VECTOR FIELD MODELS FOR NEMATIC
DISCLINATIONS

AMIT ACHARYA, IRENE FONSECA, LIKHIT GANEDI, KERREK STINSON,
AND ANDREA TORRICELLI

ABSTRACT. In this paper, a model for defects that was introduced in
[ZANV?2]] is studied. In the literature, the setting of most models for
defects is the function space SBV (special bounded variation functions)
(see, e.g., [CGO15, [GMPS21]). However, this model regularizes the
director field to be in the Sobolev space by adding a second field to
incorporate the defect. A relaxation result in the case of fixed parameters
is proven along with some partial compactness results and conjectures in
the limit.

1. INTRODUCTION

The purpose of this paper is to initiate the rigorous mathematical analysis
of a model of the dynamics of disclination line defects in nematics proposed
in [ZANV21]. Here, we focus on energetic aspects of the model. Com-
bined with the ideas presented in [ADI14] and the demonstrations provided
in [PADIS, ZZA™17, [ZANV21], which include static fields of straight :t%
disclinations, their annihilation, the dissociation of closely bound pairs of
straight disclinations, as well as static fields of disclination loops, the model
can be considered as a thermodynamically consistent generalization of the
Ericksen-Leslie (EL) model to account for the dynamics of disclination lines,
with total energy that remains bounded in finite bodies in the presence of
these line defects.

The model introduces an extra second-order tensor field, B, beyond the EL
director field, k. This new field is to be physically thought of as a locally
integrable realization, at the mesoscale, of the ‘singular’ part of the director
gradient field (Dk) in the presence of line defects, singular when viewed at
the macroscale. Thus, at the mesoscale, both the director gradient field
and the new field are integrable - with this clear, we nevertheless refer to
B as the ‘singular part of the director distortion.” Notably, the field B is
not a gradient, and this allows it to encode information on the topological
charge of line defects through its curl. The evolution of the director field
k continues to be obtained from the balance of angular momentum, as
shown by Leslie [Les92], and the evolution of B follows from a conceptually
simple conservation law for the topological charge of the line defects, which
is tautological before the introduction of constitutive assumption for the
disclination velocity, the latter deduced from consistency with the second
law of thermodynamics. The introduction of dynamics based on such a
conservation law, rooted in the kinematics of defect lines, is a conceptual
departure from what is done for dynamics with the Landau-DeGennes
1
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tensor model (see, [SVI12, Mac92]), or Ericksen’s variable degree of orientation
model [Eri91]. In doing so, the model also makes connections to the dynamics
of dislocation line defects in elastic solids [ZAWBI5| [AZA20], as well as their
statics [AA20]. At the length scales where individual line defects are resolved,
partial differential equations-based dynamical models arising from continuum
mechanical considerations involve Newtonian and thermodynamic driving
forces that include nonlinear combinations of entities that represent director
distortions and the disclination density fields. This requires a minimum
amount of regularity in these fields and hence it is essential to have a
formulation that utilizes at least locally integrable functions, and our model
is designed to be consistent with this requirement (of course, this does not
preclude the question of studying limiting situations of such models when such
functions tend to singular limits, modeling fields that have discontinuities,
and singularities in the macroscopic limit).

The heuristics behind the energy below for the prediction i% line defects
is as follows: the nonconvex potential W assigns vanishing energy cost when
|B| = 0, % This along with the elastic energy term |Dk — B|? assigns
approximately vanishing elastic cost for pointwise values of the director
gradient of the type Dk = "_égn) ® 1, where 0 < ¢ < 1 and n,l are unit
vectors, the latter representing the direction along which the jump of n
occurs. Thus, if the layer in Fig. [I] were not to terminate, the energy cost
would be minimal for a jump in the orientation of k by 7 across the layer.
However, with a termination, curl B is non-zero near the termination, and
were £ = 0, it would be singular. In such a case Dk cannot annihilate B
(regardless of £ = 0, or not). The Euler Lagrange equation of a functional
with just the energy density |Dk — BJ|? for admissible variations in k with B
a specified field is, with Dk — B =: e, dive = 0, and curle = —curl B. For
curl B a (mollified) Dirac supported at the layer termination, this produces
the approximate elastic energy density field, given here by |e|?, of some
canonical line defects in 2 dimensions (screw dislocation in solids, the wedge
disclination in nematics with unit vector constraint imposed, either exactly
or approximately). Since e = Dk outside the layer, we have the right director
distribution (using the penalized unit vector constraint represented by the
first term in and a specified value of k at one point of the domain).
Within the layer, but outside core, the director field & flips orientation by m
radians, with a somewhat more involved distribution in the core.

1.1. Main Results. Let Q := (—1,1)? be the domain occupied by a nematic
liquid crystal in the plane. We consider the following energy for two fields
ke WhH2(Q;R?) and B € Hey(Q; R2¥?),

k| — 2
E.¢lk,B] == /Q [(‘Lg;) + |VEk — B|? 4+ e€?|curl B|? + 622W(5§|B|) dz,
(1.1)

W :]0,00) — [0,00) is a nonconvex double-well continuous potential with
wells at 0 and 2.
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We first consider the case of when ¢,£ are fixed. We obtain an integral
representation of the relaxation of the energy to be

1)2
E.¢[k, B] ::/Q [(Vigzl)ﬂvzc—m?] dz

1
2 2
1B —
+/Q [eﬁ |curl B|* + e
Here, Qf denotes the quasiconvex envelope of f. We also conjecture that
QW (|-)(p+ Vz(z)) = W*(p+ Vz(x)) due to the radial symmetry.

QU (- m(efm] i, (12)

Afterwards, we consider the particular case of when B is supported in a layer
as in Figure |l We consider the limit ¢ — 0 with £ > 0 fixed. After a change
of variables as in the dimension reduction problems, we prove a compactness
theorem for the rescaled fields

Theorem 1.1. Let ky, B, with uniformly bounded energy Esmg[k,B] =
B (k] + Eiiygr[];:n, By]. Then knxr., . — k strongly in L*(Q;R?) where
k € SBV(Q; R?) and is S valued. Furthermore, the jump set of k is precisely
LY.

3

In the layer, we can generate a rescaled ky,, which are denoted k,. We will
have the convergences

kn weakly in L?(L¢; R?),

—k
B, = B weakly in L*(L¢; R**?),
B,

curl,, B, — o weakly in L*(L¢; R?),

for some k € L2(L§;R2), o€ LQ(Lg;RQ), and B := [0 32k1] '

0 Ooko

~ ~ £ ~
Furthermore, Define [k] : (=§,1) — R as [k](x1) := [?, 0ok dxy.. This
2

allows us to generate compatibility conditions between k and o to be

[k:](s):/_g/_gozdx.
[k](1)] = 2

Furthermore, we show how a portion of the limiting energy can be considered
to be similar to a Modica-Mortola functional for the vertical jump of the
director with a transition layer on the order of the core length &.

There are many open questions stemming from this work. Foremost, is the
integral representation of a precise limiting energy for the case ¢ — 0 with
& > 0 fixed. It is also possible to consider the case of £ — 0 at various
rates compared to ¢ — 0. However, any of the cases of & — 0 will be
complicated by the need to rescale the energy by log&, which leads to a
delicate Ginzbug-Landau type problem.



4 A. ACHARYA, I. FONSECA, L. GANEDI, K.STINSON, AND A. TORRICELLI

FIGURE 1. A representation of the domain and the layer
where the discontinuity is supported

2. MODEL

Let Q := (—1,1)? be the domain of a liquid crystal in the plane. We assume
the defect is at the origin, and the surface of discontinuity is within a layer
L.¢ == (=§,1) x (—%,%) with parameters ¢, > 0. In physical terms,
& would be considered the core length of the crystalline defect and ¢ is a

parameter which determines the thickness of the defect layer L. ¢.

Let W12(Q;R?) denote the usual Sobolev space, and we designate by
H e (82 R2X2) the space of L? matrix valued tensors, whose row-wise dis-
tributional curl is also in L2. Under this setting, we consider the following
energy for two fields k € W12(Q;R?) and B € Heyp(9; R2%2),

k| — 1) 1
E.¢lk,B] == /Q [(Hgg?) + |Vk — B]? + e€?|curl B> + @W(e§|B|) dz,
W :[0,00) — [0,00) is a nonconvex continuous potential satisfying the
following coercivity and growth properties,

1
6\1‘]2 —C<W(z)<C1+ ]x]Q) for x € [0,00) (2.1)
for some C' > 0, and
{z €]0,+00) : W(x) =0} = {0,2}. (2.2)
In order to impose the physical phenomena that a defect only affects the
crystal in a short range, we impose the conditions
B=0 in Q\ Leg, (2.3)
Bt=0 on OL.¢\ 09, (2.4)

where t is the tangent vector to the boundary point. The condition ([2.4)) is
necessary in order to ensure that B € Heyy (€ ]RZXZ). This is because that
functions in Heyy (€5 R?*2) have a well-defined tangential trace which must

be matched to the condition (2.3) [BE13].
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In this paper we are primarily concerned with :l:% disclinations, and these

satisfy the constraint
/ curl B dx
Q

This is a model constraint which enforces the fact that a disclination must
exist in the domain. By Stokes’ theorem it is consistent with a layer field
the form B = ”_égn) ® [ specified in a layer of width e€ with normal in the
direction [ and n a unit vector, the layer running from the boundary of the
domain and terminating in the interior. Since Dk must attempt to annihilate
B to the extent possible to reduce elastic energy, this can be achieved by the
field k flipping by 7 across such a layer, reflecting a strength i% disclination

represented by a vector field (also see heuristics in Sec. .

=2

Thus, the model can be written as

(|k] - 1)? 2
E. ¢k, B ::/ { + |VE|*| dx
876[ ] Q\LE’E 552 | ‘

e&2

/ curl B dx
Lg,g

Bt=0 on OL.¢\ 0L

The ultimate goal is to investigate the limits as €, — 0 at various rates.
Here, we give an integral representation result for the relaxation of the energy
with €,& > 0 fixed, and, in particular, we provide partial compactness results
and conjectures in the case when ¢ — 0 with £ > 0 fixed.

k| —1)2 1
+/ [(H) +|Vk — B|* 4 e€*|cwr]l B|* + @W(egyBD dz, (2.5)
L.¢

=2, (2.6)

We seek to study the convergence of the functional (2.5)) in the sense of I'—
convergence.

Definition 2.1. Given a metric space (X,d), let F,, : X — [0,00] be a
sequence of functionals.We say that F), I'-converge to Fp: X — [0, 00] with
respect to the metric d if the following two conditions hold:

(1) (Liminf Inequality) For every u € X and for every sequence {u,} C X
such that u,, — u in the metric d, we have

Fy(u) < lirginf F,(up).

(2) (Recovery Sequence) For every u € X, there exists {u,} C X such
that u, — u in the sense of the metric d, and it recovers the energy,
ie.,

limsup Fg(ue) = Fy(u).

n—oo

3. RELAXATION FOR FIXED ¢,¢&

Firstly, we study some properties of this energy with ¢,& > 0 fixed. It is
not clear that minimizers to the original problem exist nor is it clear what
the value of the infimum is. Thus, in order to apply the direct method of
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calculus of variations, we will consider the lower semicontinuous envelope
of the functional. Specifically, we will obtain an integral representation of
this relaxation of energy in dimension 2 or 3. This restriction is to enable us
to use the results for the Helmholtz decomposition and the corresponding
Sobolev spaces in [BF13].

Theorem 3.1. Let Q C RN, with N =2 or 3, be an open, bounded set with
Lipschitz continuous boundary, and let E be defined in (2.5)). The relaxation
of E is given by

Beelk, B) i= inf {liminf B. ¢[kn, By : (kn, Bn) = (k, B) }.

where the convergence is such that k, — k and B, — B in L?>. This
relazation has the integral representation, for every k € W12(Q; RY) and
B e chrl(Q;RNXN)y

Boclk, B] = /

i [(W U k- B|2] dz

e&?
+/ [€§2|curlB|2—i—
Q

Here, Qf denotes the quasiconvexr envelope of f..

1
c&2

QW (- D)(esm] dr. (31)

To prove this result, we will introduce an intermediate functional, which will
be related to (3.1]) through the Helmholtz decomposition of B. We denote
the space of the divergence-free fields given in the Helmholtz decomposition
as

C:={u€ Ho (URYN) © divu=0, wu-v=0 ondQ}. (3.2
Define the functional I : (L?(€;RY))2 x L2(Q; RN*N) — [0, +00] by

~ (Ik + 2| — 1)? 712
1 =
celk, 2, /Q ez +|Vk|?| dx
1
—i—/ [!p\2+€§2|cur1p|2+€ 2W(€§]Vz —|—p|)] dz, (3.3)
Q

if (k,z,p) € X, and +oo otherwise. Here,

X = W2 (Q;RY) x (leQ(Q;RN) N {/Q zdr = 0}) x C. (3.4)

First, we investigate compactness for this new functional I, . We write it in
a more general setting than in the model though we still need N = 2,3 in
order to directly use the results in [BF13].

Lemma 3.2 (Compactness of I, ¢). Let Q C RY, with N =2 or 3, be an
open, bounded set with Lipschitz continuous boundary. Consider a sequence
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{(l%n,zn,pn)} such that sup,,cy 1575[%n,zn,pn] < C. Then there is (k,z,p) €
(WE2(Q;RN))2 x C such that up to subsequence (not relabeled)

kn =k in WHH(QRY),

Zn =2z in WHH(Q;RY),

pn—p in WHEHQ RV,
In particular, we can assume

(kn» 2n,pn) — (k,2,p)  strongly in (L*(Q;RY))? x L?(Q; RV*N).

Proof. The key is the inequality (see [BF13])

[Pallwrz < CQ) (Ipallz + Idivpn |2 + [[curl pa| L2) - (3.5)

From the definition of C in (3.2)) and I. ¢ in (3.3]), we can conclude that, in fact,
we have [|pp |ly1.2(rvxvy < C < oo, with convergence following from weak

compactness. By and , we have [|Vzy,[|2(q) < C < oo, and the
desired convergence follows from Poincaré’s inequality because fQ zdzx = 0.
Finally, the uniform bound of the energy implies a uniform bound on
HVIN%HLz(Q). Combining this with control of ||z, 2(q;r~) and Hl’;’n||L2(Q;RN),
shows H]%n||W1,2(Q;RN) < C < o0.

To conclude strong convergence in L?, we apply the Rellich-Kondrachov
compactness theorem. U

We will prove the relaxation of Theorem using the technique of
I"'—convergence.

Now we define our candidate limiting functional to be
(Jk+ 2| — 1)
2

I;,g[l;‘,z,p] = /Q e€

+/ [|p2+8§2\cur1p\2 +
Q

+ yvz%F] dz

QUV(- DEETz+p)| do. (36)

if (k,z,p) € X, and 400 otherwise.

We note that this functional is similar to the original functional with W
replaced by Q(W (| -])). In order to prove that this is indeed the correct
limiting functional, we will first show that the liminf inequality in the
I'—convergence conditions (see Def 2.1 (1)) is satisfied.

Lemma 3.3 (Liminf of I). Let @ C RN, with N = 2 or 3, be an open,
bounded set with Lipschitz continuous boundary, and assume that W satsfies

and . For all sequences such that
(s 2 pn) = (b, 2,p)  strongly in (L2(Q:RV))2 x L2(Q;RY*Y),

we have

IE,f[kv z,p] < liggioréf Ia,é[%na Zn, Pn)-
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Proof. We define the function h(p,n) := W(|p + n|) and Qh(p,-) to be the
greatest quasiconvex function below A(p,-). We claim

/Q ))(p+ Vz) da:—/th,Vz)d

n—oo n—oo

§Iiminf/h(pn,Vzn)zliminf/W(|Vzn+pn|). (3.7)
Q Q

The first equality is easy to see because we note that there is a translational
symmetry to h which gives the equality Qh(p, Vz) = Qh(0,V(pz + z(x))) =
QW(l-DN)p+ Vz).

So it suffices to prove the lower semicontinuity portion of the claim. The
proof consists of a blow up argument. By taking an appropriate subsequence,
we may assume that the liminf is actually a limit and is finite. Define the
measures [, and v, by

tin i = h(pn, V) LN |q, Un = | V2| 2L . (3.8)

As the energy is bounded, p,, — A. By Lemma 2, are bounded in W2
and v, — v. To prove the claim, it suffices to show for z € Q a.e., we have
the bound

AMQ(xo

lim (SN(S)) > Oh(p(a0), V2 (0)), (3.9)

6—0
where Q(xq, ) is a cube centered at xy with sides of length ¢ > 0.

Let g € Q be a Lebesgue point of p,, z,, A, v and satisfy

lim 5N1+2 /(m) 12(2) — (2(x0) + Va(z0) (T — 20))2dw = 0. (3.10)

We have
dA . MQ(x0,9)) . : 1
g (o) = lim ——=cm== Zhrgl_%lp lim sup < /Q s h(pn, Vzn) dx

=lim sup lim sup / h(pns, Vzns) dy,
6—0 n—»00 Q0
(3.11)

)

where we have used the change of variables y = (m—%o) and defined

Pn,s(Y) : = pn(x0 + y),

ens(y) = Zn (0 + 5(:';) - 2(330)‘

As z( is a Lebesgue point of v, by arguing as in (3.11)), we have

d
d/JVN (z9) > hmsup lim sup / 1V 2061 dy.

n—o0

Defining zo(y) := Vz(xo)y, we use and properties of zy to conclude

(%1_2% nh_{go <||Ze,6 — ZOHLQ(Q;RN) + Hpe,(S _p(xO)HLQ(Q;RNXN)> =0.
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We now diagonalize to find a sequences p, = py, 5, — p(zo) in L? and
Zn = Zps, — 20 1IN W12 such that
) > lim. [ o Vo)
We go down to the quasi-convex envelope of h to find
dA .
m(xo) > nh_)rglo oo Qh(pn, Vzn) dy.

As W satisfies (2.1)), Qh is 2-Lipschitz, and specifically satisfies the bound

Qh(p(wo), Vzn) <Qh(pn, Vzn)
+ C(L+[[Vaull + [lpnll + [[p(z0) ) [P — (o)
<Qh(Pn, Vzn) + n(1 + || Vznl® + [lpall* + Ip(x0) %)
+C()lpn — p(zo)||>-

As p, — p(z0) in L?, we have
lim Qh(p(wo), V) dy

< lim Qh(pn, Vzn) dy
n—oo Q(O,l)

+ 1 (Clplwo)) + sup {1V znl132g 0,1y + IPal 22 aym<m ) -

As n > 0 is arbitrary, we conclude

lim Qh(p(xo), Vz,)dy < lim Qh(pn, Vzy,) dy.

From here, a standard relaxation result gives the bound

lim 1) Qh(p(l’o), vz’ﬂ) dy > Qh(p<$0)7 VZ(IB())),
n—=o0 /00,1

proving the claim.

The lower semi-continuity of the L? norm shows that

n—oo

lim inf / (\V%F + |cur1pn\2) dx >/ (|Vl;:\2+ \curlp\2> dz, (3.12)
Q Q

with strong convergence of z, and k, in L? giving that

lim | (|kn + 20| —I)de:/(|l;:+z| —1)%da. (3.13)
Combining (3.7)), (3.12), and (3.13]), the lemma is proven. O

In order to complete the integral representation, we show the existence of a
recovery sequence (see Def 2.1)2)).
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Lemma 3.4 (Recovery Sequence of I ¢). If (k,2,p) € X, then there exists
a sequence {(kp, zn,pn)} such that

(kns 20, pn) = (K, z,p)  strongly in (L*(QRY))? x L@ RYY)  (3.14)
lim sup Ig’g[l%n,zn,pn] < I_e,g[iﬁ z,pl. (3.15)
n—oo

Proof. First, note that k,p are also admissible in the original energy. Thus,
we can simplify further by just taking p, = p and k, = k. First note that
for any sequence converging as in (3.14]), we must have:

/sz[(!/%+zny—1)2+\p|2} dx—>/ﬂ[(|1;+z|_1)2+|p’2} dr  (3.16)

Now define the function g : Q@ x RN*N — [0, 00) by g(x,1) = W(|p(z) + n|).
Note that as W is continuous and p is measurable, we have the property that
g is Caratheodory and has polynomial growth in 4. Then again by standard
relaxation results, we can find a sequence, {z,} C H'(Q;RY) such that

Zn — 2 strongly in L*(Q;RY), (3.17)
lim sup / g(x,Vz(x)) dz < / Qg(x,Vz(z)) dx (3.18)
n—r00 Q Q

where Qg(x,n) denotes the quasiconvex envelope of g(z,-) (in the sense of
greatest quasiconvex function below g(z,-)). Again, by a similar argument
of translational symmetry as in the liminf, we have that Qg(z,Vz(z)) =

QW (|- )(p+ Vz(x)). Combining (3.16)) and (3.18)), we obtain the desired
result. O

Combining the last two lemmas, we have proved Theorem 3.1 that the
relaxation of the energy is given by ({3.1]).

4. EFFECTIVE ENERGIES

In the following, we will be concerned with the case where N = 2, ¢ — 0,
and £ > 0 is fixed. L.¢ is becoming thin in the limit. As it is typical in
dimension reduction problems, we perform the change of variables

k(x1,xe) ==k (x1,e22) , (4.1)
B(x1,22) := B (x1,ex3) . (4.2)

We note that we have rescaled the B as well because the quadratic coercivity

of W only gives compactness on e B. With L¢ := (—§, 1) x (—%, %), this leads
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to the energy

= (|k] - 1)? z]
E. ¢k, B ::/ [+ VEk|*| dx
876[ ] Q\LE@ 6&-2 | |
- 12
(k] - 1)? - Bl & 52, L 5
+e€ 5t |Vek— —| + >|curl: B] + 5 W({|B|)| dx,
Le e € € g€

(Ik] 1) 2]
= VEk|©| d
/Q\Ls’g |: 852 * ‘ ’ v

(k| - 1)?
4—/L5 2 +e

2
- 1 -
+ &eurl. B + SW(E|B])| da,

Vek — e

o | T

where V. := [0y, %82] and the scaled curl operator is curle g := 0192 — %8291.
Furthermore, the curl constraint (2.6)) becomes

/ curlg B dx
Le

Denote Lg = (=¢&,1) x {0}. We take an arbitrary subsequence ¢, — 0,

and we would like to investigate the effective energy and keep track of the
dependence on £ for the following envelope

E¢[k] := inf {lirginf E., ¢lkn, By : knXr., . — k strongly in LR},
n—oo ’

(4.4)

= 2. (4.3)

5. COMPACTNESS

We consider any sequence with uniformly bounded energy and write it as
the sum of the non-negative energies:

B (k] + BV [k, By
5.1. Bulk Energy. In this portion of the energy, we have

_1)2
sup/ {W + |Vkn|?| dx < C. (5.1)
n JO\L., ¢ Enf

In particular, for any U smooth open set which is compactly contained in
the set Q \ Lg, we have that

sup [|knllwi2@wire) < C
n

Thus, up to a subsequence, we have that we can assume k,, — k strongly
in L2(2\ fg; R?). Because of the unit norm regularization, we have that
k| = 1 almost everywhere. Furthermore, since k € W12(Q \ L% R?), it is a
standard integration by parts argument [AFPQ0] to show k € SBV (Q;R?)
where the jump set of k is precisely fg.
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5.2. Layer Energy. In this portion of the energy, we have

(kn| — 1)°
/Lg &2 +én

+/ [52\Curlanén|2+
L

- B
Ve, kn — =
€n

dzx

;W(gyf}nn de < C. (5.2)

Using the quadratic coercivity of W in (2.1)), we have

[l z2 < C, (5.3)
lenVe, Fon — Bully» < Ce2, (5.4)
leurle,, Bullz2 + |1 Ballz2 < C, (5.5)
This implies that up to a subsequence, not relabeled, we obtain
B, — B weakly in L*(L¢;R**?), (5.6)
curl., B, — a weakly in L*(Lg; R?), (5.7)

for some B € L?(Lg; R?*?) and o € L?(Lg; R?).

Furthermore, using the quadratic bounds on k and , we deduce that
kn —k weakly in L?(Lg¢;R?), (5.8)
enVe kn — B weakly in L*(L¢; R*?), (5.9)

for some k € L%(L¢; R?).

In order to further characterize B, we can analyze componentwise for ¢ = 1,2

for ¢ € CZ°(Le¢) using (5.9)

/ B¢ de = lim end1kl ¢ dz = — lim ¢, / ki d1g dz =0,
LE n—oo L§ n—oo LE

Le n—oo Jp, Le

where we have applied (5.8) after integrating by parts.
Thus, we conclude that

[0 8uky
b= [0 621%2] '

Now we can get information on curl;, B,, by integrating by parts. We will
do it componentwise for i = 1,2. For any ¢ € C*°(L¢), we have

/ a'e dr = lim [curle,, Bn]’ ¢ dx,
Le¢

n—oo n

. 1 -~. ~ 1 -~.
= lim —/ B201¢ — —Bll0y¢ dx+/ P[B2v, — —Biluy] dH?,
L¢ €n oL €

where H! is the one dimensional Hausdorff measure in R2.
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Using the tangential relations in (2.4) and the weak convergence of B, we
simplify

/ dopdr+ [ k0o da
Le¢ Le¢

IS
~ lim [/ Eiégang d:z:—I—/&¢(1,:U2)Bf12(1,x2)dx2]. (5.10)
Lg =n -3

n—oo

Taking ¢ = 1 leads to the relation
£

/ o de = lim | B2(1,x2)dws. (5.11)

L€ n—o0 _g

Allowing ¢ € C*°((—¢&, 1)) which means that dy¢ = 0 leads to the equation
£

/ olpdr+ [ 9k'di¢ dr = lim ¢(1)/2 B2(1, z9)dzxs. (5.12)
Lg L{ n—o0 £

2

Define [k7] : (—£,1) — R as
3
[l?:l](xl) = /Z 82]~€Z dxg.

This is well-defined as an L? function since dok € L*(L¢). In the sense
of traces it encodes the vertical jump across the layer of k. Using (5.11
and the fact that ¢ only depends on x1, we can simplify the relation (5.12
further as

1
/L5 ol dz+ /_E #1016 day = 6(1) /L5 o du. (5.13)
In particular, taking ¢ € C°((—¢,1)), we deduce that [k] € W'2((—¢€,1))
with
£
dil[z}q(xl) _ /_5 o dus.
Now, for generic ¢ € C*°((—¢&, 1)) we can integrate by parts in to get
[E(1)$(1) = K (=)d(—€) = (1)([K](1) — [F)(=£)), (5.14)
andso  [K](=)(6(1) — ¢(=€)) =0. (5.15)

Since the equation has to hold for every such ¢, we have that [k%](—¢) = 0.
This gives us a complete characterization of the vertical jump as

(k%) (s) :/_1/_2 o dz. (5.16)

By our convergences, we also have that (4.3) passes to the limit. To be

precise,
/ curlg B dx / o dx
Le Le

We can summarize the previous results in the following theorem

2 — N - ‘[12](1)‘. (5.17)
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Theorem 5.1. Let ky,, B, with uniformly bounded energy Esn’g[k,é] =
Eg:lf [kn] + Eiiygr[z:n, B,]. Then knXL., . — k strongly in L?(2;R?) where
ke SBV (4 R?) and is S* valued. Furthermore, the jump set of k is precisely

0
L.

In the layer, we can generate a rescaled k, which are denoted kn. We will
have the convergences

kn — k weakly in L*(Lg; R?),
B, = B weakly in L*(L¢;R**?),

B
curl., B, = a weakly in L?(L¢;R?),

for some k € L*(Lg;R?), o € L?(Lg; R?), and B := [0 82]51] .

0 82k2
~ ~ £ ~
Define [k] : (=€,1) = R as [k](z1) := [?¢ O2k dxy. This allows us to define
2

a compatibility condition between k and o to be

7](s) =/_€/_§adx, F()] =2

We note that even though k, B were independent in the beginning, these
fields become coupled in the limit.

6. CONJECTURES ABOUT THE LIMITING ENERGY

There are two main challenges to computing an integral representation for the
energy directly. Firstly, we would need to understand better the relationship
between k and k. Secondly, it is difficult to characterize the limiting energy
due to the coupled term
L=
Le¢

However, consider the terms which depend purely on B, and using the
convergences given in Theorem we can find a recovery sequence for
relaxation of weak convergence such that

2

B,
—| dx.

En

Ve, kn —

/ {£2|curl€n3n|2—|—ZW(f\BnD} do (6.1)
. ¢

a1 Lo 1eanh] de
-, [s af? + QY |))(§32k)] d (6.2)

Since the envelope (4.4]) we are considering does not depend on «, ]~€, we
can take an infimum over these variables. An easy lower bound is achieved
through Jensen’s inequality and the definition of quasiconvexity. In particular
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defining [k] as in Theorem we can see that a lower bound is

/Lg [52'0"2 * ;QW(I : \))(58212»] dz

z/: ¢ )

2

+§Qavuw»qa>cm.<am

We also make the conjecture that [k] = [k]. In this setting, this equation
is quite similar to a Modica-Mortola functional for the vertical jump of the
director with a transition layer on the order of the core length £. This is the
type of picture predicted by the numerical experiments in [ZANV21]. Ideally,
we would like to further modify the original energy so that we can obtain
strong convergence (in at least L') in B,,, so that the quasiconvexification of
W (| -|) is unnecessary. This would make the analogy to the Modica-Mortola
functional stronger.

Furthermore, we can also make a connection to the recent preprint [GMPS21].
In this preprint, they propose a SBV model for :I:% disclinations. However,
they already strictly impose the constraint that [k] = 2 along the jump
set. We should view the envelope in as an attempt to also relax this
condition by allowing for various jumps but in the limit £ — 0 they do have to
be 2 on most of the jump set. However, this limit will be further complicated
by the fact that the jump set is changing (—¢§,1) x {0} — [0,1) x {0} as
&— 0.
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