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abstract

There is a growing need for electricity-system flexibility to maintain real-time balance

between energy supply and demand. In this paper, we explore optimal and incentive-

compatible scheduling of generators for this purpose. Specifically, we examine a setting

wherein each generator has a different operating cost if it is committed in advance (e.g.,

day- or hour-ahead) as opposed to being reserved as flexible real-time supply. We model

an optimal division of generators between advanced commitment and real-time flexible

reserves to minimize the expected cost of serving an uncertain demand. Next, we propose

an incentive-compatible remuneration scheme with two key properties. First, the remuner-

ation scheme incentivizes generators to reveal their true costs. Second, the scheme aligns

generators’ incentives with the market operator’s optimal division of generators between

advanced commitment and real-time reserve. We use a simple example to illustrate the

market operator’s decision and the remuneration scheme.
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1. INTRODUCTION

Electricity systems are undergoing changes, including growing penetrations of variable and uncertain

renewable energy. These changes are increasing the need for flexibility to maintain real-time balance

between energy demand and supply. Lund et al. (2015) provide a comprehensive and thorough survey

of currently used and future potential approaches to increse the flexibility of electricity systems.

Their survey discusses issues that range from technologies that can provide demand- and supply-side

flexibility to the role of infrastructure investment and market design to enable these technologies and

other flexibility options. Among the approaches that they survey, technologies that enhance demand-

side flexibility, e.g., demand response, are drawing significant interest from the research community.

The idea that underlies a demand-response system is to adjust electricity consumption via some

signal, for example real-time-price information. Such a system improves economic efficiency and

air quality and can enhance renewable-energy adoption (Sioshansi and Short, 2009; Klobasa, 2010;

Sioshansi, 2010; Madaeni and Sioshansi, 2013; Wang et al., 2015).

The supply side of an electricity system can be used also as a source of flexibility. For

instance, higher penetrations of renewable energy can increase the value of operational flexibility of

conventional generators. In this vein, Denholm and Margolis (2007); Denholm et al. (2018) show
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that binding constraints on the minimum-generation levels of dispatchable generators (i.e., a lack

of supply-side flexibility) can limit the ability of an electricity system to accommodate renewable

energy. Kubik et al. (2015) study the renewable-energy-integration benefits of thermal-generator

flexibility, showing that such flexibility is valuable to electricity systems with high renewable-energy

penetrations. Another potential source of electricity-system flexibility is energy storage. Drury et al.

(2011); Sioshansi et al. (2012) note that many energy-storage technologies have technical character-

istics that are amenable to their use as flexibility resources. In addition, energy storage can be an

effective tool to facilitate the integration of renewable energy into electricity systems (Denholm et al.,

2010; Sioshansi et al., 2022).

Taken together, these technologies have great potential to increase electricity-system flexibil-

ity. However, there is an important question of how market design will impact flexibility-enhancing

deploymentand use of these technologies. There are theoretical and empirical works that demonstrate

poor market design yielding undesirable outcomes, e.g., due to market participants having misaligned

incentives or exercising market power. Oren and Ross (2005) examine the market-efficiency impacts

of ramping constraints in economic-dispatch models that underlie spot electricity markets. They

show cases in which it can be profitable for generators to mis-specify their ramping capabilities to

manipulate the market dispatch and resultant prices. Moiseeva et al. (2015) show a similar result with

a computational model of Nash equilibria between generators that compete in a spot market. Each

of these works demonstrate circumstances in which poor market design impairs electricity-system

flexibility, which is caused by generators mis-specifying their ramping capabilities. As another

example, poor market design can limit the provision of supply-side flexibility by energy storage.

Sioshansi (2014) demonstrates such an outcome by showing that energy storage can diminish market

efficiency. As a final example, Papavasiliou (2020) examines the designs of European wholesale

electricity markets. He notes a disconnect between the procurement and pricing of energy and reserve

products, which are not co-optimized. As such, European markets have essentially no market for the

procurement of real-time flexible capacity.

Conversely, good market designs can elicit electricity-system flexibility efficiently. When

evaluating market designs, economic efficiency and incentive compatibility are two common met-

rics or considerations. Economic efficiency is an important consideration, because it measures the

extent to which a market delivers cost-minimizing or welfare-maximizing outcomes. As an exam-

ple, Cartuyvels et al. (2024) examine forthcoming revisions to the pricing of frequency-restoration

services in European wholesale electricity markets. They find that the revisions can harm economic

efficiency by distorting the merit order of service providers. As another example, Bushnell et al.

(2017) study Clean Power Plan, which is a proposed policy to manage CO2 emissions from the

United States of America (U.S.) electricity-generation sector. Bushnell et al. (2017) demonstrate

theoretically and through numerical simulations that Clean Power Plan’s design could yield welfare-

diminishing dominant strategies on the part of pertinent decision makers.

Evaluating market designs based solely upon economic efficiency is insufficient, because

it may neglect market participants having incentives that are misaligned with cost-minimization

or welfare-maximization goals of the market design. For instance, market participants may have

incentives to increase their profits through strategic rent-seeking behavior, which may harm economic

efficiency. Thus, incentive compatibility is a key consideration in market design and evaluation.

Sioshansi et al. (2008, 2010) compare two alternative designs of wholesale electricity markets that co-

ordinate unit-commitment of generating units differently. They show that if the incentive properties

of the two market designs are neglected, one market is axiomatically superior vis-à-vis economic

efficiency. Jiang and Sioshansi (2024) expand upon the work of Sioshansi et al. (2008, 2010) and

consider incentive properties of the two designs. They show that the relative merits of the two

designs are more mixed and nuanced. As another example, Bushnell and Oren (1994) examine a

procurement auction for electricity-generating capacity that had been implemented by California

regulators. They demonstrate that the proposed scoring rule that is used to evaluate the multi-part
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offers that are submitted by auction participants lacks incentive-compatibility, resulting in inefficient

market outcomes. They propose an alternative scoring rule that aligns the incentives of the market

participants with the economic-efficiency goal of the market design. Although their proposed

scoring rule was not implemented, the auction results were invalidated eventually by regulators,

due to market inefficiency that stemmed from the lack of incentive-compatibility. Chao and Wilson

(2002) conduct a similar analysis of the problem of procuring energy and electricity-system reserves

from generators. They show that some common proposed designs are not incentive-compatible and

suggest incentive-compatible alternatives. As another example, Oren and Sioshansi (2005) examine

the incentive properties of an opportunity-cost-based remuneration scheme for a joint wholesale

electricity market for energy and reserves. As a final example, Fabra et al. (2006) compare the

incentive and resultant efficiency properties of wholesale electricity markets that use uniform-price

as opposed to discriminatory payment mechanisms.

Given these economic-efficiency and incentive-compatibility considerations, eliciting the

provision of supply-side flexibility by generators requires a mechanism to align the objectives of

generators with those of the market designer. Milligan et al. (2016) contend that mechanism design

is a suitable tool to improve electricity-market design. The basic principle of mechanism design

is to provide market participants with different options (e.g., provide energy or ancillary services)

and pertinent information (e.g., how supply offers are selected, prices are set, and remuneration is

computed). With this information, market participants (e.g., generators) convey decisions (e.g., the

market in which it participates and its supply offers) to the market operator. The goal of mechanism

design is to design the options and market rules in such a way that self-interested market participants

make economically efficient choices. One example of the application of mechanism design to

electricity-market design is priority pricing for electricity supply. Strauss and Oren (1993) study

the design of a priority-pricing program to incentivize electricity-demand response through load

interruptions. They distinguish customers based on the cost of interrupting them a priori as opposed

to during real-time and design an incentive-compatible mechanism to ration electricity supply under

scarcity conditions that call for load interruptions. Chao et al. (2022) examine priority-pricing-

based demand response to manage renewable-energy variability and uncertainty. Their work takes

a similar approach to that which is used by Strauss and Oren (1993). However, Chao et al. (2022)

focus specifically upon the challenges in maintaining supply/demand balance with renewable energy.

Conversely, Strauss and Oren (1993) consider generic causes of electricity-supply scarcity.

In this paper, we examine the problem of mechanism design to procure supply-side flexibility

from generation resources. There are two major challenges that we tackle, which are motivated

by a key assumption. Specifically, we distinguish generators based on the cost of committing

them in advance as opposed to dispatching them during real-time—the latter can be costly for a

number of reasons. First, Sioshansi and Oren (2007) find empirical evidence from Texas’s wholesale

electricity market that mechanical strains from ramping deter generators being available for real-time

flexibility. Second, Alabdulwahab et al. (2017) note that real-time generator-dispatch adjustments

increase cost and risk, because fuel must be transacted through the spot market. Allaz and Vila

(1993) demonstrate the benefits of forward contracting in reducing procurement costs. This assumed

generator-cost characteristic yields the first challenge, which is to determine an optimal division of

generators between advanced commitment as opposed to reserves for real-time deployment. Our cost

assumption creates a fundamental tradeoff for the market operator—advanced commitment incurs

a lower but irreversible cost. On the other hand, reserving capacity for real-time dispatch requires

a more costly action, but only if demand is sufficiently high to require the reserved capacity. This

problem is modeled assuming that the market operator has perfect cost information and must serve

an uncertain demand, e.g., due to uncertain renewable-energy production. The second challenge

is developing a remuneration mechanism. There are two incentive-compatibility issues with which

the market operator contends. First, generator costs are private information. Second, a generator

may want to deviate from the market operator’s optimal division between advanced commitment

Copyright © 2018 by the IAEE. All rights reserved.
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and real-time reserve. A generator being committed in advance yields a revenue guarantee, whereas

payment to a reserved generator depends upon real-time demand. Thus, a generator that is optimal

to reserve may prefer to be committed in advance. Our work makes two contributions to the extant

literature. First, we analyze the market operator’s optimal division of generators between advanced

commitment and being reserved for real-time flexibility. Second, we derive remuneration schemes

that align the incentives of profit-maximizing generators with those of the market operator.

The remainder of this paper is organized as follows. Section 2 details the market and system

setting that we analyze. Section 3 examines the market operator’s problem of dividing generators

between advanced commitment and real-time flexible reserves. Section 4 derives the proposed

incentive mechanism. Section 5 illustrates the results of Sections 3 and 4 through a simple numerical

example. Section 6 concludes and discusses the market-design implications of our work. Proofs of

our technical results are provided in the appendix.

2. MARKET AND SYSTEM MODEL

We assume that the electricity system contains a total of # MW of generating capacity. Each

generator individually has equal and infinitesimal capacity. We characterize each generator by its

cost of being dispatched during real-time, which we denote as $G/MW, and its cost of being committed

in advance, which we denote as $H/MW. Without loss of generality, we assume that for each generator

0 ≤ H ≤ G ≤ 1—restricting costs to the unit interval simplifies notation. Assuming that H ≤ G creates

the market operator’s fundamental tradeoff. Committing a generator in advance incurs a cost, e.g.,

due to necessary fuel-procurement, unit-commitment, or other-irreversible actions. However, the

cost of advanced commitment is lower than if the generator must be dispatched during real-time.

Dispatching a generator during real-time is more expensive than advanced commitment because, for

instance, the generator must procure fuel from the spot market or make real-time production changes

that involve mechanical strain or other costs. We let %(G, H) denote the cumulative-distribution

function of the generator population. That is, for a given G and H, # · %(G, H) MW of generating

capacity has real-time and advanced costs that are less than or equal to G and H, respectively. We

assume that %(G, H) is atomless and continuously differentiable and let ?(G, H) denote the density

function of the generator population.

The market operator seeks to select the generators for advanced commitment and real-time

reserves to serve an uncertain @-MW real-time demand at minimal expected cost. We let � (@)
denote the atomless and continuously differentiable cumulative-distribution function of the demand

and let 6(@) = �′ (@) denote the associated probability-density function. Committing a generator

in advance incurs a cost, regardless of whether the generator’s capacity is needed once demand is

realized. Reserving a generator for real-time dispatch incurs a cost only if demand is sufficiently

high to require such a generator to operate.

3. OPTIMAL GENERATOR SCHEDULING

We begin by considering a case wherein the market operator has perfect cost information. Section 4

examines the associated problem of designing a mechanism to incentivize generators to reveal

truthfully their private cost information. With perfect cost information, the market operator’s problem

can be characterized as deriving a function, D(G). For a given G, D(G) specifies the threshold value

of H, up to which generators are committed in advance. Figure 1 illustrates the market operator’s

generator-commitment problem. Under our assumption that H ≤ G, the population of generators is

below the blue diagonal line in the figure. The curve, D(G), divides the generator population into two

groups. Any generator that is ‘below’ D(G), in the sense that its cost pair, (G, H), is below (G, D(G)) is

committed in advance. The area below the curve, D(G)—which is labeled ‘A’ in Figure 1—represents

the generator population that is committed in advance.
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Figure 1: Illustration of market operator’s generator-commitment problem.

Depending upon the actual demand that is realized during real-time, additional generators

may be dispatched. The vertical red line that is in Figure 1 illustrates this real-time dispatch for

a possible realization of demand wherein the generators that are committed in advance are unable

to serve the entire demand. The area between the blue diagonal line, D(G), and the vertical red

line—which is labeled ‘B’ in Figure 1—represents the population of generators that is dispatched

during real-time to supplement generators that are committed in advance.

To formulate the market operator’s problem, we begin by defining:

ℎ(E; D(·)) = #

∫ 1

0

∫ D(G )

0

?(G, H)3H3G + #

∫ E

0

∫ G

D(G )
?(G, H)3H3G. (1)

ℎ(E; D(·)) consists of two integrals. The first gives the MW of capacity that is committed in advance.

The second gives the MW of additional capacity that is dispatched during real-time, if the real-time

cost of the marginal generator is E. The horizontal axis of Figure 1 shows the value of E that

corresponds to the vertical red line that is shown in the figure (and the amount of generation that is

dispatched during real-time). Thus, for a given function, D(·), ℎ(E; D(·)) maps the marginal real-time

cost to the total capacity that is dispatched in advance and real-time.

With this definition of ℎ(E; D(·)), we can formulate the market operator’s problem as:

min
D(·)

#

∫ 1

0

∫ D(G )

0

H?(G, H)3H3G +
∫ 1

0

(
#

∫ E

0

G

∫ G

D(G )
?(G, H)3H3G

)
3� [ℎ(E; D(·))] . (2)

Objective function (2) consists of two terms that are added to one another.

The first term gives the cost of advanced commitment, which is computed based on the

interpretation of Figure 1 and that the area that is labeled ‘A’ represents the generator population

that is committed in advance. Specifically, the area that is labeled ‘A’ in Figure 1 gives the limits of

integration—G is integrated over its full support from 0 to 1 whereas H is integrated from 0 to D(G).
The integrand in this first term is H?(G, H). H represents each generator’s advanced-commitment cost

and ?(G, H) gives the generator-population density.

Copyright © 2018 by the IAEE. All rights reserved.
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The second term that is in (2) gives the expected cost of dispatching additional capacity

during real-time. This cost is uncertain, because it depends upon the realized level of demand. The

definition of ℎ(E; D(·)) in (1) allows the expected real-time cost to be written implicitly in terms of

the cost of the marginal generator that is dispatched during real-time. Specifically, for E to be the

cost of the marginal generator that is dispatched during real-time, demand must be ℎ(E; D(·)) MW.

� [ℎ(E; D(·))] gives the cumulative probability of demand being less than or equal to ℎ(E; D(·)) MW.

Hence the outermost integral in the second term that is in (2) integrates the probability density of

demand, which is given by 3� [ℎ(E; D(·))], over the full support of E, which is 0 to 1. The limits of

integration of the two innermost integrals in the second term that is in (2) is given by the interpretation

of the area that is labeled as ‘B’ in Figure 1—G is integrated from 0 to E and H from D(G) to 1. The

integrand that is in the second term that is in (2) is the product of G, which is each generator’s cost

of real-time dispatch, and ?(G, H), which is the generator-population density.

The following proposition, which is proven in the appendix, provides an analytic solution

to (2).

Proposition 1 An optimal solution of (2) is given by:

D(E) = E�̄ [ℎ(E; D(·))] +
∫ E

0

G3� [ℎ(G; D(·))] . (3)

Proof. See appendix. �

To interpret (3), we examine the two terms on its right-hand side. The first term is the

expected cost of reserving for real-time dispatch a generator with a real-time cost of E. Such a

generator is dispatched during real-time only if the realized demand is sufficiently high, which

occurs with probability, �̄ [ℎ(E; D(·))]. Reserving a generator for real-time dispatch has an impact

on other generators as well. Specifically, when a generator with real-time cost, E, is reserved for

real-time dispatch, as opposed to being committed in advance, all generators that have real-time

cost that is less than E have a higher probability of being dispatched during real-time. This effect

of reserving capacity for real-time dispatch is captured by the second term on the right-hand side

of (3). Specifically, the second term represents the expected marginal cost of real-time dispatch of

all generators that have real-time cost that is less than or equal to E. Thus, (3) gives the total expected

cost of reserving a generator with a real-time cost of E for real-time dispatch.

Equation (3) provides a way of identifying generators that are relatively economical to

reserve for real-time dispatch. Our model assumes that each generator’s cost of advanced commitment

is no greater than the cost of dispatching the generator during real-time. Thus, the market operator

needs a criterion to choose the set of generators for advanced commitment as opposed to those that

are reserved for real-time flexible disptach. The form of D(·) that is given by (3) provides this criterion

by comparing each generator’s advanced-commitment cost to the value of D(·) that is evaluated at

the generator’s real-time cost.

4. INCENTIVE MECHANISM

The derivation of D(·) in Section 3 assumes that the market operator has perfect information regarding

generator costs. In practice, such cost information is private information. Thus, a mechanism that

induces truthful revelation of cost information is necessary. Specifically, there are two incentive-

compatibility challenges that we address. The first is to induce generators to reveal their true costs.

The second is to align each generator’s incentives between advanced commitment and being reserved

for real-time dispatch with the market operator’s expected-cost-minimizing choice.

We tackle these challenges by designing a two-step remuneration mechanism. First, each

generator determines whether to be committed in advance or to be reserved for real-time dispatch.

A generator that chooses to be reserved for real-time dispatch reports a real-time cost, \, which

Copyright © 2018 by the IAEE. All rights reserved.
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may differ from its actual real-time cost. A generator that selects advanced commitment receives

an energy payment, 4�. A generator that opts to be reserved for real-time dispatch receives a fixed

payment, �, and a type-dependent information rent, d(\), which is continuous in \. In addition, a

generator that is reserved and dispatched during real-time receives an energy payment, which we

denote as 4'. The structure of the remuneration scheme that we examine is reminiscent of designs

that are used in U.S. and European wholesale electricity markets (Papavasiliou, 2020; Mehrtash et al.,

2023; Cartuyvels et al., 2024).

Under these assumptions, a generator with actual advanced and real-time costs, Ĥ and Ĝ,

respectively, determines \ to maximize:

max
\∈[0,1]

{
4� − Ĥ, � + d(\) +

∫ 1

\

(4' − Ĝ)3� [ℎ(E; D(·))]
}
. (4)

Optimization problem (4) encompasses both parts of the generator’s decision. The two terms in

the max{·} operator in (4) give expected profits from advanced commitment and real-time dispatch,

respectively. If the generator opts for advanced commitment, it earns a revenue of 4� and incurs

a cost of Ĥ. If it opts to be reserved for real-time dispatch, it receives a payment of � + d(\). In

addition, if demand is sufficiently high for its capacity to be needed, it receives the energy payment,

4', and incurs a cost of Ĝ.

We examine the market operator’s two incentive-compatibility challenges by analyzing (4) in

two steps. First, we determine a remunerationmechanism that makes \ = Ĝ optimal in the second term

in the max{·} operator in (4). Such a remuneration mechanism ensures that generators that opt to be

reserved for real-time dispatch reveal their actual real-time costs. Second, we refine the remuneration

mechanism to align each generator’s choice between the two terms in the max{·} operator in (4) with

the market operator’s expected-cost-minimizing D(·). Such a remuneration mechanism ensures that

generators make expected-cost-minimizing choices between advanced commitment and real-time

reserve.

4.1 Generation-Cost Revelation

We begin by considering a case wherein the payments, 4� and 4' , are exogenous, in the sense that

they are disconnected from the marginal cost of generation. Mehrtash et al. (2023) survey pricing

mechanisms that are used in U.S. wholesale electricity markets and provide examples that fit our

exogenous-price case, many of which employ a form of an operating-reserve demand curve (ORDC).

An ORDC sets prices based on reserve availability or scarcity, as opposed to the marginal cost of

generation. One such example is Electric Reliability Council of Texas, which employs an adder on

top of the energy price to remunerate the provision of reserve products. If the system has no more

than 3 000 MW of reserves available, a $5 000/MW price adder, which is based on an estimated

value of lost load (VOLL), is used to remunerate reserves.1 If the system has over 3 000 MW of

reserves, the price adder is the product of VOLL and the estimated loss of load probability. Other

U.S. wholesale electricity markets, including Midcontinent Independent System Operator, Inc., apply

variations of ORDCs. As another example, currently ISO New England Inc. (ISONE) employs a

forward reserve market to incentivize investment in resources that provide reserves. Litvinov et al.

(2009) describe the design of the market, including price formation, which has features that are

similar to an ORDC. A generator that opts to participate in the ISONE markets can, to some extent,

treat the forward-reserve-market prices as being fixed exogenously, based on its assessment of the

amount of reserves that are available to the ISONE system.

Our definition of exogenous pricing is that prices are disconnected from the marginal cost

of energy. Exogenous pricing can complicate incentive compatibility by incentivizing generators

1This $5 000/MW VOLL is reduced from $9 000/MW in response to February 2021’s Winter Storm Uri.

Copyright © 2018 by the IAEE. All rights reserved.
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to under- or over-state their costs, thereby harming market efficiency. For instance, ORDC-type

mechanisms increase the energy price. Hence, it may be profit-maximizing for a generator with a

relatively high value of Ĝ to reduce its reported \. In doing so, the generator increases the likelihood

that it is dispatched and receives an energy payment that includes the ORDC-related premium. As

an opposite example, some markets have administrative caps or limits on prices. Such a mechanism

may incentivize a generator with Ĝ that is greater than the price to overstate its reported value of \.

By doing so, such a generator avoids being dispatched and operated at a profit loss. Both examples of

generator behavior yield inefficiencies, insomuch as they result in the market operator determining

the dispatch using incorrect cost information.

The following lemma provides a type-dependent information rent, d(\), which induces

truthful revelation of real-time cost by any generator that opts to be reserved for real-time dispatch.

Lemma 1 If 4� and 4' are set exogenously and independently of the marginal cost of generation, a

type-dependent information rent of the form:

d(\) =
∫ \

0

(4' − E)3� [ℎ(E; D(·))], (5)

induces truthful revelation of real-time cost by any generator that opts to be reserved for real-time

dispatch

Proof. See appendix. �

We can interpret (5) to understand the information rent that must be paid to incentivize

truthful revelation of cost information with an exogenous real-time energy price. Inducing a generator

with real-time cost, Ĝ, to reveal this information requires a payment that is equal to the expected

marginal rent that is paid to generators with real-time cost that is less than or equal to Ĝ. Increasing

4' increases this information rent, because the value of \ that is reported by the generator has no

bearing on the revenue that it earns from being dispatched (4' is fixed). Rather, the sole impact on

the generator of \ is its probability of being dispatched. This interpretation of (5) is exactly in-line

with the aforementioned incentive-compatibility challenges that are created by exogenous pricing.

Next, we consider a case wherein 4� and 4' are endogenous and marginal pricing is used.

In such a case, we have 4� = D(1) and 4' equals the real-time cost of the marginal generator that

is dispatched during real-time. The following lemma shows that in such a case, no type-dependent

information rent must be provided to induce truthful cost revelation by generators that opt to be

reserved for real-time dispatch.

Lemma 2 If 4� = D(1) and 4' equals the real-time cost of the marginal generator that is dispatched

during real-time, then:

d(\) = d̄, (6)

which is type-independent, induces truthful revelation of real-time cost by generators that opt to be

reserved for real-time dispatch.

Proof. See appendix. �

Contrasting (6) and (5) shows that marginal pricing is efficient, insomuch as no information

rent is required to induce truthful revelation of real-time-cost information. Lemma 3 in Section 4.2

reinforces this finding, by showing that having d(\) = 0, ∀\ ∈ [0, 1] and � = 0 is sufficient to induce

efficient self-selection between advanced commitment and reserve for real-time dispatch.

4.2 Self-Selection Between Advanced Commitment and Real-Time Reserves

We begin by examining the generators’ self-selection problems assuming endogenous marginal

pricing. The following lemma shows that marginal prices are sufficient to align generators’ incentives

with the market operator’s expected-cost-minimizing D(·).

Copyright © 2018 by the IAEE. All rights reserved.
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Lemma 3 If 4� = D(1), 4' equals the real-time cost of the marginal generator that is dispatched

during real-time, d(\) = 0, ∀\ ∈ [0, 1], and � = 0, then each generator’s optimal choice between

advanced commitment and real-time reserve in (4) is consistent with D(·) that solves (2).

Proof. See appendix. �

The case wherein the energy payments, 4� and 4', are exogenous differs from the case

with endogenous marginal energy pricing. The aforementioned examples of an ORDC-type mecha-

nism and an administrative price cap can incentivize inefficient generator choices between advanced

commitment and being reserved for real-time dispatch. The following lemma shows that typically,

exogenous prices yield inconsistencies between the generators’ and market operator’s optimal deci-

sions. In addition, the lemma shows how the parameters of the proposed remuneration scheme must

be set to restore consistency.

Lemma 4 If 4� and 4' are set exogenously, d(\) is set based on (5), and � = 4�− 4'�̄ [ℎ(0; D(·))],
then each generator’s optimal choice between advanced commitment and real-time reserve in (4) is

consistent with D(·) that solves (2).

Proof. See appendix. �

Lemma 4 gives a condition that yields consistency between the generators’ and market

operator’s choices between advanced commitment and being reserved for real-time dispatch. To

interpret this condition, note that advanced commitment guarantees an energy payment of 4�. Thus,

the premium, �, that is paid to a generator that opts to be reserved for real-time dispatch must

compensate for this loss. The required premium is reduced by the expected real-time energy payment,

which is product of 4' and the probability, �̄ [ℎ(0; D(·))], that capacity is dispatched during real-time.

Our analysis of the exogenous-pricing case has one additional consideration, which is that

the value of 4� must be sufficiently high to ensure individual rationality (i.e., that generators do not

opt to withdraw from the market). This concern does not arise with endogenous marginal pricing,

because endogenous pricing does not fix the energy prices independently of the marginal cost of

generation.

To determine a necessary condition on the value of 4� to ensure individual rationality, we

substitute (5) and the result of Lemma 4 into (4), which yields:

max

{
4� − Ĥ, 4� −

∫ Ĝ

0

E3� [ℎ(E; D(·))] − Ĝ�̄ [ℎ(Ĝ; D(·))]
}
.

To ensure individual rationality, we must have that the first term in the max{·} is non-negative for all

generators that are committed in advance. This condition is given if we have that 4�−D(1) ≥ 0 or if:

4� ≥ D(1). (7)

Setting the two sides of (7) equal gives us that 4� = D(1) is the minimal value of 4� that ensures

individual rationality. Higher values of 4� can be used, which maintains individual rationality but

increases the total cost of remunerating generators.

The following lemma shows that under the exogenous-pricing case, if 4� = D(1), d(\) is

set based on (5), and � is set by the value that is given in Lemma 4, then the market operator’s total

expected remuneration cost is the same under the endogenous- and exogenous-pricing cases.

Lemma 5 If 4� and 4' are set exogenously, d(\) is set based on (5), � is set by the value that is given

in Lemma 4, and 4� = D(1), the market operator’s total expected remuneration cost is equivalent

under incentive-compatible endogenous and exogenous pricing.

Proof. See appendix. �
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5. NUMERICAL EXAMPLE

Parameter values determine whether (3) has an analytical solution. We examine a simple example in

which generators and the demand are distributed uniformly. Specifically, we have that ?(G, H) = 2,

∀0 ≤ H ≤ G ≤ 1 and 6(@) = 1/# , ∀0 ≤ @ ≤ # .

With these assumptions, (1) and the objective function in (2) become:

ℎ(E; D(·)) = #

∫ 1

0

∫ D(G )

0

23H3G + #

∫ E

0

∫ G

D(G )
23H3G, (8)

and:

#

∫ 1

0

{
[D(E)]2 + 4

(∫ E

0

G · [G − D(G)]3G
)
[E − D(E)]

}
3E, (9)

respectively. Thus, the solution to (3) that satisfies all of the pertinent boundary conditions (cf. the

proof of Proposition 1 in the appendix for the boundary conditions) is:

D(E) = E − sinh
√

2E
√

2 cosh
√

2
. (10)

Figure 2 illustrates the market operator’s optimal D(·) for this example.

Figure 2: Market operator’s optimal D(·) for the uniform-distribution example.

We use (8) to calculate the capacity that is committed in advance and expected real-time

dispatch. The first term in (8) gives the advanced commitment and equals:

#

∫ 1

0

∫ D(G )

0

23H3G = #

∫ 1

0

2D(G)3G = 2#

∫ 1

0

(

G − sinh
√

2G
√

2 cosh
√

2

)

3G

= # −
√

2# · (4
√

2 + 4−
√

2 − 2)
2
√

2 cosh
√

2
≈ 0.4592#.
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The second term in (8) gives the generation capacity that is dispatched during real-time, if the

marginal cost of real-time dispatch is E. To determine expected real-time dispatch, we integrate the

product of the second term in (8) and the probability density, 3� [ℎ(E; D(·))], over the support of E,

which is [0, 1]. This gives expected real-time dispatch of:

#

∫ 1

0

∫ E

0

∫ G

D(G )
23H3G3� [ℎ(E; D(·))] = # · (42

√
2 + 4−2

√
2 − 44

√
2 − 44−

√
2 − 2 + 8)

8(cosh
√

2)2
≈ 0.1462#.

Thus, about 46% of the generating capacity is committed in advance and another 15% is expected

to be dispatched during real-time. This is despite the fact that there is a 46% probability that at

least some of the generators that are committed in advance are unneeded (the demand is distributed

uniformly between 0 and #). It reduces expected operation cost to commit generators in advance

that are unnecessary, to avoid the increased cost of dispatching them during real-time.

Next, to calculate expected dispatch cost, we substitute (10) into (9), which yields:

#

∫ 1

0



(

E − sinh
√

2E
√

2 cosh
√

2

)2

+ 4
sinh

√
2E

√
2 cosh

√
2

∫ E

0

G
sinh

√
2G

√
2 cosh

√
2
3G


3E,

which can be rewritten as:

#

∫ 1

0

(

E − sinh
√

2E
√

2 cosh
√

2

)2

3E + #

∫ 1

0

(

4
sinh

√
2E

√
2 cosh

√
2

∫ E

0

G
sinh

√
2G

√
2 cosh

√
2
3G

)

3E. (11)

Expression (11) consists of two terms. The first is the cost of generators that are committed in

advance and is equal to:

#

∫ 1

0

(

E − sinh
√

2E
√

2 cosh
√

2

)2

3E = # ·
(
1

3
+ (1 −

√
2)4

√
2 − (1 +

√
2)4−

√
2

2
√

2 cosh
√

2
+ 42

√
2 − 4−2

√
2 − 4

√
2

16
√

2(cosh
√

2)2

)

,

≈ 0.0662#.

The second term in (11) is the expected cost of dispatching generators during real-time and is equal

to:

#

∫ 1

0

(

4
sinh

√
2E

√
2 cosh

√
2

∫ E

0

G
sinh

√
2G

√
2 cosh

√
2
3G

)

3E

=

#

(cosh
√

2)2

[ (
1

8
− 3

16
√

2

)
42

√
2 +

(
1

8
+ 3

16
√

2

)
4−2

√
2 + 1

2

]
≈ 0.0815#.

These expressions show the benefit of over-committing generation in advance. Although 46% of the

generating capacity is committed in advance, this costs less than the expected cost of dispatching

(in expectation) 15% of the generating capacity during real-time. Indeed, advanced commitment

represents about 45% of total expected cost despite representing about 76% of total expected capacity

that is needed to serve demand.

Figure 3 illustrates the incentive compatibility of endogenous marginal pricing. The figure

shows the expected profit of a generator with real-time cost, Ĝ = 0.5, as a function of its reported real-

time cost, \, if the generator opts to be reserved for real-time dispatch. The star on the curve denotes

the maximum. As expected from Lemma 2, the maximum occurs where \ = Ĝ = 0.5. Reporting

\ < 0.5 increases the likelihood that this generator is dispatched, but the energy payment that it

receives in those cases is lower. Conversely, reporting \ > 0.5 increases the energy payments that

Copyright © 2018 by the IAEE. All rights reserved.
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the generator receives when it is dispatched, but there is a countervailing reduction in the likelihood

that it is dispatched.

Figure 3: Expected profit for the uniform-distribution example under endogenous marginal pricing of a

generator with real-time cost, Ĝ = 0.5, that opts to be reserved for real-time dispatch as a function of the

reported value of \.

Figure 4 demonstrates Lemma 3. It shows the expected profit that is earned by a generator

with different advanced costs, Ĥ, and Ĝ = 0.5 that opts for advanced commitment or to be reserved

for real-time dispatch. The profit that is earned from advanced commitment declines linearly with Ĥ.

The energy payment for advanced commitment is set by the marginally committed generator to D(1).
Thus, a higher value of Ĥ impacts only the generator’s cost and not its revenue. Conversely, opting to

be reserved for real-time dispatch earns a maximum profit of about 0.1210 from reporting \ = Ĝ = 0.5

(cf. Figure 3). The point at which the two profit functions intersect is Ĥ ≈ 0.2508, which is the value

of D(0.5) that is given by (10), as is illustrated by Figure 2. Thus, it is expected-profit-maximizing

for generators with Ĥ ≤ 0.2508 and Ĝ = 0.5 to opt for advanced commitment and for generators with

Ĥ > 0.2508 and Ĝ = 0.5 to opt to be reserved for real-time dispatch. These choices are aligned with

the market operator’s expected-cost-minimizing choice of D(·).
Next, we consider two cases with exogenous real-time prices of 4' = 0.9 and 4' = 1.0.

The case of 4' = 0.9 could be viewed as an administrative price limit, whereby the real-time price is

capped to avoid the potential exercise of market power under scarce-capacity conditions. Conversely,

4' = 1.0 could be viewed as scarcity pricing, whereby the energy price is set to a high value if there

is insufficient capacity committed in advance to serve the realized load and additional capacity must

be dispatched during real-time to fulfill demand. Figures 5 and 6 illustrate the role of the information

rent, as is given by (5), in inducing truthful revelation of \ by generators that opt to be reserved for

real-time dispatch. Specifically, Figure 5 shows the expected profit of a generator with real-time cost,

Ĝ = 0.5, as a function of \ if the generator opts to be reserved and 4' = 0.9. The figure shows the

expected energy profit, information rent, and total expected profit that is earned by this generator.

Figure 6 provides the same information for the case with 4' = 1.0. Both figures assume that � = 0,

because the value of � does not affect an optimal choice of \ for a generator that opts to be reserved

for real-time dispatch. The stars in Figures 5 and 6 indicate expected-profit maximizing values of \,

which co-incide with \ = Ĝ = 0.5 under both cases, which follows from Lemma 1 and the derivation

Copyright © 2018 by the IAEE. All rights reserved.
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Figure 4: Expected profit for the uniform-distribution example under endogenous marginal pricing of a

generator with real-time cost, Ĝ = 0.5, if it opts for advanced commitment or to be reserved for real-time

dispatch as a function of its advanced cost, Ĥ.

of (5).

With both 4' = 0.9 and 4' = 1.0, expected energy profit is monotonically decreasing in

\. This is because a generator’s choice of \ does not impact the payment that it receives if it is

dispatched during real-time. Rather, \ impacts only a generator’s probability of being dispatched.

Thus, absent an information rent, it is expected-profit-maximizing for a generator that opts to be

reserved for real-time dispatch to declare \ = 0 so long as 4' ≥ Ĝ. This expected-profit-maximizing

behavior is consistent with the example of an ORDC-type mechanism that is discussed in Section 4.1.

The information rent aligns the generator’s incentives to reveal its true real-time cost, \ = Ĝ.

We conclude our analysis of this example by comparing expected settlement cost under

incentive-compatible and individually rational endogenous and exogenous pricing,respectively. Total

energy payments to generators that are committed in advance is given by:

#

∫ 1

0

∫ D(G )

0

4�?(G, H)3H3G, (12)

and expected energy payments to generators that are dispatched during real-time is given by:

#

∫ 1

0

4'

∫ E

0

∫ G

D(G )
?(G, H)3H3G3� [ℎ(E; D(·))] . (13)

Under endogenous pricing, (12) and (13) simplify to approximately 0.1707# and 0.1196# , respec-

tively, with the assumed uniform distributions of our example.

Under exogenous pricing, (12) and (13) simplify to approximately:

4� ·
(

# −
√

2#
4
√

2 + 4−
√

2 − 2

2
√

2 cosh
√

2

)

,
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Figure 5: Expected profit for the uniform-distribution example under exogenous pricing with 4' = 0.9

of a generator with real-time cost, Ĝ = 0.5, that opts to be reserved for real-time dispatch as a function of

the reported value of \.

and:
4'#

4

(
cosh

√
2

)2

[
1

2

(
42

√
2 + 4−2

√
2
)
− 2

(
4
√

2 + 4−
√

2
)
+ 3

]
,

respectively, in our example. In addition, fixed payments and information rents, � + d(\) = � + d(G),
where � and d(·) are given by Lemma 4 and (5), respectively, must be paid to generators that opt to

be reserved for real-time dispatch to induce incentive compatibility. These payments total:

#

∫ 1

0

[� + d(G)]
∫ G

D(G )
?(G, H)3H3G

= #

∫ 1

0

[
4� − 4'�̄ [ℎ(0; D(·))] +

∫ G

0

(4' − E)3� [ℎ(E; D(·))]
] ∫ G

D(G )
?(G, H)3H3G.

Adding these terms together, the total expected settlement cost under incentive-compatible exogenous

pricing is approximately # ·(4�−0.0815), which depends solely on the chosen value of 4�. Intuitively,

fixing the values of 4� and 4' determines the values of � and d(\) by Lemma 4 and (5), respectively,

to induce truthful revelation. Although the individual cost components depend upon the choices of

both 4� and 4', total expected settlement cost depends solely upon the value of 4�.

Table 1 summarizes the breakdown of and total expected settlement cost under endogenous

and exogenous pricing. The exogenous-pricing case assumes that 4� is set to the minimum value,

D(1), that satisfies (7) and that 4' = 1.0. The table shows that energy payments to generators

that opt for advanced commitment are equal between the two market designs. Expected payments

to generators that are dispatched during real-time is higher under exogenous pricing, because we

assume that an administrative rule sets 4' = 1 if generating capacity that is committed in advance

in insufficient to serve the realized demand. In this case, � is negative, because the high value

of 4' means that generators must be dissuaded from opting to be reserved for real-time dispatch.

As expected from Lemma 5, total expected settlement costs are the same between the two market
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Figure 6: Expected profit for the uniform-distribution example under exogenous pricing with 4' = 1.0

of a generator with real-time cost, Ĝ = 0.5, that opts to be reserved for real-time dispatch as a function of

the reported value of \.

designs.

Table 1: Breakdown of and Total Expected Settlement Costs for the Uniform-Distribution

Example

Pricing Case Endogenous Exogenous

Advanced Energy Payment (12) 0.1707# 0.1707#

Expected Real-Time Energy Payment (13) 0.1196# 0.1463#

F n/a −0.0914#

Information Rent n/a 0.0647#

Total Expected Settlement Cost 0.2903# 0.2903#

6. CONCLUSION, DISCUSSION, AND MARKET-DESIGN IMPLICATIONS

Electricity systems are seeing changes that are increasing the need for flexibility to ensure real-time

balance between energy supply and demand. Such flexibility can be costly, however, due to, e.g.,

mechanical strains on electricity-system assets or the need to procure fuel via the spot market as

opposed to doing so in advance. On the other hand, procuring fuel in advance can force market

participants to incur costs regardless of whether their capacity is needed to serve realized demand.

We study this problem by examining a model wherein generators are differentiated by their

advanced and real-time operating costs, with the assumption that the latter is greater. We solve the

market operator’s expected-cost-minimization problem, assuming perfect information. We derive

the relationship between the market operator’s division of generators between advanced commitment

and real-time reserves and the distributions of demand and generator costs. We examine the market

operator’s optimal commitment and dispatch decisions for a simple example with uniform demand

and cost distributions. Our example shows that over-committing capacity is beneficial. Although

costs are incurred by generators that may not be needed to supply demand during real-time, this is
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preferable to dispatching them at a higher cost during real-time.

We examine also incentive-compatibility of the mechanism, considering cases with exoge-

nously fixed and endogenous marginal pricing. In the former case, a generator must be provided with

a type-dependent information rent (where the type is its announced real-time cost) to induce truthful

revelation of real-time cost. Endogenous marginal pricing obviates the need for such supplemental

payments to induce truthful revelation. We show also that endogenous marginal pricing aligns gen-

erators’ and the market operator’s preferences for advanced commitment versus being reserved for

real-time dispatch. Conversely, fixed energy prices require a fixed supplemental payment to align

generators’ and the market operator’s preferences. We prove, also, that if the exogenous pricing

scheme is designed to satisfy exactly the individual-rationality constraint, then incentive-compatible

endogenous and exogenous pricing have the same total settlement cost to the market operator.

Overall, our results show that marginal pricing is sufficient to provide generators with proper

incentives to make socially optimal decisions vis-à-vis the provision of flexible capacity for real-time

dispatch. Some markets are moving in the direction of designing complex rules for the dispatch

and remuneration of flexible supply.2 Anaya and Pollitt (2021) survey the designs of some existing

markets for the procurement of flexible supply and find some designs to be fairly complex. Our

analysis suggests that such complex designs may not be necessary, at least with respect to incentive

compatibility and economic efficiency.

There are some limitations of our work, which call for further study. First, there are other

costs (e.g., unit-commitment) and constraints (e.g., ramping), which may impact the provision of

flexible supply and which we omit from our analysis. These aspects are omitted to yield a model

that can be analyzed readily. Second, we consider the provision of flexibility during the short-run,

when installed capacity is fixed. Examining more complex costs and constraints and the long-run

implications of how flexibility is procured and remunerated may shed further insights into the designs

of such markets and mechanisms. Third, we assume that a generator that is committed in advance

but is not needed to serve demand during real-time incurs an irreversible cost. The formulation of (2)

and the subsequent analysis of the incentive problem are premised upon this assumption, which is

motivated, in part, by real-world market-design challenges. As one example, ISONE currently has

a proposed ‘Energy Imbalance Reserves’ product under development. One of this product’s express

goals is to mitigate the risk that generators face procuring fuel if they are committed in advance and

our analysis can shed light into the product’s design. An alternative approach to addressing this risk

is to introduce an explicit product for ‘downward’ dispatch of excess capacity that is committed in

advance. An interesting extension of our work, which we relegate to future research, is to understand

how the market operator’s advanced-commitmentproblem and the associated incentive-compatibility

problem change with such a product.

7. APPENDIX

Proof of Proposition 1. To solve (2) and find an optimal D(·), we begin by defining:

F(E) = #

∫ E

0

∫ B

0

∫ D(G )

0

?(G, H)3H3G3B. (14)

The function, F(E), does not have any intuitive interpretation. Rather, F(E) is a mathematical

construct which eases the solution of (2). The definition of F(E) in (14) gives:

F′ (E) = #

∫ E

0

∫ D(G )

0

?(G, H)3H3G, (15)

2As an example, cf. Federal Energy Regulatory Commission (FERC) Order Number 825, FERC docket number ER17-
1590-000.
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and:

F′′ (E) = #

∫ D(E)

0

?(E, H)3H. (16)

We use (14)–(16) to simplify (2).

We begin with the first term in (2), which can be written as:

#

∫ 1

0

∫ D(E)

0

H?(E, H)3H3E, (17)

by substituting E for G. By applying Leibniz integral rule, (17) can be rewritten as:

#

∫ 1

0

∫ D(E)

0

H3

[∫ H

0

?(E, C)3C
]
3E. (18)

Integrating (18) by parts yields:

#

∫ 1

0

(

H

∫ H

0

?(E, C)3C
����
D(E)

H=0

−
∫ D(E)

0

∫ H

0

?(E, C)3C3H
)

3E, (19)

which simplifies to:

#

∫ 1

0

(
D(E)

∫ D(E)

0

?(E, H)3H −
∫ D(E)

0

∫ G

0

?(E, H)3H3G
)
3E, (20)

by substituting H for C and G for H in (19). By (16), (20) becomes:

∫ 1

0

(
D(E)F′′(E) − #

∫ D(E)

0

∫ G

0

?(E, H)3H3G
)
3E. (21)

Based on the additive property of integration, the second term in (2) can be written as:

∫ 1

0

(
#

∫ E

0

G ·
[∫ G

0

?(G, H)3H −
∫ D(G )

0

?(G, H)3H
]
3G

)
3� [ℎ(E; D(·))],

which simplifies further to:

∫ 1

0

(
#

∫ E

0

G

∫ G

0

?(G, H)3H3G − #

∫ E

0

G

∫ D(G )

0

?(G, H)3H3G
)
3� [ℎ(E; D(·))] . (22)

By fundamental theorem of calculus, (22) becomes:

∫ 1

0

(
#

∫ E

0

G
m

mG

(∫ G

0

∫ B

0

?(B, H)3H3B
)
− #

∫ E

0

G

∫ D(G )

0

?(G, H)3H3G
)
3� [ℎ(E; D(·))] . (23)

Because of the assumption that H ≤ G, (23) becomes:

∫ 1

0

(
#

∫ E

0

G
m

mG

(∫ G

0

∫ G

0

?(B, H)3H3B
)
− #

∫ E

0

G

∫ D(G )

0

?(G, H)3H3G
)
3� [ℎ(E; D(·))],

which simplifies further to:

∫ 1

0

(
#

∫ E

0

G
m

mG

(∫ G

0

∫ G

0

?(B, H)3H3B
)
−

∫ E

0

GF′′ (G)3G
)
3� [ℎ(E; D(·))], (24)
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by (16). Using the relationship between F′ (G) and F′′ (G) and a probability-density and its associated

cumulative-distribution function, (24) becomes:

∫ 1

0

(
#

∫ E

0

G
m

mG
%(G, G) −

∫ E

0

G3F′ (G)
)
3� [ℎ(E; D(·))], (25)

where:
m

mG
%(G, G),

denotes the partial derivative of %(G, G) with respect to its first argument. Integrating (25) by parts

twice gives:

∫ 1

0

(
#G%(G, G) |EG=0 − #

∫ E

0

%(G, G)3G − GF′ (G) |EG=0 +
∫ E

0

F′ (G)3G
)
3� [ℎ(E; D(·))],

which simplifies further to:

∫ 1

0

(
#E%(E, E) − #

∫ E

0

%(G, G)3G − EF′(E) + F(E)
)
3� [ℎ(E; D(·))],

which we write as: ∫ 1

0

'(E)3� [ℎ(E; D(·))], (26)

where we define:

'(E) = #E%(E, E) − #

∫ E

0

%(G, G)3G − EF′(E) + F(E).

By chain rule, (26) is equivalent to:

∫ 1

0

'(E)6 [ℎ(E; D(·))] m
mE

ℎ(E; D(·))3E. (27)

Substituting (1) into (27) gives:

∫ 1

0

'(E)6
[
#

∫ 1

0

∫ D(G )

0

?(G, H)3H3G + #

∫ E

0

∫ G

D(G )
?(G, H)3H3G

] (
#

∫ E

D(E)
?(E, H)3H

)
3E,

which by the additive property of integration can be written as:

∫ 1

0

'(E)6
[
#

∫ 1

0

∫ D(G )

0

?(G, H)3H3G + #

∫ E

0

∫ G

0

?(G, H)3H3G − #

∫ E

0

∫ D(G )

0

?(G, H)3H3G
]

×
(
#

∫ E

0

?(E, H)3H − #

∫ D(E)

0

?(E, H)3H
)
3E. (28)

Using (16), (28) can be written as:

∫ 1

0

'(E)6
[∫ 1

0

F′′ (G)3G + #

∫ E

0

∫ G

0

?(G, H)3H3G −
∫ E

0

F′′ (G)3G
]

×
(
#

∫ E

0

?(E, H)3H − F′′ (E)
)
3E,
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which simplifies to:

∫ 1

0

'(E)6
[
F′ (1) + #

∫ E

0

∫ G

0

?(G, H)3H3G − F′ (E)
] (

#

∫ E

0

?(E, H)3H − F′′ (E)
)
3E,

by fundamental theorem of calculus, and can be simplified further to:

∫ 1

0

'(E)6 [F′ (1) + #%(E, E) − F′ (E)]
(
#

∫ E

0

?(E, H)3H − F′′ (E)
)
3E, (29)

based on the relationship between a probability-density and its associated cumulative-distribution

function.

Substituting (21) and (29) into (2) yields:

min
D(·) ,F (·)

∫ 1

0

{[
D(E)F′′(E) − #

∫ D(E)

0

∫ G

0

?(E, H)3H3G
]

+
[
#E%(E, E) − #

∫ E

0

%(G, G)3G − EF′(E) + F(E)
]

×6 [F′ (1) + #%(E, E) − F′ (E)]
(
#

∫ E

0

?(E, H)3H − F′′ (E)
)}

3E (30)

s.t. ^(E) = F(E) − #

∫ E

0

∫ B

0

∫ D(G )

0

?(G, H)3H3G3B = 0, (31)

as the market operator’s problem. If we defineI(D(E), F(E)) as the integrand that is in (30) and _(E)
as the Lagrange multiplier that is associated with (31), then the necessary Euler-Lagrange equations

for an optimum to (30)–(31) are:

m

mD(E)I(D(E), F(E)) + _(E) m

mD(E) ^(E) = 0 (32)

m

mF(E) I(D(E), F(E)) − 3

3E

m

mF′(E) I(D(E), F(E)) + 32

3E2

m

mF′′(E) I(D(E), F(E))

+_(E) m

mF(E) ^(E) = 0. (33)

In addition, we have two boundary conditions on an optimum of (30)–(31). The first is:

D(0) = 0, (34)

which follows from the assumption that 0 ≤ H ≤ G ≤ 1 for all generators. By definition, a generator

with G = 0 must have H = 0. Thus we must have (34). The second boundary condition, which arises

from applying integration by parts to the Gâteaux variation of I(D(E), F(E)) with respect to F(E)
and setting the resultant terms equal to zero, is:

{[
m

mF′(E) I(D(E), F(E)) − 3

3E

m

mF′′ (E) I(D(E), F(E))
]
[(E)

}����
1

E=0

= 0, (35)

where:

[(E) =
{

0, if F(E) is fixed;

free, otherwise.

By (14), we have that F(0) = 0, which is fixed. Thus, [(0) = 0 and (35) is satisfied automatically at

E = 0. Conversely, F(1) depends upon D(·), which is not fixed, meaning that [(1) is free. Thus, we
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must set the term that multiplies [(1) in (35) equal to zero. As such, (35) simplifies to:

[
m

mF′(E) I(D(E), F(E)) − 3

3E

m

mF′′ (E) I(D(E), F(E))
]����
E=1

= 0. (36)

Euler-Lagrange condition (32) simplifies to:

F′′ (E) − #

∫ D(E)

0

?(E, H)3H − _(E)#
∫ E

0

∫ B

0

? [G, D(G)]3G3B = 0,

which, by (16), simplifies further to:

_(E)#
∫ E

0

∫ B

0

? [G, D(G)]3G3B = 0,

and implies that _(E) = 0,∀E ∈ (0, 1]. We set _(0) = 0 to ensure continuity. Next, by definition, we

have:

m

mF′(E) I(D(E), F(E)) = E6 [F′ (1) + #%(E, E) − F′ (E)]
[
#

∫ E

0

?(E, H)3H − F′′ (E)
]

−'(E)6′ [F′ (1) + #%(E, E) − F′ (E)]
[
#

∫ E

0

?(E, H)3H − F′′ (E)
]
, (37)

and:
m

mF′′(E) I(D(E), F(E)) = D(E) − '(E)6 [F′ (1) + #%(E, E) − F′ (E)] . (38)

Differentiating (38) gives:

3

3E

m

mF′′(E) I(D(E), F(E)) = D′(E)

−
[
#%(E, E) + #E

∫ E

0

?(E, H)3H − #%(E, E) − F′ (E) − EF′′ (E) + F′ (E)
]

×6 [F′ (1) + #%(E, E) − F′ (E)]

−'(E)6′ [F′ (1) + #%(E, E) − F′ (E)]
[
#

∫ E

0

?(E, H)3H − F′′ (E)
]
,

which simplifies to:

3

3E

m

mF′′(E) I(D(E), F(E)) = D′(E) −
[
#E

∫ E

0

?(E, H)3H − EF′′ (E)
]
6 [F′ (1) + #%(E, E) − F′ (E)]

−'(E)6′ [F′ (1) + #%(E, E) − F′ (E)]
[
#

∫ E

0

?(E, H)3H − F′′ (E)
]
,

and simplifies further to:

3

3E

m

mF′′(E) I(D(E), F(E)) = D′(E)−E ·
[
#

∫ E

0

?(E, H)3H − F′′ (E)
]
6 [F′ (1) + #%(E, E) − F′ (E)]

−'(E)6′ [F′ (1) + #%(E, E) − F′ (E)]
[
#

∫ E

0

?(E, H)3H − F′′ (E)
]
. (39)
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Thus, by (37) and (39) we have:

− m

mF′(E) I(D(E), F(E)) + 3

3E

m

mF′′ (E) I(D(E), F(E)) = D′(E). (40)

Substituting (40) into (33) and fixing _(E) = 0 gives:

m

mF(E) I(D(E), F(E)) + D′′ (E) = 0,

which, by (26) and the definition of '(E), simplifies to:

D′′(E) = − 3

3E
� [ℎ(E; D(·))], (41)

and implies that D(·) is concave. Integrating (41) gives:

D′(E) = −� [ℎ(E; D(·))] + �,

where � is the constant of integration. To find the constant of integration, we note that by (40),

boundary condition (36) becomes:

D′(1) = 0,

which gives � = 1. Thus, the integral of (41) can be rewritten as:

D′(E) = �̄ [ℎ(E; D(·))], (42)

where we define �̄ [ℎ(E; D(·))] = 1 − � [ℎ(E; D(·))]. Integrating (42) with respect to E and using

boundary condition (34) gives:

D(E) = E�̄ [ℎ(E; D(·))] +
∫ E

0

G3� [ℎ(G; D(·))],

which is the desired expression. �

Proof of Lemma 1. With exogenous energy payments, the second term in the max{·} operator in (4)

is:

max
\∈[0,1]

� + d(\) + (4' − Ĝ)�̄ [ℎ(\; D(·))] . (43)

Assuming that the bounds on \ are slack, the first-order necessary condition (FONC) and second-order

necessary condition (SONC) for an optimum of (43) are:

d′ (\) − (4' − Ĝ)6 [ℎ(\; D(·))] m

m\
ℎ(\; D(·)) = 0, (44)

and:

d′′ (\) − (4' − Ĝ)6′ [ℎ(\; D(·))]
[
m

m\
ℎ(\; D(·))

]2

− (4' − Ĝ)6 [ℎ(\; D(·))] m2

m\2
ℎ(\; D(·)) ≤ 0,

respectively. These conditions are satisfied with \ = Ĝ if we have:

d(\) =
∫ \

0

6 [ℎ(E; D(·))]ℎ′(E; D(·)) (4' − E)3E,
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the right-hand-side of which simplifies to (5). Furthermore, substituting (5) into (44) yields:

(Ĝ − \)6 [ℎ(\; D(·))] m

m\
ℎ(\; D(·)) = 0,

which has only \ = 0 and \ = Ĝ as solutions. Thus, the only candidate solutions of (43) are \ = 0,

\ = Ĝ, and \ = 1 (i.e., the FONC and boundary points). \ = Ĝ yields the highest objective-function

value amongst these three candidates. Weierstrass extreme value theorem applies to (43) because (43)

has a continuous objective function and a closed feasible region. Thus, \ = Ĝ is a global maximum

of (43), which gives the desired result. �

Proof of Lemma 2. Under the endogenous-price assumption of Lemma 2, we have that 4� = D(1),
4' equals the real-time cost of the marginal generator that is dispatched during real-time, and the

second term in the max{·} in (4) becomes:

max
\∈[0,1]

� + d(\) +
∫ 1

\

(E − Ĝ)3� [ℎ(E; D(·))] . (45)

The FONC and SONC for an optimum of (45) are:

d′ (\) − (\ − Ĝ)6 [ℎ(\; D(·))] m

m\
ℎ(\; D(·)) = 0, (46)

and:

d′′ (\) − (\− Ĝ)6′ [ℎ(\; D(·))]
[
m

m\
ℎ(\; D(·))

]2

− (\− Ĝ)6 [ℎ(\; D(·))] m2

m\2
ℎ(\; D(·))

−6 [ℎ(\; D(·))] m

m\
ℎ(\; D(·)) ≤ 0,

respectively. These conditions are satisfied with \ = Ĝ if we have d(\) = d̄, where d̄ is a constant,

which is (6). Moreover, substituting (6) into (46) yields:

(\ − Ĝ)6 [ℎ(\; D(·))] m

m\
ℎ(\; D(·)) = 0,

which has only \ = 0 and \ = Ĝ as solutions. Thus, \ = 0, \ = Ĝ, and \ = 1 are the only candidate

solutions of (45). Due to its continuous objective function and closed feasible region, Weierstrass

extreme value theorem applies to (45). \ = Ĝ yields the highest objective-function value amongst the

three candidate solutions of (45), meaning that it is a global maximum. �

Proof of Lemma 3. Consider a generator with advanced and real-time costs, Ĥ and Ĝ, respectively.

The market operator would commit such a generator in advance if and only if:

Ĥ ≤ Ĝ�̄ [ℎ(Ĝ; D(·))] +
∫ Ĝ

0

G3� [ℎ(G; D(·))] . (47)

Let \∗ denote the generator’s optimal choice of \ in (45). This generator chooses advanced

commitment if and only if:

� + d(\∗) +
∫ 1

\∗
(E − Ĝ)3� [ℎ(E; D(·))] ≤ D(1) − Ĥ,

which becomes: ∫ 1

Ĝ

(E − Ĝ)3� [ℎ(E; D(·))] ≤ D(1) − Ĥ, (48)
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by substituting d(\) = 0, ∀\ ∈ [0, 1], which induces truthful revelation, and � = 0. From (3) we

have that:

D(1) =
∫ 1

0

G3� [ℎ(G; D(·))],

and so (48) becomes:

Ĥ ≤
∫ 1

Ĝ

Ĝ3� [ℎ(E; D(·))] +
∫ Ĝ

0

E3� [ℎ(G; D(·))],

and simplifies further to:

Ĥ ≤ Ĝ�̄ [ℎ(Ĝ; D(·))] +
∫ Ĝ

0

E3� [ℎ(G; D(·))],

which is identical to (47).

Thus this generator’s choice between advanced commitment and real-time reserve is identi-

cal to that of the market operator. �

Proof of Lemma 4. Consider a generator with advanced and real-time costs, Ĥ and Ĝ, respectively.

The market operator would commit such a generator in advance if and only if (47) holds.

Retaining the definition of \∗ from the proof of Lemma 3, this generator chooses advanced

commitment if and only if:

� + d(\∗) +
∫ 1

\∗
(4' − Ĝ)3� [ℎ(E; D(·))] ≤ 4� − Ĥ,

which becomes:

� +
∫ Ĝ

0

(4' − E)3� [ℎ(E; D(·))]3E + (4' − Ĝ)
∫ 1

Ĝ

3� [ℎ(E; D(·))] ≤ 4� − Ĥ, (49)

by using (5) to substitute for d(\∗) and because (5) induces truthful revelation. Rearranging and

simplifying terms, (49) becomes:

� + 4'�̄ [ℎ(0; D(·))] −
∫ Ĝ

0

E3� [ℎ(E; D(·))]3E − Ĝ�̄ [ℎ(Ĝ; D(·))] ≤ 4� − Ĥ,

which can be written as:

Ĥ ≤ Ĝ�̄ [ℎ(Ĝ; D(·))] +
∫ Ĝ

0

G3� [ℎ(G; D(·))]3G + 4� − 4'�̄ [ℎ(0; D(·))] − �, (50)

by substituting G for E. Comparing (47) and (50) shows that this generator’s choice between advanced

commitment and real-time reserve may be inconsistent with that of the market operator, unless we

have � = 4� − 4'�̄ [ℎ(0; D(·))], which is the desired result. �

Proof of Lemma 5. If 4� = D(1), then the first term in the max{·} operator in (4) is the same between

the endogenous- and exogenous-pricing cases. Thus, generators that opt for advanced commitment

receive the same payment under the two designs.

As for the second term in the max{·} operator in (4), under the assumptions of the lemma,

this becomes:

D(1) −
∫ Ĝ

0

E3� [ℎ(E; D(·))] − Ĝ�̄ [ℎ(Ĝ; D(·))], (51)

where we set \ = Ĝ, because setting d(\) based on (5) ensures that \ = Ĝ is incentive compatible for
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each generator. By (3), (51) becomes:

�̄ [ℎ(1; D(·))] +
∫ 1

0

G3� [ℎ(G; D(·))] −
∫ Ĝ

0

E3� [ℎ(E; D(·))] −
∫ 1

Ĝ

Ĝ3� [ℎ(E; D(·))],

which simplifies to: ∫ 1

Ĝ

(E − Ĝ)3� [ℎ(G; D(·))],

because by definition, �̄ [ℎ(1; D(·))] = 0. This final integral is the expected profit to a generator with

real-time cost, Ĝ, if it opts to be reserved for real-time dispatch under endogenous marginal pricing.

Thus, generators that opt for real-time dispatch receive the same payment under the two designs.

Finally, we note that by Lemmata 3 and 4, the assumptions of Lemma 5 guarantee that

generatorsmake the same optimal (for the market operator) selections between advanced commitment

and real-time dispatch. Thus, total expected payments by the market operator are identical between

the two designs. �
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