethcote and Tudor, 1980], but such analyses often do not include
an observation model, and focus on system behavior and parameter inference rather
than prediction.) The techniques used are likely more widely familiar in the context
of differential equations than discrete-time difference equations, so we examine the
former first then establish parallels in the latter.
Our ultimate goal is to express y ′ (t) as a causal function of y(t) (i.e., a function
depending only on y(τ ) for τ ≤ t). First, note that
y ′ (t) = i′ (t) ⋅ N ρ and
(derivatives are linear)
1
y(t)
(scale both sides of y(t) definition)
i(t) =
Nρ
so we can instead seek to express i′ (t) as a causal function of i(t) and quickly obtain
y ′ (t) as a causal function of y(t). Next, observe that
i′ (t) = βs(t)i(t) − γi(t)
= β[1 − i(t) − r(t)]i(t) − γi(t),

(proportions sum to 1)

so we just need to express r(t) as a causal function of i(t). Rearranging the equation
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for r′ (t) and applying an integrating factor approach, we find that
r′ (t) = i(t) ⋅ γ − r(t) ⋅ µ
µr(t) + r′ (t) = γi(t)
µeµt r(t) + eµt r′ (t) = γeµt i(t)
eµt r(t) = γ ∫
r(t) = γ ∫

t

eµτ i(τ ) dτ + C

t0
t

e−µ(t−τ ) i(τ ) dτ + Ce−µt ,

t0

for
• a time t0 which is arbitrary for this derivation, but which we must select to be
in the range of times for which observations are available, to ensure the integral
involves only observed values of its argument, and
• a constant of integration C ≥ 0 determining the initial conditions;
thus, r(t) can be represented as a scaled exponential moving average of i(t) (a causal
function of i(t)) plus an exponential decay term. Applying the earlier observations
gives
i′ (t) = β[1 − i(t) − r(t)]i(t) − γi(t)
t

= β[1 − i(t) − γ ∫

t0

e−µ(t−τ ) i(τ ) dτ − Ce−µt ]i(t) − γi(t)

= (β − γ) [i(t)] − β [i2 (t)] − βγ [∫

t
t0

e−µ(t−τ ) i(τ ) dτ ⋅ i(t)] − βC [e−µt i(t)]

and
y ′ (t) = i′ (t) ⋅ N ρ
= N ρ(β − γ) [i(t)] − N ρβ [i2 (t)] − N ρβγ [∫

t

t0

e−µ(t−τ ) i(τ ) dτ ⋅ i(t)] − N ρβC [e−µt i(t)]

t
β
βγ
[y 2 (t)] −
= (β − γ)[y(t)] −
[∫ e−µ(t−τ ) y(τ ) dτ ⋅ y(t)] − βC [e−µt y(t)] .
Nρ
N ρ t0

The discrete-time analogues of the key equations above and some additional trans40

formations follow:
st+1 = st − βst it + µrt
it+1 = it + βst it − γit
rt+1 = rt + γit − µrt
s0 + i0 + r0 = 1, s0 ≥ 0, i0 ≥ 0, r0 ≥ 0
yt = N ρit
βγ t−1
β
2
[y
]
∆yt+1 = yt+1 − yt = (β − γ) [yt ] −
[∑(1 − µ)t−1−τ yτ ⋅ yt ] − βC [(1 − µ)t−1 yt ]
t −
Nρ
N ρ t0
yt+1 = (1 + β − γ) [yt ] −

β
βγ t−1
[yt2 ] −
[∑(1 − µ)t−1−τ yτ ⋅ yt ] − βC [(1 − µ)t−1 yt ]
Nρ
N ρ t0

β
βγ t−1
∆yt+1
= (β − γ) [1] −
[yt ] −
[∑(1 − µ)t−1−τ yτ ] − βC [(1 − µ)t−1 ] .
yt
Nρ
N ρ t0
The last few equations motivate the use of the bracketed quantities on the right
as covariates in a regression for the response variable given on the left. However,
the parameter µ is unknown, so the last two bracketed quantities in each of these
equations cannot be formed as stated. Fortunately, additional manipulations of the
last equation resolve this issue:
β
βγ t−1
∆yt+1
= (β − γ) [1] −
[yt ] −
[∑(1 − µ)t−1−τ yτ ] − βC [(1 − µ)t−1 ]
yt
Nρ
N ρ t0
β
[(1 − µ)yt−1 − (1 − µ)yt−1 + yt ] . . .
= (β − γ) [(1 − µ) ⋅ 1 + µ ⋅ 1] −
Nρ
t−2
βγ
... −
[(1 − µ) ∑(1 − µ)t−2−τ yτ + yt−1 ] − βC [(1 − µ) ⋅ (1 − µ)t−2 ]
Nρ
t0
∆yt
β
βγ
= (1 − µ) [
] + (β − γ) [µ ⋅ 1] −
[−(1 − µ)yt−1 + yt ] −
[yt−1 ]
yt−1
Nρ
Nρ
∆yt
β
β
= (1 − µ) [
] + (β − γ)µ [1] −
[yt ] −
(γ + µ − 1) [yt−1 ]
yt−1
Nρ
Nρ
∆yt+1
∆yt
β
β
] = − µ[
] + (β − γ)µ [1] −
[yt ] −
(γ + µ − 1) [yt−1 ]
∆[
yt
yt−1
Nρ
Nρ
yt
β
β
[yt2 ] −
∆yt ] + (β − γ)µ [yt ] −
(γ + µ − 1) [yt yt−1 ]
∆yt+1 = (1 − µ) [
yt−1
Nρ
Nρ
yt
β
β
[yt2 ] −
yt+1 = (1 − µ) [
∆yt ] + (βµ − γµ + 1) [yt ] −
(γ + µ − 1) [yt yt−1 ] .
yt−1
Nρ
Nρ
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The bracketed quantities contain no latent state and no unknown parameters; they
can be incorporated as covariates in a nonlinear autoregression framework.

Parameter and latent state inference

The primary goal of this effort is to inform construction of a higher-quality, easily
fit model for yt ; any interpretation regarding the latent state is suspect in such a
simplistic model, particularly causal or counterfactual reasoning, and especially if
some parameters are nonidentifiable. Still, it is notable that we can recover (estimates of) µ, γ, β, N ρ, and the latent state time series, at least in this particular
SIRS model (identifiability is discussed in the next heading). Performing the linear
regression suggested by the equation for ∆ [ ∆yyt+1
] above gives an estimate for µ: the
t
negation of the coefficient fit for ∆yyt+1
. Then, treating µ as given in the equation for
t
∆yt+1
involving exponentially weighted moving averages and performing the linear
yt
regression suggested there, we obtain fit coefficients θ1 ..θ4 , which can be used to find
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the rest of the parameters and latent state mentioned above:
θ1 = β − γ
β
θ2 = −
Nρ
βγ
θ3 = −
Nρ
θ4 = −βC
θ3
γ=
θ2
θ3
β = θ1 +
θ2
θ1 θ3
Nρ = − − 2
θ2 θ2
θ4
C=−
θ1 + θθ32
yt
it =
Nρ

=

−βγ/(N ρ)
−β/(N ρ)

(using definitions of θ2 , θ3 )

= θ1 + γ

(using definition of θ1 )

β
θ2
θ4
=−
β

(using definition of θ2 )

=−

t−1

rt = γ ∑(1 − µ)t−1−τ iτ + C(1 − µ)t−1

(using definition of θ4 )

(parallel of continuous-time result)

t0

st = 1 − it − rt .
The parameter estimates for key parameters γ, β, and N ρ contain θ2 as a divisor and
may be sensitive to errors in its estimates; one point of interest for inference work is
whether estimates of these key parameters can be improved by alternative formulations involving 1/theta2 or log θ2 and/or fitting techniques other than ordinary linear
regression. Extending this approach to a probabilistic formulation likely will likely
involve some of these transformations and alternative regression techniques as well,
e.g., log-transformed parameters and multinomial regression.
Identifiability
At least for some selections of parameter values and initial state, the quantities
above are uniquely identifiable. For example, this appears to be the case with β =
0.3, γ = 0.15, µ = 0.001, N ρ = 300, s0 = 0.80, i0 = 0.01, and r0 = 0.19, and with
observations starting at t0 = 1, where parameter and latent state estimates from the
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procedure described above exactly match the true values given a sufficient number
of observations (six observations gives relative absolute errors below 10−4 for µ and
below a standard threshold around 1.5 ⋅ 10−8 for all quantities but µ; at sixteen
or more observations, relative absolute error for µ also appears to stabilize below
this narrower threshold). However, in this SIRS model, starting from the above
parameter values, the latent state and observed values will approach a fixed point
called the endemic equilibrium, shown in Figure 2.6. If the first observation t0 was
instead after the system had already stabilized at the endemic equilibrium, or if i0
was instead selected to be 0, then none of the above quantities can be fully identified
(save for it = 0 for all t in the latter case, when assuming N ρ > 0). The inference
procedure will also encounter issues due to multicollinearity among features. Still,
this inference procedure may be of interest in a pandemic scenario where a steady
state has not been reached and this simple SIRS model is deemed appropriate. A
more important observation is that the modeled flat-line asymptotic behavior does
not line up with real-world disease dynamics that would be of interest to predict;
randomness, seasonality, and a host of other details have been omitted. Adding
these features to a mechanistic framework and performing similar derivations and
identifiability analysis is of interest for future work; here, though, we will rely on the
one-step-ahead conditional distribution framework to compensate for some of these
omissions.
Discussion, future directions, and variants on derivations
The derivations above present some exciting possibilities for fitting compartmental
models using standard regression routines, which may scale more readily than particle
filter and MCMC approaches. While the derivations are based on a deterministic
model, various types of regression models, such as quantile regression and generalized
linear models, can be applied to the covariate-response combinations suggested by
the above equations, providing a way to introduce noise into the model. The noise
introduced seems to correspond to a type of process noise in it , but not process noise
in st and rt nor observational noise in yt ; the latter is especially important when
dealing with noisy signals so momentary fluctuations are not mistaken for trends.
We explore performance of the simplest method along these lines — just adding
the bracketed quantities listed immediately preceding Section 2.4.2 into a quantile
autoregression alongside existing covariates, with no re-derivations, no constraints on
the fit coefficients, etc. — in Chapter 4. Unfortunately, this approach is unsuccessful
in improving overall performance due at least in part to superexponential growth
in some simulated trajectories. Further investigation could ascertain the cause or
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Figure 2.6: Simple SIRS models’ state approaches a fixed point. Shown
here are the values of the latent state of a simple deterministic SIRS model where
the latent state approaches a fixed point called an endemic equilibrium, where the
proportion of individuals who are infectious is approximately a constant greater than
zero. Another possible fixed point, approached given i0 = 0 and/or certain other
disease parameters configurations leading to disease extinction, is a fully susceptible
population.
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causes of superexponential growth — which could include the simple manner in
which the covariates were included in the quantile autoregression framework, issues
with the deterministic SIRSA model used to derive the covariates (discussed in the
next paragraph), and/or numerical computation issues with the simulation procedure
when paired with these covariates (hinted as a possibility below in Figure 2.7) —
and could develop a derivation, fitting, and simulation framework that avoids such
superexponential growth.
Many details have been oversimplified or omitted entirely in the SIRSA model
considered above: there is no process noise nor observational noise (which is addressed only partially by use of derived covariates in an autoregressive framework),
resistance to a disease is either complete immunity or susceptibility, and is lost instantaneously after an exponentially-distributed amount of time following recovery from
infection; the infectious contact rate is constant, ignoring seasonal trends, weather,
school calendars, and holidays; the population is treated as homogeneous and interactions fully mixed, without breakdowns into geographical, demographic, and
occupational groups, nor any social network structure; multiple diseases, types, subtypes, and strains and their interaction are not incorporated; public health responses
are not included; only a single surveillance source has been considered, with a case
reporting rate that neglects holiday, media, geographic, demographic, and disease
strain-based effects, and no false positives; the population is constant with no birth,
death, or migration; importation of cases from other locations or animal reservoirs
is excluded; and so on. Incorporating some of these details will require generalization of the derivations applied to the simplistic model studied above. Existing
work which could help toward this end includes: (a) spectral methods for predictive
linear dynamical models (e.g., hidden Markov models (HMMs) [Hsu et al., 2012],
kernelized HMMs [Song et al., 2010], and linear dynamical systems (Kalman filtering) [Boots, 2012]), for fitting models with multivariate observational and process
noise in a tractable, deterministic manner, (b) differential equation and control theory machinery such as the state-transition matrix and Peano–Baker series [Baake
and Schlaegel, 2011] for generalizing the integral and exponential-moving-sum reformulations to the multivariate case; (c) linear algebra tools such as the Schur
complement for further multivariate manipulations, and (d) quantile regression extensions such as the multiple quantile graphical model [Ali et al., 2016] and quantile
filtering [Johannes et al., 2009] for maintaining a nonparametric noise model. This
type of analysis may benefit from existing work or find additional applications in
other modeling domains, including population ecology, chemical rate equations, and
general agent-based modeling.
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The next few headings provide auxiliary derivations with more interpretable and
extensible formulations for the same deterministic SIRS model, and work towards
application in more complicated setups.
More interpretable formulation without reliance on sum constraint By
applying an integrating factor approach to re-express both r(t) and s(t) in terms
of i(t) and more carefully expressing constants of integration, we arrive at a more
interpretable formulation which also does not rely on the constraint s(t)+i(t)+r(t) =
1, providing a path forward to cases incorporating changes in population.
A similar integrating factor approach is used throughout many derivations. Note
that, given some time series x(t), a(t), b(t), if
x′ (t) = a(t)x(t) + b(t)
for all t, then:
x′ (t) − a(t)x(t) = b(t)
t

t

e− ∫t0 a(τ ) dτ [x′ (t) − a(t)x(t)] = e− ∫t0 a(τ ) dτ b(t)
t

t

e− ∫t0 a(τ ) dτ x(t) = x(t0 ) + ∫
x(t) = x(t0 )e

t0

t
∫t0

a(τ ) dτ

t
∫t0

dτ a(τ )

= x(t0 )e

ν

e− ∫t0 a(τ ) dτ b(ν) dν
t

+∫

t0

t

ν

e∫t0 a(τ ) dτ −∫t0 a(τ ) dτ b(ν) dν

t

t

+ ∫ dν b(ν)e∫ν dτ a(τ )
t0

⋅

This manipulation may be hard to interpret in the abstract form above, but becomes
clear as it is applied to transform the SIRS differential equations. Recall that
s′ (t) = −s(t) ⋅ βi(t) + r(t) ⋅ µ
i′ (t) = +s(t) ⋅ βi(t) − i(t) ⋅ γ
r′ (t) = +i(t) ⋅ γ − r(t) ⋅ µ.
Using the manipulation above with x(t) = r(t), a(t) = −µ, and b(t) = i(t) ⋅ γ, we
obtain:
t

t

t

r(t) = r(t0 )e∫t0 (−µ) dτrr + ∫ dνir i(νir )γe∫νir dτrr (−µ)
t0

t

= r(t0 )e−(t−t0 )µ + ∫ dνir i(νir )γe−µ(t−νir ) .
t0
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Multiplying through by N gives an easily read interpretation:
t

N r(t) = N r(t0 )e−(t−t0 )µ + ∫ dνir N i(νir )γe−µ(t−νir ) ;
t0

that is, the number of recovered agents at time t is the sum of:
• the number of recovered agents at time t0 that never lost immunity (as of time
t),
• the number of infectious agents that recovered at some time νir between t0 and
t and did not subsequently lose immunity before time t.
The same manipulation can be used to re-express s(t) and the result combined with
the above expression for r(t):
s′ (t) = −βi(t)s(t) + µr(t)
t

t

t

s(t) = s(t0 )e− ∫t0 dτss βi(τss ) + ∫ dνrs r(νrs )µe− ∫νrs dτss βi(τss )
= s(t0 )e
= s(t0 )e

− ∫tt
0

dτss βi(τss )

t0
t

+ ∫ dνrs (r(t0 )e−µ(νrs −t0 ) + ∫
t0

− ∫tt dτss βi(τss )
0

t

νrs
t0

+
t

. . . r(t0 )∫ dνrs e−µ(νrs −t0 ) µe− ∫νrs dτss βi(τss ) +
t0

t

. . . ∫ dνrs∫
t
t
0

νrs

t

dνir i(νir )γe−µ(νrs −νir ) µe− ∫νrs dτss βi(τss ) ;

0

multiplying the equations through by N yields a statement that the number of susceptible agents at time t is the sum of:
• the number of susceptible agents at time t0 that were never infected (as of time
t),
• the number of recovered agents at time t0 that lost immunity between times t0
and t but were never subsequently infected (as of time t), and
• the number of infectious agents that recovered at some time νir between t0 and
t that subsequently lost immunity at some time νrs and remained susceptible
until time t.
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t

dνir i(νir )γe−µ(νrs −νir ) ) µe− ∫νrs dτss βi(τss )

Plugging the above expressions into the differential equation for i′ (t) yields:
i′ (t) = +s(t) ⋅ βi(t) − i(t) ⋅ γ
t

= s(t0 )e− ∫t0 dτss βi(τss ) i(t) . . .
t

t

. . . + r(t0 )∫ dνrs e−µ(νrs −t0 ) µe− ∫νrs dτss βi(τss ) βi(t) . . .
t0

t

. . . + ∫ dνrs∫
t
t
0

νrs

t

dνir i(νir )γe−µ(νrs −νir ) µe− ∫νrs dτss βi(τss ) βi(t) . . .

0

. . . − i(t) ⋅ γ.
Here, i′ (t) is expressed using only i(t), i(⋅) at previous times, and the initial conditions of s(t0 ) and r(t0 ). Similarly, y ′ (t) can be similarly expressed as a causal
function of y(t) and initial latent state alone, as in the original derivation. The
integrating factor technique could also potentially be used to re-express some or all
instances of i(⋅) in terms of itself at previous times, and lead to even more ways to
express y ′ (t) under the same constraints. This reformulation does not rely on the fact
that s(t) + i(t) + r(t) = 1, and so this approach could provide opportunities to derive
covariates from models incorporating birth and death events. It does, however, rely
on the fact that in the graph of possible state transitions for individual agents, the
subgraph for inexactly observed or unobserved states — s and r in this derivation
— is acyclic, in order for the number of integrals in the final expression for i(t) to be
finite, or, in the discrete-time case, for the number of summations in the expression
for it to not grow with t − t0 . Such a situation may introduce additional obstacles in
later steps requiring more powerful techniques to resolve.
Posynomial reformulation of discrete-time SIRS model A “posynomial” is
a function of the form
K

a

a

∑ ck x11k x22k . . . xannk ,
k=1

where ck , x1 , x2 , . . . , xn > 0 and ajk ∈ R∀j ∈ {1..n}, k ∈ {1..K}; recognizing or reformulating optimization problems (such as model fitting) in terms of posynomials
sometimes enables the use of certain efficient, reliable algorithms for “geometric
programming” [Boyd and Vandenberghe, 2004, sec. 4.5]. The latent state and observations in the simple discrete-time SIRS model used in this chapter can be quickly
rewritten as posynomial function of transformed parameters and quantities from the
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previous time step, assuming they are all nonzero:
= (st + β̄it + rt )st + µrt ;
= γ̄it + βst it ;
= µ̄rt + γit ;
= N ργ̄it + N ρβst it ; where

st+1 = st − βst it + µrt
it+1 = it + βst it − γit
rt+1 = rt + γit − µrt
yt+1 = N ρit+1

where β̄ = 1 − β, γ̄ = 1 − γ, and µ̄ = 1 − µ are treated as additional parameters; the
first equation can be interpreted as stating that susceptible individuals at time t + 1
are either:
• susceptible individuals from time t that potentially interacted with:
– a susceptible individual,
– an infectious individual, but were not infected, or
– a recovered individual, and
• recovered individuals that lost immunity between times t and t + 1.
One issue with this reformulation is that constraining β + β̄ = 1, γ + γ̄, µ + µ̄, and
st + it + rt = 1 cannot be implemented directly in geometric programming (although
relaxations replacing = with < are possible); however, this issue may actually not
apply in the context of more complicated, believable SIRS models which incorporate
birth and death. This posynomial reformulation can be applied recursively to rewrite
the state and observations at time t + 1 as a posynomials of parameters and initial
state, or perhaps used in combination with the manipulations from the heading above
to rewrite N st+1 , N it+1 , and N rt+1 as posynomials of parameters, initial state, and
observations y1..t . This strategy may transfer to probabilistic SIRS models using
binomial random variables, leading to statements such as
Yt+k ∣ S0 , I0 , R0 , Y1..t ∼ B(S0 , gS,0,t+k (θ)) + B(I0 , gI,0,t+k (θ)) + B(R0 , gR,0,t+k (θ)) +
t

∑ B(Yτ , gY,τ,t+k (θ)),
τ =1

for count random variables S0 , I0 , R0 , Y1..t+k , and posynomial functions g⋅,⋅ (⋅) which
may have special forms.
However, experiments with the deterministic SIRS models also reveals a potential
hazard with rewriting the original system equations: superexponential numerical
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error growth. Figure 2.7 shows values of yt over time given the same initial state
and same parameters using the original SIRS equations and using the posynomial
reformulation. The first plot shows that yt in the posynomial formulation does indeed
appear to coincide with yt from the original equations for some time, supporting
the assertion that the reformulation is mathematically valid with exact arithmetic.
However, the second plot, which shows the same time series over an expanded time
frame, demonstrates superexponential error growth in the posynomial formulation.
Shortly after the end of the second plot, at time t = 106, yt in the posynomial
reformulation becomes infinity when using double-precision floating-point arithmetic.
Clearly, the invariant st +it +rt = 1 has been violated, and st +it +rt in the posynomial
reformulation grows superexponentially as well. The exponential-moving-sum and
other reformulations may or may not exhibit this same type of numerical error growth
issue when applied in a purely mechanistic setting with known initial state and
parameters, but naïvely adding the derived covariates to the quantile autoregression
framework, it does demonstrate superexponential growth to infinity in some of its
simulations; some performance metrics are shown in Chapter 4.
Deterministic SIRS; discrete types; one infection/immunity at a time We
can extend the model above to incorporate multiple disease types in certain ways
while avoiding the extra complication of cycles within the latent state transition
graph. There are many schemes for building multi-strain models, partially driven
by an explosion in the number of possible states and parameters in straightforward,
faithful approaches [Kucharski et al., 2016]. We take a simple approach intended to
readily scale to several pathogens or strains by allowing for only a single infection
at a time, and forgetting information about all but the most recent infection of each
individual. When modeling M different strains, the model includes 2M + 1 possible
agent states:
• susceptible to all strains;
• infectious with strain k, for k ∈ {1..M };
• recovered from strain l, for l ∈ {1..M }.
Cross-protection and differing infectious contact, recovery, reporting, and waning
immunity rates are captured by a quadratic number of parameters:
• βk , k ∈ {1..M }: infectious contact rates for interactions of fully-susceptible
individuals with strain-k-infectious individuals;
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Figure 2.7: A posynomial reformulation of SIRS equations appears to coincide numerically with the original equations for some time, but subsequent
time steps demonstrate superexponential error growth. Both of the plots
shows yt versus t as calculated by the original SIRS equations and the posynomial reformulation; the first plot covers t ∈ {1..80}, while the second covers t ∈ {1..100}. The
source of the errors evident in the second plot is entirely numerical; the parameters
and initial state are given exactly, rather than estimated.
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• βkl , k, l ∈ {1..M }, k ≠ l: infectious contact rates for interactions of strain-lrecovered individuals with strain-k-infectious individuals;
• γk , k ∈ {1..M }: recovery rate for strain k; and
• ρk , k ∈ {1..M }: reporting rate for strain k; and
• µl , l ∈ {1..M }: waning immunity rate for strain l.
The differential equations are still quite similar to the single-strain case:
s′ (t) = − ∑ βk s(t)ik (t) + ∑ µl rl (t)
k

i′k (t)

l

= βk ik (t)s(t) + ∑ βkl ik (t)rl (t) − γk ik (t)
l≠k

rl′ (t) = γl il (t) − ∑ βkl ik (t)rl (t) − µl rl (t)
k≠l

s(t) + ∑ ik (t) + ∑ rl (t) = 1
k

l

yk (t) = N ρk ik (t)
Furthermore, manipulations similar to the single-strain case appear to be possible,
e.g., rewriting the number of recovered individuals in terms of the number of infectious individuals:
rl′ (t) = γl il (t) − ∑ βkl ik≠l (t)rl (t) − µl rl (t)
k≠l
t

rl (t) = ∫

e

(∑k≠l βkl ∫tν ik (τ ) dτ +µl (ν−t0 ))−(∑k≠l βkl ∫tt ik (τ ) dτ +µl (t−t0 ))
0
0

t0

γl il (ν) dν +

t

. . . rl (t0 )e− ∑k≠l βkl ∫t0 il (τ ) dτ −µl (t−t0 )
t

rl (t) = ∫

t0

t

γl il (ν)e− ∑k≠l βkl ∫ν il (τ ) dτ −µl (t−ν) dν +
t

. . . rl (t0 )e− ∑k≠l βkl ∫t0 il (τ ) dτ −µl (t−t0 )
However, additional difficulties and complications are expected when fitting coherent
exponential moving average parameters or working around them.

2.5

Incorporating holiday effects

This subsection reproduces or incorporates content from Brooks et al. [2018].
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Holidays can impact the spread, observation, and impact of a disease. For example,
reduced school and workplace contact may reduce disease transmission, patients
may not seek or may delay medical care for less serious issues, and some health
care providers may not be open or operate with reduced staffing. The delta density
methods described above attempt to match holiday behaviors by restricting training
windows around major holidays to focus on data from the same, or nearby, weeks
of the year. This reduction in the amount of training data might actually degrade
performance. A more direct model of the holiday effects may allow a model to match
holiday behavior with less data, and simultaneously remove the perceived need for
narrow training windows.
For example, CDC’s wILI measure is an estimate of the proportion of health care
visits in an area that are due to ILI. Sharp rises and drops in wILI are common from
early or mid-December to early January (roughly coinciding with a four week period
beginning with epi week 50), with either the season’s peak or a lower, secondary
peak commonly occurring on epi week 52.
This pattern appears to arise from at
least two factors:
• spikes downward in the number of non-ILI visits during the holiday season
(corresponding to increases in wILI), perhaps caused by patients choosing not
to visit the doctor for less serious issues on holidays, and
• decreasing slope of the average ILI visit curve during the holidays (changing
from its highest positive value to a slightly negative value), perhaps due to
“deceleration” in the true incidence of ILI resulting from a decreased average
infectious contact rate during holidays, which partially counteracts the above
increases in wILI due to health care seeking behavior changes during the holidays, but also accentuates this spike visually due to the negative slope at the
end of the holiday period.
Similarly, there are spikes or minor blips downward in the average number of non-ILI
visits (which can result in small increases in wILI) associated with Thanksgiving Day;
Labor Day; Independence Day; Memorial Day; Birthday of Martin Luther King, Jr.;
Washington’s Birthday; Columbus Day; and perhaps other holidays. Spikes upward
in wILI at Thanksgiving can push wILI unexpectedly over the onset threshold, and
holiday effects may help explain the surprising frequency at which peaks occur on epi
week 7 but not neighboring weeks. Figure 2.8 summarizes these effects using average
ILI, non-ILI, and wILI trends for all age groups. Additional age-specific patterns
may be obscured by this analysis of overall trends.
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Figure 2.8: On average, wILI is higher on holidays than expected based on
neighboring weeks. Weekly trends in wILI values, as expressed by the contribution of a each week to a sum of wILI values from seasons 2003/2004 to 2015/2016,
excluding 2008/2009 and 2009/2010 (which include portions of the 2009 influenza
pandemic), show spikes and bumps upward on and around major holidays. (U.S.
federal holidays are indicated with event lines.) The number of non-ILI visits to
ILINet health care providers spikes downwards on holidays (disproportionately with
any drops in the number of ILI visits), contributing to higher wILI. The number of
ILI visits generally declines in the second half of the winter holiday season, causing
winter holiday peaks to appear even higher relative to nearby weeks. In addition to
holiday effects, we see that average ILINet participation jumps upward on epi week
40, and gradually tapers off later in the season and in the off-season.
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Approaches to incorporating holiday effects include:
• in entire-trajectory models, adding constant or random multiplicative effects
to each trajectory in the set or distribution of possible Y1..T ’s;
• in chained one-ahead models, weighting training instances based on whether
they share the same holiday status as the test instance or come from the same
time of year; and
• in chained one-ahead models, adding holiday indicator variables and/or interactions of holiday indicator variables with other quantities of interest as covariates
in the quantile autoregression framework, and/or modeling the number of ILI
and non-ILI visits instead of %wILI.
Preliminary performance analysis suggests that:
• The first approach applied within the empirical Bayes framework produces trajectories in the prior that are qualitatively more similar to actual surveillance
trajectories, but doesn’t lead to better forecast performance. This phenomenon
arose when fitting a constant (across elements of the prior) or randomly scaled
multiplier patterns to weeks of the season typically associated with Thanksgiving and with winter holidays, which was fit in conjunction with the trend
filtering procedure.
• Each U.S. federal holiday above occurs at roughly the same time of year every
year, falling on one of two possible epi week numbers. Thus, models that predict
behavior at a given epi week by prioritizing or focusing solely on past behavior
at that given epi week will automatically perform a rough adjustment for holiday effects. This factor informs our decision to use historical data only from
corresponding weeks in the Markovian delta density method, and a truncated
Laplacian kernel with narrower width near winter holidays in the extended
delta density method. Specifically, for the extended delta density method, we
choose the half-width of the kernel to be lu = min{10, max{0, ∣u − 22∣ − 1}},
which assigns lu = 0 for u within one week of epi week 52, and larger lu ’s the
farther u is from this time period, up to a maximum value of 10. However, the
extended delta density method actually exhibits a large degree of bias in ground
truth estimates around these holidays; this bias or error seems attributable to
other details of the extended delta density model, though, as it is present even
in the week with a kernel width of 0, which causes the truncated Laplacian
kernel to match the Markovian delta density kernel.
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• One method in the third category is to add week-of-season or time-relativeto-holiday indicator variables and/or interactions with other quantities as covariates in the quantile autoregression framework; initial performance results
suggest this method is surprisingly unsuccessful despite matching well with the
intuition for the multiplicative nature of surveillance system holiday effects in
this setting.
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Chapter 3
Modeling surveillance data
revisions
The above discussion assumed that, when forecasting future measurements of disease
prevalence, we have access to these same desired measurements for all times in the
past. In reality, this exact data is not immediately accessible, as accurate measurements may take weeks or years to be completed. However, to enable decisionmakers
to quickly assess and respond to a situation, epidemiological surveillance systems often publish a sequence of provisional estimates of each complete measurement, with
later versions more accurate on average. The existence of multiple versions of measurements has significant implications for proper forecast evaluation and analysis,
and explicitly accounting for the revision process can improve model forecasts:
• Faithful retrospective validation: When estimating the performance of a proposed model by mimicking the forecasts it would have made in the past, it is
important that we input the version of each measurement that would have
been available at the time of each forecast; otherwise, accuracy estimates will
almost surely be too high since the evaluation was based on higher accuracy
input data.
• Faithful forecast visualization: Visualizing past forecasts together with completed measurements can cause confusion when the version of the measurements
fed into the forecast has significant error; plotting the available version alongside the complete measurements and forecast can eliminate this confusion.
• Forecast improvement: Forecast performance can potentially be improved by
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modeling the data revision process in addition to future observations, especially
when a small change in past observations can cause a large change in the
prediction target or associated forecast evaluations (as is sometimes the case
for some timing and overall intensity targets), or when there is a high degree
of error in earlier versions of measurements.
Section 3.1 describes in more detail the nature of some provisional data, and
Section 3.2 provides notation to discuss such data. Section 3.3 describes methods
for distribution prediction of finalized data given the partial, provisional data that
are available in real time. Chapter 4 describes additional extensions and studies the
performance of different approaches.

3.1

Examples of provisional data
This section reproduces or incorporates content from Brooks et al. [2018].

The use of provisional estimates is commonplace in epidemiological surveillance, and
is also observed in other contexts; for example:
• ILINet is a network of health care providers that voluntarily submit reports to
CDC, which cleans and aggregates the data. Providers may differ in timeliness and frequency of reporting, and new providers may enter the system and
might provide a chunk of data, and the aggregate measure of ILI prevalence is
updated as additional providers submit or revise their data. CDC adjusts for
the fact that different versions will be based on different numbers of providers
by reporting the proportion of visits due to ILI, but earlier versions can still
be biased, as slower or less frequent reporters may serve different populations
with higher or lower typical ILI proportions than earlier reporters. The revisions may also be correlated across time, as a lower frequency or slower huge
provider or group of similar providers may report a chunk of multiple weeks
at the same time. CDC may also perform data cleaning, which can affect the
entire season at the same time; for example, they may remove all data from a
particular provider.
• The Influenza Hospitalization Surveillance Network (FluSurv-NET) is a surveillance network for laboratory-confirmed influenza hospitalizations. Many of the
issues above still are applicable; for example, differences in types of laboratory
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test used, testing location, testing capacity, hospital administration, etc., can
contribute to differences in timeliness of reporting between hospitals. Reporting may not take place until after a patient is discharged, which spreads reports
apart further based on uncontrollable factors regarding duration of patients’
illnesses. Additionally, reports may be revised after cases are ruled out as additional tests are performed. The combined effect is that the initially reported
hospitalization rates are always or nearly always lower than the finalized figures, and half of the time are ≈ 50% of the finalized value or less, while later
versions have a growing chance of overestimating the finalized value but are
closer to it on average.
• Gross domestic product (GDP) and gross national product (GNP) estimates
can also be revised over time. Previous work has named different types of
updates and addressed the task of forecasting these updates in the context of
Kalman filtering [Aruoba, 2008, Jacobs and Van Norden, 2011, Julio et al.,
2011, Mankiw and Shapiro, 1986].
Details of which provisional data are released and the nature of their revisions vary
by setting; some specifics for the ILINet system are included below.
ILINet versioning process Recall that ILINet is a network of outpatient health
care providers providing statistics which are compiled, processed, and published by
CDC. These health care providers vary in size, types of care provided, administrative resources available, and nature of their recordkeeping and reporting systems.
Not all providers transmit statistics on a weekly basis in time for inclusion in the
quickest CDC estimates of ILI activity for every week. After this first deadline has
passed, ILINet members provide “backfill” statistics or revisions for past weeks and
CDC continually considers data cleaning operations of incoming and priorly submitted statistics; wILI observations are updated accordingly. Forecasting performance
can be improved by modeling and “backcasting” these updates, accounting for the
following sources of error:
• Biased early reports: earlier wILI versions are generally biased downwards early
in the in-season, and upwards towards the end of the in-season, which may lead
to forecasts of lower, later peaks early in the season, and of longer epidemic
duration later in the season;
• Overconfident short-term distributional forecasts: since updates in wILI
can cause “observed” data, e.g., of the wILI at the presumed peak week, to
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shift, ignoring backfill may lead to “thin”, overconfident forecast distributions;
• Revisions of “observed” seasonal targets: wILI updates sometimes cause large
changes in the apparent onset week or peak week when there are bumps or multiple peaks in the trajectory: wILI updates can cause a measurement to change
from above the CDC baseline to below (or vice versa), or for an earlier, lower
peak to rise above a later peak (or vice versa); ignoring backfill updates can
cause models to completely miss some possibilities when these targets appear
to be determined. A similar type of error can arise from revisions to the peak
height value (regardless of whether the peak week changes); even small updates
can result in large unibin log score penalties.

3.2

Notation

In Chapter 2, the goal was to estimate the distribution of future observations of a
time series of interest, Yt+1..T , as a function of past observations of that time series,
Y1..t . However, as described above, we do not have access to Y1..t itself in real time,
(1)
(2)
(t−1)
(t)
but instead a sequence of provisional reports, Y1 , Y1..2 , . . . , Y1..t−1 , Y1..t , each adding
a new (provisional) observation and revising previous values. Our goal now is to
build a distributional forecast of the entire, finalized time series of interest, Y1..T2 ,
(1)
(2)
(t)
effectively leveraging information from provisional measurements Y1 , Y1..2 , . . . , Y1..t
and completed measurements Y1..T1 (where T1 ≤ t and T1 < T2 ). That is, we want to
jointly “backcast” (a.k.a. “backforecast”, “back-forecast”) YT1 +1..t and forecast Yt+1..T2 ,
and append the results to observations Y1..T1 . Figure 3.1 depicts the prediction
targets together with the observations available as of report t, which visually form a
“provisional data triangle”.

3.3

Nonparametric one-ahead backcasting and forecasting methods

There is an approach to backcasting and forecasting in this setting which is very similar in nature to the chained one-ahead future trajectory simulation procedure from
sim
Subsection 2.1.2. We can simulate a random trajectory Y1..T
from the distribution
2
(1..t)
of Y1..T2 given all provisional data Y
by chaining together T2 − T1 1-step-ahead
simulations:
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Figure 3.1: Initial surveillance data values and subsequent revisions form
a “provisional data triangle”. The top shaded region of this diagram represents
some of the backcasting and forecasting forecasting targets, Y1..T2 : the finalized values
of the surveillance data after many revisions. (The exact versions to be considered
“finalized” may be explicitly specified by stakeholders soliciting forecasts.) The sec(t)
ond shaded region corresponds to the most recent surveillance report or “issue”, Y1..t ,
(t)
(t)
containing (a) Y1..t−1 , revisions of values from the previous report, and (b) Yt , the
initial estimate of Yt . The lines below the second shaded region correspond to a few
(t−4)
(t−1)
older reports, Y1..t−4 ..Y1..t−1 ; moving from older reports below to newer reports above,
each report contains an observation for one additional time interval and revisions for
the rest, giving rise to the triangular arrangement of the diagram.
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sim
• Let Y1..T
= Y1..T1
1
sim
• Draw YTsim
∼ YT1 +1 ∣ Y (1..t) , Y1..T1 = Y1..T
1 +1
1
sim
• Draw YTsim
∼ YT1 +2 ∣ Y (1..t) , Y1..T1 +1 = Y1..T
1 +2
1 +1
sim
• Draw YTsim
∼ YT1 +3 ∣ Y (1..t) , Y1..T1 +2 = Y1..T
1 +3
1 +2

• ...
sim
• Draw YTsim
∼ YT2 ∣ Y (1..t) , Y1..T2 −1 = Y1..T
2
2 −1

That is, we simulate the first latent observation YT1 +1 , then feed that simulated value
YTsim
into a model for YT1 +2 , then feed the resulting value YTsim
along with YTsim
into
1 +1
1 +2
1 +1
(1..t)
a model for YT1 +3 , and so on. The model selected for Yu ∣ Y
, Y1..u−1 is once again
arbitrary, but it is often convenient to consider direct models of Ψ[u] ∣ Φ[u] , where
Ψ[u] can now depend on Y (1..t) , Y1..u such that Yu is recoverable, and Φ[u] is a feature
vector prepared from Y (1..t) , Y1..u−1 . For example, a natural choice for Φ[u] is a small
selection of provisional data for times intervals u and nearby time intervals. One
drawback of this choice paired with the procedure above is that it leads to algorithms
akin to Kalman filtering or fixed-lag smoothing rather than comprehensive Kalman
smoothing; that is, the u-th simulated value, Yusim , will either ignore available data
for time intervals after u (“filtering”), or will ignore available data for time intervals
after u + k for some fixed k > 0 (“fixed-lag smoothing”), rather than considering
data from all time intervals (comprehensive smoothing). For lower-noise data sets,
these omissions may not be too harmful, as enough signal is already present in
nearby (and far past) time intervals to backcast accurately. The kernel delta density
and locally linear quantile autoregression approaches have analogues in this setting:
kernel residual density and quantile ARX (autoregression with additional covariates
treated as exogenous):
• Kernel residual density: uses kernel smoothing methods to estimate the conditional distribution (a) of residuals Yu − Ŷu given some covariates and an initial
estimate Ŷu when u ≤ t, and (b) of deltas Yu − Yu−1 when u > t.
• Quantile ARX: uses quantile regression to estimate the conditional distribution
of Yu given a selection of features from Y1..u−1 and Y (1..t) .
64

3.3.1

Kernel residual density

This subsection reproduces or incorporates content from Brooks et al. [2018].
The kernel residual density method chains together draws from conditional density
estimates of (Yu − Ŷu ) ∣ Φ[u] for u from T1 + 1 to t and of ∆Yu ∣ Φ[u] for u from t + 1
to T2 , where Φ[u] is a function of Y1..u−1 and Y (1..t) and Ŷu is some initial estimate of
Yu :
• The data revision-ignorant delta density method can be seen as a special case
where ŶT1 +1..t = YT1 +1..t (i.e., past values YT1 +1..t are all treated as known and
are simply duplicated in the simulated trajectories) and Ŷt+1..T2 = Yt..T2 −1 (i.e.,
the estimator Ŷu when u ≥ t + 1 is the lagged value Yu−1 , available in simulated trajectories from previous simulation steps). Each later residual Yu − Yu−1
corresponds to a delta in the delta density approach, ∆Yu .
• A data revision-aware variant is obtained by using ŶT1 +1..t = YT1 +1..t (i.e., the
latest provisional value for every time interval for which provisional data is
available) while keeping Ŷt+1..T2 = Yt..T2 −1 .
(t)

The performance of these kernel residual density approaches is studied alongside
additional variants in Section 4.2 (the revision-unaware approach corresponding to
“Ground truth, no nowcast” and “Real-time data, no nowcast”, and the revisionaware approach above corresponding to “Backcast, no nowcast”).

3.3.2

Quantile ARX

Another candidate is a regularized locally linear quantile regression on a subset of
the conditioning covariates. One option is to simulate quantiles of Yu as a linear
function of the following covariates, along with a data weighting kernel and optional
extra post-processing noise: Figure 3.2 visualizes this availability-dependent selection
with a template for a roughly corresponding Bayes net. This Bayes net description
is inexact, as the sampling procedure described in the introduction to this chapter
models the dependence of each node on its ancestors, but not its descendants. Usually, we will start simulating with u’s where most of this data is available, but at
higher u some of the covariates will be excluded due to unavailability. For example,
(t)
sim
when simulating Yt+1 , the above covariate set would incorporate only Yt and Yt−3..t
.
Training instances for the quantile regression model map these test covariates to the
following training covariates:
65

Name

Type

Description

Notation

Stable@u-4
Stable@u-3
Stable@u-2
Stable@u-1
Latest@u-1
Latest@u
Latest@u+1
Second-Latest@u

Input
Input
Input
Input
Input
Input
Input
Input

Stable/simulated value 4 weeks before
Stable/simulated value 3 weeks before
Stable/simulated value 2 weeks before
Stable/simulated value 1 weeks before
Latest value for 1 week before
Latest value for given week
Latest value for 1 week after
Second-latest value for given week

sim
Yu−4 /Yu−4
sim
Yu−3 /Yu−3
sim
Yu−2 /Yu−2
sim
Yu−1 /Yu−1
(t)
Yu−1
(t)
Yu
(t)
Yu+1
(t−1)
Yu

Stable@u

Output

Stable/simulated value for given week

Yu /Yusim

Table 3.1: One potential choice of Φ[u],QARXlinear and Ψ[u] .

Time

u−4

u−3

u−2

u−1

u

Finalized data

Yu−4 ?

Yu−3 ?

Yu−2 ?

Yu−1 ?

Yu

↑
Yu−1
?

Yu↑ ?

Latest provisional
Second-latest provisional

u+1

↑
Yu+1
?

Yu↑# ?

Figure 3.2: Bayes net template related to earlier covariate table. Here, u could refer
to a past, present, or future week, not just the current week. Question marks denote covariates that are included if available (observed/simulated) at test/application
time. The ¯↑ symbol refers to the latest version of a wILI measurement available at
test time (if there are any versions available), while ¯↑ # refers to the second-latest
version of a wILI measurement available at test time (if there are ≥ 2 versions available).
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• Y(u−1..u+1)+∆t corresponding to available Yu−1..u+1
(t+∆t)

• Yu+∆t

(t−1+∆t)

(t)

corresponding to available Yu

(t−1)

sim
• Y(u−4..u−1)+∆t , corresponding to available Yu−4..u−1
or Yu−4..u−1

The training set is limited to those instances where all of the above covariates are
available. Weights can be assigned to training instances to encourage use of data
from similar times of year and similar values of the covariates. Regularization is
incorporated to prevent overfitting and remain robust in the face of collinearities.
(Collinearities can arise, e.g., when the training set used fills in holes in records for
Y (1..t) with other values from Y (1..T ) or Y1..T .)
The performance of this approach
is studied in Subsection 4.3.1 (approaches “T:B” and “T:BNF”).
sim
Consider a more restrictive set of covariates: Yu , if available, and Yu−1
(or Yu−1 if
available). Then the above process draws from conditional distributions that resem(t)
ble a state space filter; for example, YT1 +1 ∣ YT1 +1 , YT1 , using natural Markov assump(t)
tions, would be equivalent to YT1 +1 ∣ YT1 +1 , Y1..T1 , but would not consider information
(t)
from observations for subsequent epiweeks such as YT1 +1..T2 . Since dependencies between data updates to observations for nearby weeks, we may want to ensure that
this information is included. One simple way is to simply add more elements from
(t)
YT1 +1..T2 as covariates when available, but this might lead to issues with fitting too
many parameters, e.g., at T1 + 1. An alternative would be to add a backward pass
that parallels a state space smoothing algorithm; this approach may not be feasible
when using complicated transformations or data weights. Yet another path is to add
subsequent values such as Yu+1 to the conditioning covariates and perform fitting
and sampling using algorithms for the Multiple Quantile Graphical Model [Ali et al.,
2016].
(t)
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Chapter 4
Incorporating additional
surveillance sources into
pancasters
The previous two chapters discuss models for a single source of surveillance data
that reports (multiple versions of) a single measurement for each time in the past
for a particular location. This approach forgoes useful information available from
additional traditional surveillance sources and a number of novel digital surveillance sources such as search query volume, social media activity, page hits, illness
self-reporting, internet-integrated monitoring and testing devices, electronic health
records, and insurance claims. We can generalize the above approaches to forecast
multiple data sources and/or locations at once, incorporating information from multiple auxiliary data streams. This chapter describes a joint modeling and simulation
approach that incorporates dependencies across sources using a domain-informed
dependence graph. This task is often referred to as “nowcasting” or “nearcasting”
when “predicting” ground truth data for times u at or around the time that the
predictions are made. Even the most quickly released traditional surveillance data
are not as timely as novel digital sources, so this typically entails estimating stable
ground truth data Yu given lower-latency external data Xu for the same time period
(t)
and provisional data Y1..t , t < u, which does not contain an estimate for time interval
u. Performing joint distribution prediction for YT1 ..T2 covering times before, near,
and after t combines the tasks of backcasting, nowcasting, and forecasting, and we
will henceforth refer to it as “pancasting”.
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Section 4.1 discusses the task of nowcasting, some available nowcasting systems
for wILI, and the general tactic that will be taken to incorporate these in distributional trajectory predictions. Section 4.2 pairs this tactic with the kernel residual
density backcasting approach and various forecasters. Section 4.3 applies the same
tactic in the quantile ARX modeling framework, with the option of performing the
entire pancast within the quantile ARX model, which appears competitive with any
of the piecemeal approaches combining separate backcasters, nowcasters, and forecasters.

4.1

Latency of initial wILI values and “nowcasting”
This section reproduces or incorporates content from Brooks et al. [2018].

The initial ILINet wILI value for a given “target” week (from Sunday to Saturday) is
typically released on Friday of the following week. Data sources with lower latency
and higher temporal resolution can be used to prepare wILI estimates (“nowcasts”)
earlier in the following week or even during the target week itself. More generally,
auxiliary data for past and current weeks can improve not only models of disease activity in these weeks but also forecasts of future disease activity. Given a backcaster
that simulates finalized data for past weeks Y1..t given observed ILINet and auxiliary
data, a nowcaster that simulates Yt+1 given these observations and (a simulated)
Y1..t , and a forecaster that simulates Yt+2..T given these observations and (a simulated) Y1..t+1 , we can sample from an enhanced model of Y1..T (given the latest wILI
t
observations Y1..t
, previous versions of wILI, and auxiliary data) using the following
procedure:
sim
1. Repeatedly draw a random value Y1..T
for Y1..T by:
sim
(a) drawing a random value Y1..t
for Y1..t conditioned on the observed data,
using the backcaster, then
sim
(b) drawing a random value Yt+1
for Yt+1 conditioned on the observed data
sim
and Y1..t = Y1..t , using the nowcaster, then
sim
(c) drawing a random value Yt+2..T
for Yt+2..T conditioned on the observed data
sim
and Y1..t+1 = Y1..t+1 , using the forecaster, then
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sim
sim
sim
sim
(d) combining Y1..t
, Yt+1
, and Yt+2..T
into a single (random) trajectory Y1..T
,
and

2. Collect these individual, randomly drawn trajectories into a list (i.e., a random
sample).
As with the earlier method of combining backcasts and forecasts without a nowcaster,
this procedure may be too computationally expensive for some implementations of
some forecasters; we use these steps exactly with the delta density methods, for
example, but consider modifications and approximations for some other forecasters.
This methodology can be applied in conjunction with one of many available nowcasters. We focus on ILI-Nearby [Farrow, 2016, Farrow et al., 2019], which produces
nowcasts for wILI by fusing together several “sensors” using another type of stacked
generalization, where each sensor is also a nowcast of wILI data; we reproduce a list
of references from [Farrow, 2016] on other methodologies for nowcasting and incorporating auxiliary data here [Achrekar et al., 2011, Araz et al., 2014, Broniatowski
et al., 2013, Culotta, 2010, Dredze et al., 2014, Dugas et al., 2013, Eysenbach, 2006,
Generous et al., 2014, Ginsberg et al., 2009, Hickmann et al., 2015, Hulth et al.,
2009, McIver and Brownstein, 2014, Paul et al., 2014b, Polgreen et al., 2008, Preis
and Moat, 2014, Ritterman et al., 2009, Santillana et al., 2014, 2015, Shaman and
Karspeck, 2012b, Shaman et al., 2013b, Signorini et al., 2011, Soebiyanto et al., 2010,
Yang et al., 2015] along with some more recent work [Johansson et al., 2016, Lampos et al., 2015, Yang et al., 2017], with special note of other work using multiple
auxiliary data sources [Yang et al., 2017] or nowcasters [Santillana et al., 2015]. We
consider four distributional nowcasters:
sim
• Yt+1
produced by the forecaster, i.e., not using separate nowcasts at all —
the basis for all kernel residual density performance estimates unless otherwise
noted, as no nowcasts were incorporated into the Delphi-Stat forecasts for the
2015/2016 season;
sim
• Yt+1
following a normal distribution with mean and standard deviation given
by the ILI-Nearby nowcasting system (ignoring the backcaster’s output);
sim
• Yt+1
following a Student’s t distribution with two degrees of freedom, centrality
parameter set to the ILI-Nearby point estimate, and scale parameter set to the
ILI-Nearby standard deviation estimate, intended to be a wide-tailed variant
of the above (ignoring the backcaster’s output);
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• an ensemble of first and third approaches, with associated weights (probabilities) of 15% and 85% respectively. (The choice of weights was inherited from
a similar approach that mixed “1 wk ahead” delta density forecasts with nowcasts, rather than ensemble forecasts (including a uniform component) based
on these two approaches; a nowcast weight of 85% was selected on a limited
amount of out-of-sample (preseason) forecasts to maximize log score.).
Section 4.3 discusses a special case of the first approach where backcasts, nowcasts,
and forecasts are all unified under the same modeling framework, which treats provisional ILINet data and ILI-Nearby as potentially missing inputs.

4.2

Backcasting and nowcasting wILI using kernel
residual density and ILI-Nearby
This section reproduces or incorporates content from Brooks et al. [2018].

We first consider pancasting by stitching together the forecasts of separate backcasting, nowcasting, and forecasting systems. We estimate the distribution of backfill
updates using the residual density method described in Subsection 3.3.1, with t1 = 0,
t
t2 = t, X1..t = Y1..t
the latest version of wILI available, Y1..t the corresponding final
u
revisions, and Φ = [Yu−1 ]. The weight given to a historical nonfinal-to-final residual
is based on three factors:
• Lag amount: later revisions of wILI values tend to be closer to the final revision
than earlier revisions are; thus, when estimating the distribution of n-week-old
wILI to finalized wILI residuals, only n-week-old wILI to finalized wILI data is
considered; backfill data for other lags is ignored (i.e., has zero weight);
• The current season’s nonfinal wILI value: historical backfill updates with
nonfinal wILI values closer to the nonfinal wILI value from the current season are given greater weights according to a Gaussian kernel (with bandwidth
based on a rule for kernel density estimation of the historical nonfinal wILI
values);
• Epi week of observation: since the backfill pattern changes throughout a season, historical backfill updates corresponding to nearby epi weeks are weighted
more highly than those from a different time of the season, using a Laplacian
kernel (with an arbitrarily selected bandwidth).
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The bandwidth of the density estimate is based on a kernel density estimate of the
nonfinal-to-final residuals.
The backcasting method is modular and can combine with any forecaster expecting ground truth wILI as input. The straightforward approach is to sample a few
hundred or thousand trajectories from the backfill simulator, feed each of these into
the forecaster to obtain a trajectory or a distribution over targets, and aggregate the
results. Some forecasting methods considered do not have a simple way to quickly
generate single-trajectory forecasts, so we also use alternative approaches to reduce
computation, such as randomly pairing backcasts and trajectory forecasts, where
the trajectory forecasts are efficiently generated in batch, based on the pointwise
mean of the backcasts. Figure 4.1 shows sample forecasts over wILI trajectories
generated by each of these approaches and compares them to some alternatives described in Appendix B. Note that the pancast trajectory distributions express some
uncertainty (vertical spread among black lines) even for time intervals where there
is a provisional estimate (yellow line) available. Naturally, uncertainty is generally
greater for later time periods; e.g., greater around the last time period for which a
provisional data estimate is available (right tip of yellow line) than the thoroughly
revised data from August (leftmost part of yellow line).
Figure 4.2 shows cross-validation performance estimates for the extended delta
density method based on the following input data:
• Ground truth, no nowcast: the ground truth wILI for the left-out season up
to the forecast week is provided as input, resulting in an optimistic performance
estimate;
• Real-time data, no nowcast: the appropriate wILI report is used for data from
the left-out season, but no adjustment is made for possible updates; this performance estimate is valid, but we can improve upon the underlying method;
• Backcast, no nowcast: the appropriate wILI report is used for data from the
left-out season, but we use a residual density method to “backcast” updates to
this report; this performance estimate is valid, and the backcasting procedure
significantly improves the log score;
• Backcast, Gaussian nowcast: same as “Backcast, no nowcast” but with another week of simulated data added to the forecast, based on a Gaussiandistributed nowcast; and
• Backcast, Student t nowcast: same as “Backcast, Gaussian nowcast” but using a Student t-distributed nowcast in place of the Gaussian nowcast.
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BR, degenerate distribution
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Figure 4.1: Delta and residual density methods generate wider distributions over trajectories than methods that treat entire seasons as units.
These plots show sample forecasts of wILI trajectories generated from models that
treat seasons as units (BR, Empirical Bayes) and from models incorporating delta
and residual density methods. Yellow, the latest wILI report available for these forecasts; magenta, the ground truth wILI available at the beginning of the following
season; black, a sample of 100 trajectories drawn from each model; cyan, the closest
trajectory to the ground truth wILI from each sample of 100.
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• Backcast, ensemble nowcast: same as the previous two but using the ensemble nowcast (which combines “no nowcast” with “Student t nowcast”).
For every combination of target and forecast week, using ground truth as input rather
than the appropriate version of these wILI observations produces either comparable
or inflated performance estimates.
Using the “backcasting” method to model the difference between the ground truth
and the available report helps close the gap between the update-ignorant method.
The magnitude of the performance differences depends on the target and forecast
week. Differences in mean scores for the short-term targets are small and may be reasonably explained by random chance alone; the largest potential difference appears
to be an improvement in the “1 wk ahead” target by using backcasting. More significant differences appear in each of the seasonal targets following typical times for the
corresponding onset or peak events; most of the improvement can be attributed to
preventing the method from assigning inappropriately high probabilities (often 1) to
events that look like they must or almost certainly will occur based on available wILI
observations for past weeks, but which are ultimately not observed due to revisions
of these observations. The magnitude of the mean log score improvement depends
in part on the resolution of the log score bins; for example, wider bins for “Season
peak percentage” may reduce the improvement in mean log score (but would also
shrink the scale of all mean log scores). Similarly, the differences in scores may be
reduced but not eliminated by use of multibin scores for evaluation or ensembles
incorporating uniform components for forecasting.
Using the heavy-tailed Student t nowcasts or nowcast ensemble appears to improve on short-term forecasts without damaging performance on seasonal targets.
The Gaussian nowcast has a similar effect as the other nowcasters except on the “1
wk ahead” target that it directly predicts: its distribution is too thin-tailed, resulting
in lower mean log scores than using the forecaster by itself on this target.

4.3

Unified quantile ARX-based pancast filtering
model

A limited number of additional data sources with sufficient temporal availability and
matching resolution can be easily and directly added to the kernel residual density
and quantile ARX models by treating these external data sources as exogenous covariates, plus a mechanism for handling missingness which takes into account the fact
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Figure 4.2: Using finalized data for evaluation leads to optimistic estimates
of performance, particularly for seasonal targets, “backcasting” improves
predictions for seasonal targets, and nowcasting can improve predictions
for short-term targets. Mean log score of the extended delta density method, averaged across seasons 2010/2011 to 2015/2016, all locations, all targets, and forecast
weeks 40 to 20, both broken down by target and averaged across all targets (“Overall”). Rough standard error bars for the mean score for each target (or overall)
appear on the right, in addition to the error bars at each epi week.
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Time

u−4

u−3

u−2

u−1

u

Finalized data

Yu−4 ?

Yu−3 ?

Yu−2 ?

Yu−1 ?

Yu

ILI-Nearby

u+1

Nu ?

Latest provisional

↑
Yu−1
?

Second-latest provisional

Yu↑ ?

↑
Yu+1
?

Yu↑# ?

Figure 4.3: Bayes net template corresponding to earlier covariate table. Here, u
could refer to a past, present, or future week, not just the current week. Question marks denote covariates that are included if available (observed/simulated) at
test/application time. The ¯↑ symbol refers to the latest version of a wILI measurement available at test time (if there are any versions available), while ¯↑ # refers to
the second-latest version of a wILI measurement available at test time (if there are
≥ 2 versions available).
that the data sources involved are streaming with different latencies. In the quantile
autoregression framework, the ILI-Nearby data can be treated in the same way as
a provisional data point: added to the selection of covariates used in the quantile
ARX pancasting routine. Figure 4.3 visualizes this availability-dependent selection
with a Bayes net for a single location.

4.3.1

Unified quantile autoregression pancast performance

Figure 4.5 compares the average unibin log score of various forecasting methods given
preliminary data, partial pancasts, or full pancasts as input. Only the delta density
methods leave nontrivial input from the pancaster untouched, with other forecasting methods ignoring pancasting input or performing alterations for computational
tractability that hurt unibin log score: the Uniform and EmpiricalTrajectories baselines completely ignores pancaster input, BasisRegression resamples and EmpiricalFutures sparsely resamples the pancast (partial) trajectories, and EmpiricalBayes and
EmpiricalBayes_Cond4 average over the pancast (partial) trajectories and treat the
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Figure 4.4: Expansion of the Bayes net template above for a short trajectory.
result as an observed (partial) trajectory with no uncertainty. The output of each
pancaster-forecaster pair other than those for the Uniform baseline is a weighted
sample of complete trajectories, which is transformed into a weighted sample over
forecasting target values, which are in turn smoothed using uniform pseudocounts
and kernel density estimation (differences between EmpiricalBayes and EmpiricalBayes_Cond4 given a full pancast as input are due differences in the amount of
smoothing due to differing sample sizes output from these forecasters). We observe
that:
• The pancaster-forecaster pairs with the highest overall scores are completely
based on chained one-ahead models (quantile ARX pancasting or kernel delta
density models for every observation) rather than entire-trajectory approaches.
• Differences in performance between different forecasting methodologies are
more obvious than those between backcasting and nowcasting methodologies.
• Pairs that faithfully incorporate distributional backcasts have higher overall
scores than those that do not; those that heavily resample or replace the backcast distribution with a singleton have lower overall unibin scores.
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Figure 4.5: Quantile ARX pancasting variants of the best forecasting approaches
considered have higher cross-validation log scores for ILINet national and regional
forecasts compared to forecasting-only variants. This table shows the average cross validation unibin log score in the ILINet national and regional forecasting setting for various types of
forecasters and pancasting configurations. The first column corresponds to scores of forecasting
methods when they are provided preliminary data as if they were finalized. Subsequent columns
correspond to sampling partial or full trajectories from a particular type of quantile ARX pancaster as input to the forecasting method. “Pancast times” and the next three rows both describe
how much of the trajectory is modeled using the pancaster: none (revision-ignorant), times T1 ..t
(backcasting), times T1 ..t + 1 (backcasting & nowcasting), or times T1 ..T2 (unified pancasting).
“Uses ILI-Nearby” indicates whether auxiliary data from ILI-Nearby is used by the pancaster
in addition to preliminary ILINet data. “Uses SIRSA features” indicates whether the pancaster
incorporates SIRS-inspired covariates, without addressing issues with superexponential trajectory growth. “Missingness handler” is “Thin” when the pancaster uses covariate missingness
indicator variables and a thin SVD approach to avoid issues with (near-)singular training covariate matrices, and is “Drop” when using an ad-hoc method to select a subset of covariates and
training instances without missingness or singularity, incorporating lasso regularization when
near-singularity does not interfere with the fitting routine.
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• Pairs that incorporate distributional nowcasts faithfully have higher overall
scores than those that do not.
• Pairs that incorporate auxiliary data from ILI-Nearby have comparable or
higher overall scores than comparable pairs excluding them.
• Pairs that incorporate SIRS-inspired covariates have lower overall scores than
comparable pairs excluding them; this suboptimal performance is due at least
in part to superexponential growth in some simulated trajectories which may
be avoidable with better fitting and/or simulation approaches.
• Pairs that use the “Drop” missingness handler in the pancast stage have higher
overall scores than comparable pairs with the “Thin” missingness handler.
(However, the “Drop” missingness handler does not avoid all (near-)singular
matrix issues in the fitting routine used for other pancasting configurations
tested, causing analysis for these configurations to fail and be excluded; the
current “Thin” implementation is more robust in an operational sense.)
Figure 4.6 shows a cross-validation overall multibin log score analysis with similar
overall conclusions, except that some methods that incorporate distributional backcasts and nowcasts “unfaithfully” can exhibit potential increases in overall scores
rather than drops. Figure 4.7 and Figure 4.8 show cross validations score breakdowns by target and by location for national and regional ILINet forecasting for
the same set of pancasting configurations combined with the ExtendedDeltaDensity
forecaster; the best performing configurations from the overall scores have consistent
top-ranking performance across all targets and locations.
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Figure 4.6: Cross-validation overall multibin log scores for national and
regional ILINet forecasts.
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Figure 4.7: Incorporating backcasts and nowcasts into ILINet forecasts
from the extended delta density method yields higher cross-validation
log scores for all targets; the unified pancaster has mixed results across
targets relative to the two-step backcast&nowcast-forecast approach.
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Figure 4.8: Incorporating backcasts and nowcasts into ILINet forecasts
from the extended delta density method yields higher cross-validation log
scores for all locations, and the unified pancaster has similar or still better
average scores. Different locations have different %wILI scales and exhibit different revision patterns. Estimated performance gains from backcasting&nowcasting
are higher in those particularly large (in absolute %wILI terms) revisions on average,
but not all high performance gains correspond to locations with large revisions on
average; see Figure 4.9.
83

3

2

region
hhs1

1

hhs2
hhs3

residual

hhs4
hhs5
hhs6

0

hhs7
hhs8
hhs9
hhs10
nat

−1

−2

hhs1

hhs2

hhs3

hhs4

hhs5

hhs6

hhs7

hhs8

hhs9

hhs10

nat

region

Figure 4.9: ILINet absolute-scale revision distributions by location. Violins
represent density estimates, while horizontal lines mark the 5th and 95th empiri(t)
cal percentiles. The “residual” here is Yt − Yt (the negation of the error of the
first available provisional estimate for each time period), and is not normalized to
account for differences in individual or average values of Yt across locations; these
absolute residuals may be indicative of possible impacts on the average log scores
for forecasters, which are measured based on an absolute scale, but may not give
the best picture of revision patterns themselves. Differences in scale and revision
patterns may be explained by differences in the mixes of types, behavior, technology,
and communication protocols of the healthcare providers participating in ILINet in
different location.
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Chapter 5
Combining multiple methods:
stacking approach to model
averaging
Much of this chapter is based on material from Brooks et al. [2018].

Forecasting systems that select effective combinations of predictions from multiple
models can improve on the performance of the individual components, as demonstrated by their successful application in many domains. For each probability distribution and point prediction in a forecast, we treat the choice of an effective combination as a statistical estimation problem, and base each decision on the models’
behavior in leave-one-out cross-validation forecasts. Additional cross-validation analysis indicates that this approach achieves performance comparable to or better than
the best individual component.
Section 5.1 motivates the use of ensemble in this problem domain. Section 5.2
describes a “stacking” approach to combining distributional predictions into an ensemble leveraging historical or retrospective predictions generated from each of the
ensemble’s component models. Section 5.3 studies the performance of this stacking
approach.
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5.1

Background, motivation for combining forecasts

Methods that combine the output of different models, called “ensembles”, “multimodel ensembles”, “super-ensembles”, “model averages”, or various other names
based on the domain and type of approach, have been applied successfully in many
problem settings, improving upon the results of the best individual model. An ensemble approach is motivated in the context of seasonal epidemic forecasting by
factors such as:
• Model misspecification and overconfidence in distributional forecasts:
Many methods overlook the possibility of a significant proportion of observed
outcomes, or assign otherwise inappropriate probabilities. These omissions and
other mistakes are not identical across models; the gaps left by one component
can be filled in by another.
• Leveraging partially correlated errors in point predictions: The point prediction errors of individual methods can vary in magnitude and are often only
partially correlated with each other, allowing ensemble methods to improve
performance, e.g., by highly weighting more accurate predictors, or by reducing the variance when combining multiple unbiased estimators.
• Strengths and weaknesses in different targets: Some methods may work well
for certain forecasting targets, but have poor performance or fail to produce
predictions for others; model averages can be smoothly adjusted to account for
different behaviors for different targets.
• Changes in performance within seasons: Making predictions at the beginning, middle, and end of a season can be seen as different tasks, and the relative
performance characteristics of the components may change based on the time
of season (or whether it is around a holiday). Just as ensemble methods can
account for distinct patterns based on forecasting target, they can be tailored
to account for changes in behavior within a season.
We developed an adaptively weighted model average that consistently outperforms
the best individual component. Other teams submitting forecasts to the FluSight
comparison have concurrently developed other data-driven ensemble systems and
found similar success Ray and Reich [2017], Yamana et al. [2017]; less data-driven
ensemble techniques applied to forecasts of multiple research groups also exhibit
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strong performance, including a wisdom-of-crowds Morgan et al. [2018] and simple
average approaches McGowan et al. [2019]. Our ensemble framework is distinguished
from these other methods in that it very directly estimates the best model average
weights for a given location, time, target, and evaluation metric. This framework
has been reapplied with slightly different settings by the FluSight Network, which
uses historical and ongoing component forecasts from multiple research groups Reich
et al. [2019a] to form a highly-ranked ensemble forecast Reich et al. [2019c].

5.2

A stacking approach to model averaging

For each location l, week t, target i, and evaluation metric e, we choose a (weighted)
model average as the final prediction: an ensemble forecast of the form Xw, where
• X is the output of the m ensemble components — either (a) a row vector of
point predictions with m entries, or (b) a matrix of distributional predictions
with m columns — and
• w ∈ [0, 1]m is a (column) vector of weights, one per component, with ∑m
j=1 wj =
1.
Variants of the same models — or methods based on related approaches or assumptions — may at times produce similar forecasts that commit the same errors, while
producing a misleading impression of consensus; a successful ensemble may need
to consider not only the performance of each individual component, but also the
relationships between the raw output of the components. To this end, we use a
“stacking generalization” approach Breiman [1996], Wolpert [1992], treating the selection of weights w for the current season, S + 1, as the task of frequentist estimation
of the risk-optimal weight vector,
w∗ = arg max E [Score(w, S + 1, l, t, i, e)] ,
w∈[0,1]m
∑m
j=1 wj =1

based on leave-one-season-out cross-validation:
ŵ = µeuniform + (1 − µ) arg max

∑

w∈[0,1]m s′ ∈{1..S},
′ ′ ′ ′
∑m
j=1 wj =1 l ,t ,i ,e

RelevanceWeight(s′ , l′ , t′ , i′ , e′ ; S + 1, l, t, i, e)
⋅ CrossValidationScore(w, s′ , l′ , t′ , i′ , e′ ),

where µ is an inflation factor that gives addition weight to the uniform component
(euniform is a vector containing a 1 in the position corresponding to the uniform distribution component, and 0 in every other position). We changed the RelevanceWeight
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function used for real-time forecasts throughout the 2015/2016 season, but study
only the following RelevanceWeight function in the cross-validation analysis of the
adaptively weighted ensemble:
⎧
⎪
⎪1, ∣t − t′ ∣ ≤ 4, i = i′ , e = e′
′ ′ ′ ′ ′
RelevanceWeight(s, l, t, i, e; s , l , t , i , e ) = ⎨
⎪
⎪
⎩0, otherwise.
A larger collection of cross-validation data can be considered by assigning relevance
weights of 1 to additional training instances; relevance weights can also be gradually
decreased for less similar data rather than jumping down to zero.
When e is the unibin or multibin log score:
• Using the rule of three Jovanovic and Levy [1997] to estimate the frequency
3
for most submissions.
of events that we haven’t seen before, we chose µ = S⋅L
(Prior to the submission for 2015 EW43, we used a constant µ = 0.01 to guarantee a certain minimum log score.)
• The optimization problem is equivalent to fitting a mixture of distributions,
and we can use the degenerate EM algorithm Rosenfeld [Accessed 2017-0321] to efficiently find the weights; convex optimization techniques such as the
logarithmic barrier method are also appropriate.
When e is mean absolute error:
• We choose µ = 0 (and further, exclude the uniform distribution method from
the ensemble entirely).
• This optimization problem is referred to as least absolute deviation regression
or median regression, with linear inequality and equality constraints on the coefficients; we reformulate the problem as a linear program and use the lpSolve
package Berkelaar and others [2015] to find a solution.
We compare the “adaptive” weighting scheme above to two alternatives:
• Fixed-weightset-based stacking: the same approach as above, with the same
µ selections but a different RelevanceWeight function:
⎧
⎪
⎪1, e = e′
′ ′ ′ ′ ′
RelevanceWeight(s, l, t, i, e; s , l , t , i , e ) = ⎨
⎪
⎪
⎩0, otherwise;
and
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• Equal weights: does not use the above stacking scheme; instead, for every prediction, assigns each component the same weight in the ensemble, m1 (replacing
ŵ with m1 1).
The ensemble and each of its components forecast the targets Z(t) given a point
or distributional estimate for Y1..T . The fixed-weightset-based stacking matches the
real-time approach in Yamana et al. [2017], while the adaptive approach considered
offers a way to condition on “time of season” that is possible in real time. The
adaptive approach considered is less flexible and likely suffers more from the curse
of dimensionality more than the gradient tree boosting approach in Ray and Reich
[2017], but has more easily inspected weight selections and does not require a softmax
transformation.

5.3
5.3.1

Ensemble performance
Cross-validation of ensemble and its components

ILINet forecasting, U.S. national and HHS regional geographies
Figure 5.1 shows the distribution of cross-validation log scores for several forecasting
methods, described earlier in the text and in Appendix B, and the three ensemble
approaches specified earlier in the text, in the context of the FluSight forecasting comparison on U.S. national and HHS regional ILINet data. Except for the
uniform distribution and ensembles, all forecasting methods miss some possibilities
completely, reporting unreasonable probabilities less than exp(−10) ≈ 0.0000454 for
events that actually occurred. In these situations, the log score has been increased
to the cap of −10 (as CDC does for multibin log scores, although multibin scores
are in general less negative already). Delta and residual density forecasting methods
(Delta density, Markovian; Delta density, extended; and BR, residual density) are
less likely to commit these errors than other non-ensemble, non-uniform approaches,
and have higher average log scores. Ensemble approaches combine forecasts of multiple components, missing fewer possibilities, and ensuring that a reasonable log score
is obtained by incorporating the uniform distribution as a component. For the full
Delphi-Stat ensemble, the main advantage of the ensemble over its best component
appears to be successfully filling in possibilities missed by the best component with
other models to avoid -10 and other low log scores appears, while for ensembles of
subsets of the forecasting methods, there are other benefits; Appendix A shows the
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impact of these missed possibilities and the log score cap.
Figure 5.1 also includes estimates of the mean log score for each method and
rough error bars for these estimates. We expect there to be strong statistical dependence across evaluations for the same season and location, and weaker dependencies
between different seasons and locations; thus, the most common approaches to calculating standard errors, confidence intervals, and hypothesis test results will be
inappropriate. Properly accounting for such dependencies and calibrating intervals
and tests is an important but difficult task and is left for future investigation. We use
“rough standard error bars” on estimates of mean evaluations: first, the relevant data
(e.g., all cross-validation evaluations for a particular method and evaluation metric)
is summarized into one value for each season-location pair by taking the mean of all
evaluations for that season-location pair; we then calculate the mean and standard
error of the mean of these season-location values using standard calculations as if
these values were independent. Under some additional assumptions which posit the
existence of a single underlying true mean log score for each method, these individual
error bars — or rough error bars for the mean difference in log scores between pairs
of methods — suggest that the observed data is unlikely to have been recorded if
the true mean log score of the extended delta density method were greater than that
of the adaptively weighted ensemble, or if the true mean log score of the “Empirical
Bayes A” method were greater than the extended delta density method.
Methods that model wILI trajectories and “pin” past wILI to its observed values
have a large number of log scores near 0 because they are often able to confidently
“forecast” many onsets and peaks that have already occurred; ensemble methods
also have a large number of log scores near 0. Note that these scores are closer to
0 for ensembles that optimize weighting of different methods than for the ensemble
with uniform weights. For this particular set of forecasting methods, targets, and
evaluation seasons:
• the equally-weighted ensemble has lower average log score than the best individual component (extended delta density),
• using the stacking approach to assign weights to ensemble components improves
ensemble performance significantly and gives higher average log score than the
best individual component,
• the adaptive weighting scheme does not provide a major benefit over a fixedweight scheme using a single set of weights for each evaluation metric.
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When given subsets of these forecasting methods as input, with regard to average
performance:
• the equally-weighted ensemble often outperforms the best individual, but is
sometimes slightly (≈ 0.1 log score) worse;
• the stacking approach improves upon the performance of the uniformly weighted
ensemble; and
• the adaptive weighting scheme’s performance is equal to or better than that
of the fixed-weight scheme, sometimes improving on the log score by ≈ 0.1.
The adaptive weighting scheme’s relative performance appears to improve with
more input seasons, fewer ensemble components, and increased variety in underlying methodologies and component performance. These trends suggest that
using wider RelevanceWeight kernels, regularizing the component weights, or
considering additional data from 2003/2004 to 2009/2010, for which ground
truth wILI but not weekly ILINet reports are available, may improve the performance of the adaptive weighting scheme. In addition to these avenues for
possible improvement in ensemble weights for the components presented in Figure 5.1, the adaptive weighting scheme provides a natural way of incorporating
forecasting methods that generate predictions for only a subset of all targets,
forecast weeks, or forecast types (distributional forecast or point prediction).
For example, in the 2015/2016 season, we incorporated a generalized additive
model that provided point predictions (and later, distributional forecasts) for
peak week and peak height given at least three weeks of observations from the
current season.
Figure 5.2 shows a subset of the cross-validation data used to form the ensemble
and evaluate the effectiveness of the ensemble method, for two sets of components:
one using all the components of Delphi-Stat, and the other incorporating three of
the lower-performance components and a uniform distribution for distributional forecasts.1 The Delphi-Stat ensemble near-uniformly dominates the best component,
extended delta density, in terms of log score, and has comparable mean absolute
1

The specific forecasting methods selected in the subset were “Empirical Bayes B”, “BR, degenerate”, and “Targets, conditional density”, plus “Targets, uniform” for distributional forecasts. This
subset was selected to examine ensemble performance on a subset of lower-performance methods
based on different methodologies. We find roughly similar results on random subsets of methods,
but performance gains are (a) lessened when there are less obvious difference in performance trends
among the included components, and (b) limited when the highest-scored individual components
(the delta density methods, especially the extended version).

91

Ensemble, adaptive weights
60%

Ensemble, fixed weights

−2.53

Ensemble, uniform weights

−2.55

Delta density, Markovian

−2.72

−2.74

40%
20%
0%
Delta density, extended
60%

−2.65

ILINet + empirical futures

Empirical Bayes A

Empirical Bayes B

−3.24

−3.66

−5.25

Frequency

40%
20%
0%
Empirical Bayes C
60%

BR, degenerate

−3.46

BR, residual density

−6.93

Targets, empirical

−3.11

−6.41

40%
20%
0%
Targets, conditional density
60%

−3.62

Targets, uniform

−10.0 −7.5 −5.0 −2.5

Error Bars for Mean

−4.49

0.0

Legend

40%

Min/max log score

20%

Mean log score

0%
−10.0 −7.5 −5.0 −2.5

0.0 −10.0 −7.5 −5.0 −2.5

0.0 −10.0 −7.5 −5.0 −2.5

0.0

Log score

Figure 5.1: Delta and residual density methods cover more observed events
and attain higher average log scores than alternatives operating on seasons as a unit; ensemble approaches can eliminate missed possibilities
while retaining high confidence when justified.
This figure contains histograms of cross-validation log scores for a variety of forecasting methods, averaged
across seasons 2010/2011 to 2015/2016, all locations, forecast weeks 40 to 20, and
all forecasting targets. A solid black vertical line indicates the mean of the scores
in each histogram, which we use as the primary figure of merit when comparing
forecasting methods; a rough error bar for each of these mean scores is shown as a
colored horizontal bar in the last panel, and as a black horizontal line at the bottom
of the corresponding histogram if the error bar is wider than the thickness of the
black vertical line. Log scores near 0 typically correspond to forecasts of seasonal
targets when most of the season is over.
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Estimate

Median percent signed error

Initial report
↝ 1 wk ahead ML forecast

−40% (underestimate)
−42% (underestimate)

Initial backcast
↝ 1 wk ahead ML forecast

−3% (≈ unbiased)
−6% (minor bias)

Table 5.1: Backcasting stable hospitalization data removes almost all bias
in initial reports; this in turn removes most bias in ensemble 1 wk ahead
point predictions. Performance metrics were computed using cross-validation on
data for the entire FluSurv-NET as a whole, and the “Overall” age group only. Bias
and absolute error are calculated based on relative deviations (normalized by the
stable values) for better interpretability, and use the median to give finite metric
values in the presence of some stable values of zero.

error overall. The ensemble approach produces greater gains for the smaller subset
of methods, surpassing not only its best components, but all forecasting methods in
the wider Delphi-Stat ensemble except for the delta density approaches.

FluSurv-NET hospitalization forecasting
Table 5.1 shows that the backcasting method described in Chapter 3 (without the
use of ILI-Nearby, which is designed to predict ILINet data) successfully removes
bias and error in initial FluSurv-NET reports (taken as an estimate of stable values). Other cross-validation results (not in this table) indicate that incorporating
backcasting reduces median relative absolute error as well. Figure 5.3 and Figure 5.4
show some similar cross-validation unibin log score tables as shown for the national
and regional ILINet forecasts earlier. In the FluSurv-NET setting, faithfully incorporating distributional backcasts and nowcasts appears to have a larger impact than
switching between the different forecasting methodologies considered, in contrast
with the national and regional ILINet setup. This observation is not a surprise, as
revisions are relatively larger on average and more biased on average than in the
national and regional ILINet data.
93

Full Ensemble

Subset Ensemble
Method

Ensemble, adaptive weights

Ensemble, adaptive weights

Delta density, extended

Empirical Bayes B

Empirical Bayes A

BR, degenerate

BR, degenerate

Targets, conditional density

Targets, empirical

Targets, uniform

Evaluation Metric:
Target Type:

Method

0

−3

−3

−6

−6

−9
−12
0

−9

Oct NovDec JanFebMar AprMay

Oct NovDec JanFebMar AprMay

−12
0

−3

−3

−6

−6

−9

Oct NovDec JanFebMar AprMay

−12

0.75

0.75

0.50

0.50

0.25

0.25

0.00

Oct NovDec JanFebMar AprMay

Oct NovDec JanFebMar AprMay

0.00

1.00

1.00

0.75

0.75

0.50

0.50

0.25

0.25

0.00

Oct NovDec JanFebMar AprMay
40 44 48

1

5

9

14 18 22

Oct NovDec JanFebMar AprMay
40 44 48

1

5

9

0.00

CV Mean Absolute Error, in SDs
Seasonal
Short−Term

−12
1.00

−9

Oct NovDec JanFebMar AprMay

CV Log Score
Seasonal
arget Type:
Short−Term

0

14 18 22

Figure 5.2: The ensemble method matches or beats the best component
overall, consistently improves log score across all times, and, for some
sets of components, can provide significant improvements in both log score
and mean absolute error. These plots display cross-validation performance for
two ensembles and some components broken down by evaluation metric, target type,
and forecast week; each point is an average of cross-validation evaluations for all
11 locations, seasons 2010/2011 to 2015/2016, and all targets of the given target
type; data from the appropriate ILINet reports is used as input for the left-out
seasons, while finalized wILI is used for the training seasons. Top half: log score
evaluations (higher is better); bottom half: mean absolute error, normalized by
the standard deviation of each target (lower is better). Left side: full Delphi-Stat
ensemble, which includes additional methods not listed in the legend; right side:
ensemble of the three methods listed in the legend, with the uniform distribution
component incorporated only in distributional forecasts. Many components of the
full ensemble are not displayed. The “Targets, uniform” method is excluded from
any mean absolute error plots as it was not incorporated into the point prediction
ensembles.
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Figure 5.3: Cross-validation overall unibin log scores for FluSurv-NET forecasts for a few pancaster-forecaster pairs.
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Figure 5.4: Cross-validation overall unibin log scores for FluSurv-NET forecasts broken down by target and pancaster, using the ExtendedDeltaDensity forecaster; “x wk behind” targets are included for additional information and not considered in overall score comparisons.
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5.3.2

External, prospective evaluation

The ensemble methodology set forth above has been externally and prospectively
evaluated as part of CDC’s Epidemic Prediction Initiative’s ongoing comparisons of
forecasting methodologies developed by multiple research groups. Table 5.2 summarizes the overall multibin log scores for a few systems in these comparisons:
• Delphi-Stat: the ensemble framework above, using one of the three weighting
schemes described earlier, or a similar scheme (selected based on cross validation unibin log score), applied to the collection of methods described in
Appendix B, Figure 4.5, or some similar set; at least some form of backcasting
was incorporated since midway through the 2015/2016 season.
• EB, Spline: early stand-alone versions of the empirical Bayes and basis regression methods described in Chapter 2 and Appendix B.
• Delphi-Epicast Farrow [2016], Farrow et al. [2017]: a wisdom-of-crowds approach to forecasting which is has relatively good performance and consistent
application across seasons and forecasting targets. (Epicast2 is Epicast with a
submission error corrected. Epicast-Mturk is a variant incorporating forecasts
crowdsourced from Amazon Mechanical Turk in place of the typical volunteer
pool.)
• FSNet: FluSight-Network Reich et al. [2019b]: the ensemble framework above,
using one of a few similar weighting schemes (selected based on pseudoprospective multibin log score), applied to a collection of methods from multiple research groups Reich et al. [2019a], organized, run, monitored, and maintained
by researchers in the Reich Lab at the University of Massachusetts Amherst.
• EqWts: an ensemble of all CDC comparison entries, with each entry assigned
equal weight.
• PPFST, PPFST2 Morgan et al. [2018]: a wisdom-of-crowds approach to ensemble forecasts, incorporating methods from multiple research groups.
• HistAvg: a baseline method based on kernel density estimation that does not
factor in any observations from the season for which forecasts are being made.
The ensemble framework described in this chapter is incorporated in two systems
(Stat and FSNet) with consistently high rankings in these comparisons.
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System
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.

3
4
5
6
7

2015/2016
US + Regions
Rank

2016/2017
US + Regions

System

1
Stat
2
Epicast
3 Archefilter
4
.
5
.
6
.
7
.
8
.
9
.
10
.
11
.
12
.
13
.
14
.

Rank

System

1
2

Epicast
Stat
EqWts
.
.
8 others
.
.
.
HistAvg
.
.
8 others
.
.
.

3
4
⋮
13
14
15
16
17
⋮
26
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2017/2018
States
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.
HistAvg
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.
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.
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1
2
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.
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3
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6
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⋮
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⋮
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System
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FSNet
PPFST2
PPFST
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.
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6 others
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.
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Rank
1
2
3

⋮
6
7
8
9
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⋮
13
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System
.
Stat
PPFST2
.
EqWts
PPFST
2 others
HistAvg
.
.
Epicast-Mturk
.
.
2 others
.
.

Hospitalizations
Rank

System

1
2

Stat
.
EqWts
HistAvg
Epicast
.
.

3
4
5

Styling key:
Delphi-Stat and early stand-alone versions of components (this work)
Delphi-Epicast and variants (wisdom-of-crowds approach)
FluSight-Network ensemble (same stacking framework with components from multiple research groups)
Other multi-group ensembles (unranked; prepared on different schedule from other systems)
HistAvg baseline (target distribution from other seasons; does not use data from current season; unranked)
Other forecasting systems (denoted by “.” for single systems or “⟨n⟩ others” for multiple)

Table 5.2: Delphi-Stat consistently attains high ranks in comparisons organized by CDC’s Epidemic Prediction Initiative. The FluSight-Network
multi-group ensemble, which uses the same framework, but includes component models from multiple groups and considers different weighting schemes. The 2013/2014
national and regional ILINet forecasting challenge is not included in this table as
there was not a comprehensive ranking published; forecasts based on the empirical
Bayes methodology were submitted but did not rank first.
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Appendix A
“Missed possibilities” and -10 log
score threshold
This appendix reproduces or incorporates content from Brooks et al. [2018].

Individual unibin and multibin log scores below -10 have been increased to a
minimum of -10 (as if a probability of ≈ 0.0000454 — still very small for the selected
bin sizes — had been assigned) in all analysis. This threshold operation can be interpreted as adding up to a certain amount of probability mass to a distributional
forecast, which normally has a total probability mass of 1; the maximum number of
bins in any target’s distributional forecast is 131, so the threshold operation cannot
increase the amount of probability mass to more than ≈ 1.006. This threshold was
implemented by CDC for forecast comparisons so that submissions would not be
assigned very low mean log scores (e.g., −∞) for assigning a few events extremely
low (e.g., 0) probabilities to events that actually occurred. We also use it when comparing individual methods in the ensemble. Without such a threshold, each FluSight
submission or ensemble component would need to ensure that no possibilities are
missed and assigned extremely low probabilities, e.g., by mixing model forecasts
with a uniform distribution (which bears similarity to the threshold operation) using
the rule of three to determine the mixing weights. Thresholded log scores are no
longer proper scores, as forecasters may expect to benefit by reporting probabilities
of 0 for any bin with a modeled probability less than the exponentiated threshold,
and using the difference in mass to increase probabilities assigned to other bins; with
a threshold of -10, there is not much expected benefit (at most ≈ 0.006 mass would
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be reassigned), but at higher thresholds, this impropriety may be problematic. The
stacking-based ensembles presented in the main text, and in this appendix unless
otherwise noted, use weight selections intended to maximize mean unibin log score
without thresholding.
For the full Delphi-Stat ensemble, the main advantage of the ensemble over its
best component appears to be successfully filling in possibilities missed by the best
component with other models to avoid -10 and other low log scores appears, while
for ensembles of subsets of the forecasting methods, there are other benefits. We
investigate changes to this log score threshold, and experiment with removing the
lowest p% of log scores instead. As the log score threshold or p is increased, the
relative performance of an ensemble over the best component declines and becomes
negative when the ensemble is still tuned to optimize non-thresholded log score.
Tailoring the optimization criterion to better match modified evaluation criteria can
help restore the ensemble’s superior or competitive performance compared to its best
component.

A.1

Analysis of full Delphi-Stat ensemble

Figure 5.1 shows histograms of the cross validation log scores of the Delphi-Stat
components and full ensemble with the original −10 ≈ log(0.0000454) threshold;
compared with the extended delta density method, the adaptively weighted ensemble:
• has higher mean log score;
• eliminates all -10 log scores;
• has less log scores of 0, but more right below 0; and
• smoother and wider tails about the mode of the histogram near the mean log
score.
Figure A.2 shows the same histograms using a threshold of −7 ≈ log(0.000912); the
four points above still hold, but the difference in mean log score between the two
forecasters is notably smaller.
Figure A.3 and Figure A.4 show that the adaptively weighted ensemble and extended delta density are surpassed by other methods for thresholds from -3 to 0.
However, Figure A.4 also shows that a threshold of −3 ≈ log(0.0498) already changes
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Figure A.1: Figure 5.1 from the main text: log score means and histograms
for each method using a log score threshold of -10, and ensemble weights
trained ignoring the log score threshold. This figure contains histograms of
cross-validation log scores for a variety of forecasting methods, averaged across seasons 2010/2011 to 2015/2016, all locations, forecast weeks 40 to 20, and all forecasting targets. The solid black vertical lines indicate the mean of the scores in each
histogram, which we use as the primary figure of merit when comparing forecasting methods; a rough error bar for each of these mean scores is shown as a colored
horizontal bar in the last panel, and as a black horizontal line at the bottom of the
corresponding histogram if the error bar is wider than the thickness of the black
vertical line.
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Figure A.2: Log score means and histograms for each method using a log
score threshold of -7 and ensemble weights trained ignoring the log score
threshold.
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Figure A.3: Thresholded mean log scores for each method and thresholds
from -15 to 0.
from 25% to over 50% of the log scores for each method, which seems inappropriate.
Nevertheless, ensemble methods could still be useful in this case, but the weight selection objective must be updated to better match the evaluation metric; Figure A.5
shows that the ensemble score can be improved significantly by solving a relaxation
(approximation) of the thresholded log score optimization problem. The relative
trends are similar when throwing away the lowest p% of log scores for a method
rather than imposing a minimum log score threshold; Figure A.6 shows that, when
p is high enough to discard all −∞ log scores for delta density methods, their performance is similar to that of the ensemble. Again, optimizing the ensemble weights to
these modified error metrics could potentially result in performance improvements.

A.2

Analysis of a subset of presented methods

Figure A.7 shows log score histograms for a subset of the methods above and ensembles using only those methods. The best component in this subset is “Targets, conditional density”, which is completely missing the spike in log scores near 0 present in
“Empirical Bayes B” and “BR, degenerate” (which model trajectories and calculate
target distributions from these trajectory distributions), but still has higher mean
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Figure A.4: Log score means and histograms for each method using a log
score threshold of -3 and ensemble weights trained ignoring the log score
threshold. Note that the ranges of values shown along both axes differ from the
ranges used for similar figures for the -10 and -7 thresholds.

104

Ensemble, adaptive weights
100%
75%
50%
25%
0%
100%
75%
50%
25%
0%

100%
75%
50%
25%
0%

−2.67

−2.18

BR, residual density

−2.25

Targets, conditional density

Empirical Bayes B

−2.09

BR, degenerate

−2.20

−2.14

Empirical Bayes A

−2.15

Empirical Bayes C

Delta density, Markovian

−2.31

ILINet + empirical futures

−2.15

100%
75%
50%
25%
0%

Ensemble, uniform weights

−2.20

Delta density, extended

Frequency

Ensemble, fixed weights

−2.17

Targets, empirical

−2.48

Targets, uniform

−2.56

−3

Error Bars for Mean

−3.00

−2

−1

0

Legend
Min/max log score
Mean log score

−3

−2

−1

0

−3

−2

−1

0

−3

−2

−1

0

Log score

Figure A.5: Log score means and histograms for each method using a
log score threshold of -3 and ensemble weights trained using a concave
relaxation of thresholded log score.
Note that the ranges of values shown
along both axes differ from the ranges used for similar figures for the -10 and -7
thresholds.
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Figure A.6: Mean log score for each method in the full ensemble, with no
thresholding but throwing out the lowest p percent of log scores for each
method for various values of p.
log score than these two due to less scores of -10 and a higher concentration of scores
from -5 to -1. The ensemble is able to combine the strengths of these models and the
uniform distribution, avoiding any scores of -10 (or even -8), incorporating a spike
in log scores near 0, and concentrating the rest of its log scores on the higher end of
the -8 to -1 range. “Empirical Bayes B” is a close second to “Targets, conditional
density”, but the ensemble approach provides additional benefit besides just avoiding
its missed possibilities; Figure A.8 shows that, even when ignoring the lowest 10%
of log scores for each method (which removes all scores of −∞ for “Empirical Bayes
B”), the adaptively weighted ensemble provides a large improvement in log score.
This benefit vanishes and “Empirical Bayes B” starts to perform better as higher
percentages (20% to 30%) of log scores are ignored; again, it may be possible to
construct a successful ensemble in these cases by choosing an optimization criterion
more similar to the evaluation criterion.
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Figure A.7: Log score means and histograms for a subset of methods
(the same as the subset in Chapter 5 of the main text) using a log score
threshold of -10, and ensemble weights trained ignoring the log score
threshold.
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Figure A.8: Mean log score for each method in the subset ensemble, with
no thresholding but throwing out the lowest p percent of log scores for
each method for various values of p.
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Appendix B
Description of all ensemble
components in the 2015/2016
Delphi-Stat forecasting system
This appendix reproduces or incorporates content from Brooks et al. [2018].

This appendix describes details of the components of the Delphi-Stat ensemble system following the end of the 2015/2016 season, the version used for the
performance analysis in Section 4.2 and Section 5.3.1. Changes made to DelphiStat throughout the 2015/2016 season are described in Appendix C; additional
changes, such as a switch to the quantile regression pancasting framework, were
implemented in subsequent seasons. Our past and ongoing forecasts, as well as
Python [Van Rossum and Drake, 2003] and R [R Core Team, 2015] code for components of the systems used to generate them, are publicly available online [Brooks
et al., 2015b, Carnegie Mellon University Delphi group, Accessed 2017-04-26, Reichek
and Gao, Accessed 2017-04-26].

B.1

Ensemble components

Delphi-Stat incorporated 10 individual forecasting methods in the 2015/2016 season
based on diverse methodologies to forecast the targets of interest Z(t) conditioned on
the finalized wILI values up to time t, Y1..t . When producing prospective forecasts,
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we do not have access to the finalized values Y1..t , but rather the t-th report for
t
the current season, Y1..t
; we discuss a method for distributional estimates of Y1..t
t
based on Y1..t in the main text. All methods produce distributional forecasts for
the targets of interest; their point predictions are the medians of the corresponding
distributional forecasts. Most methods, rather than directly producing forecasts for
the targets, first estimate the distribution of the entire wILI trajectory Y1..T based on
the available data, then calculates the corresponding distribution over the targets.
(Since the data are at a weekly resolution, the number of wILI values in the current
season, T , is either 52 or 53; we present the methods here as if all seasons were of
the same length T , omitting all details dealing with mismatches between the length
of a training season and the length of a test season.)

B.1.1

Methods based on delta density

Markovian delta density
Described in the main text.
Extended delta density
Described in the main text.

B.1.2

Methods based on empirical distribution of curves

Another class of methods are based on using and expanding the empirical distribution
of wILI trajectories.
Empirical distribution of wILI trajectories for future times
s
Consider all Yt+1..T
, s ∈ {1 . . S}, equally likely to reoccur. Observations from the
current season are used for times up to t.

Empirical Bayes procedure on wILI trajectories
Model Y1..T as some underlying curve, F1..T , plus i.i.d. Gaussian observational noise.
s
Estimate F1..T
and a noise level for each s ∈ {1 . . S} using a trend filtering proce110

dure. Build a distribution for F1..T and the noise level using these estimates, plus a
probability distribution over ways to shift and scale these curves to produce a wider
range of possibilities for Y1..T . The resulting distribution describes our prior beliefs
about the distribution of Y1..T before seeing any observations from the current season;
calculate the corresponding posterior distribution, Y1..T ∣ Y1..t , describing our beliefs
after seeing the available observations, using importance sampling techniques [Liu,
2008].
Implements the empirical Bayes method as described in [Brooks et al., 2015a],
with a few modifications:
• Only the time-shift and wILI-scale transformations are used.
• The time-shift is a “local” transformation: rather than having a distribution of
peak weeks determine the shift amount, we directly choose a distribution over
shift amounts. Specifically, we use a discrete uniform distribution over integers
centered at zero, width equal (ignoring rounding) to twice the bin width of a
histogram of the historical peak weeks using Sturges’ rule.
• The wILI-scale is a “local” transformation: rather than having a distribution
of peak heights determine the scale amount, we directly choose a distribution
over scale amounts. Specifically, we use a log-uniform distribution centered
at 0 in the log-scale with log-scale width equal tot twice the bin width of a
histogram of the logarithms of the historical peak heights, using Sturges’ rule.
Note that this behavior can significantly bias the mean of the prior for the peak
heights, but does not significantly affect the median of the prior for the peak
heights. Another difference from the scaling transformation in the paper is
that, instead of scaling the wILI trajectory above and about the CDC baseline,
we scale from 0, and also multiply the noise associated with each observation
based on how much it was scaled.
• Instead of randomly mixing and matching smooth curve shapes and noise levels,
these two parameters are linked together: a given noise level estimate is always
paired with the corresponding smoothed curve.
• We add a “reasonable future” term to the posterior log-likelihood (given observations in past weeks) of each proposed trajectory, proportional to the average
log-likelihood of the 3 most similar historical curves in future weeks.
• We condition on a maximum of 5 observations from the current season; if more
than 5 observations are available for the current season, we use only the most
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recent 5.
• We use the glmgen package [Arnold et al., 2014] to rapidly perform trend
filtering for smoothing past seasons’ trajectories.
We form two other versions of the empirical Bayes forecaster by using subsets of these
changes and other parameter settings; these variants were used in the 2016/2017
ensemble but not the 2015/2016 ensemble.

B.1.3

Basis regression approach

Estimates the mean curve EY1..T with elastic net regression from a collection of
basis functions to a trajectory of “pseudo-observations” Ỹ1..T which is the concates
nation of (a) the available observations Y1..t , and (b) the pointwise mean of Yt+1..T
for s ∈ {1 . . S}. We chose a B-spline basis, which produces a variation on smoothing
spline estimation of EY1..T . The glmnet package [Friedman et al., 2010] was used
to perform the elastic net regression, with evenly weighed L1 and L2 regularization (the default setting, α = 0.5), and to automatically select the overall regression
penalty coefficient λ using random 5-fold cross-validation on weeks of the current
season, seeing how well the smoothed estimate for EY1..T is able to predict left-out
pseudo-observations from Ỹ1..T .
Basis regression with degenerate distributional forecast
Forecasts that Y1..T will be equal to the basis regression estimate for EY1..T with probability 1. There is a small amount of randomness in the basis regression estimation
procedure itself arising from the default method for selecting λ, so we actually take
a sample by calling the procedure many times, forming a very narrow distribution.

Basis regression with residual density distributional forecast
Constructs a distributional forecast for Y1..T by applying the residual density method
with X1..T equal to the basis regression estimate for EY1..T and other settings the same
as in the Markovian delta density method.
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B.1.4

No-trajectory approaches

These approaches form a forecast for Z(t) from an estimate of Y1..t without first
constructing a forecast for the entire trajectory Y1..T .
Empirical distribution of target values
s
Consider all Y1..T
, s ∈ {1 . . S}, equally likely to reoccur, ignoring and overriding the
available observations from the current season (Y1..t ). For each target, the distributional forecast is its empirical distribution, and the point prediction is the corresponding median.

Direct target forecasts with kernel smoothing
Uses the kernel smoothing method used in the delta density method to estimate the
distribution of Z(t) conditioned only on (an estimate of) Yt .
Direct target forecasts with generalized additive model
Uses a generalized additive model to predict the expected value of a subset of the targets, and assumes a normal distribution for the residuals when making distributional
forecasts. Provided by Shannon Gallagher. This method was used in the 2015/2016
ensemble, but not the 2016/2017 ensemble nor the cross-validation analysis.
Uniform distribution
Outputs the same probability for each bin, regardless of the input data. The corresponding point predictions are excluded from the ensemble.

113

114

Appendix C
Log of changes to Delphi-Stat
throughout the 2015/2016 season
and for cross-validation analysis
This appendix reproduces or incorporates content from Brooks et al. [2018].

C.1

Initial description (2015 EW42)

The Delphi-Stat system is an ensemble of several baselines and statistical forecasting
methods. Its forecasts are a linear combination of the forecasts of these individual
systems, with a separate set of coefficients determined for each epi week, geographical area (nation + 10 HHS regions), metric (MAE or log score), and target. The
methods are outlined below. Note that the term “past epiweeks” refers to a set of epi
week numbers in any season — specifically, epi weeks 21 up to the forecast week; “future epiweeks” is used in a similar fashion. (Nonnegative coefficients summing to 1
are calculated for point predictions using constrained LAD regression (implemented
using the linear programming package lpSolve [Berkelaar and others, 2015]), and
for distributional predictions with the degenerate EM algorithm [Rosenfeld, Accessed
2017-03-21].)
• Empirical prior: ignores all data from the current season, and considers each
115

training season — 2003/2004 to 2014/2015, excluding the pandemic — as
equally likely to reoccur.
• Pinned baseline: uses the available observations for the current season for previous epi-weeks; for future epi weeks, each training curve is considered equally
likely to reoccur.
• Basis regression:
1. Aligns training curves with the current season by shifting in time and
scaling weighted ILI values until the maximum of each training curve
in past epiweeks is the same as that of the current season. (Scaling is
performed only above the CDC baseline; if a curve is entirely below the
CDC baseline, it is not scaled at all.)
2. Fits a smooth curve to the observed data in past epiweeks and the mean
of the aligned training curves in future epiweeks. (The smooth curve is a
spline: specifically, a linear combination of B-splines selected with elastic
net using the glmnet package [Friedman et al., 2010], with a trade-off
penalty between the importance of matching past and future epiweeks.)
3. Uses observations from the current season in past epiweeks; considers this
single curve as the only possibility for future weeks.
• Basis regression with noise:
1. Generates the spline curve above.
2. Considers the spline as estimating the change in weighted ILI from one
week to the next; for each epi week, estimates the distribution of errors at
that epi week using the training curves. (Distributions are estimated using
weighted kernel density estimation: when adding noise to a simulated
2015/2016 curve at some future epiweek, training curves that more closely
resemble the simulated curve in previous epiweeks contribute more to the
result.)
3. Generates many simulated 2015/2016 curves by taking the observations
from the current season so far, and at each week, adding the estimated
change from the spline curve, then drawing a value from the estimated
error distribution.
• Time-parameterized weighted kernel density estimation: Follows the same
process as the basis regression with noise; however, it directly estimates the
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distribution of changes in weighted ILI values, rather than the corresponding
distribution of errors in the spline estimate.
• Empirical Bayes: We use the procedure described in this document [Brooks
et al., 2015a], with a few modifications: a smoothed (trend-filtered [Tibshirani,
2014]) curve is never paired with a noise estimate from another smoothed curve,
scaling and shifting is performed only in small amounts resulting in “local”
transformations, an additional component is added to the likelihood to encourage reasonable predictions at future weeks (by penalizing simulated curves if
they deviate too much from all of the training curves), and incorporating a
random inflation in the noise parameter to prevent forecast “overconfidence”.
• Uniform prior: Considers each cell in the spreadsheet to be equally likely. (This
component only produces distributional forecasts.) Additional weight is added
to this component after the coefficients for each method are determined via
cross-validation to prevent any 0 or near-0 probability forecasts.

C.2

Changes, 2015 EW43

• Mixing coefficients between methods: a set of weights for each of the forecasting methods is determined for each epi week, metric (MAE or log score),
and target, but are tied across areas (nation + 10 HHS regions); thus, any
method will receive the same weight in all areas (for the same epi week, metric,
and target). For distributional forecasts, the weight assigned to the uniform
distribution is increased by approximately 2.5% (based on the rule of three),
and weight taken away evenly from all methods to make the weights again sum
to 1. This is accomplished by changing the RelevanceWeight function from
⎧
⎪
⎪1, l = l′ , t = t′ , i = i′ , e = e′
RelevanceWeight(s, l, t, i, e; s , l , t , i , e ) = ⎨
⎪
⎪
⎩0, otherwise
′

′

′

′

′

to

⎧
⎪
⎪1, t = t′ , i = i′ , e = e′
RelevanceWeight(s, l, t, i, e; s , l , t , i , e ) = ⎨
⎪
⎪
⎩0, otherwise,
and setting µ as described in the main text. These changes motivated on two
hypotheses:
′

′

117

′

′

′

• The previous weight vector calculations, which previously only considered 11 training instances at a time (one per season from 2003/2004 to
2014/2015, excluding 2009/2010), were based on much too little data,
and considering training instances from other locations would be beneficial (even though training data from other locations seems less relevant
than training data from the same location).
• The µ value from the rule of three will be more appropriate than an µ
value selected to ensure an arbitrary minimum log score value, and will
automatically update based on the amount of training data available.
• New method added to ensemble: direct target density estimation: uses the
same weighted kernel density estimation approach as two existing methods
to directly forecast each of the targets without constructing, rather than constructing a distribution of flu curves and extracting the target values from these
curves. Adjustments to the output are made so that all predicted possible values are integers when appropriate and lie in the correct range.

C.3

Changes and clarifications, 2015 EW44

• New method added to ensemble: modified time-weighted kernel density estimation: this version changes the weighting criteria used for matching simulated
data for this year to past seasons; attempts to make simulated trajectories more
closely resemble past seasons’ data; and considers a wider range of past data.
When constructing trajectories, this version weights past seasons based on the
previous week’s wILI value; the sum of previous wILI values in the season; a
weighted sum of wILI values stressing more recent weeks; and a weighted sum
of the week-to-week changes in wILI stressing more recent times. With low
probability, these weights are ignored and a random change in wILI is selected
from historical data. The simulated data values are also pushed towards randomly selected historical data by a small amount. When simulating data at
epi week t, instead of just looking at other seasons at week t, also considers
nearby weeks, unless t is a time near the end of year holidays.
• Clarification: older kernel density estimation method, direct target density estimation: only weight data based on the previous wILI value.
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C.4

Changes, 2015 EW46

• Backfill forecasting: we now use backfill forecasting in combination with almost
all of the forecasting methods in the Delphi-Stat ensemble. For each nonfinal
wILI value in the current season, we estimate a distribution for its final revised
value. The distribution is based on historical revisions of wILI with the same
lag (e.g., the latest measurement vs. the second most recent measurement),
and is formed using weighted kernel density estimation, with weights depending
on the epiweek to which the measurement corresponds, and the nonfinal wILI
value itself.

C.5

Changes, 2016 EW03

Another statistical method has been added to the Delphi-Stat ensemble:
• Target forecast: We use an additive model to create predictions that are target
specific using the past 3 values observed.

C.6

Changes, for cross-validation analysis

• Changes to ensemble weight training data: ensemble weights are selected
using cross-validation component forecasts based on the version of test season data that would have been available at the forecast time, rather than
ground truth; since regional back issues are available starting only in late 2009,
cross-validation analysis is performed on seasons 2010/2011 to 2015/2016 as
described in the main text.
• Changes to RelevanceWeight function: the RelevanceWeight function still
seems like it will lead to ensemble weight vectors based on too little training
data, especially considering the reduction in the number of training seasons,
so we use the RelevanceWeight function specified in the text, which considers cross-validation component evaluations from forecast weeks within 4 weeks
of t when setting weights for forecast week t (chosen to include many additional weeks while keeping early-season evaluations from influencing late-season
weights, and late-season evaluations from influencing early-season weights).
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• Changes to methods in ensemble: the additive model was removed from the
ensemble to ease system maintenance, and the two Empirical Bayes variants
were added to compare cross-validation forecast behavior and potentially improve the ensemble performance.
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Appendix D
Additional details on selected
elements of pancasting system
Source code for the Delphi-Stat system is available online as an R package [Brooks
et al., 2015b]. This appendix describes certain elements of the system used for
the performance analysis in Subsection 4.3.1, and the current approach to ensemble
forecasting.

D.1

Ensemble forecasting

In the ILINet and FluSurv-NET forecasting settings, retrospective forecasts are made
for each season and week from some set, and contain predictions for each “epigroup”
(location for ILINet, age group for FluSurv-NET), target (onset week, peak week,
etc.), and forecast type (point or distribution). When preparing ensemble forecasts,
we consider “instances” to be component forecasts prepared:
• in season s,
• using data from issue week w (of season s),
• for epigroup g,
• for target t,
• with type m,
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• with pancasting configuration b, and
• with forecaster f .
Retrospective component forecasts are prepared and evaluated in one of four modes:
• Leave-one-season-out (LOSOCV) v1:
• Component forecasts’ training data: all revisions of measurements made
for other seasons
• Component forecasts’ test/conditioning data: Y1..t when available; missing revision data are filled in with the latest values as of when the analysis
(analysis time)
)
was run (i.e., with values from Y1..t
(t)

(analysis time)

• Evaluation data: the latest version of the data available (Y1..analysis time )
• Ensemble training data: LOSOCV v1 component forecasts for other seasons
• Ensemble selection data: LOSOCV v1 ensemble forecasts for other seasons
• Leave-one-season-out (LOSOCV) v2:
• Component forecasts’ training data: all prior issues (Y (1) ..Y (t) ) plus
the parts of issues from future seasons that do not contain measurements
for the test season
• Component forecasts’ test/conditioning data: all recorded data from
(t)
Y (1) ..Y (t) , plus, wherever values of Y1..t are not available: nothing, if
(v)
there is an older version available (Yu , v < t), otherwise the earliest later
(v)
version Yu with v − u ≤ 52, otherwise the latest version as of when the
(analysis time)
analysis was run (Yu
)
(analysis time)

• Evaluation data: the latest version of the data available (Y1..analysis time )
• Ensemble training data: LOSOCV v2 component forecasts for other seasons
• Ensemble selection data: LOSOCV v2 ensemble forecasts for other seasons
• Pseudoprospective v1:
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• Component forecasts’ training and test data: same as LOSOCV v2
test/conditioning data.
(analysis time)

• Evaluation data: the latest version of the data available (Y1..analysis time )
• Ensemble training data: pseudoprospective v1 forecasts for prior seasons
• Ensemble selection data: pseudoprospective v1 ensemble forecasts for
prior seasons
• Pseudoprospective v2:
• Component forecasts’ training and test data: same as LOSOCV v2
test/conditioning data. all recorded data from Y (1) ..Y (t) , plus, wherever
(t)
values of Y1..t are not available: nothing, if there is an older version avail(v)
(v)
able (Yu , v < t), otherwise the earliest later version Yu
• Evaluation data: the data as of issue week 28 immediately following the
end of the test season, filling in any missing records in the same manner
(t)
as missing values from Y1..t in the component forecasts’ training and test
data
• Ensemble training data: pseudoprospective v1 or v2 forecasts for prior
seasons
• Ensemble selection data: pseudoprospective v2 ensemble forecasts for
prior seasons
• Hybrid LOSOCV-pseudoprospective v1:
• Component forecasts’ training data: all prior issues (Y (1) ..Y (t) ) plus
the parts of issues from future seasons up to some issue ILOSOCV end that
do not contain measurements for the test season
• Component forecasts’ test/conditioning data: same as LOSOCV v1
• Evaluation data: same as LOSOCV v1
• Ensemble training data: hybrid LOSOCV-pseudoprospective v1 forecasts
for other seasons up to some season SLOSOCV end
• Ensemble selection data: hybrid LOSOCV-pseudoprospective v1 ensemble forecasts for other seasons up to some season SLOSOCV end
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Ensemble performance statistics were prepared using LOSOCV v1, with training
data from 2003/2004 to 2015/2016, excluding 2009/2010, and evaluation data from
2010/2011 to 2015/2016, epi weeks 44 to 17. Pancaster-forecaster pairs were analyzed
with hybrid LOSOCV v2, with training data from 1997/1998 to 2018/2019, and
evaluation data from 2010/2011 to 2018/2019, model weeks 40 to 73. The FluSightNetwork ensemble is currently prepared using pseudoprospective v2 with evaluation
data from 2010/2011 to 2018/2019, epi weeks 40 to 20; component forecasts from the
Delphi-Stat system submitted to the network were prepared using hybrid LOSOCVpseudoprospective v1 with training data from 2003/2004 to 2018/2019, and LOSOCV
end issue 201039 and season 2009/2010.
Weighting schemes similar to the following are considered (see Chapter 5 for the
ones used in the ensemble performance study):
• Target&metric-based: a different weightset is fit for each target and metric,
based on all ensemble training data for that target and metric
• Target&metric&3time-based: a different weightset is fit for each target, metric, and week based on all ensemble training data for that target and metric,
and model weeks within 1 week of the target model week
• Target&metric&9time-based: a different weightset is fit for each target, metric, and week based on all ensemble training data for that target and metric,
and model weeks within 4 weeks of the target model week
• Coherent log-score-9time-based: a different weightset is fit for each week
based on all ensemble training data for model weeks within 4 weeks of the
target model week, based on log score evaluations (even for point predictions)
— this scheme is “coherent” in that it uses the same weightset for all targets
and types of predictions made at the same time.
The weighting scheme is selected based on the “ensemble selection data” described
above. Thus, the general procedure of generating ensemble forecasts has the following
steps:
1. Generate retrospective component forecasts for each s, w, g, t, m selected to
generate the ensemble training data, using every pancaster-forecaster pair b, f .
2. Generate retrospective ensemble forecasts for the same values of s, w, g, t, m to
generate the ensemble selection data, using every ensemble weighting scheme
e.
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3. Select the best ensemble weighting scheme based on the ensemble selection
data ê.
4. Generate prospective component forecasts and combine them using weighting
scheme ê.

D.2

Quantile pancasting framework

1
200
The quantile regression pancaster generates 200 simulated trajectories YTsim
..YTsim
1 +1..T2
1 +1..T2
as follows:

1. For each node Yu to simulate, in order:
(a) Handle test data missingness: select covariates to consider in the model for
Yu using a Bayes net template (which specifies what actions to take when
potential covariates are missing in test data, and allows for conditioning
on previous simulations).
(b) Translate test covariates and responses into node “characterizations”: char(u+lag)
acterize each test covariate as Source u+shift , for some Source, lag, and
shift.
(c) Populate training data set by forming training instances (from the same
location) with covariates and responses with characterizations matching
those of the test instance; include all training instances with non-missing
response data, even if training covariate data are missing. Assign training
instances weights based on Φ[QARXkernel,u] and the associated smoothing
kernel — in all cases studied, just a boxcar kernel on the model week for
each instance, which effectively just limits the training data to instances
corresponding to model weeks within 4 weeks of the model week of the
test instance.
(d) Use the training covariate missingness handler and a quantile regression
method to add simulated values of Yu onto each simulation (i.e., to generate Yusim 1..200 ).
1
200
These simulated trajectories YTsim
..YTsim
are then fed into each forecaster to
1 +1..T2
1 +1..T2
generate a point and distributional prediction for each target. For all forecasters
but the uniform-distribution baseline, the distributional prediction p is used to form
p′ = MM+3 p + M3+3 u, where u is the uniform distribution over bins, where M is the
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number of simulations produced by the forecaster. The final distributional forecast
for the pancaster-forecaster pair is p′′ , a kernel-smoothed version of p′ prepared by
1. pairing the average valid value for each bin with the corresponding “weight”
from (M + 3)p′ , and
2. calling a weighted version of bw.nrd0 on this “weighted sample”.
The purpose of this baseline-combination and smoothing step is to account for the
fact that M simulations are just a noisy version of the true distribution associated with the given pancaster-forecaster pair, and to ensure that every pancasterforecaster pair assigns nonzero probability to every possible value of every target,
so that they can more readily be compared using non-thresholded log scores. Additional smoothing may be beneficial, as this step does not account for cases where the
pancaster produces less simulations than the forecaster and requires resampling, nor
for model misspecification, overconfidence, and overfitting; we rely on the ensemble
method to account or compensate for some of these issues.

D.3

Handling missing data in quantile regression
framework

Predictions for “response nodes” in the Bayes net template expansion — i.e., nodes
with incoming arrows — are made under the assumption that they will be observed
before or at evaluation time; “missing” is never a correct prediction. The training
data selection algorithm accounts for this assumption by forming training instances
only from times where the response variable is nonmissing. However, the candidate
covariates described by the Bayes net template (the nodes with arrows pointing to a
given response node) are allowed to be missing in both test and training instances.
Missingness of candidate covariates in test instances is handled by the Bayes net
template specification itself; template resolution for a given response node only selects
covariates that are non-missing in the test instance. Missingness of the selected
covariates in training instances is addressed by one of two handlers, “Thin” or “Drop”,
designed to build upon quantile regression routines that do not allow missingness or
near-singularity in training data.
Algorithm 2 describes the “Thin” approach, which uses missingness indicator
covariates (currently with no interaction covariates) and zero-filling to resolve missingness, and an SVD to detect and correct for near-singularity. Algorithm 3 describes
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Algorithm 2: Fitting procedure using “Thin” missingness and near-singularity
handler
Data:
Φ ∈ (R ∪ {NA})n,p : selected covariates
ψ ∈ Rn : response values (nonmissing)
τ ∈ [0, 1]m : quantile levels
w ∈ {none, Rp+ }: instance weights (optional)
dtolrelmaxconstant: threshold determining when to drop left-singular and
right-singular vectors in an SVD when fitting regression coefficients, used in
a way to attempt to prevent (near-)singular matrix errors in
quantreg::rq [Koenker, 2015] routines; default is 10−6 ; lower than
10 ⋅ machine likely risks errors
Result:
B ∈ R1+p,m : fitted coefficient matrix including intercepts
⎧
⎪
⎪1, φij is NA
n,p
Construct M ∈ {0, 1} with mij ∶= ⎨
;
⎪
⎪
⎩0, otherwise
⎧
⎪
φij is NA
⎪0,
n,p
Construct C ∈ R with cij ∶= ⎨
;
⎪φij , otherwise
⎪
⎩
Let Φ′ ∈ Rn,1+2p ∶= [1 M C];
Let U′ D′ V′T ∶= Φ′ be an SVD (with U′ an n × (1 + 2p) orthogonal matrix
and such that D is a (1 + 2p) × (1 + 2p) (diagonal) matrix with all
non-negative entries);
Let dtolrelmax ∶= max{n, 1 + 2p} ⋅ dtolrelmaxconstant;
′
Set U′′ ∶= U⋅,k , D′′ ∶= D′k,k , and V′′ ∶= Vk,⋅
to be a thin SVD corresponding to
singular values — previously at indices k — greater than or equal to
dtolrelmax ⋅ maxl D′l,l ;
Let Φ′′′ ∶= U′′ D′′ ;
Let A ∈ R1+2p,m be the coefficient matrix obtained from a (potentially
weighted) quantile regression routine on Φ′′′ , ψ, τ, w;
Let Bfull ∶= V′′ A;
Let B ∶= Bfull
(dropping missingness indicator coefficients that will be
{1..1+p},⋅
multiplied by zero in test instance);
Return B.
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the “Drop” approach, which employs a heuristic selection algorithm to select a set of
covariates that appear together without missingness in at least a certain number or
proportion of training instances, favoring selection of covariates that appear first in
the training data matrix; it uses a QR decomposition with pivoting to remove some
near-singularities, injects noise in training data to attempt to remove others, and
utilizes fallback quantile regression algorithms to address any near-singularity errors
that still occur. As noted in Chapter 4, it appears to have higher performance than
“Thin” for covariate selections where it consistently avoids errors from the quantile
regression routines, but as it sometimes fails to avoid all near-singular matrix issues,
it is not as operationally robust.

D.4

Delta density forecasters

Both delta density forecasters share the same first few pre-processing steps, outlined
below: When preparing Gaussian kernel density estimates for covariates or response
variables, both variants share the same method to select bandwidths: they try the
bw.SJ [R Core Team, 2015] method on the training data for that covariate or response
variable, falling back on bw.nrd0 [R Core Team, 2015] in the case of errors. (This
approach is computationally convenient, but is unlikely to be statistically optimal.)
Algorithm 5 descirbes the Markovian delta density method, which performs conditioning effectively using the product of (a) a zero-width boxcar kernel on the week
of the season, and (b) a Gaussian kernel over the previous measurement. Section 2.3
details the differences between the Markovian delta density method and the extended
delta density variant.
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Algorithm 3: Fitting procedure using “Drop” missingness and near-singularity
handler
Data:
Φ ∈ (R ∪ {NA})n,p : selected covariates
ψ ∈ Rn : response values (nonmissing)
τ ∈ [0, 1]m : quantile levels
w ∈ {none, Rp+ }: instance weights (optional)
tol: tolerance, e.g, 10−3 , for near-singularities in the QR decomposition
relsigma: scaling factor, e.g, 10−3 , for standard deviation when jittering
training data
Result:
B ∈ R1+p,m : fitted coefficient matrix including intercepts (or, for certain
covariate selections, near-singularity errors that were not successfully
avoided or addressed)
Let min.nrow ∶= max{10, n/10};
Initialize mutable Φ′ ← Φ;
for j ∈ {1..p}, sequentially, do
if current Φ′⋅,j has at least min.nrow nonmissing values then
Set Φ′ ← Φ′i,⋅ where i are the indices of the nonmissing Φ′⋅,j entries
else
Set Φ′ ← Φ′⋅,−j (i.e., drop column j from Φ′ ), maintaining the same
column indices for columns j + 1..p rather than shifting them
end
end
Let Φ′′ ∶= Φ′⋅,j , where j are the indices of features that are not dropped linear
regression of ψ on Φ′ with an intercept, where the linear regression utilizes
QR decomposition with pivoting with collinearity tolerance tol ;
Let Φ′′′ ∶= Φ′′ + E, where E is a “jitter” matrix of independent draws from
Gaussian noise variables, with Ei,j ∼ N (0, σ̂j ), where σ̂j is the sample
standard deviation of Φ′′⋅,j ;
′′′
Let A ∈ R1+p ,m be the coefficient matrix obtained from a (potentially
weighted) quantile regression routine on [1 Φ′′′ ], ψ, τ, w, where the
routine tries: (a) a lasso-based fit if desired, then (b) a non-lasso fit using
the Frisch-Newton algorithm if the lasso routine failed due to unhandled
near-singularities, aborting if the latter fails as well;
Construct B ∈ R1+p,m with B1,⋅ ∶= A1,⋅ and
⎧
⎪
⎪A1+j,⋅ , column j from Φ was not dropped when forming Φ′
B1+j,⋅ ∶= ⎨
;
⎪
0,
otherwise
⎪
⎩
Return B.
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Algorithm 4: Shared delta density setup
Data:
input sim 1..ninput
YT1 +1..T2
: partially observed and/or simulated trajectories from a
backcaster or pancaster
n
winput ∈ R+input : importance weights for the input simulations
T2 : time of last observation already observed or simulated
T3 : time of last observation to simulate
D: set of time-shifted training trajectories covering roughly T1 + 1 to T3
noutput : number of fully simulated trajectories to produce
Result:
output sim 1..noutput
YT1 +1..T2
: potentially resampled version of Y input sim 1..ninput , to be
extended into fully simulated trajectories
n
woutput ∈ R+output : corresponding trajectory importance weights
if ninput = noutput then
output sim 1..ninput
output sim 1..noutput
∶= YT1 +1..T2
Let YT1 +1..T2
;
Let woutput = winput
else
output sim 1..ninput
output sim 1..noutput
Let YT1 +1..T2
be a resampling of YT1 +1..T2
using weights
input
w
;
n
output
Let w
∈ R+output ∶= c1, where c is the mean of winput if downsampling
or winput ⋅ 1/noutput if upsampling
end
Let D be a matrix of training trajectories formed from D by dropping times
which are not observed in every training trajectory in D (e.g., clipping off
the 53rd week in some trajectories when working with year-long trajectories)
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Algorithm 5: Markovian delta density
Data:
input sim 1..ninput
YT1 +1..T2
: partially observed and/or simulated trajectories from a
backcaster or pancaster
n
winput ∈ R+input : importance weights for the input simulations
T2 : time of last observation already observed or simulated
T3 : time of last observation to simulate
D: set of time-shifted training trajectories covering roughly T1 + 1 to T3
noutput : number of fully simulated trajectories to produce
Result:
output sim 1..noutput
YT1 +1..T3
: fully simulated trajectories
n
woutput ∈ R+output : corresponding trajectory importance weights
output sim 1..noutput
n
Let YT1 +1..T2
, woutput ∈ R+output , and D be given by the shared delta
density setup;
for u ∈ {T2 + 1..T3 }, sequentially, do
Let u′ be the closest time index to u such that u′ and u′ − 1 are reported
in D, breaking any ties arbitrarily (expectation: u′ = u except maybe
when u = T3 , and no ties occur);
sim 1..noutput
Draw ∆Yu
from a Gaussian kernel conditional density estimate
of ∆Y based on portions of D at time u′ ;
output sim 1..noutput
output sim 1..noutput
sim 1..noutput
Let Yu
= Yu−1
+ ∆Yu
end
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