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Motivation:

While testing General Relativity (GR), good to have an alternative
theory to compare with, and test both against the data.
Brans-Dicke theory was introduced for that purpose in 1960s

Cosmic acceleration: a new physical scale of dark energy, 10733 eV/.
This may be a scale at which gravity should be extended

Extension of GR by a mass term is arguably the best motivated
modification. Yet, such an extension — being a fundamental
question of field theory — had been a problem up until recently

GR extended with the mass and potential terms, evades S.
Weinberg's no-go theorem for the old cosmological constant
problem



GR Extended by Mass and Potential Terms

Previous no-go statements invalid: de Rham, GG
The Lagrangian of the theory: de Rham, GG, Tolley

’Cﬁ(g7 ¢) =0, — \/guaaaﬁi)aau(bbnab
The Lagrangian is written using notation tr(K) = [K]:

LircT = Mgl\/g (R + m? (Z/{z + a3 Us + ag Z/{4))
U = [KF —[K?]
Us = [KP = 3[K]IK?] + 2[K7]

Us = [K]* — 6] + 8[CIIK] + 3[K%)* — 6[K7]



Lagrangian Rewritten via Levi-Civita Symbols:

de Rham, GG, Heisenberg, Pirtskhalava (decoupling limit)
Th. Nieuwenhuizen (in the full theory)

Liget = MIVE (R+ m? Uz + oz Us + i Us))
U = eu,,agep‘mﬁnglC(’;
Us = €uvare” KKK
Us = €upoc® P KEKEKLKS

Ki(g,8) = 0 — /" 0a0?0,¢Pnap  unitary gauge ¢° = x°

Hamiltonian construction: Hassan, Rachel A. Rosen
Another proof: Mirbabayi



No flat FRW solution:
D’Amico, de Rham, Dubovsky, GG, Pirtskhalava, Tolley

ds? = —dt? + a(t)?dx?, ¢°(t) = f(t), ¢(x)=x/
Minisuperspace Lagrangian (for az 4 =0 ):

L= 3/\/151 (—aé2 + m?(2a° — 32% + a) — m?|f|(a® — az)>

d, - 2\y _
E(m (a®* —a%)) =0

No cosmology if m is a constant.

Exception: Open FRW selfaccelerated universe:
Gumrukcuoglu, Lin, Mykohyama

Possible ways to proceed for the flat universe:

(1) Heterogeneous and/or anisotropic cosmologies

(2) Field dependent mass m — m(c): FRW solutions ok



Heterogeneous Solutions: Qualitative Picture

The Vainshtein radius for a domain of density p and size R
p 1/3
ry = <_> R, Pco = 3M§1m2
Pco

Within a patch of radius 1/m, consider a typical Hubble volume,
i.e., the volume enclosed by the sphere of radius

2
-1 [3m2
P

This volume is in the Vainshtein regime, i.e., r, >> H™ 1, as long as

P >> Pco



Heterogeneous solutions: Quantitative Picture
ds? = —dt? + C(t, r)dtdr + A(t, r)?(dr® + r?dQ?),
0 . Xj
¢ :f(t7r)7 (bj(x):g(tar)T

G = m* X, + 871Gy Ty

Early universe: in the first approximation neglect mX,,,,, get FRW.
In the obtained FRW background solve for ¢?'s

m*Vh o X (gFrw, %) =0

Find ¢?’s, and calculate backreaction to make sure that
m?X,,, << 87w Gy T, This is the case for p >> peo.



Selfacceleration and pseudo-homogeneous solutions

In the dec limit: de Rham, GG, Heisenberg, Pirtskhalava
Exact solution: Koyama, Niz, Tasinato (1,2,3)

Other solutions: M. Volkov; L. Berezhiani, et al; ...

For instance, Koyama-Niz-Tasinato solution:
ds? = —d72 + ™ (dp? + p?dQ?)

while, ¢° and ¢, are inhomogeneous functions

~ mr/2,2 2
arctanh sinh(m7/2) + e™/2m?p? /8 e
cosh(mr/2) — em™/2m2p2 /8

Selfacceleration with heterogeneous metric: Gratia, Hu, Wyman
However, vanishing of kinetic terms for extra modes seems to be a

generic feature of these solutions, D’Amico (see, more discussions
on this subtle issue later).



Theory of Quasi-Dilaton: D’Amico, GG, Hui, Pirtskhalava

Invariance of the action to rescaling of the reference frame
coordinates ¢? w.r.t. the physical space coordinates, x?, requires a
field o. In the Einstein frame:

P* —e* ¢?, o —0o—aMp

Hence we can construct the invariant action by replacing KC by K

R# =y — e/ Mp \/guaaaﬁbaau@bbnab
and adding the sigma kinetic term
L = LareT (K — K) —w\/g(d0)?

In the Einstein frame o does not couple to matter, but it does in
the Jordan frame



Cosmology of Quasi-Dilaton: Flat FRW Solutions

ds? = —dt® + a(t)?dx® P =1(t), ¢' =x', o=o0(t)

w .
3Mf2>1 H?> = 502 + pm +

e/ Mp1 e/ Mp1 2 e/ Mp1 3
3M}2)1 m? C+ ¢ + & + C3
a a a
e/ Mp1 e/ Mp1 2 e/ Mp1 3 ke—o/Mpi
qo + q1 +q2 + g3 =—QF5 -
a a a a




Particular Solutions for k = 0:

eU/MPl
2 =C, o= Mp]H

w
(3 - 5)/\/11%1 H? = pm + 3M3, m* [co + c1c + cac? + 367

Go + qic + qac® + qzc* =0

Determine f(t) from the sigma equation:

w

f=1
2 +3/@m3

(3H? + H)



Small Perturbations:

Unitary gauge, ¢?'s are frozen to their background values

8w = 32(77#1, + huw(t,x)), o =In(ca) +((t,x)

No diff invariance for h,, as long as ¢?'s are frozen

Lagrangian density in conformal coordinates

w wH 2wH
(502 - 00N+ Db+ ) - 2 hyc) +
a*  ((v1hoo + v2hjj)C + v3hdo + vahoohj + s hojhoj + Ve hizhij + Y7h7)

Need to check that there is no BD ghost — should be absent by
construction, selfconsistency check. Need to check that all the
other modes are good



Perturbations in the Decoupling Limit:

- 1
huw = by + — (VA + VoA, Aj = S +0jb

m—0, H—0, H/m= fixed number

w(C% = (8i€)?) + p(0jA0)* + 2qAo Db + r(8o;b)? + 476 7(Ab)?
Ay is nondynamical (would be BD ghost, which is absent here)

Integrating out Ap, and collecting coefficients in front of time
derivatives of b one gets

(= T yanp2 =0

The only dynamical field in the scalar sector is quasi-dilaton, (.



Possible Cures for Vanishing Kinetic Terms?

> Is there a symmetry to remove these degrees of freedom?
Nonlinear symmetry?

» Some degrees of freedom may cease to be dynamical on
certain backgrounds (including at nonlinear level). Could this
be the case for some of the selfaccelerated solutions?

> In the context of quantum effective field theory: vanishing of
the kinetic terms at the scale A3; RG running below this scale
will induce the kinetic terms with logarithmic coefficients if
there is no symmetry; can this work?

» If non of the above works, then truly inhomogeneous and
non-isotropic backgrounds?



Conclusions:

» A classical theory that extends GR by the mass and potential
term is available now; many questions of astrophysics and
cosmology can be studies and comparisons can be made with
GR as well as with data

» Generic cosmological solutions have no FRW symmetries, but
can approximate well FRW cosmologies in the early universe

» Selfaccelerated solutions seem to be a generic feature; but
fluctuations exhibit behavior that needs to be understood to
see if these solutions are acceptable

» Further extension of the theory are possible, | discussed
quasi-dilaton, and showed that solutions with FRW symmetries
come back, while selfacceleration is also present. General
tensorial extensions by Hinterbichler and R.A. Rosen

» Quantum aspects not yet well understood (work to follow,
hopefully soon) however, don’t see a reason to postpone
investigation of interesting classical issues



